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Abstract. This paper extends the cooperative-trajectory characteristic function approach to differential network
games with terminal payoffs. We derive the corresponding dynamic Shapley value solution and imputation dis-
tribution procedure. The salient features of this type of characteristic function include measuring the marginal
contributions of individual players are evaluated based on their cooperative actions/strategy, and the simplicity
in evaluating the cooperative-trajectory characteristic function. This expands the application of the approach to
a much wider class of games, especially real-life games that involve a sizable number of players and terminal
payoffs.
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1. INTRODUCTION

This paper is dedicated to the memory of our highly esteemed scholar, colleague, and friend —
Professor Josef Shinar. His seminal works on control and game theory have and will continue to
shed light on the development of control and differential game theories. A fast-growing branch
of game theory is network games or games on networks which have become a field that attracts
theoretical and technical developments. Mazalov and Chirkova [1] provided a comprehensive
disquisition on the theory and applications of networking games. Network differential games
have become a field that attracts theoretical and technical developments. The classic book of
N. N. Krasovskii’s [2] on the fundamentals of differential games provided profound impact to
the field. Wie [3, 4] developed differential game models for studying traffic network. Zhang et
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al. [5] presented a differential game of network defense. Pai [6] provided a differential game
formulation of a controlled network. Meza and Lopez-Barrientos [7] examined a differential
game of a duopoly with network externalities. Cao et al. [8] studied the minimax equilibrium
of network differential games. Petrosyan [9] developed cooperative differential games on net-
works. Petrosyan et al. [10], Petrosyan and Yeung [11], Petrosyan et al. [12], and Petrosyan et
al. [13] developed theories in network differential games. Yeung et al. [14], Yeung et al. [15]
presented network dynamic game applications.

Designing solutions for cooperative network differential games is a classic problem in the
field. The Shapley [16] value appears to be one of the best solutions in attributing a fair gain to
each player in a complex situation like a network. However, the determination of the worth of
the subsets of players (characteristic function) in the Shapley value is not indisputably unique.
In addition, in a differential game, the worth of the coalitions of players change as the game
evolves. The concept of cooperative-trajectory characteristic function was proposed as a novel
form for measuring the worth of coalitions for the Shapley value imputation (see Petrosyan and
Yeung [17], Petrosyan et al. [10], Petrosyan and Yeung [11], and Bulgakova and Petrosyan
[18]). Cooperative-trajectory characteristic functions are used to generate a time-consistent
Shapley value solution in a class of network differential games. This new class of characteristic
functions is evaluated along the cooperative trajectory. It measures the worth of coalitions under
the process of cooperation instead of under minimax confrontation or the Nash non-cooperative
stance. The rationale for such formulation is to attribute the contributions of the players in
the process of cooperation. The existing approaches to construct the characteristic function re-
quire the minimax or Nash equilibrium computations for each possible coalition, which may
be unrealistic. Many real-life games may involve a sizable number of players. The number of
possible coalitions in a n-player game is 2"*. For instance, a cooperative project involving 27
EU nations would have 134217728 (more than a hundred and thirty million) coalitions. This
may require the solving of a large number of game equilibria. The cooperative trajectory char-
acteristic function approach did not require such type of calculations. In fact, it just requires
one global optimization. The resultant dynamic Shapley value imputation yields a new cooper-
ative solution in differential network games. The salient features of the cooperative-trajectory
characteristic function include

(i) measuring the worth of coalitions in the process of cooperation along the cooperative
trajectory,

(i1) generating time-consistent Shapley value imputation in a dynamic framework,

(i11) the marginal contributions of individual players are evaluated based on their cooperative
actions / strategy, and

(iv) the simplicity in evaluating the cooperative-trajectory characteristic function.

This paper deals with the cooperative trajectory characteristic function approach to differ-
ential network games with terminal payoffs. Formal proof and an application example are
presented. This expands the application of the approach to a much wider class of games. The
organization of the paper is as follows. Section 2 presents the game formulation and section
3 develops the cooperative-strategy characteristic function for games with terminal payoffs.
Section 4 derives time-consistent dynamic Shapley value. Section 5 provides an illustrative
example. Section 6 concludes the paper.
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2. GAME FORMULATION

Consider a n-player differential network game with a game horizon [tg, T]. Let N = {1,2,--- ,n}
be the set of players in a network game. The arcs in network L are arc(i, j) € L for players
i,j € N. The set of players connected to player i is K(i) = {j : arc(i,j) € L}, and the set
K(i) = K(i)U{i}, for i € N. Every player i € N can cut the connection with any other players
at any instant of time.

Let x' € R™ denote the state variables of player i € N, and u' € U’ C R* the control variable

of player i € N. The state dynamics of the game is

x.i = fi(x,u'),x (19) = xi), (2.1

fort € [1p,T] and i € N.
The payoft function of player i depends upon his state variable, the state variables of players
from the set K(i) and his own control variable:

T

Hihxd ) = Y [ (1), (), (1)) d T + ¢ (6 (T)), (2.2)
JEK(i)

where hi(xi(t),x/ (t),u!(t)) = hi(x(7),u (1)) and k! > 0.
The players cooperate to maximize their joint payoff by solving the problem

T

max Y () /h{(xi(r),xf(r),u"(r))dr+qi(xi(T)), (2.3)

u17u 7,..,M” ieN jeK(i)tO
subject to
X' = f(xu'),x (1g) = xi), (2.4)
fors € [to,T] and i € N.
We use i'(¢), for t € [tp,T] and i € N, to denote the optimal cooperative strategies of player

from the solution to (2.3)-(2.4). Substituting i (t) into (2.4), we obtain the cooperative state
dynamics

X = il i), (2.5)

fori € N.
Let the cooperative trajectory be denoted by

x(r) = (& (), (1), & (1))

The network differential game (2.1)-(2.2) reflects cases like large-scale inter-connected elec-
tricity networks. Each electricity producer would operate on its own to produce electricity if left
alone. Maintaining a connection with another producer j allows producer i to use both its trans-
mission system ¥ (z) and %/(¢). It can also reflect cases like vertical integration of firms. The
payoff of a firm depends on its controls and gains with connection with upstream or downstream
firms through the state of the connected firm like goodwill, knowledge and technology.
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3. CHARACTERISTIC FUNCTION

Now, we consider the case where the players cooperate to maximize their joint payoff. The
joint cooperative payoff can be expressed as

T
Y (Y [HEE@ @ @)dr+g((T)
iEN jeK (i)
r (3.1)
= max Z Z T),x-i(’L'),ui(T))dT+qi<xi<T))7
ul u?,... iEN JGK()
subject to
X = fi(xivui)7xi(t0) = xé)v (3.2)

fort € [tp,T] and i € N.

Then, we consider allotting the cooperative gains to individual players according to the Shap-
ley value. One of the issues in using the Shapley value is the determination of the worth of
coalitions (which is often called characteristic function). In cooperative differential games, the
characterization of the worth of a coalition of players S is not indisputably unique except for
the case of zero-sum games in which coalition § seeks to maximize its payoff while coalition
N\S seeks to minimize the payoff. In this section, we present a new formulation of the worth
of coalition S C N as

V(Six0, T — 1) — / ni (2 )i (1))dt + q,((T)). (3.3)
ZGS ]eK )NS;,

Note that the worth of coalition S is measured by the sum of the payoffs of the players in the
coalition in the cooperation process with the exclusion of the gains from players outside coali-
tion S. Thus, the characteristic function reflecting the worth of coalition S in (3.3) is formulated
along the cooperative trajectory x(¢). This is a novel feature and we name it as cooperative-
trajectory characteristic function.

For simplicity in notation, we denote

a0, T / (2 (). (1), (1)de -+ ,((7)),
and
T
oy (5(t), T —1) = / hl (& (1), % (), (1))dT + q,(F(T)), (3.4)
t
forr € [1,T].
Using the notations in (3.4), we can express (3.3) as
V(S;X(), _t() Z Z al] X(), 0)7 (35)

leS jeK(I)NS
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and similarly, along the cooperative trajectory x(1),

V(S:x(@),T-1)=Y, Y ax —1), (3.6)

I€S jeK(1)NS

fort € [to,T].

Proposition 3.1. The following inequalities hold for cooperative-trajectory characteristic func-
tion along the cooperative trajectory:

V(S]USQ, () —t)>V(Sl, () T—t)—i—V(Sz;)f(l‘),T—t)—V(S]ﬂSz, () —t) (3.7)
fort € [tp,T].
Proof. See Appendix A. O

The inequalities in Proposition 3.1 imply that the game is convex and so are the subgames
along the cooperative trajectory. This also means that the core of the game is not void and the
Shapley value belongs to the core. In the case where S; and S, are distinct subsets, we obtain
the super-additivity of the cooperative-trajectory characteristic function as

V(S1USy;x(1), T —t) > V(S1;%(t), T —t) + V(S2;%(¢), T —1).

The cooperative-trajectory characteristic function in (2.5) can be expressed as

V(Six0,T — 1) — Z /hf 1), (0))dt + (< (T))
les jek( msto 49)

/ W (@ (2),9 (1), () d+ V(S:5(1),T 1),
leS JeK NSy
for S C N.

Condition (3.8) exhibits the time consistent property of the cooperative-trajectory character-
istic function V(S;x(¢),T —t). This property has not been shared by any existing characteristic
functions in differential games. Finally, any individual player attempting to act independently
will have the links to other players in the network being cut off.

4. CHARACTERISTIC FUNCTION

Now, we consider allocating the grand coalition cooperative network gain V (N;xo,T — to)
according to the Shapley value using the cooperative-trajectory characteristic function. Player
i’s payoff under cooperation would be the Shapley value

stitro.T—10) = ¥, ST s 1) v\ b0 T—0)], @)

|
SCN n:
icS

fori e N.
Invoking (3.6), the difference V (S;x0, T —t9) — V (S\{i};x0,T — o) can be expressed as

Z Z O‘ZJXOv —10) — Z Z 0y j(x0,T —1t9)

1S jeK(I) 1eS\{i} jek(1)nS\{i}

- Z al_] an 0)'

JEK()NS

4.2)
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Therefore, we can obtain the cooperative payoff of player i as the Shapley value

S|— 1) (n—18
Shi(xo, T —19) = ¥ (sI=1): (’” ISD! Y (0, T 1)) 4.3)
scy " JEK(DNS\{i}

For subgames along the cooperative trajectory, the cooperative payoff of player i can be obtained
as:

Shi()z(z),r—z)zz(’s’_l)n( “BDY Y a7 - o), .4)
SCN ' jekK()NS

fort € [to, T], where

T

04 (X(1), T —1) = /hf(fi(f);fj(f),ﬁi(f))dTJrqi(fi(T))-

t

Proposition 4.1. The Shapley value imputation in (4.3)-(4.4) is time consistent.

Proof. Substituting the values of o;;(xo,T — o) into (4.3), we obtain

Sh,-(xo,T—to)
_y B0 s e, e, aF )
scly n: ]EK ns ;)
(IS =1)!(n—1])! (i » (4.5)
= B (& (7),% (1),d (1))dt
S;EISV n! JGKZOS,O/
(IS =1)!(n—1S])! J(7i( . i
L r / W (€(2) 9 (1), 7 (2))d + (7).
ics e
Invoking (4.4), we have
(IS[=1)!(n —|S])! jie i
Shi(xo0, T —19) = B (& (1), % (1),d (t))dT
%zsv ! jekT) ms,O/ (4.6)

+Shi(x(2), T —1),

which exhibits the time consistency property of the Shapley value imputation Sh;(%(¢),T —1t),
fort € [to, T]. O

Using the Shapley value, the imputation to player i along the cooperative trajectory {¥(¢)}"_,
1s:

se(), -1y = ¥ SN e o v\ i, 9).

SCN n.
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Recall that V(S;x0, T —19) — V(S\{i};xo, T —tp) can be expressed as

) Z alJXOa - Y Y, ay(x0,T—10)

leS jeK(l) 1eS\{i} jeK()NS\{i}
= Z ;j(x0, T —to)
JEK()NS
/ W((2)., (1), (2))d+ (7 ().
jGK
Hence
! ! ’
Shi(x(1), T —1)= ¥ i )'(,”_S)' Y (/hf(f"(r),xfm,a"(r))dwa-(f"(T))), (4.7)
SCN n: jeK(@)NS

fori € N andt € [tp, T|. Moreover,

) (S_1>!(n_s)!qi(fi(T)) = q;(¥(T)). (4.8)

SCN

Therefore, we can express

Shix(6), T —1)= ¥ (s_l)lif / B ), @ (0))dT + (B (T)). (4.9)

SCN ) JGK

Crucial to the analysis is the design of an IDP such that the Shapley imputation (4.3)-(4.4) can
be realized. We define an IDP f3;(7) such that

| Bile)dr 4,7 (T) = Shi(x(0).T 1), .10

fori € N.

Theorem 4.2. An imputation distribution procedure (IDP) prescribing player i € N at time
t € [to,T] an allotment
(S| =1)!(n—|S])!

B =), p Y HE@).& (), (), @4.11)
scl : jeK@)NS

would lead to the realization of the Shapley value imputation Sh;((t),T —t) in (4.3)-(4.4).

Proof. Comparing (4.9) with (4.10) shows that

Bi(t) _ Z (|S|_1)n<,n_|5|) Z h] —l ) _i(l‘)),

SCN JEK()NS
ieS

forie Nandt € |1, T]. O
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5. AN APPLICATION EXAMPLE

Consider a large interconnected network in which connectivity would yield positive external-
ities, like in the case of a large-scale interconnected electricity network.

The term hi(x'(7),u'(1)) = p'[('(t))"/?(x!(£))/?] — c'ui(t) — m'Vi(¢) is the gain to player i,
where c'u!(t) is the cost of control u‘(¢) and m'v'(t) is cost of control v(¢).

The term

of control ') (¢) and ¢!Viyi(Di(¢) is the cost of control u')(r), for j € K(i).
The term [Q'x(T) 4 M'] is the terminal payoff of player i. The payoff of player i is

Hi(xé)von(i)vui)
T
= ), [ B (1), (1),u(7))dT+q,(x'(T))
JeK (),
— /{ 1/2 ( ))1/2] —Ciui(t) —mivi(t) (5.1
+ Z () (@i (1) /2
JjeK(i)
+ (W ()2 (@ (1)) = D (1) = DD (1)) de 4 [ (T) + M)}
The dynamics of the state x/(z) is:
X(0) = a(H0 (1)? = 0¥ (o), (5.2)
for i € N. The maximized payoff of the grand coalition can be obtained by maximizing
Y Hixhxg )
ieN
with the controls u', v/, u(/)J, (V) The payoff of the grand coalition can be obtained as:
VINET —1) = (Y AN () + N (1))e ™", (5.3)

leN
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where AN (1), for I € N, and CN(r) satisfy

. (N)I
AT () =AM @)+ AN (1) 6! — PR
l 2 )\2
B 1) (P') ol Y <0 (P*Y)
L P P s
jek()ns cek()nS
1 4(N)I
—A(N)l(t)aaA (t),and
2m!
™ (1) = rCV () with AM!(T) = @ and CV(1) = Y M.
CEN

The optimal strategies under the grand coalition can be obtained as

2c .
#09() = (el ),
B0 = (L),
=" ),

for i € N. The optimal cooperative state dynamics under the grand coalition:

G dAmigy
(1) = a,aAz_m(r)xl (1) — o' (1),

for i € N. The cooperative-trajectory characteristic function:

V(S:E(t ) T —1,%)

_ Z{/ W2 (0) V2 = i (1) — ¥ (1)
ies

+ Z i) (@' izl (7)) /2
JeK(DNs

+ (@ ()P (@ ¥ (1))

1)

—c V() U (@)ar + [0 (1) + ).

(54)

(5.5)

(5.6)

(5.7)
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for § C N. Substituting (5.7) into the dynamic Shapley value, we obtain
Shi(i(t%T _Z)

- ¢ Bl st 7 =) - vis kst 7 1)
i€s

_ ’S|—1) ”—’S| 1/2 —i 1/2
-r - / (®(1))/?] .

ieS

~di(r)—m(e)+ Y (@D () (@ (1)

JEK(i)Ns

An IDP

pir) = Y, SISOt i i o)1 iy 12

+ Z il ))1/2( ()J—/( ))1/2 (5.9)

JEK(i)Ns
+ @) (@D (1))

Ty oo i) i .

—c 7 (0 =T () + [0F (1) + M)

will given to player i at time instant z. Note that ftT Bi(t)dt = Shi(x(t),T —1t), forany r € [0, T]
and i € N. Hence the cooperative solution Sh;(x(¢),T —t) is time consistent.

6. CONCLUSION

This paper analyzes the cooperative-trajectory characteristic function approach in differential
network games with terminal payoffs. The corresponding time-consistent dynamic Shapley
value solution and imputation distribution procedure are developed. The salient features of
this type of characteristic function include measuring the marginal contributions of individual
players are evaluated based on their cooperative actions/strategy, and the simplicity in evaluating
the cooperative-trajectory characteristic function. This expands the applicability of cooperative-
strategy characteristic function to a much wider class of games. Future applications of the
approach, especially in real-life games that involve a sizable number of players and terminal
payoffs are expected.
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7. APPENDIX A: PROOF OF PROPOSITION 3.1
Using (3.6), we have
V(Sl USo;x,, T —l‘)
= Z Z Otij(xt,T—t)

i€S1USy jeK ()N (S1US>)

Z Z aij(xtaT_t)‘f’Z Z Ocl-j(x,,T—t)

€81 jeK(i)NSy i€8; jeK(i)NS,
— Z Z OC,] x,, +Z Z ajj(xt,T—t)
i€S1NSy jeK(HN(S1NS,) (€81 jeK(i)NSy
+) Z 0 (xe, T —1)
€8 jeK(i)NS)
> Z Z OCij(x,,T—t)-l-Z Z OCij(xl,T—t)
€S| jeK(i)NS; €8 jeK(i)NS;
— Z Z alj (x,, T— t)
i€S1NSy jeK ()N(S1NS2)

=V(Spix, T —1t)+V(So;x, T —1t) = V(S1 NS x, T —1).

Hence Proposition 3.1 follows.
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