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Abstract. In this paper, we study a speed restart scheme for an autonomous inertial system with Hessian-driven
damping, and establish a linear convergence rate for the function values along the restarted trajectories, without
assuming the strong convexity of the objective function. Our numerical experiments show improvements in the
convergence rates, both for the continuous-time dynamics, and when applied to inertial algorithms as a heuristic.
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1. INTRODUCTION

The use of inertial methods is a popular first-order approach to smooth convex optimization
problems. Their design stems from the seminal work of Polyak [32] (see also [33]) on the
numerical approximation of minimizers of a smooth and strongly convex function f. The Heavy
Ball Method, defined by iterations of the form

Xyt = Xk + 0 (xx —x,—1) — AV f(xz), 6 >0, (HBM)

is a variant of gradient descent motivated in [32] as a finite difference discretization of the
Heavy Ball with Friction dynamics, namely

¥(t) +ax(t) + Vf(x(t)) =0, o >0, (HBF)

when 6 ~ 1 — ah. Naturally, the coefficients have a major impact on the behavior of the so-
lutions of (HBF) and the sequences generated by (HBM), and they must be properly tuned for
good performance. The (non-strongly) convex case was further studied in [4].
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In [26], Nesterov proposed a new variant of gradient descent, which is similar—but different—to
(HBM), comprising two subiterations

Yk = Xk + O (X — Xx—1), Xier1 =Yk —hV (), O > 0,

and oriented to minimizing (non-strongly) convex functions. Unlike in (HBM), the parameters
are not constant, but vary along the iterations in a precise fashion. It was later shown in [36] that
Nesterov’s method can be interpreted as a discretization of the inertial system with Asymptotic
Vanishing Damping, namely

K1) + %x(r) LVFx() =0, a>0. (AVD)

A constant-parameter version of Nesterov’s method was proposed in [28] for strongly convex
functions. It can also be interpreted as a discretization of (HBF), different from the one giving
(HBM).

Algorithms designed upon the continuous-time models (HBF) and (AVD) often present strong
oscillations, an undesirable property in view of the high computational cost associated with fre-
quent evaluations of the objective function, especially in high dimensions, if one wanted to
select the best iterate up to iteration k. In order to reduce the oscillatory behavior frequently
experienced by (HBF), a Damped Inertial Newton-like system, given by

%(t) + ax(t) + BV2f(x(2)x(t) + Vf(x(t)) =0, (DIN)

was proposed and analyzed in [5]. A Hessian-driven damping term, whose inspiration comes
from the Continuous Newton method of [6], is added to (HBF). A similar approach was used in
[14], where the authors study the system governed by

(1) + %x(r) 4BV L)) + V() =0,  a,B >0, (DIN-AVD)

in order to mitigate the oscillations that are typical of (AVD). In this work, we study a Weighted
Inertial Newton-like system, given by

5(1) + ouk(t) + V2 f(x(1))x(1) + YV £ (x(1)) = 0, (WIN)

where @ > 0, B > 0 and y > 0. Although (WIN) can be reduced to (DIN) by a reparameter-
ization of time [8, 11, 12] and a renaming of the coefficients, we prefer to keep the explicit
dependence on Y for explainability purposes, and for ease of translation into algorithmic imple-
mentations [38].

A simple but illustrative case study. Pick p > 1, and define the function f : R” — R by

1
F@) =363 +p3+p 5+ 4+ p" ), (L.1)

which is quadratic, 1-strongly convex and p”~!-smooth. The differential equations described
above are linear, but become worse conditioned as p becomes larger. Moreover, certain com-
binations of the coefficients will produce oscillatory solutions in the inertial systems. This will
be the case, for instance, if

1 :
y:4—pi((x—|—p’[3)2—i—e, for some i € {0,...,n—1} and € > 0, (1.2)

in (WIN). These oscillations appear considerably less pronounced when the Hessian-driven
damping term is present, as shown in Figure 1. Concerning the comparison with (DIN-AVD),
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Figure 2 exhibits a noticeable improvement when using a constant coefficient for x instead of a
vanishing one, with the former producing a more pronounced slope in logarithmic scale, which
translates into a better linear rate. Since f is strongly convex, this would be expected if one
adapted the said coefficient to the strong convexity parameter (common practice would dictate
o < 2 in both cases). Instead, we have used o = 3, which is the typical choice corresponding

to (AVD) and (DIN-AVD) (see, for instance, [10, 13, 14, 36]).

fix(t))

(@) p=10

2.0 2.5 3.0 35 4.0 a5

(b) p =100

FIGURE 1. Depiction of the function values on the interval [1,5] for & = 3, y as
in (1.2) with i = 1 and € = 0.1, with and without the Hessian term.

mf\r\
ﬂ’\f\
] l |
—— (DIN-AVD) l
(WIN)
1.0 1.5 2.0 25 3t0 35 4.0 4.5 5.0
(a p=10

(DIN-AVD)
(WIN)

(b) p = 100

FIGURE 2. Comparison of function values of (WIN) and (DIN-AVD) for o =3,

B =6, yasin (1.2) with € = 1.

The better performance of the system with constant coefficients and Hessian-driven damping
(WIN), when applied to the example above, is an evidence of its potential as a continuous-time

model for better performing algorithms.

Restarting strategies. Restarting techniques represent an alternative way to speed up inertial
methods by reducing the oscillations. The general idea is that, when some criterion is met, the
current state of the system (the current iterate of the algorithm) is used as the initial condition



4 H. GUO, J.I. MAULEN, J. PEYPOUQUET

to run a new cycle. A classical strategy introduced in [27] (see also [25]) for the accelerated
gradient method is to restart the algorithm at fixed intervals, which depend on the strong con-
vexity parameter of the function, which might be unknown. This difficulty has been addressed,
for instance, in [3, 22, 24, 34, 35]. Two heuristic adaptive policies were proposed in [18, 29]. In
the first case, the algorithm is restarted if the value of the objective function at the next iterate
will be higher than the value at the current one. In the second one, the algorithm is restarted
if the vector that indicates the next movement will form an acute angle with the gradient at the
current point. In both cases, the objective function values decrease along the iterations, and
both correspond to

0< 4 [F0)] = (V7 (x0) 0).

in continuous-time models. Although these schemes show remarkable performance in numeri-
cal experiments, the theoretical analysis for the convergence rate has not been established yet.
Implementation of restarts has been studied for different classes of algorithms, such as FISTA
[1, 2, 15, 17], primal-dual splitting algorithms [7], Schwarz methods [31], stochastic gradient
descent [37], and first order methods for nonconvex optimization [21].

In [36], a speed restart strategy for (AVD) is analyzed, and linear convergence of the ob-
jective function values is established, in the strongly convex case. The main idea is to restart
the dynamics at the point where the speed ceases to increase. This restarting scheme is then
implemented on Nesterov’s accelerated gradient method as a heuristic. Although this does not
beat the ones described above, it does have the theoretical support of the analysis in continuous
time. Analogue results for (DIN-AVD) were obtained in [23]. The authors report a 34.67%
increase for the constant B in the approximation f (x(t)) —min(f) ~ Ae~ 5" when the restarting
scheme is applied to (DIN-AVD), with respect to (AVD).!

Our contribution. In line with the discussion above, the aim of this paper is to analyze the
impact of the speed restarting scheme on the dynamical system (WIN), in order to establish
theoretical foundations to accelerate inertial algorithms by means of a speed restarting policy.
By considering general parameters o > 0, B > 0 and ¥ > 0, we can encompass those algorithms
which do not involve a Hessian-driven damping term, such as the Heavy Ball method [32, 33],
as well as those that do, which include Nesterov’s acclerated gradient algorithm [26, 28] and
other optimized gradient methods [16, 19, 20, 30]. We establish the linear convergence of the
function values under a Polyak-t.ojasiewicz inequality, and show how the speed restart improves
the convergence rates of the solutions of (WIN).

The paper is organized as follows: In Section 2, we describe the speed restart scheme, along
with the restarted trajectories for (WIN), and present our main theoretical result, which estab-
lished the linear convergence of the function values on the restarted trajectory to the optimal
value of the problem. The technical details are collected in Section 3. The most relevant are,
on the one hand, the upper and lower bounds for the restarting times and, on the other, an es-
timation of the function value decrease between restarts. Finally, although this is not the main
purpose of this work, we present some numerical experiments in Section 4 to illustrate how the
speed restart scheme improves the convergence rate of the trajectories of (HBF) and (WIN), and
how it can enhance the performance of the corresponding algorithms.

I Also, the constant A is 4.6 x 10° times smaller. This is not mentioned in [23], but can be easily computed.
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2. SPEED RESTART SCHEME

Throughout this paper, let 5 be a Hilbert space, and let f : 7 — R be a convex function
of class €2, which attains its minimum value f*. Also, assume that f satisfies the Polyak-
Fojasiewicz inequality

20(f(2) =) < IVF@IP 2.1

for all z € 5 and some u > 0, and that V f is Lipschitz-continuous with constant L > 0.
Consider the inertial dynamical system

5(1) + ei(t) + V2 f(x(1))x(r) + YV f(x(1)) = 0, (2.2)

with parameters o > 0, B > 0 and ¥ > 0. Given z € JZ, let x; be the solution of (2.2) with initial
conditions x;(0) = z, X,(0) = 0. The speed restart time for x; is

T(z) = inf{t >0: %sz(t)yﬁ < 0} : (2.3)

This definition does not directly imply that the restart will ever occur. However, Corollary
3.6 and Proposition 3.7 below explicitly provide positive numbers 7, and 7" such that

7., <T(z) <71 for every z ¢ argmin(f). (2.4)

Now, for ¢t € (0,7(z)), we have

CHe0) = (VF0e0),5:(0)

— _l i X _ o X Z—E 2f(x by X
= Bl (0) = TP =V Fele)le) (0)
< —%Hmuz, 2.5)

because (V2 f(x,(t))x,(1),%,(t)) > 0 by the convexity of f, and (i,(t),%,(t)) > 0 by the defi-
nition of 7(z). Therefore, the function # — f(x,(7)) can only start increasing after the speed
restart time.

By appropriately bounding the speed from below, it is possible to quantify the reduction in
the function value gap from the initial time to the speed restart time. More precisely, Proposition
3.8 gives an explicit constant Q € (0, 1) such that

f(T(2) = f < Q(f(2) = f7). (2.6)
Given z € S, the restarted trajectory X : [0,+o0) — S is defined by gluing together pieces
of solutions of (2.2), as follows:

(1) First, compute x;, 7} = T(z) and S| = T, and define x,(¢) = x,(¢) fort € [0,S)].
(2) For i > 1, having defined x,(¢) for r € [0,S;], set zi = x;(Si), and compute x_,. Then, set
Ti+1 =T(z) and Si+1 = S; + T;+1, and define x; (1) = x;,(t — S;) fort € (S;,Si+1].
Condition (2.4) ensures that S; is well defined for all i > 1. The resulting trajectory ¥ is
continuous and piecewise continuously differentiable. By (2.5), we have:

Proposition 2.1. The functiont — f(x.(t)) is nonincreasing.
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Inequalities (2.4) and (2.6), together with Proposition 2.1, hold the key to our main theoretical
result, which establishes the linear convergence of f(y.()) to f*:

Theorem 2.2. Let f : 7 — R be a convex function of class €2, which attains its minimum
value f*. Assume also that f satisfies the Polyak-Lojasiewicz inequality (2.1) with u > 0, and
that V f is Lipschitz continuous with constant L > 0. Given oo > 0, B > 0 and y > 0, there exist
constants C,K > 0 such that, for every initial point 7 € 7, the restarted trajectory ), satisfies

Frele) — £ < Ce M (1)~ 1) < e dist(z, argmin( )2,
forallt > 0.

Proof. Let t > 0 and m, be the largest positive integer such that m,7* <t. By time ¢, the
trajectory will have been restarted at least m; times. From Proposition 2.1, we know that

FOe(0) < FO(mt?)) < f((mit.)).

We use (2.6) inductively to obtain

F() =" < Q" (f(2) = f7).

By definition, (m; + 1)7* >, which entails m, > X — 1. Since Q € (0,1), we have

sz < QTL**I = lexp (hli*Q)t) .

Q
We obtain the first inequality by setting C = Q™' >0 and K = —# In(Q) > 0. The second one
follows from the fact that V f is Lipschitz-continuous with constant L. 0

The values of C and K are given by Corollary 3.6 and Propositions 3.7 and 3.8, whose proofs
are technical. In the next section, we provide all the relevant computations and discuss how the
obtained results compare to previous works in the literature.

From the proof of Theorem 2.2, we see that the tightness of the approximation of the speed
restart time given by 7, and 7* has a profound effect on the quality of the estimation of the
convergence rate of f(,(¢)) to f*. This is an interesting line for future research.

3. EVOLUTION OF THE SYSTEM BETWEEN RESTARTS

The proof of the main result is technical and will be split into several lemmas. The arguments
are inspired by [23], and we follow a similar proof strategy, despite fundamental differences in
the estimation techniques. In order to lighten the notation, given an initial condition z € JZ, we
simply denote by x the solution of (2.2) with initial conditions x(0) = z, and x(0) = 0.

3.1. Preliminary estimations. We first define some functions that will be useful in the forth-
coming analysis. Equation (2.2) can be rewritten as

d

2 (75(0) = =y V£ (x(r)) — Be™ V2 f(x(t))(r). (3.1

Integrating (3.1) over [0,1], we get
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U 5(1) = —y /O e £ (x(u))dut— B /O T2 £ (1))t

==y [ eV (x00) =V (@)du—B [ VR flalu)i(ud

] (3.2)

We define the two integrals obtained as

t t
L0 =y [ (Vi) - V@) and () =B [ T (x()ildu. (3)
0 0
In order to estimate I,(¢) and J,(¢), we define
()]
M,(t) = sup [—_ : (3.4)
) ue(0g) L1 —e=
This function is positive, nondecreasing and continuous on (0,7(z)).

Lemma 3.1. For everyt > 0, we have

V7600 - V7G] < L) (1 e ).
I w 2 o 2 t
0] < ) (gre - e+ 4 L),

IV2FGe)i()]] < LM:(r)(1—e™*)

1 1
LI < BLM,(t) | —e* ———1].
0l < B (e - 3 -1)
Proof. Since V f is Lipschitz-continuous, and M, is nondecreasing, we have
IV F(x() = V)| <L ‘ / i(s)ds|| < LM, (w) / (1= %) ds = LM, (u) (u—l—ae“”—a).
0 0

As a consequence, we get

t 1 1 1 2 2t
L(1)|| < YLM,(t o —e ¥ Vdu=7yLM,(t) | —te™ — =¥ + =+ — ).
1L@)]] <7 z()/oe (u+ae a) u=y z()(ae 2t Tt

For the third and forth inequalities, we first estimate

V2 £ (x(w))¢(w) || = | lim Vf(x(r)t:f (x(u)) H
<tim [ s(5)ds

LM r
< limﬁ/ (1—e*)ds
r=u r—u Jy

= LM (u)(1— ™),

and then conclude that

)]l < BL || e“M(u)(1 — e )du < BLM(1 (1 . —r) ,

t
0 (04 o
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as claimed. ]

The function M,(t), can be bounded from above in such a way that the dependence of the
bound on the initial condition z is only given by V f(z). For this purpose, we define the function
oLy LB Lt(Ze®+1—pB)

Ht)=14———— . .
() =1+ a2« e —1 (3-5)

Lemma 3.2. The function H is decreasing on (0,o).
Proof. The derivative of H is given by H'(t) = (e —1)~2h(t), where
ht) = —%/ezo” + %Y +LBe™ — LB +2Lyte™ — LaBte™.
As a consequence, £(0) = 0 and
B (1) = 2Lye® (1 + at — e*) — Lo* Bre™ < 0,

as e > 1+ ot for all ¢ > 0. It follows that / is a decreasing function. Since 4(0) =0, A(t) <0
for t > 0, which shows that H is decreasing. O

It is easy to check that lim,_,o H(¢) = 1 and lim,_, ;. H () = —oo. We denote by 1) and 1, the
unique positive numbers such that H(7;) =0 and H(1,) = %, respectively.

Lemma 3.3. For everyt € (0,71), we have

e < ynavg((tz))n |
1) + 20| < <eaf—1>(1_H(t>)%(<f)>”,
IMVF(x(0) = V() + BV | < [yt (L= B) (e = 1)] L—Y(‘)’;{?” |
Proof. 1f 0 < u <t, using (3.2), (3.3), (3.5) and Lemma 3.1, we obtain
L0 ORE OIS AR
[y que®t — 2ot 4 2 L 1) 4 B (e — L —u)
< LM:{u) ( i 1) + v

< LM;(u)

Y
=M (u)(1 = H(u)) + V.
The right-hand side is nondecreasing in u. By taking supremum over u € (0,1], we get
4
M.(1) < M(r)(1 = H(2)) + _IVF(2)ll,

and the results follows. ]
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3.2. Estimations for the speed restarting time. We now establish upper and lower bounds
for the restarting time, depending on ¢, 3, ¥ and L, and not on the initial condition z. We begin
by bounding the inner product involved in the definition of the speed restarting time.

Lemma 3.4. Let z ¢ argmin(f) and let x be the solution of (2.2) with initial conditions x(0) = z
and %(0) = 0. For everyt € (0,71), we have

2™ =DV @)

D lN s Y
(400, 5(0) > T e G,
where
Lie® (Fe* +3—B) 3Ly o 2LB o Ly LB LY 4
G(l‘)—l— T —I—aze — ae —&4—7——[6 . (3.6)

Proof. From (3.2) and (3.3), we obtain

: 1 V(e —1)Vf(z)

(1) = = (L) +0.(0)) - T2, 67
Also,

%(guzmwr))) = — o (L) +1(0) + YV (x(1)) — V(2)) + BV £ (x(0) (0.

Then,

1) = % () + ()~ YV F(x(0) ~ V() ~ BV xl0)) i) — on

Let us define

Al = ()1 10) - PEE Bl = 4V x00) — V() + BV (x0))50).

By using the triangle inequality we have

(x(2), (1)) = (x(1),A(r)) — (x(2), B(1)) = (x(1),A(t)) — [£@)[[[| B(1)]- (3.8)
One the one hand, we have
(0.40)) =~ (o (L) + )+ L0197, 51 1) 420 - A )

__ %le(t) L0 ez—ymaz(r) +1.(1),V£(2))

L 2 e _ 2
M0+ 0. v+ LD

Lemma 3.3 then gives

2 eoct_ 2 _ 2 .
A > T = DIV (_(em_l)[l H(r)} _(em_z){l H(g}H)

aLe?ot H(t) H(t)

2 L 2
:Y ( aezalt)l_|I|Z{2(Z)|| (H(t)2 . (eoct . 1)(1 —H(I))2 . (e(xt —2)H(l)(1 —H(Z‘)))

2 L 2
:Y ( aezalt)[ﬂz;;(z)n (e(xtH(t) _ (eoct _ 1)) .
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For the second term, from (3.7) and Lemma 3.3, we can observe that

001 < —mgll0) + 40) | + 2= DIV

ae(xl
Ve =DV [1-H@)] v =DV
= oe* [ H(t) ]+ oe™
_ e =D[VSE)
oe™H(r) ’
and
IB()|| < VIVL(x(1) = VA + || BV f(x(1)x(2) |
YVfI /Ly LB ary L LY o
<o () ame e
Thus

P~ DIV (L L8) 1oy ],

OIBOI <= e a2 w

Using the obtained inequalities in (3.8), we obtain

2 %t — 2
<X(Z),X(l)> > Y ( aezo}[)[gz.)fz(z)n ( OctH( ) at+1_ (L_’}/_%) (1 _eOCf) _ %leat> ,

which is the desired inequality. 0

Lemma 3.5. The function G defined as in (3.6) is decreasing on (0,0), and it has a unique zero
on (0,71), which we denote by 3.

Proof. The derivative of G is given by G'(t) = Le™ (e* —1)~2g(t), where

g(t) = %ezw — 2B —2y1e*™ + 5Be™ + 4yre™ — }’ e+ == 38— aft.
The sign of g determines that of G’. Observe that
gt) = 4aﬁe2‘”<ﬁ +70)+ oce""(Sﬁ +4y1) — aB,
g't) = —a?SU(BB+4)—ae™ (™ —1)(4ay +50p +47).

Since g’(0) =0 and g"(¢) < 0 for all # > 0, we deduce that g’(¢) < 0 (and so g is decreasing) for
all t > 0. Since g(0) = 0, g must be negative on (0,0), and so G is decreasing. We conclude by
observing that lim; o G(¢) = 1 and lim;_, ;o G(t) = —oo. O

Lemma 3.4 then gives:
Corollary 3.6. For every z ¢ argmin(f), we have 73 < T(z).

Next, we derive an upper bound for the speed restarting time. In what follows, we assume
that f satisfies condition (2.1) with u > 0.

Proposition 3.7. Let z ¢ argmin(f). For each © € (0,72) N (0,7 (z)], we have

(04
2uy(1—e*7)2¥(1)

1 12
T(z) <7+ ,  Where ‘{‘(T):{Z—m] :
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Proof. In view of (3.2) and (3.3) and Lemma 3.3, we have

5661+ L1 -9 1a)| = el +2:0l < L1 - o) 18D s,

The reverse triangle inequality gives
(@) = L(1 = e )Vl - L(1 - e | 2] v )l
= Z(1-e%) 2= 5| IV

Observe that the expression on the last equality is positive since T € (0, 1;). Taking 7 € [t,T(z)],
and as ||x(¢)||? increases in [0, T (z)], (2.5) gives

(3.9

d o Hz

—f(x(1) < —;Hx(t)

o 2
< ——|lx(7
< yH()H

<2 oo ] ||Vf(Z)||r

=L (e w0 V) (3.10)
Integrating over [t,T(z)], we get
T (@) = f&(D) < = [L1 = 0@ 1V (7(2) — ).

It follows that

1
g(l —e PR VAT () —7) < f(x(7)) — f(T(2) < fl2) = " < EHVf(Z)HZ,
and the result follows by arranging the terms. 0
We denote

= argmin{’ch o _ﬁar)hp(f) 7€ (0,72)N (O,T(z)]}.

3.3. Function Value Decrease. The next result provides the ratio at which the function values
reduce at each interval built by the restart criteria.

Proposition 3.8. Let z ¢ argmin(f), and let x be the solution of (2.2) with initial condition
x(0) =z and x(0) = 0. Let f satisfy (2.1) with u > 0. For each T € (0,7,) N (0,T(z)], we have

fle) -1 < [1- 2w (e4 2ewr Leter 2] (1))
foreveryt € [t,T(z)].

20 200

Proof. Lets € (0,7). Proceeding as in (3.10), we obtain

2
s =S Lamew - v <-La-eepeoimion
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where the last inequality is obtained since H(¢) is decreasing in (0, 7;), which contains (0, 7).
Integrating over (0, 7), using (2.1), we obtain

Sl =S < @) - / &PV ds
<f()- DIV / 207 4 o720 g
=f<Z>—f*——‘I’(f)!|Vf(z)!!2 (v 2erermpener - 2 )
[l‘%y (z ><f+§e‘“—ie‘2‘”—i)] (f&)—f")-

20 20
Ast € [1,T(z)], Remark 2.5, gives f(x(z)) < f(x(7)) and the result is obtained. O
4. SOME NUMERICAL ILLUSTRATIONS
In this section, we report the findings of some numerical experiments that illustrate how the

convergence is improved by the speed restart scheme.

We consider the function defined in (1.1), with n = 3 and p = 10, namely
1
flx) = E(x% + 10x3 4 100x3).

Example 4.1 (The solutions of (WIN)). We take o« = 3, B € {0,6} and ¥, defined by (1.2),
with i = 2 and € € {1071, 10,10?}, and display the evolution of the objective function values
on the trajectories starting from x(0) = (1,1,1) and initial velocity x(0) = (0,0,0), with and
without restart. The results are shown in Figure 3. For the restarted trajectories, the results of
approximating f(x(¢)) ~ Ae~P, with A, B > 0, via linear regression, are presented in Table 1.

f(x(t))
f(x(t))

(b) e=10 (c) e=100

FIGURE 3. Evolution of the objective function values along the trajectories in
Example 4.1. In all cases, & = 3 and 7 is defined by (1.2), with i = 2. The initial
condition is x(0) = (1,1, 1) and %(0) = (0,0,0).

The performance is better when the Hessian-driven damping term is present, whether or not
there is restarting. The restarted trajectories consistently perform better in the long run, although
the non-restarted ones do attain some lower values at the beginning. This was expected, in view
of the results of [36, 23]. The regularity in the oscillatory behavior of (DIN) and (WIN) seems
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e=10"! e=10 €=100
B=0 [5:6\[3:0 [5:6\[3:0 B=6
A 6324 734 ] 592 6.68 | 899 14.62

B 299 59.72| 6.62 59.14 | 88.51 101.57

TABLE 1. Coefficients in the linear regression, when approximating f (x(f)) ~
Ae~ B in Example 4.1.

to be inherited by the restarted trajectories, as can be seen from the way the restarting times
are distributed. Another interesting phenomenon is that, although (DIN) oscillates more than
(WIN) for the highest value of € (whence that of y), the corresponding restarting times are more
spaced. Moreover, for each case, we consider the sequence (7;11 — T;);en given by the restart
times and we compute the mean value and the variance. The results are displayed on Table 2.

e=10" e=10 e =100
B=0 pB=6 | B=0 B=6| =0 pB=6

Mean 7.0le-01 3.79e-02 | 3.70e-01 3.76e-02 | 3.39e-02 2.59¢-02
Variance 3.76e-01 2.85e-04 | 3.50e-03 2.79e-04 | 3.48e-04 1.51e-04

TABLE 2. Mean and Variance of the restart times sequence (7;11 — 7T;);en in
Example 4.1.

Example 4.2 (A brief algorithmic exploration). Several discretizations of (WIN) with respect
to time lead to first order algorithms that generate minimizing sequences for f. Although the
main focus of this paper is not to analyze the numerical performance of algorithms, we present
numerical results to illustrate the effect of including a speed restart routine on Algorithm 1 be-
low, inspired by [9].

Algorithm 1 Inertial Gradient Algorithm with Hessian-Driven Damping and Three Constant
Coefficients - Speed Restart Scheme
Given xp,x; € R", Nand h > 0.
for k=1to N do:
Vi =X+ (1= ah) (xg —xe—1) = Bh(V f(xic) = V f (x-1))-
Xir1 = Yk — YRV ()
if ||xk+1 —ka < ||xk — Xk—1 || then

Xk+1 = Xk
else

k=k+1
end

return xy.
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We consider the function defined in (1.1) with n = 3 and p = 10. For the algorithm pa-
rameters we consider & = 3, B = 6, h = 1073 and 7 satisfying condition (1.2) with i = 2 and
€€ {107',10,10?}. The initial point x; = xq is generated randomly. Figure 4 displays the func-
tion values obtained for Algorithm 1, with and without speed restart routine. For reference, we
also include the warm start variant proposed in [23], which consists in including one additional
cycle at the beginning, ending in a function value restart, instead of a speed restart. For the speed
restart scheme, we also perform an approximation of the function values as f(x;) ~ Ae 8%, Ta-
ble 3 displays the values of A and B obtained for each value of € considered.

The results are similar to those obtained for the continuous case. One aspect to note is that
the warm start does not seem to improve the slope of the corresponding plots, in contrast with
the results in [23] for (AVD) and (DIN-AVD).

o 10
—— No Restart 1071 — No Restart Lo | = No Restart
= Speed Restart

13 | === Speed Restart 10-13 | = Speed Restart
Warm Restart Warm Restart 107 Warm Restart

10718
400 500 0 100 200 300 400 500

500 0 100 200 300
Iteration k Iteration k

0 100 200 300 400
Iteration k

(a) e=0.1 (b) e=10 (c) € =1000

FIGURE 4. Sequence of objective function values for Example 4.2. In all cases,

a = 3 and v is defined by (1.2), with i = 2. The initial condition is xg = x| =
(1,1,1).

e=10""| e=10 | e=100
A 1.07e5 | 1.12e5 | 6.83e4

B 5.46e-2 |5.55e-2 | 8.52e-2

TABLE 3. Coefficients in the linear regression, when approximating f (xk) ~
Ae~ B in Example 4.2.
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