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Abstract. In [18] and [19], we have recently studied a behavior of the iterative processes to find fixed points of non-
expansive self-mappings S : Q — Q using both total asymptotically nonexpansive approximations S; : Q — Q and
total asymptotically weakly contractive approximations Sy, where Q is a closed and convex set in a uniformly con-
vex Banach space B. We proved there strong and weak convergence of the corresponding iterative consequences.
In the present paper we investigate the dynamical systems (1.14) with so called total asymptotically weakly con-
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1. INTRODUCTION AND PRELIMINARIES

Let B be a real normed space with norm || - ||, Q C B be a nonempty subset and S : Q — B be
a continuous operator. Let us recall that § is said to be:
1) strongly contractive if there exists a constant 0 < g < 1 such that

15 = Syl < gllx =yl Vx,y€Q,
2) nonexpansive if

15 = Syll < [lx =yl Vx,y € Q,
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3) weakly contractive if there exists a continuous and strictly increasing function y/(¢) defined
on R™ and positive on R* \ {0}, y(0) = 0, such that

152 =Syl < llx =yl = w(lx=yl) Yx,y € Q. (L.1)

Different aspects of the strongly contractive and nonexpansive operators were widely investi-
gated in the literature (for example, in [22, 23]). The class of weakly contractive operators sat-
isfying (1.1) has been introduced in our work [10] (see further development in [11, 21, 26, 30],
[33]-[38] and others). It is clear that the class of strongly contractive mappings is contained
in the class of weakly contractive mappings and the class of weakly contractive mappings is
contained in the class of nonexpansive mappings.

The fixed point problems, that is, problems of finding solutions of the equations x = Sx were
studied for a long time in detail namely for cases 1)-3). Suppose that the fixed point set of S

N ={x"x"=8x"} #£0.

To find x* € .4, the authors of the numerous papers mainly dealt with discrete iterative schemes
of two types: first the so-called method of successive approximations

Xpt1 =Sxp, n=1,2,...; x1 € Q, (1.2)
and later the more general Krasnoselskii-Mann style iterative scheme
Xnt1 =Xn — Op (X, — Sxp), n=1,2,..., x1 €Q, (1.3)

where 0 < w, < 1. Note that (1.2) is the particular case of (1.3) when w, =1 foralln > 1.

It is obvious that fixed point problems for expanding operators lose their meaning, so it was
essential to find intermediate classes of mappings for which the principle of fixed points remains
valid. This was done at the end of the last century. Goebel and Kirk introduced in [29] the very
important class of asymptotically nonexpansive maps as follows:

4) the mapping S : QQ — B is said to be asymptotically nonexpansive if

|IS"x = S"y|| < (1+kp)|[x—y|l, n=1,2,..., Vx,y € Q, (1.4)

where " denotes n-degree of S, a sequence {k,} C [0,0) and k, — 0 as n — co.

Later there were several modifications of (1.4). For a corresponding review, see [24] and our
work [8], which was also a generalization and significant extension of (1.4). There, we pre-
sented the concepts of so-called total asymptotically nonexpansive mappings and total asymp-
totically weakly contractive maps by using Definitions 5) and 6), respectively:

5) the mapping S : Q — € 1s called total asymptotically nonexpansive if there exist nonneg-
ative real sequences {k,(ll)} and {k,(lz)} with kﬁll), kP = 0asn— oo, and strictly increasing and
continuous functions ¢ (&) : R — R with ¢(0) = 0 such that for all n > 1 and for all x,y € Q

15 — ™| < [l — ]| + &5 ([x —y]|) + &2, (1.5)

Definition 5) was generalized in [25, 32, 37, 39] and elsewhere.

6) the mapping S : Q — Q is called total asymptotically weakly contractive if there exist non-
negative real sequences {k,(ll)} and {kﬁlz)} with k,(ll), kP = 0asn— oo, and strictly increasing
and continuous functions ¢ (&), w (&) : R" — RT with ¢(0) = y(0) = 0 such that for all n > 1

and for all x,y € Q
1 2
15— 8"y ]| < [lx =yl + &0 (=) — w(llx—yl) + & (1.6)
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For the classes of the mappings 4)-6) the corresponding iterative process
x”+] :(1_a)n)xn+wnsnx”, X] EQ, n= 1,2,..., (1.7)

was introduced in [40, 41] and explored by many authors (we refer to [8], [33]).
Along with (1.7) we considered the regularized successive approximation method

Ynt1 =qn20 — (1 —qn)S"yn, 20€Q, 1 €Q, n=1,2,..,
and its implicit version

Yn ZQnZO_(l_Qn>Sn)’n7 20 GQ? Y1 GQa n= 1727"'7

where li_r)n qn =0and Z gn = 0, and also fixed point problems with nonself-mappings S : Q —
n—oo

B (see [9, 15] and refe?elices within).

Once again, we note that in the inequalities (1.4)-(1.6) the asymptotic conditions are defined
for degrees of the exact operator S and this operator organizes the iterative scheme (1.7). We
proposed a completely different idea in the papers [18] and [19]. Namely, the original map
T : Q — Q with a fixed point x* is not known exactly, however, a sequence of approximating
operators {7} } is known, and given in the form of total asymptotically nonexpansive approxi-
mations of 7 and total asymptotically weakly contractive approximations of 7.

We presume further that B is a uniformly convex Banach space, B* is a dual space, J : B — B*
is a normalize duality mapping [31, 16], Q C B is a convex closed subsetand 7 : Q — Q is a
nonexpansive self-mapping. Let {7} } be a sequence of self-mappings 7 : Q — Q, k=1,2,....

7) the sequence {7y} is called to be a total asymptotically nonexpansive approximation of T
if there exist nonnegative real sequences {/y, gx, Iy, mi} — 0 as k — oo, continuous functions
N(€): Rt — R and ¢(&) : R" — RT with ¢(0) = 0 such that

| Tix — Tx|| < lyen(||x]|) + g Vx € Q (1.8)
and
| Tex = Toy|| < [lx =yl + L@ ([lx = y[) +mi Vx,y € Q. (1.9)

8) the sequence of mappings {7} is called to be a total asymptotically weakly contractive
approximation of 7T if (1.8) is satisfied while (1.9) is replaced by

1 Tex = Ty || < llx =yl = pew(llx = yID) + L@ (lx = y[)) +me Vx,y € Q,
where y(&) : Rt — R™ is a continuous function with y(0) =0 and 0 < p; < p.
In [18] and [19] we studied a behavior of the iterative sequence

Xkl = (1 — a)k)xk—i—a)kaxk, x1€Q, k=1,2,..., (1.10)

for the maps defined in 7) and 8) with some additional restrictions for the functions n(§), 9 (&),
and y(&). In the present work, we attempt to build (as much as we are able) a continuous
version of (1.10).

Definition 1.1. A family of mappings {S(¢)}, S(¢) : Q@ — Q, 0 <1y <t < oo, is called a to-
tal asymptotically weakly contractive approximation of self-mappings S : Q — Q if there exist
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nonnegative functions k(z), I(¢), m(t), h(t) and g(¢), ap smve bounded function p(t), continu-
ous functions ¢ (&) and y(&) : RT — R with ¢(0) =0, w(0) =0, y(&) # 0, and continuous
nondecreasing 1(&) : RT — R such that {k(¢), [(1), ( ), h(t), g(t)} — 0 as t— oo,

18 (t)x — Sx[| < h(e)n (|lx]]) + 8(z) (1.11)
and for all x,y € Q

1§(0)x = S@)yll < (T+k(0)[lx =yl = p(O)W(llx =yI)) + 1) (x = yl[) +m(z).  (1.12)

Note that in (1.12) the cases p(¢) > p > 0 and p(r) — 0 as t — oo are significantly different
from each other: the second case asymptotically gives some additional level of weakly contrac-
tive degeneration, which approaches (1.12) to (1.13) below.

It is not difficult to check that in (1.11) parametric functions 4(¢) and g(¢) can not be simul-
taneously equal to zero for all 7y <1 < eo. Otherwise, {S(¢)} and S coincide for all x € Q and
then the convergence problem disappears. The inequalities of type (1.11) are widely used in the
theory of ill-posed problems for perturbed mappings [16]. It is easy to note that if (&) is a
bounded function or Q is a bounded set then S(7)x — Sx uniformly for all x € Q. Additionally,
if the function ¢ () is bounded, then (1.12) implies

15 =Syl < flx =yl Vx,y € Q,

that is, S is a nonexpansive mapping on €. It is well known that in this case the clearance
operator F =1 — S is demi-closed [16]. Let us recall that the map F satisfies the inequality

(Fx—Fy,J(x—y)) >0 Vx,y € Q.

This means that F is an accretive mapping on the set Q [16].

Now we present the statement with much weaker conditions:

Definition 1.2. A family of mappings {S(7)}, S(r) : Q — Q, 0 <1y <1 < oo, is called a total
asymptotically nonexpansive approximation of self-mappings S : & — Q if there exist nonneg-
ative functions k(t), [(¢), m(t), h(t) and g(¢), continuous functions ¢ (&) : R — R™ with ¢ (0) =
0, a continuous nondecreasing function 1 (&) : RT — R such that {k(z), I(¢), m(t), h(t), g(t)} —
0 as t— oo, (1.11)is satisfied, and for all x,y € Q

18(0)x = S()yl| < (1+k(2)) llx = yl[ + ()¢ ([lx = ¥I[) +m(2). (1.13)

For the family of mappings {S() }, described in Definitions 1.1 and 1.2, we study the behav-
ior of trajectories x(¢) of the following dynamical system:

d);—io — (1) (x(1) = SOx()), 12120, x(t0) =x0 € L, (1.14)
with 0 < @(¢) <1 and
/ooa)(t)dt:oo. (1.15)
lo

We suppose that trajectories x(¢) exist and are differentiable on the interval [fy,o0). If F (1) =
I—S(t), then (1.14) is
dx(t)
dt

=—(t)F(t)x(t), t > 1 >0, x(tp) =x9 € Q.
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The mapping F(t) is called the clearance operator of S(t) at the point 7 [13].

2. DIFFERENTIAL INEQUALITIES

In general, our research concerning fixed point problems is based on estimates of solutions
to the following differential inequalities:

di# <BOAE) —a)WA0) +p(O9A0)) +7(1), t =10, Alto) =Ao,  (2.1)
and
d/}lgr) < —a(t)C()+ (), t =19, Ato) = Ao, (2.2)

where A(7) is a nonnegative differentiable function for all # > 79, w(A), ¢(A) are positive con-
tinuous functions for all A > 0 with y(0) =0 and ¢(0) =0, B(¢), p(¢), y(t) and {(¢) are
nonnegative for all # > 7y, and a(z) is a positive continuous function for all # > 7. Assume that
solutions of (2.1) and (2.2) exist. From now on, we assume that

/w ot)dt = oo (2.3)
fo
and
B(t)dt < eo. (2.4)
To

We consider (2.1) in Section 2 and (2.2) in Section 3. In Section 4 we explore the special
differential inequality

dA(t

# <—a(t)A(t)+p(t)A"(t), n>0, t>1>0, A(tg) =29 >0. (2.5)
In Section 5 we apply differential inequalities to obtain the strong convergence theorems for the
dynamical systems (1.14 ) with (1.15). Much weaker results (convergence on subsets) hold in
Section 6 under very weak assumptions of type (1.13). Note that the inequality (2.5) is used in
the literature to establish convergence of differential methods of high orders, for instance, the

Newton-Kantorovich dynamical systems.

2.1 Differential Inequality (2.1) with ¢(1) =0
a) First we consider the homogeneous nonlinear differential inequality (see [3]):

dA(t
MO < ey, 120, M) =20 (2.6)
Lemma 2.1. Let A(t) be a non-negative and differentiable function satisfying inequality (2.6),

where /() is a continuous positive function for all t >ty and Y(A) is a positive continuous
function for all A > 0 with y(0) = 0. Then

A0 <@ ((20) - / toc(r)dr), @.7)

To

where ®(A) is any antiderivative of the function ——— and ®~(z) is the inverse function to

w(4)
D(A). Moreover, if (2.3) is true, then A(t) — 0 as t — oo.
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dA
Proof. So, ®(1) = / W + C with an arbitrary constant C (without loss of generality we

can set C = (). From (2.6) we obtain the obvious inequality

/;%g—/t:a(f)dr,

therefore [
(1) < D(h0) - [ alr)d.
fo
. dP(A) 1 : S . . :
Since - ) > 0 for all A > 0, the function ®(A) is strictly increasing. It is well

known that ®~!(z) also possesses this property. This implies (2.7). If (2.3) is fulfilled, then the
conclusion ,ll,m A(t) = 0 is obtained again by virtue of the properties of ®(1) and ®~!(z).
Let us present a simple example. Examine the following inequality [1, 17]:
dA(t
P a0, v>0, 1210, Al)= Ao, @8
that is, in (2.6) y(A) =AY, v > 0. It is not difficult to deduce:

1—v

®(A)=InA, if v=1 and ®(A) = it—v if v£1,

@ '(2) =exp(z), if v=1and ® ' (z) =[(1-v)z"/17", if v£1,

A0 < hoerp (~ [

a(r)dr), ifv=1, 2.9)
To
and

L) < (),Ol_v-i—(v—1)/ta(r)dr>l/l_v, iVl (2.10)

Io
Note that if in (2.8) v < 1, then in (2.10) A(¢) — 0 as t — £, where 7 > 1 is a finite number.

b) Next we investigate the more general nonlinear homogeneous differential inequality

dA(t

% <BA () —a(t)y (A1), t > 1y, A(ty) = Ao. (2.11)
Lemma 2.2. Let A(t) be a non-negative and differentiable function, B(t) be a non-negative
function and a(t) be a continuous positive function for all t > ty. Assume that inequality (2.11)
is satisfied, where y(A) is a positive continuous and nondecreasing function for all A > 0 with
v(0) =0. If (2.4) is fulfilled, then

t
A(t) < Cod~! (cp(ao) —Co_l/ a(r)dr), (2.12)
Iy
where a positive constant Cy is defined by the estimate
exp ( / ﬁ(t)dt) <G (2.13)
Iy
and P(A) = /ﬂ Moreover, if (2.3) is fulfilled, then lim A(t) =0
ATE) e en A=
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Proof. First, by (2.4) there exists a constant Cy > 0 such that
t
1< exp( ﬁ(r)dr) < Co. (2.14)
Iy

In (2.11) we provide the following replacement:
t
1) = p(exp( | Blo)dz). (2.15)
0

where 1 (t), e >t > 1y, is some non-negative and differentiable function. Then p(ty) = A (1p) =

Ao and

d)chlgt) - d‘:lit) exP( totﬁ(f)df> +u()B() €XP< lotﬁ(f)dr>.

On the other hand, by (2.11) and (2.15)

t

é%Q§BWMMaw(;B@MQ—HOW(Mﬂwp(mBMMQ)
From this, it follows that
di;fﬁ <—a) (exp( lolﬁ(r)d”r))_ll//(u(t)exp( totﬁ(r)dr». (2.16)

Therefore, due to (2.13) and the nondecreasing property of y(A) we have

du(t)
dt

< —Cyla()y(u().
Consequently,
t
(r) < &7 (1) —col/ a(t)dr).
Iy
Through (2.15) one obtains (2.12), and (2.3) implies the limit result tl;m A(t) = 0. The lemma
is proved.
¢) We study now the inhomogeneous linear differential inequality [1, 3, 16]:
dA(t)
dt
Lemma 2.3. Assume that a non-negative and differentiable function A(t) and non-negative

continuous function y(t) both satisfy the inequality (2.17), where o(t) is a continuous positive
function for all t > ty. Then the estimate

A(r) < Aoexp( - / loc(r)dr) + toty(Q)exp<— /9 la(r)dr)d@ (2.18)

To

< —a(H)A(t) +9(t), t > 19, Alto) = Ao. (2.17)

holds. If (2.3) is carried out and
lim M =0, (2.19)

then A(t) — 0 ast — oo.
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Proof. Multiplying both parts of (2.17) by
t
z(t) = exp (/ Ot(s)ds)
11

0
we obtain

Then .
A()2(t) < A1) + /t 1(7)z(1)dx,

which is equivalent to (2.18). The first term on the right-hand side of (2.18) approaches zero by
the condition (2.3). Let us find the limit of the second term as ¢ — . Denote the anti-derivative
of a(t) by a(t). If the integral

/t " 1(0)e%®) 40 (2.20)
0

is divergent then by applying L”Hopital’s rule and (2.19), one obtains

t . " v(0)e%) 40
lim [ y(0)e Je*($)4540 = lim Sy 1(0)e _im X 2.21)

10 Jy 100 e0(1) R0}

If the integral (2.20) is convergent then
t 1
lim [ y(8)e Jo*$)dsg49 =0,
1—ro0 fo

again by (2.3). The assertion of the lemma is true (see also Section 4).
d) Similarly to item b) for the differential inequality

dA(t
P < BOAD) ~ aORO+ 0, 1210, A1) = o, 0.22)
the following statement is effective:

Lemma 2.4. Let A(t), B(t), o(t) and y(t) be as in Lemmas 2.2 and 2.3. Suppose that (2.4)
and (2.19) are satisfied. Then for a solution A(t) of (2.22) the estimate

A1) < Codgep( Ci /tt a(2)d7) +Gy /t Y(O)exp( - %0/; a(x)dz ) do

0 J1o )

is valid for any t > to and A(t) — 0 as t — oo.

Proof. Using (2.15) and (2.16) we set

di;iﬂ < ~a(t) (exp( totﬁ(r)dr>)_l (rexp( lotﬁ(r)ch')) + () (exp( lo’ B(r)dr>>_1
Therefore () o
5 = —Coa(n)u(n) +y(),
where Cy is defined in (2.13). By virtue of (2.18)
() < u(to)exp(—ci()/t:a(r)dr) +/t: 7()exp( - CiO/;a(r)dr)de.

It only remains to apply (2.3), (2.13) and (2.15).
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The particular case of (2.22) with y(r) = 0 gives

Ar) < coz(to)exp( _c! /

Io

t

a(r)dr) .
A more exact estimate is obtained from the inequality
dA(t
) < o) - ).
if we use (2.9).

e) Next we provide the following nonlinear differential inequality:

dA(t)
dt

Lemma 2.5. Assume that a non-negative and differentiable function A(t) satisfies the differen-
tial inequality (2.23), where for all t > ty the function a(t) is continuous and positive, Y(t) is
non-negative and continuous, Y(A) is positive, continuous, and increasing for all A > 0, and
y(0) =0. If (2.3) and (2.19) are fulfilled, then A(t) — 0 ast — oo

< —a(t)y(A(t))+7(t), t >to, Alty) = Ao. (2.23)

Proof. For this result see [3, 16]. For each t > 1 there are two possibilities:

Hi: w(A() < q(1) (2.24)
or
Hy: y(A (1)) > q(0), (2.25)
where 0
1 y(t
=70 " a0
and <7 (t) is defined as
t
A (1) = / a(t)dr. (2.26)
To
We denote the sets
S ={teT | Histrue} and % ={t€T | H,is true}. (2.27)
In more detail:
Fi={re@, i}y, Z=ul i=1.2,..k, (2.28)

Sets ﬂli and %j are alternating. It is easy to see that 71U .75 =T = [fp,0). The case .71 =T
is also possible. Let us prove that .7] is always an unbounded set. We assume the contrary.
Then there exists ¢+ = 7 such that for all + > 7; the hypothesis H; holds, and (2.23) yields the
inequality

dA(t) o(t)

< — > 1. .
a =70 Vi > 1 (2.30)
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Hence,
A < A(m)— [ 2y 2.31)
= s. .
B 1 o A (s)
By virtue of the Cauchy integral criterion, we show that
! < (t
im %) g — fim 2@ (2.32)

= oy o (5) e (1)

It can be now seen from (2.31) that there exists a point r = 15, for which A(7;) < 0. This
contradicts the condition of the lemma. Consequently, the positive function y(A(¢)) — 0 as
t — oo and ¢t € .7]. Now the convergence of A(f) to zero ast € .7} and t — oo is guaranteed due
to the properties of y(t), namely,

Alt) <y <q(t)> Vi€ 7. (2.33)

Note that the last interval of 7 always belongs to .7;, therefore [ = k — 1 and only two cases are
possible:

T=2%'U% VT 0T 0. VT UG (2.34)
and
T=2%'UR 0B 0T0. VT UG (2.35)

Suppose case (2.34). By (2.30), on each set sz = [tjz-,sz-] the function A(r) strongly decreases

dA(t)
dt
ous, we conclude without loss of generality that A (1) < A(f }71) on the interval [tjz, t_jz] Therefore

because of < 0. Thus, A(r) < l(tf) forallr € [112.,?]2.]. Since the function A (¢) is continu-

Alt) < y! <q(f}_1)) vi € [13,72). (2.36)

Note that all q(f}_l) — 0ast — oo.

If case (2.35), then on the interval [to,7?] = [¢7,77] the function A(¢) strictly decreases from
A(to) to A(7?). This must occur on the bounded interval [ty,7], where 7 is determined by (2.31)
as a solution of the inequality

" afs)

1o ()

with respect to ¢. Starting from 7 we return to the previous case (2.34). Finally, the lemma is
proved by (2.33) and (2.36).

ds < A (l‘o)

Remark 2.6. Earlier in [3] we obtained not only the convergence A(¢) — 0 as t — oo, but also
different non-asymptotic estimates for the rate of convergence. This part is long and difficult,
therefore, we do not present it in this review.

Our next step is to obviate the increasing property of y(t) (see [4]).

Lemma 2.7. Let A(t) be a non-negative and differentiable function satisfying the differential
inequality (2.23), where function &(t) is continuous and positive for t > to while y(t) is con-
tinuous and non-negative. If Y(A) is a continuous positive function for A > 0 with y(0) = 0,
there exist constants ¢ > 0 and A, > 0 such that W(A) > c for all A > A and zero is its unique
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limit point on the interval (0,4, ]. If (2.3) is fulfilled and (2.19) monotonically decreases to 0,
then tlim A(t) =0.
—>00

Proof. Using the alternative (2.24), (2.25), definitions (2.27)-(2.29) and also (2.34) and
(2.35), we first prove that .7] is an unbounded set. It is clear from the previous lemma: either
1 =T orintervals of T belong to 7} and % and alternate such that always the set 7;* = [t¥, ).
By the hypothesis Hj, at each interval of .7] the function y(A(¢)) is estimated from above by
the monotonically decreasing function and y(A(¢)) — 0 ast — o and t € .7]. Therefore, due to
the properties of y(4), A(¢) — 0 for such z. In turn, by virtue of the hypothesis H», A(¢) is esti-
mated by the (2.31) at each point ¢t € [tjz,sz] C 2. The right hand side of (2.31) monotonically
decreases on interval [tjz-,t_jz-]. This means that A () < l(tjz) forall r € [tjz,t_jz-]. In addition, let us
note that y(A4 (tjz)) = q(tjz). Since q(tjz) monotonically decreases as j increases, we deduce that
lim A (z) = 0. The proof is complete.

IHB We further consider the inequality
) < B~ WA 0) +70). 1210, 2(0) = . 0.37)

Lemma 2.8. Assume that a non-negative and differentiable function A(t) and non-negative
functions B(t) and y(t) satisfy the inequality (2.37), where o.(t) is a continuous positive function
for all t > ty, and y(A) is a positive continuous and increasing function for all A > 0 with
v(0)=0.1f(2.3), (2.4) and (2.19) are fulfilled, then A(t) — 0 as t — .

Proof. The methods of Lemma 2.2 give the following inequality for (2.37):

W < [arw(uen( [ peras)) + 0] (ew( [ Bore))

Since y(A) is nondecreasing function and (2.13) is valid, we see that

dﬁf’) < —Cyla(t)w(u()+ ().

The proof follows from Lemma 2.5 and (2.15).

Remark 2.9. Another version of Lemma 2.8 is Corollary 2.13 below.

g) The very important question about the behavior of solutions of differential inequalities
with a constant y(¢) = € > 0 has not previously been studied. Here, we will consider only one
case of (2.23) where a/(t) = a > 0:

dA(t)
dt
In fact, we will establish the continuous version of Lemma 2.5 from [11].

< —ay(A(t))+e, t>1y, Alty) = Ao. (2.38)

Lemma 2.10. Assume that in the differential inequality (2.38) A(t) is non-negative and differ-
entiable function, Wy(A) is a strictly increasing function. Then there exists f > ty. such that the
estimates (2.40)-(2.42) below are satisfied for all t > t.

Proof. Consider the alternative:

1 1
Hi (A1) < E+§ or Hy: w(A(t)) 2%*%‘ (2.39)
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Define the sets (2.27)-(2.29) and T = .71 U % = [tg, o). Like in item e) we prove that .7] is an
unbounded set. Suppose the contrary. Then there exists = 71 such that H> is fulfilled for all
t > 71 and (2.38) gives the inequality
dA(t)
dt
This yields the following inequality for t > 7y :

tds
A1) < A(m) —/ B a(m) —Int +Int,

T

1
S—; VIZTI.

which is impossible because A(¢) > 0 for all # > fy. Thus, the hypothesis H; is carried out on
subsets 7] C T and then

I
A1) <y <E + 2) i€ J. (2.40)

Let us return to (2.34) and (2.35). For eacht € %j = [tjz-,t_jz-] we obtain A(7) < 7L(t]2-), more-
over,

_ 1 €
A‘(tjz) <y 1(@‘{‘&) (2.41)
J
or
1 £
A2 -1 =). 2.42
() <y <af}_1+a> (2.42)

If tg € 7!, then the estimate (2.40) is true. If ty € F3! = [t2,72] = [to,?], then for all t € ;!
one obtains A () < A(fp), and (2.40)-(2.42) are satisfied for at least all # > t_lz.

Remark 2.11. If the function A (¢) satisfying (2.38) has a limit A* as r — oo, then inequalities
€
(2.40)-(2.42) guaranty the estimate A* < l[/*1 (&) However, we can not assert as before that

A*=0.
2.2 Differential Inequality (2.1) with ¢ (1) £ 0

We study the differential inequality
dA(t)

L <y 0)+p(9(A0) + 1), 1210, Alto) = o, (2.43)
In Lemma 2.12 below we use the following notation:
= max{%, r> to}, )= max{%, r> to}, 01(A) =c10(A) +co. (2.44)

Lemma 2.12. Let A(t) be a non-negative and differentiable function satisfying the differential
inequality (2.43), where p(t) and a(t) are bounded positive functions, Y(t) is continuous and
non-negative, (A1) : R™ — R is a continuous function and w(A) : R*™ — R" is an increasing
continuous function with ¢ (0) = y(0) = 0. Suppose that there exists a constant M > 0 such that
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01(A) < y(A) forall A > M and the equation ¢1(L) = Y(A) has no more than one root A, on
the set [0,0). Let (2.3) be fulfilled and

- p()+y)
t]1_>r2 a(0) =0. (2.45)
Then lim A(t) = 0.

t—roo

Proof. One of the following must occur for eacht € T = [fy,0): either

Hy: —am)y(A@))+p((0)eA@)+1(1) =0,

or

Hy: —a(n)y(A(1) +p()o(A()) +v(t) <O.
Define the sets (2.27)-(2.29). As before, it is clear that T = 7] U .7, = [tp,0) and there exists a
case 71 =T.

i) Suppose that the equation y(4) = @;(A) has exactly one root A, on the set [0,o0). We see
from the conditions of this lemma that ¢; (1) < y(A)if L > A, and ¢1(A) > y(A) if L < A,.
a) First, consider 7y € 7], that is,

—a(to) w(A(t0)) +p(10)9(A(10)) + 1(t0) = 0.

Then at each point ¢ € [t!,7]] C 77 we have
0 < p)¢(A[r)) —a(t)w(A(r)) + ()

< o) (ED 00~ virm) + 1)
< al®)(c1o(A0) ~y(A(D) +c2). (2.46)

Since o (1) > 0, one gets
$1(A(2)) = c19(A(2)) +c2 = y(A(1)).

This means that
A(r) < Ao Vet (2.47)
Consider now the interval [tjz, t_Jz] C 7. Recall that the function ¢ (A) is positive and contin-
uous. Denote
Mgy = max{¢ (1), 0 <A <A}

Taking into account that y(A) is a continuous and increasing function with y(0) = 0, it is easy
to see that on the set [0, o)

91(4) < Mpar+ y(4). (2:48)
We now estimate A (¢) forz € [tjz, t_jz] from the differential inequalities
dA(t
M < p oM — (A (0) +711) <0 (2.49)

Obviously A(z) < l(tjz) and by (2.47) A(t) < A, for all ¢ € [t]z,t_jz-] C Z. At an arbitrary point
t € [t},7]] € 1 the function A(r) is estimated by (2.46) and (2.47). If t € [t7,,77,,], then
A(t) < Ay because of (2.49). Continuing this process further we obtain A () < A, foranyr € 7.
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b) Now let g € 7. Then (2.49) is fulfilled on the set [t, t'lz] and we conclude that A (¢) < A for
all ¢ € [to,77]. On the next interval [¢{,7]] the hypothesis H; holds, therefore, A(t) < A, similar
to (2.47). On the set [tzz,t_zz] C %, we again obtain the inequalities (2.49), hence A () < A, for
all t € [t3,73], etc. on each interval [tjz-, sz-], which alternates with [t]l 1> t_jl- +1]- Thus the following
estimate holds:

A(t) <max{Ayg, A} VteT. (2.50)

ii) Suppose now that the equation y(A) = ¢;(4) has no roots on the set [0,0). Since there
exists M > 0 such that ¢; (1) < y(A) for all A > M and y(0) = ¢(0) = 0, this situation can
only arise in the case of ¢, = 0. This implies the following assertion: the hypothesis H; does
not appear for any 7 > t(. Otherwise there exists ¢ > o such that ¢; (A (7)) > w(A(¢)). Therefore,
the hypothesis H, is valid on the whole set 7. Like b) we can show that A (1) < A(f9) = Ag for
all € T. Hence, the general estimate remains in the form (2.50).

Since y(A) is an increasing function, from (2.48) we deduce the estimate

(P()L) < Cil(Mmax‘i‘W(;L))_cZ
< C_I(Mmax"’“l/(K)) =C,
where K = max{ Ay, A.}. As a result, we obtain the following differential inequality:

dA(t)
S —anw(A0) +Cp(r) +v().
Together with (2.3), (2.45) and Lemma 2.5 this complete the proof.
Under the conditions of Lemma 2.12, the function y(A) must grow faster at infinity than
the function c;@ (1) + ¢,. Let us now formulate the particularly important case of (2.1) with

o(A)=A:
dA(t)
dt

Corollary 2.13. Let A(t) be a non-negative and differentiable function satisfying the differential
inequality (2.51), where p(t) and a(t) are bounded positive functions, y(t) is continuous and
non-negative, and W(A) : R — R is increasing continuous function with y(0) = 0. Assume
that ¢\ and c; is defined by (2.44) with ¢1(A) = c1A + ca. Suppose also that there exists a
constant M > 0 such that (1) < y(A) for all AL > M and the equation ¢;(A) = y(A) has
no more than one root Ay on the set [0,00). In addition, if (2.3) and (2.45) are satisfied, then
lim A (¢) = 0.

t—roo

< —a(Oy(A@) +p)A)+1(1), 1 =210, Alo) = Ao (2.51)

Remark 2.14. If we compare Corollary 2.13 and Lemma 2.8 for the inequality (2.51) with
t

B(t) = p(t), it can be seen that the first statement essentially has a weaker condition tli_>m % =

0 in place of (2.4). At the same time, in Corollary 2.13 we assumed at least linear growth of

y(A) at infinity.

3. DIFFERENTIAL INEQUALITY (2.2)

Lemma 3.1. Assume that a non-negative and differentiable function A (t) satisfies the inequality
(2.2), y(t) and {(t) are non-negative, and o(t) is a positive continuous function for all t > to.
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Let
/ Y(t)dt < eo. (3.1)

fo
Then the function A(t) is bounded for all t > t.

Proof The proof is straightforward. We have from (2.2) that for any ¢ > 1,
t

A1) <Al) - [ a@@dr+ [ v

o 2%}

This implies the estimate A (7) < A (o) + f,tlo Y(7)dT because fzf) a(7)¢(7)dt > 0. It follows that

At) <Ato)+ | y(1)dT < oo
2%}
Lemma 3.2. Assume that a non-negative and differentiable function A (t) satisfies the inequality
(2.2), y(t) and £ (t) are nonnegative continuous functions, and o/(t) is a positive continuous
function for all t > to. Let (2.3) and (3.1) hold. Then there exists an unbounded subset ' C
T = [ty, o) such that tlim C(t)=O0forallt € T
—>00

Proof. To begin, note that for any 7 > 1

/toc(t)C(t)dt < [P

0 B n dt i

< Altg) —A(F) + t_y(t)dt<oo.

Since A(¢) is bounded for all 7 > £, we have / o(t)§(¢)dt < oo. If the lemma is false, then
I

0
there exists ¢ > 0 and 7 > 1y such that {(¢) > o for all # > 7. Therefore
/ a()E()dt > o / a(t)d,
t t
that contradicts (2.3).
The next two statements demonstrate that the convergence of A(¢) — 0 only occurs on some
subsets of the set T = [tg,0).

Lemma 3.3. Assume the non-negative and differentiable function A(t) satisfies the inequality
(2.2), y(t) and £ (t) are non-negative, o/(t) is a positive continuous function for all t > to, and
let (2.3) and (3.1) hold. Then there exists an unbounded set 7y C T = [ty,0) such that {(t) — 0
ast — o and all t € 7, with the monotone estimate Hy in (3.2).

Proof. Consider for all ¢ > #¢ the following alternative:
1 1
Hi: 1) < —— H;: t) > ——
1 C( ) = ﬂ(l‘) or 2 C( ) %(ty
where <7 (t) is defined by (2.26). As in Lemma 2.5 define the sets (2.27)-(2.29). In the general
case 91" alternates with fzk, k=1,2,3,..., however 7] =T is also possible. It is clear that

AU T =T = [tp,o0). We claim that set .7] is unbounded. If it is bounded, then there exists
t = 1; such that

(3.2)

1
C(Z) > %—(I) vt > 1,
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and one gets

% < —%4—]/(0 Yt > 11.

Then

A(t) < A(1) — ; ;<(?)dr+ /T j y(v)dr.

Using (3.1) and (2.32) we conclude that there exist 7 > 7y such that A(z) becomes negative for
all # > ¢, contradicting the conditions of the lemma. Thus, there exists a necessarily unbounded
subset 71 C T = [tp,0) such that (3.2) holds for all # € ;. This estimate is monotonically
decreasing on the set .7} because <7 (1) is a strictly increasing function. Note, however, that the
same behavior of {(¢) on the set .75 cannot be expected. The proof is true.

Continuing, we obviate the requirement of (3.1) to present a more general lemma.

Lemma 3.4. Assume that a non-negative and differentiable function A(t) satisfies the inequality
(2.2), y(t) and §(t) are nonnegative, and o(t) is a positive continuous function for all t >
to. Suppose that (2.3) and (2.19) hold. There then exists an unbounded set 7y C T = [ty,0)
such that {(t) — 0 ast — o and all t € J| with the estimate (3.3). If the function in (2.19)
monotonically tends to zero, then (3.3) gives a monotonically decreasing estimate on 7.

Proof following the pattern of the previous lemma. For each t > 1, either

H, : C(I)SM;(I)JF% (3.3)
or
. 1y
H;: C(t)>,5zf—(t)+m’

where <7 (t) is defined by (2.26). Define again the sets (2.27)-(2.29). We will prove that 7] is
an unbounded set. Suppose 7] is bounded. Then there exists ¢ = 7 such that

L )
07 TG  aw 2T
The inequality (2.2) for all # > 71 implies
dA(t) o(t)
7 < _szf(t) (3.4)

and (3.4) gives

" als)
Alt) < A(ty)— ds, Yt > 1.
(1) <A(m) o () 1
By virtue of the Cauchy integral criterion, we again have (2.32). As in Lemma 2.5 we come to
a contradiction with the condition that A(¢) > 0 for all > 9. Thus, 7] is unbounded set. By
the hypothesis Hj, at each interval of .7] the function {(¢) is estimated from above as in (3.3).

t
Since 7] is an unbounded set, we conclude that { (1) — 0 ast — e andallt € 7. If f(t) = 1)

o(r)

is monotonically decreasing, then the estimate (3.3) is also monotonically decreasing because
2/ (t) is a strictly increasing function. The lemma is true.
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Recall that under the conditions of Lemma 3.4, .77 is an unbounded set and .%; is bounded.
Let 91]‘ C J and I, kc 9, k=1,2,...k. Introduce, for example, (2.28). On each interval T /
the function A(z) is bounded and monotomcally decreasing by the inequality (3.4). However
its value on the left boundary of .7, / is not defined by our methods. On each 1nterva1 7 It the
function {(z) monotonically decreases and its value on the left boundary of 91] is less than
its value on the right boundary of 9{ . Therefore lim, . §(¢t) = 0 for all t € 7.

The following statement requires very strong assumptions (cf. [12]).

Lemma 3.5. Assume that a non-negative and differentiable function A (t) satisfies the inequality
(2.2), a(t) is a positive continuous function, [11_>m o(t) =0, {(¢t) is a positive continuous and
differentiable function, (2.3) is fulfilled,

/ o(t)E(t)dt < o0

Io
and there exists a constant 0 > 0 such that

C—t)‘ <0a(r). (3.5)
Then hm C( )=

Proof. Note first of all that %Y)
dg(1) ‘
dt

is the integrable function on any interval [t,t,] C T =

is also integrable on this interval and the inequality

/l‘z dC ‘ /t2 dc
131 o
follows.

We know from Lemma 3.3 that there exists some piecewise continuous function § m(r) C
1
¢(t) defined on the unbounded subset .7; C T such that {1 (z) < 0] for all t € 7. If

the result of this lemma does not hold, then there exists a constant ¢ > 0 and another piece-
wise continuous function ) (r) C {(¢) defined on some unbounded subset & C T such that
¢ (1) > o for all t € Z. In this case, we are able to construct a third piecewise continuous
function ¢3)(r) c &(¢) defined on some unbounded subset Z C .7 with the following selection
rule for the argument ¢ € T :

[to,°0). Then the function ‘

)dt

t=T1y=min{t >1y: {(t) > o}
t=1 =min{t >1: {(t) <2 o},
t=tm=min{t >1: {(t) >0}
t=n=min{t >1: {() <2 'c},
t=1=min{t > 13: {(t) > o},
etc...

t =Ty =min{r > oy : {(t) <2710},

I = Tr42 :min{t > Dojt1 C(l‘) > G},
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etc... .

It is clear that

C(t)>27"0, Ty <t < Ty (3.6)

Since /oo o) (1)dt < o0, by (3.6) we get

fo

/to Tand > Y / P () E ()t
> 2_1Gi/m+la(t)dt, (3.7)

that is, the series in (3.7) is convergent. Therefore,

Dk+1
/ o(t)dt =0, k—> oo. (3.8)

bk

On the other hand, we have {(7) > o and {(To41) <270, so that by virtue of (3.5)

7 <)~ Clomrr) < /:Ml dC(t)dl)

2 o dt
T
< / 2u+11d (1) )dt
o dt

Dk+1
< 9/ a(r)dr, k> 0.
T

2k

This contradicts (3.8). Thus, lim; . §(¢) = 0. The proof is complete.

4. DIFFERENTIAL INEQUALITIES (2.5)

Now we investigate the differential inequality (2.5) under the conditions of Section 2 for
A(t), a(t) and p(t) (see, for example, Lemma 2.12).
Lemma 4.1. For inequality (2.5) the estimate
1

a(s)ds>d9] n—1 @.1)

t

A < [V 0 - -1 [ p@)e((n-1) [

o °]

holds, where
f

V(t) = exp<(1 —n)/ a(s)ds).

1o
Proof. Introduce the differentiable function y(¢) and the replacement
1
At)=yl—n,

We have
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dA dAd
Using the simple equality — = ——y, from (2.5) we calculate
dt dydt
1 dy(1) : :
L I < —oat)yl—n yyl—n

which gives

Thus,

It is not difficult to see that

LLovo] =vo2Y - nawyove)
Then p
oV = -1

and we obtain

From this, it follows that
t
() 2 y(0)V 1)+ (1—n) | p(6)V(6)V ' (1)db,

Io

that is
t

y(0) 2 310V 0+ (1=n) [ p(®)exp((n—1) [

o 0

t

a(s)ds)de.
Thus, we have (4.1) for all # > 1.

Let us note several partial cases:

1. If in the inequality (2.5) p(z) = 0, then (4.1) gives
1
A < RV ] n= T

which leads to the estimate

A0 < agexp(~ |

Io

t

a(s)ds> Yt > 1.

It coincides with (2.7) and (2.18) in the cases y(A) = A and y(¢) = 0, respectively. If (2.3) is
fulfilled, then A(¢) — 0 as t — oo.

2. Ifin (2.5) p(¢t) # 0 and n = 0, then it is the inequality
dA(t)
dt

< —a(t)A(t)+p(t), t > 19, A(tg) = Ao-
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The estimate (4.1) implies

() S?Loexp(—/ta(r)d’v)—|—/tp(9)exp<—/(;a(’c)d’c>d9, (> 1.

Ty 1o

It coincides with (2.18) if y(7) is replaced with p(z). If (2.19) is fulfilled, then A () — O as t — co.

3. Ifin (2.5) p(¢) # 0 and n = 1, then the right hand side of (4.1) is degenerated because of its

degree, which equals 1 It is also clear from the corresponding differential inequality

P < (o) —p )00,

which yields the estimate

A0) < Agexp( ~ [ (a(z)~ p(e))ar). (4.2)

Io
In view of (2.3) the convergence or divergence of A(¢) to 0 in (4.2) depend on the function p ().
It is easy to see that the condition p(¢) > c(¢) for all # > 7 > 1 sends the right hand side of (4.2)
to oo as t — oo, while the inverse condition p () < a(r) for all t > 7 > t leads to the convergence:

th_glq?t(t) =0.
4. If in (2.5) p(t) # 0 and n = 2, then Lemma 4.1 for the inequality
P a0 +p012(0), 121020, A1) =0 >0, (43)

asserts that

Alr) < [lo_lexp(/t:a(s)ds> —/t:p(e)exp</etoc(s)ds>d9}l Vi > to. (4.4)

The right hand side of (4.4) tends to zero only if p(7) tends to 0. Let us give an example. Assume

1
that a(t) = A and p(z) = p > 0, that is, we consider the inequality

dA(t 1
% < —;l(t)+p7tz(t), t>1 >0, A(ty) =24 >0,
the first part in the square brackets of (4.4)
! t
A ex (/ os ds> - (4.5)
0 P f ( ) AOIO

and the second part
t t t
p(9)exp(/ a(s)ds>d9 =tpln—.
fo 0 to
Thus, (4.4) gives the estimate:
t t\!
M) < (5= —1pIn—) Ve, (4.6)
(1) <70 ~ 1P
It is clear that if # > foexp(pAotg) ~!, then the right hand side of (4.6) becomes negative. In this
case, we cannot conclude that tli_>m A(t) =0.
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The following two simple examples illustrate the convergence of A () to 0, when p(¢) is not

, where t > tg > 0 and p > 0. This means that we consider the

a constant and tlim p()=0
—>00
| -
a) Let a(r) = — and p(t) = ?
differential inequality (4.3) in the form:
dA(t 1 D
MO < a0 +P20), 121020, M) =20>0.
We calculate the second part in the square brackets of (4.4):
t t t de t
p(9)exp</ Ot(s)ds)d@ =p t/ -5 =P ( - —>.
1o 1o 0 )
Taking into account (4.5), one gets
t pt N1
At <<——— ) Vi >t 4.7
(1) < 20 o P 0 (4.7)
Ifp < e then right hand side of (4.7) tends to 0 as ¢ — o, hence, tli_>m A(t)=0
o _
b) Now let o(t) = " and p (1) = =, where o and p are positive constants. They involve (4.3)
as it follows
dA(t o D
MO < 0+ 2220), 12020, M) =10 >0
I /¢
Then the first part in the square brackets of (4.4) is % (t_> and the second part
0
t t N )
P riN* p
0)ex </ os ds)d@z—(—) —=.
i p(B)exp| | als) a\n) "«
Thus, we obtain
1 st prt® pi-1
At <[—<—) ——(—) —} Yt > 1.
( ) — LAy \1o o\l + (04 =0
~ 04 .
Ifp < e then tlglolol(t) =0.
| _
A and p(t) = t%’ where t >t > 0 and p > 0. That is, we study the

c) Assume that a(t) =
differential inequality
dA(t 1
(t) < —;)L(t) +
t

p
dt  —
As in item a) the second part in the square brackets of (4.4) is calculated as
"do p /1
--2(-5)

SA2(t), 1>1>0, Altg) = Ao > 0.

t

A

t 1
0 ds)do=pt | & =
Nl Jexp( [ a(s)ds) pif =5
Therefore
t pt  pN\!
A < (+——PLi P sy
0= (- 54+5) " w2

If p < 32, then lim, o0 A () =0
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5.If in (2.5) n =3 and p(t) # 0, then the inequality

dA(t
% < —a(OA ) +pO)A3 (1), 1>1>0, A(ty) =24 >0
gives the estimate (4.1) in the form of
5 t t t —1/2
Alr) < [Ao_ exp<2/ a(s)ds) —2 [ p(6)exp <2/ a(s)ds)d@}
fo to ?]
| _
As an example, consider o(f) = A and p(t) = g, where p > 0. We obtain
2 ptr p\1/2
At <<———+—) Yt > 1. 4.8
1)< A2 23 2 =10 (4.8)
2
Ifp < 2 then A(¢) — 0 as t — 0. It is possible to similarly investigate other examples of item
0
4and n > 4.

5. DYNAMIC SYSTEMS WITH TOTAL ASYMPTOTICALLY WEAKLY CONTRACTIVE
APPROXIMATIONS OF OPERATORS

In this Section we study the dynamical system (1.14), where S(¢) is a total asymptotically
weakly contractive approximating family of nonexpansive operators S (see Definition 1.1).

Since the set Q is convex and closed, S(z) : Q — Q for all 7 > 19, and 0 < w(¢) < 1, it is not
difficult to see that the dynamical system

dx(t
M0 xte) = Pa(x0) ~ 0(6)(x(0) ~ S(0x(0))
dx(t)
dt

Let us recall that we denoted a fixed point set of S by A", i.e., A :={x € Q:Sx=x}. We
posited that .4 # @ and x* € /.

If J : B— B* is a normalized duality mapping in a uniformly convex Banach space B, then
the following equality for dual products is true:

<—d(x(t3h_ ) J) —x)) = = () (x(t) = S(O)x(r) S (x(1) = ") ). 5.1)

is equivalent to (1.14), +x(¢) € Q, and by means of [20] x(¢) € Q for all t > 1.

2
Using the formula dHM:l(tt) | = 2<dv2£t) ,Jw(t)>, we rewrite (5.1) as
d X2
W . 2w(t)<x(t) —S(1)x(1), I (x(2) —x*)>. (5.2)

It is easy to check the equality
(x(0) = S@O)x(1), I (x(0) = x) ) = (F(0)x(r) = F(0)x" I (x(r) = "))
+ <F(t)x* — I (x(1) —x*)>,
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which together with (5.2) implies

x(1) — x*||?
W - 2a)(t)<F(t)x(t) — F()x",J (x(t) —x*)>
- 2a)(t)<F(t)x* —Fx*,J(x(t) —x*)>.
Therefore
d|jx(r) —x*|1?

< - 2a)(t)<F(t)x(t) —F(0)x*, J(x(1) —x*)>
+ 20(0) |F)x* — Fx||||x(c) — x*]|. (5.3)

dt

Let us estimate the dual product in (5.3) from below, as

<F(I)X(t) — F()x",J(x() —X*)> = |e(e) = x[* = (S(0)x() = S(t)x", T (x(r) —x*))
> [e(r) = x> = [IS(0)x () — S(0)x" | [|x(2) — ],

and we have
d|lx(t) —x*|?

7 < 20() <||S(I)X(f) = S(0)x|[|}x(e) = x7[| = [} x(2) —X*Hz)

+ 20() [|F()x" — Fx'||[Jx() —x"].

It follows that
d|x(t) — x*||

L < o) (IS0 - S0 | - )~ )

+ o()||F(t)x" —Fx|.
Furthermore, Definition 1.1 gives us
|F(6)x" = Fx™|| < h(t)n([|x*[]) +g(t).

It is clear from the conditions of the function 7)(&) that there exists a constant Cyp > 0 such that
n(||x*||) < Cp for any x* € 4. Then

|F(1)x" = Fx'[| < Coh(t) +8(1).
Now (1.13) in Definition 1.1 yields the following differential inequality:
MO < o) (ko) ()~ 1~ p(OOWe) )
+ 1O0(Ix() =¥ ) +m(n)) + o) (h()Co+2(1)). (54
Setting A (¢) = [|x(r) —x*||, we get
O < o) (kOAG) - O 0) +10)0(A0) +m(r)

dt
+ o) (h(t)Co —|—g(t)).

Below, we present strong convergence theorems supported by the lemmas of Subsections 2.1
and 2.2.
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We start by considering the following particular case of (1.12):

1S()x = S(@)yll < (1+k(@))lx =yl = p(O)w(lx—y[) +m(z), vx,y € Q, (5.5)
For @(t) in (1.14) and p(¢) in (5.5) introduce the condition
/t " o(0)p(t)dt = o, (5.6)
1. Suppose that (1.11) is valid and (5.5) holds in the form of
1S(0)x = SO I| < lle =yl = p@)w(llx = y[) +m(2). (5.7)
Then (5.4) becomes the following:
d _ 4k
WO < —ope w1+ 0@ (n0) +h0Co+0)). G
By setting A (¢) = ||x(¢) —x*|| again, we obtain
dA(t)
== < —a()p() w(A(0) + o) (m(r) +h(t)Co+8(1)). (59

Theorem 5.1. Assume that Q C B is a closed convex set and S : Q — Q. Let S(t) : Q — Q for
each t > tg > 0 be a total asymptotically weakly contractive approximating family of S, where
in(5.7) (&) : RT — R is a continuous and increasing function with y(0) = 0, the functions
m(t), h(t) and g(t) are nonnegative, and p(t) is a positive bounded function. Suppose that
{m(t),h(t),g(t)} — 0 ast — oo and (5.6) is fulfilled. Starting from an arbitrary x(ty) = xo € Q,
define trajectory x(t) by the dynamical system (1.14) with the condition

i ) +h(0) +4(1)
Fen p(1)

=0. (5.10)

Then lim x(t) = x*.
t—ro0

Proof. Denoting in (5.9) a(t) = o(t)p(t) and y(t) = (t)(m(t) + h(t)Co + g(¢)) and using
(5.6) and (5.10), we conclude that all the conditions of Lemma 2.5 are fulfilled. Thereby we
show that A (¢) — 0 as t — oo. The theorem holds.

Remark 5.2. If p(¢r) > p, where p is a positive constant, then the condition (1.15) replaces
(5.6).

Under the conditions of Theorem 5.1, if y(&) = & in (5.7), then the inequality

W < —o(t)p(t)|x(t) —x*| + o) (m(t) +h(t)Co+8(f)>

yields the following estimate of the convergence rate:

e(0) =5l < 27" etao) = lexp( - |

To

t

w(f)p(r)df)

t

4 oo a)(G)y(G)exp(—/ela)(r)p(‘c)d*c)de,

fo

where y(z) = m(t) + h(t)Co+ g(t). This statement is supported by Lemma 2.3.

We now obviate the increasing property of y(z).
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Theorem 5.3. Let Q C B be a closed convex set and S : Q — Q and S(t) : Q — Q for each t >
to > 0 be a total asymptotically weakly contractive approximating family of S, where in (1.11)
and (5.7) (&) : Rt — R" is continuous function with y(0) = 0, the functions m(t), h(t) and
g(t) are nonnegative, and p(t) is a positive bounded function. Suppose that {m(t),h(t),g(t)} —
0 ast — oo and (5.6) is fulfilled. Assume that there exist constants ¢ > 0 and &, > 0 such that
V(&) > cforallE > &, . Starting from an arbitrary x(ty) = xo € Q define trajectory x(t) by the
dynamical system (1.14) with the condition (5.10). Then }L‘E,x(t) =x".

Proof. As in previous theorem, the inequality (5.8) leads to (5.9). From (5.6) and (5.10) we
conclude that all the conditions of Lemma 2.7 are met. Therefore the result is true.
2. Suppose now that (1.11) is valid and consider the inequality (5.5). In this case (5.4) implies

d|lx() x| < 27'0(@) (k(t)llx(t) —x*|| = p(t)w(||x(z) —X*H))

dt
+ o) (m(t) +h(1)Co +g(t)>. (5.11)

Assume in addition to (5.6) that

/ o(1)k(t)dt < oo. (5.12)
fo

Theorem 5.4. Let Q C B be a closed convex set and S : Q@ — Q. Let S(t) : Q — Q for eacht >
to > 0 be a total asymptotically weakly contractive approximating family of S, where in (1.11)
and (5.5) w(&) : RT — R is a continuous and increasing function with y(0) = 0, the functions
k(t), m(t), h(t) and g(t) are nonnegative, and p(t) is a positive bounded function. Suppose that
{k(t),m(t),h(t),g(t)} — 0 ast — o and both (5.6) and (5.12) are fulfilled. Starting from an
arbitrary x(ty) = xo € Q define trajectory x(t) by the dynamical system (1.14) with the condition
(5.10). Then zlglgqu(t) =x".

Proof uses Lemma 2.8 for the differential inequality

PO < w0 (A0 — WA +mle) +h(1)Co+50)),
which follows from (5.11) with A(z) = ||x(¢z) — x*||.

We again obviate the increasing property of y(z).

Theorem 5.5. Assume that Q C B is a closed convex set and S : Q — Q. Let S(t) : Q — Q
for each t >ty > 0 be a total asymptotically weakly contractive approximating family of S,
where in (1.11) and (5.5) w(&) : Rt — R™ is continuous function with y(0) = 0, the functions
k(t), m(t), h(t) and g(t) are nonnegative, and p(t) is a positive bounded function. Suppose
that {k(t),m(t),h(t),g(t)} — 0 ast — o and both (5.6) and (5.12) are fulfilled. Suppose there
exist constants ¢ > 0 and & > 0 such that v(&) >cforall & > &. Starting from an arbitrary
x(ty) = xp € Q define trajectory x(t) by the dynamical system (1.14) with the condition (5.10).

Then lim x(t) = x*.
f—yo0

The proof of this theorem is based on Lemma 2.7.

Remark 5.6. In Theorems 5.4 and 5.5 we require the condition (5.12). It can be replaced by a
stronger condition for y(z) on infinity (see Corollary 5.8).
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3. Assume that (1.12) is now given in the form:

[S(1)x =Syl < [lx =yl = pO)w(llx=yl) + 1) ¢ (llx—y[|) +m(z). (5.13)
Then
d||x(r) —x*]]

- < 27'0() (= P (lx0) =51+ 109 (x(0) ~ x'])

+ o) (m(r) + h(1)Co + (1) ).

We introduce the following notation:

1= max{%, t> to}, )= max{%, t> to}, 01(&E)=c10(&) +c. (5.14)
Theorem 5.7. Let Q C B be a closed convex set and S : Q — Q and S(t) : Q — Q for each
t >ty > 0 be a total asymptotically weakly contractive approximating family of S, where in
(1.11) and (5.13) ¢(&) : Rt — R™ is continuous function with ¢$(0) =0, w(§) : R — R" isa
continuous and increasing function with y(0) = 0, the functions 1(t), m(t), h(t) and g(t) are
nonnegative, and p(t) is a positive bounded function. Assume that {1(t),m(t),h(t),g(t)} — 0
as t — oo, (5.6) is fulfilled, and there exists a constant M > 0 such that ¢1(§) < y(§) for all
& > M and the equation ¢1(&E)=w (&) has no more than one root &, on the set [0,»). Starting
from an arbitrary x(ty) = xo € Q define trajectory x(t) by the dynamical system (1.14) with the
condition

o 10 m(e) () + g(0)

=0.
e p(1)

Then lim x(t) = x*.
f—o0

Lemma 2.12 is used to prove this theorem. The general case of (1.12) with k(7) # 0 is studied
by analogy with Theorem 5.4.

4. Let us consider again the dynamical system (1.14) for (1.11) and (5.5), which is equivalent
to the inequality

15(0)x = SOyl < e =yl = p@) wllx =y[I) + k(o) [|x = y[| +m(2) (5.15)

for all x,y € Q. It is particular case of (5.13) and in Theorem 5.7 we can put [(z) = k(¢) and
¢(A) = A. Then

dl|x(t) —x*|
dt

As in (5.14) we define:

1 :max{%, t Zfo}, cH :max{%, t> t()}, 01(&) =c1é + .

Then the following statement is correct:
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Corollary 5.8. Let Q C B be a closed convex set and S : Q — Q and S(t) : Q — Q for each
t >ty >0, S(t) be a total asymptotically nonexpansive approximation of S, where in (1.11) and
(5.15) w(&) : R" — R™ is a continuous and increasing function with y(0) = 0, the functions
k(t), m(t), h(t) and g(t) are nonnegative, and p(t) is a positive bounded function. Suppose
that {k(t),m(t),h(t),g(t)} — 0 as t — oo, (5.6) is fulfilled, and there exists a constant M > 0
such that ¢1(E) < w(&) for all & > M and the equation y(&) = ¢1& + ¢ has no more than one
root &, on the set [0,00). Starting from an arbitrary x(ty) = xo € Q define trajectory x(t) by the
dynamical system (1.14) with the condition

lim k(t)+m(t)+h(t)+g(1)

=0.
e p()

Then lim x(t) = x*.
f—ro0

6. DYNAMIC SYSTEMS WITH PERTURBED NONEXPANSIVE OPERATORS

In this Section, we study the dynamical system (1.14), where S(¢) is a perturbed approxi-
mating family of nonexpansive mapping S. The latter weakens the operator condition so much
that it is impossible to guarantee even weak convergence of any trajectories x(¢) to the fixed
point set .4/". The only exception is in the paper [13]. However, it deals with an exactly given
nonexpansive operator S and in (1.14) 0 < @ < @(¢) < 1. One of the main problems lies in
establishing a priori boundedness of x(¢). This can be proved in some rare cases, shown later.
Another problem with our chosen method is that the condition (1.11) in Theorems 6.5 and 6.6
no longer applies, which leads to substantially weaker assertions.

Next, we present a very important auxiliary assertion, given without proof in [7]:

Lemma 6.1. If F = I — S with a nonexpansive mapping S, then for all x,y € B such that ||x|| <R
and ||y|| < R, the following estimate is satisfied:
[Fx—Fy]| >
4R ’

where Sp(€) is the modulus of convexity of the uniformly convex Banach space Band 1 < L<1.7
is the Figiel’s constant [28, 6].

(Fx—Fy,J(x—y)) > 2L’1R263< ©6.1)

Proof. In [14] (see also [6], p.22), following the lower parallelogram inequality we estab-

lished:
2 2 2 2 [v—wl|
2|[v[|7 +2[w]|* = ||v+wl|” > 4% p =7 Yv,w € B,
where Z = /27 1(||[v[|2 +||w]||?). It is equivalent to
2 ] 1 _
= s-ywu%iuwuz—%zag(%) -

The following proposition was proved in [36] (see Lemmas 3.4 and 3.5 in [6]):

If a convex functional ¢(x) defined on convex closed set Q C B satisfies the inequality

1 1
o(zv+-w) <

S 3w < 500) + 300w~ K(llv = wi]),

1
2
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where k(r) > 0, k(7) > 0 for some 7 > 0, then @(v) is uniformly convex functional with the
modulus of convexity (7) = 2k(z) and
P(w) = @(v)+ <1(v),w—v>+2x(|[y—wl|)

forall [(v) € do(v). Here d@(v) is the set of all support functionals (the set of all subgradients)
of ¢@(v) at the point v € Q.

We can apply this statement to get

v —wll
2K

Introduce v=x—yand w=x—y— Fx+ Fy for all x,y € B. Then

1P < ol 4200w v) —28%8 () Vew € B,

||Fx—Fy||>

=P < lle—y =Pt Fy|P - 2{Fa = Fyd (=) =285 (=5

with

% =21 (=P + (155 — $y]1).
Let ||x|| <R and ||y|| < R. Since S =1 — F is a nonexpansive operator, it is obvious that % <
||x — y|| < 2R. Next, we require the following (Figiel’s) inequality:

e283(1) > (4L)"'n*8(e) VN >e>0.
Take n = (2%)!||Fx—Fy|| and € = (4R)~!||Fx — Fy|| with > €. Then

2%253(!\Fx2—%FyH> > 2L_1R253<HFX4;FyH>_

From this
1Sx =Syl = [lx—y—Fx+Fy|

||Fx—Fy||)

> ux—y||2—2<Fx—Fy,J<x—y>>+2L—1R25B( =

The last gives (6.1). The lemma is proved.
Remark 6.2. It can be show by the same way that if ||v|| < R and ||w|| < R, then

v+w2 1, ., 1 ) R Ilv—w||
< — — — L7 'R°§ <
H 2 H < VIS lwl B\ 2R

This inequality means that the functional ¢ (x) = ||x||? for all x € B is uniformly convex on any
bounded set in a uniformly convex Banach space B.

> Yv,w € B.

Remark 6.3. Lemma 6.1 with arbitrary x,y € B is proved in an analogous fashion.
Continuing, we give two propositions including a proof of the boundedness of x(z):

Theorem 6.4. Ler {S(t)}, 0 <1y <t <o, S(t): Q — Q, be a family of asymptotically nonex-
pansive approximations of S : Q — Q with (1.11) and (1.13) as

1S(2)x = SOyl < (L+1(0))[|x =y ]| +m(2). (6.2)

We assume that in the dynamical system (1.14)

/, 0 (1) +m(e) +h(0) + (1) )t < o= 6.3)
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Then its solution x(t) is bounded for all t > ty by a constant C, ||x(t)|| < C. There exists an
unbounded subset 7' C T = [ty, | such that for allt € T

- () = Sx(@)[[\ _
fima (S ) =0 (4
where R = max{||x*||,C}, with the monotone estimate
) (Hx(t)_sx(t)H) < 2(t)=L"'R tw(r)dr (6.5)
? 4R = 9(t) I ' '
Proof. From (5.4) we have

d _ 4k

IO < o010)1x(0) 1+ 00) (m(e) + h(0)Co +50). 66)

where 71 (||x*||) < Cp. Denoting

A1) = llx(r) =x7[], B(r) = @(2)(1)
and

7(t) = () (m(r) +h(1)Co+5(1) ).
from (6.6) it follows that

dA(t
MO < O + 10, 1210, Ato) =,

It is clear that for all # > 1 the function A(¢) is non-negative and differentiable, y(¢) is a non-
negative continuous function, and 3(¢) is a continuous positive function satisfying the inequal-

ities | y(t)dt < e and / B(t)dt < e. Then (2.18) gives

Io Io

() =11 < lo = s | B(x)dr) + A e [ p@ar)ao. 67

By virtue of the condition (6.3) there exist constants C; > 0 and C, > 0 such that

oo

exp(/wﬁ(f)df) <C; and y(7)dt < C;.

Ty Io

Then from (6.7) we derive
[1x(1) =x*|| < Ci([lxo —x"[| + C2),
therefore
(0 < Cr(llxo —x"[| +C2) + 5" = C.

Since the function 1 (&) is non-decreasing, it follows from (1.11)

15(2)x(2) = Sx(1)]] < R(£)n(C) +8(1). (6.8)
Let us present now (1.14) in the form:

d);(;) = —w(t) <x(t) —SX(I)> - w(l)(Sx(l) —S(f)x@)» t > 19, x(to) = xo € Q.
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Since Fx(t) = x(t) — Sx(¢) and Fx* = 0, similar to (5.3) one gets
d||x (1) — x*]|?
w < —2w(t)<Fx(t) —Fx*,J(x(t) —x*)>
+ 20(1)|[S()x(r) = Sx(r) | 1x(z) —x7.
This implies
WO < i) |7 (Fate) — P a(x0) )
+ o(t)|[S(t)x(r) — Sx(1)]|. (6.9)
Let R = max{||x*||,C} = C. By Lemma 6.1, in our case
] " Cip2s (IFX(E) — Fx*|
(Fx(t) — Fx*,J(x(1) —x*)) > 2L"'R ‘SB(T) (6.10)
with Fx* = 0. Then (6.8), (6.9), and (6.10) give

d|lx(z) — x*]] [1x(2) — Sx()]]
dt 4R
Denoting now

< 217" Roo(1)5 )+o0)(hem©@)+g0). 61D

Ar) = [lx(t) =x7|, a(r) =2L7'Roo(r),

(1) = o) (h(t)n(C) +g(t)), L) = S <M>)

we obtain from (6.11) the differential inequality (2.2). It follows from (6.3) that
/ 0 (h(r)n(c')+g(r))dt < . 6.12)
fo
By (6.12) and Lemma 3.3 we conclude that the theorem is true.

Theorem 6.5. Assume that in dynamical system (1.14), the approximation family S(t) of non-
expansive operator S : Q — Q satisfies the following uniform condition at each point x € Q.
|S(¢)x — Sx|| < h(t) (6.13)
and
/t " o(0)h(t)dr < o, (6.14)
0

Then a solution x(t) is bounded for all t > ty and there exists an unbounded subset 7' C T =
[to, 0] such that (6.4) holds for allt € T,

Proof. By Lemma 6.1, if F =1 — S with a nonexpansive mapping S and arbitrary x,y € Q
then
(Fx—FyJ(x—y)) = 0.
Therefore from (6.13) and (6.9) one obtains
d||x(z) —x*]]
dt
Under the condition (6.14) there exists a constant C > O such that

[lx(1) = x| < [lxo — X7 +/ o(1)h(t)dt < C.
To

< a(t)h(t).
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Therefore solutions x(¢) of the system (1.14) are bounded for all ¢ > f, that is, there exists a
constant C > 0 such that ||x(¢)|| < C. Let max{||x*||,C} = R.
By Lemma 6.1 again, if F =1 — S with a nonexpansive mapping S, then (6.10) holds. From
(6.9) we obtain
d|lx(t) —x"|] “ips (1Fx() = Fx|
S < o)L RS (T
Next, it remains only to use Lemma 3.2. The proof is finished.
We suppose in the next theorem that (1.14) has a bounded solution x(7), that is, there exists a
constant C > 0 such that ||x(¢)|| < C.

)+ 0(0)h().

Theorem 6.6. Assume that in dynamical system (1.14) the approximation family S(t) of nonex-
pansive operator S : Q — Q at each point x € Q satisfies inequality (1.11). Then there exists an
unbounded set 7' C T = [ty,) such that (6.4) holds for all t € T with the estimate

[lx(2) = Sx(1) | 1 !
s )< h(n(C)+g(t), 2(t)=LR | o(t)dr. 6.15
s(M ) < g HHOM© 50, 20 =L [ w(z) (6.15)
Proof. Using the same definition of A(r), a(¢), y(¢) and {(¢) as in Theorem 6.4, apply

Lemma 3.4 to (6.11). Since the inequality (1.11) assumes that 4(r) — 0 and g(¢) — 0 as t — oo,
we obtain

lim 7 = lim (h(t)n(C_') +g(t)> =0

t—oo O(1)  t—reo '
Thus, the estimate (6.15) is fulfilled and the limit relation (6.4) holds. The rest of the proof
follows the pattern of the proof of Lemma 3.4.

Corollary 6.7. Under the conditions of Theorems 6.4 - 6.6 for allt € T 1.
tlgg ||x(t) — Sx(¢)|| = 0. (6.16)
Moreover, tlim ||lx(2) — S(¢)x(r)|| = 0.
—>00

Proof. It is known (see [6, 27]) that in a uniformly convex Banach space B the modulus of
convexity Op(¢€) is well defined on the interval [0, 2], continuous, increasing (not strictly in the
general case), and 65(0) =0 and 0 < dp(€) < 1 if 0 < € < 2. These properties prove (6.16).
Furthermore, using (6.2) or (6.13) we can write

(@) =S| < [lx(e) = Sx(e) [ + [|S()x() — Sx(r) |
< lx() = Sx(@)l| +h(t)n (C) +8(1).

The result follows from (1.11) because tlim (h(t)+g(t)) =0.
—voo0

Remark 6.8. If there exists strictly increasing function 53(8) such that the modulus of convex-
ity 6p(€) > Op(€) on the interval [0,2], then instead of the estimate (6.5) one has

Hwydmmgmgwé%)wak

where 85 !(.) is the inverse function to S(¢). For example, in the spaces B= 1" and B=L?, 1 <
p < oo, any Op(€) has such dp(€) (see [16], p.48). By analogy, one can consider (6.15).
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Of course, it is not expected that the statements of this Section remain valid in the general
case (1.13).
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