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DIFFERENTIAL SYSTEM WITH p-LAPLACIAN OPERATORS
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Abstract. In this paper, we focus on the following fractional differential system with p-Laplacian operators

D%(%(Dg‘iu(t))) + A u(), () =0,0<1 <1,
DY (@p(DE V(1)) + falt,u(t), (1) =0,0 <1 < 1,
u(0) = u(1) = u'(0) = DL *u(0) = DY u(0) =0,

v(0) = (1) = /(0) = D& 2v(0) = D2 v(0) =0,

where 3 < o <4,0< fB; <1, f; € C([0,1] X [0,00) x [0,00),]0,00)), Dgi and D\ are the standard Riemann-
Liouville fractional derivatives, i = 1,2, and @,(s) is the p-Laplacian operator defined by @,(s) = |s|’~2s, and
®, L (s) = @, (s) with % + é =1, p> 1. The existence and uniqueness solutions are obtained via the Leray-Schauder
nonlinear alternative and Banach’s fixed point theorem. Finally, an example is given to verify the effectiveness and
applicability of our main results.

Keywords. Fractional differential system; p-Laplacian; Leray-Schauder nonlinear alternative; Banach’s fixed

point theorem.

1. INTRODUCTION

Fractional calculus is a generalization of ordinary differentiation and integration to arbitrary
noninteger order. In recent years, the increasing interest of fractional differential equations is
greatly motivated by its extensive applications in various fields of science and engineering, such
as porous media, fluid mechanics, heat equations and electromagnetic bioengineering; see, e.g.,
[1, 2, 3, 4] and the references therein. It is known that the p-Laplacian operator is of importance
in both engineering and theoretical research. To discuss the turbulent flow in a porous medium,
the differential equation with p-Laplacian operators was first introduced by Leibenson in 1945
[5]. Subsequently, more and more results on differential equations with p-Laplacian operators
were investigated; see, e.g., [6, 7, 8, 9, 10] and the references therein. Recently, many authors
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also investigated fractional differential systems, which include Riemann-Liouville fractional
derivative, Caputo fractional derivative, Hadamard fractional derivative and so on [9, 10, 11,
12, 13, 14, 15, 16, 17]. Recently, the results on fractional systems with p-Laplacian operators
flourished; see, e.g., [18, 19, 20, 21].

In [21], Wang investigated multiple positive solutions for the following mixed fractional dif-
ferential system

(t,u(t),v(t)) =0,0<t <1,
(1))=0,0<r< 1,

o

0, D% u(0) =0,
v(0) =v(0) = --- =v(""1) =0, <D%y(0) = 0,
1) = i fy a(s)v(s)dAi(s),

M), v(1) = 2 Jo bls)u(s)dAa(s),
where 1 < B, <2, 1<n—l<a <n I<m—1<om<m, nm>2 >0 n€(0,1),
g>0,1- efiflnﬁf_' >0, fi € C([0,1] x [0,00) x [0,00),[0,00)), D and °D% respectively de-
notes the Riemann-Liouville derivative and Caputo derivative fori = 1,2, a,b € C([0,1],[0,)),
fol a(s)v(s)dA;(s) and fol b(s)u(s)dA;(s) are Riemann-Stieltjes integrals with a signed measure.
Guo-Krasnosel’skii fixed point theorem is its main tool to investigate the existence of multiple
positive solutions of this system.

In [22], Luca discussed the following fractional differential system

D& (@, (DPLu(0))) + A £ (1,u(r),v(1)) = 0,0 <1 < 1,
D% (¢, (D &M)D+uﬂhM0NUD=0ﬁ<t§1
u<>(0):o, j=1,2,---,n—2, DDl u(0) = 0, DLt u(1) = ZaDmu(ﬁ)

v(0) =0, j=1,2,---,m—2, DP2v(0) =0, DP2v(1) = Zmev(nz)

\
where a,00 € (0,1), By € (n—1,n], Bo € (m—1,m|, n,m € N, n,m >3, p1,p2,91,92 € R,
p1€[l,n=2], pre[l,m—2],q1 €[0,p1], g2 €0, pz] Ei,aieRforalli=1,2,--- N(N €N),
0<é<&<-Ey<l,n,bieRforalli=1,2,--- M(MeN),0<m <M <--Nu <1,
A,u>0,f,g€C([0,1] x[0,00) x[0,00),[0,00)). The author obtained the existence of solutions
with the aid of Guo-Kransnosel’skill fixed point theorem, and gave intervals for the parameters
A and p such that positive solutions exist.
In [20], Yang and Zhu studied the following fractional differential system

DL (@p, (DP (1)) + A f(t,u(r),v(1) =0,0 <1 < 1,
D (@, (D2 u(t))) + pg(t,u(t), V(1) =0.0<1 <1,
u(0) = u(1) = 4/ (0) = /(1) = DPu(0) = 0, DPru(1) = byDPrum),

v(0) =v(1) =V(0) =V (1) = §+v<o> 0, DX v(1) = b.DP v(mn),

where 1 < o; < 2,3 < B; < 4, Dgﬁ is the standard Riemann-Liouville fractional derivative,

lfoc,»
0<m<1,0<b;<n/ ", i=1,2and f, g € C([0,1] x [0,00) x [0,00),[0,0)), and A and p
are two parameters. The primary tool is a fixed point theorem in a normal cone, and the unique
positive solution to the system depending on positive constants A and p exists in a product set.
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They show that the solution can be approximated via an iterative sequence with any initial point
in the product set.

Inspired by above results, we discuss the following fractional differential system with the
p-Laplacian operators

Dl (g <0+u<t> file,u(), (1) =0,0 <1 < 1,
(1))

)+ v

D (9y(DE0(1)) + < o). v(1)) =0.0<r< 1, (L)
u(0) — u(1) = 1 (0) = D ~7u(0) = DLu(0) 0,

v(0) = v(1) =V (0) = Dg‘z *v(0) = D32 v(0) =0,

where 3 < a; <4,0< B; <1, fi € C([0,1] x [0,00) x [0,00),[0,00)), Dgﬂr, Dy’ are the standard
Riemann-Liouville fractional derivatives, i = 1,2 and @, (s) is the p- Lapla01an operator defined
by @,(s) = |s[P~2s, (pp_l (5) = @q(s), %—i—%} =1, p > 1. The methods we will use in this paper are
the Leray-Schauder nonlinear alternative and Banach’s fixed point theorem, which are widely
used in the boundary value problems. The range of solutions can be more accurate if we choose
the more appropriate domain of the operator. Up to our knowledge, there are still very few
results devoted to the study of positive solutions to the fractional differential system with the
p-Laplacian operator, and mixed boundary conditions. So it is desirable investigate system
(1.1).

The rest paper is organized as follows. In Section 2, we give some necessary definitions and
preliminary facts of fractional calculus, which are needed in the following sections. In Section
3, we prove our main results on the existence and uniqueness of the solutions to our system. In
Section 4, the last section, we give an example to illustrate our results.

2. PRELIMINARIES

In this section, we recall some basic definitions and preliminary facts of fractional calculus
that will be needed in the sequel.

Definition 2.1. [23, 24] Let u : (0,00) — R be a function and & > 0. The Riemann-Liouville
fractional integral of order o of u is defined by

1% u(t) = ﬁ /0 (1= )% Lu(s)ds.

provided that the right-hand side is point-wise defined on (0,+cc), where I'(+) is the Gamma
function.

Definition 2.2. [23, 24] Let u : (0,0) — R be a function and o > 0. The Riemann-Liouville
fractional derivative of order o of u is defined by

1 ! n—o— n
—F(n—(x)/o (t—s) Tl )(s)ds,

provided that the right-hand side is pointwise defined on (0, +), where n = [a] + 1. If o = n,
then D, u(t) = u™(t).

Lemma 2.3. [23, 24] Ifu € C(0,1)L'(0,1) such that D%, u € C(0,1)L'(0,1), then

IEDSu(t) = u(t) + et M+ opt® 24 Ao t® 7,
for somec; €R,i=1,2,--- wheren=|a]+ 1.

Du(t) =
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Lemma 2.4. [23,24] (i) If g > —1, then D, 19 = %tq_“, and D, t*"1=0,g=1,2--n,
where n =[] + 1.
(ii) I&. DG u(t) = u(r) for all u € C(0,1)L'(0,1).

(iii) If u € L'(0,1), & > 0, B > 0, then Db, 1% u(r) = I¢ P u(z).

Lemma 2.5. [25] (Leray-Schauder nonlinear alternative theorem) Let E be a Banach space,
and let Q be a bounded open subset of E with 0 € Q. Then every completely continuous map
T : Q — E has one of the following two properties:

(i) T has a fixed point in Q.

(ii) There is an x € and A € (0,1) withx = ATx.

Lemma 2.6. [26] (Banach’s fixed point theorem) Let E be a Banach space, D a closed subset of
E, and T : D — D a strict contraction, i.e., there exists a constant y € (0,1) such that |T (u) —
T()|| <vllu—vl||,Vu,v € D. Then T has a unique fixed point.

Lemma 2.7. If ; € (3,4] and h € C(|0, 1)), then the following fractional boundary value prob-
lem

Dylu(t)+h(r) =0,

{ u(0) = u(1) = ' (0) = DF*u(0) = 0,

has a unique solution given by

where

1 o= lo—1 o Noy—1 <<t <
Gilt,s) = {(1 s)M~ (t—ys) ,0<s<r <1,

T(ap) | (1—s)®~tpu=t] 0<r<s< 1.
Proof. According to Lemma 2.3, we have
u(t) = —Ig0h(t) + et ™ b ept ™ o3t —our Y,
for some ¢; € R, i =1,2,3,4. By the boundary condition u(0) = 0, we get ¢4 = 0. Thus,
W (t) = —I8 7 (e) + (a1 — Dert™ 2 4 (o —2)eat®™ 3 + (00— 3)czr ™4,
Substituting 0 into above equation, one has ¢3 = 0, and
u(t) = —IZ0h(t) +ct® 4 ept ™2,

From Lemma 2.4 (i), we know
t
D& u(r) = /O (t — $)h(s)ds+ 1T (00 )+ exT (04 — 1),

which together with Dg‘fzu(O) = 0 implies ¢; = 0, that is,
u(t) = —Igth(t) + et
Finally, using u(1) = 0, one has

! 1 = (s)ds
F(Oq)/o (1—5)%h(s)ds.

Ccl1 =
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Thus,
1 t -1 1
u(t):—r(al)/o(t—s)“'lh(s)ds—i—r(a])/o (1= )% h(s)ds
_ / G (t.5)h(s)ds.
This completes the prc:)of. U

Lemma 2.8. The function G(t,s) in Lemma 2.7 satisfies the following properties:
(1) G1(t,s) is continuous on [0,1] x [0, 1] and

0<Gi(t,s) < =——(1—5)%"2 (t,5) €[0,1] x [0,1];
>~ 1<;S)_r(al_1)( S) 7(7S) [7]X[7]
(2) %G1 (t,s) is continuous and \%Gl (t,8)] < F(af—l)(l —5)%72,

Proof. First, we consider (1).
) If0<r<s<1,then

1 1
< — 1— o —1.0q—1 1 a;—2
) If0<s<r<1,then
1
Gl(l,S) = F(a )[(1 —s)al_ltal_l B (t _S)Oﬁ—l]
1
1 o —1 a —1 S o —1
— — — - >
e UL L E
and
Gl(tus) = 1"(061) [(1 _S)al_ltal_l - (t _S)al_l]
1 1
< - o —1r1 _ Nop—1 < (1- a1_2.
R R YR D
It follows that
1
0<Gi(t,s) < m(1 —5)%72 (t,5) €[0,1] x [0,1].
1 —

Next, we take (2) into consideration. According to the formula of G (z,s), we get the form
of %Gl (t,5) as follows:

2 Giltys) = — L { (1—s)a =102 — (r—5) 20 <s <t < 1,
ot " T Ty —1) | (1—s)@~1i@=2) 0<r<s< 1.
So
J 1 a—1l,0;-2 a;—2 a—1,a,-2
\EGl(%S)!SmmaX{I(l—S)' (= (=) (L =) T
In view of

(=) 12— (= )2 < (1= ) 2 (1))
<(1 _s)a1—1 +(1 _s)a1—2
<2(1—5)%472,
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and (1 —s)% 142 < (1 —5)*%~2 we have

2
—(1
F(OC] — 1) (
Similarly, G (¢, s) has the same properties. O

Gl(t s)| < —5)¥ 2,

Lemma 2.9. (u,v) is a solution of (1.1) if and only if it satisfies the integral equations

u(r) :/0 Gl(t,s)(pq</0 m(s—r)ﬁl_lfl(r,u,v)dr>ds,

and | - .
v(t) = Go(t,s (/ —(s—r)" ru,v dr)ds,
0= [ G99y [ gy (s = atrey)
where
G 1 (1—s)a-lrn-l (¢t —s)m-1 0<s<r <1,
l(t,s)_r(al) (1_5,)(11—11‘(11—17 O<I<S<17
and
Galt,5) = (1—s)%2 =l (1 5%l 0<s <t <1,
268 Flag) || (1—s)2 1oL, 0<r<s<l.

Proof. From Lemma 2.3, we have
0p(DZLu(r)) = —IPL £ (1,(2), v(t)) + P,
where c is a constant. With D0+u(0) =0, we get ¢ =0, that is,

@p (D 0+”< ) = —%/[(I—S)ﬁl_lfl (2, u(t),v(r))ds.

0
Similarly, we can obtain

@ (DGiv(1)) = —@/Ot(t—S)ﬁz_lfz(t,u(t),v(t))ds.

Therefore, problem (1.1) can be written as follows:

Dt u(t) + @g(fo gy (6 = )P~ fi (0, u(e), v
D2 v(t) + @ (Jo rpy (1 = )P folt,ue), v
u(0) = u(1) = u'(0) = Dyl *u(0) = DY u(0) =0,
v(0) = v(1) =/(0) = DS *1(0) = DE2v(0) = 0.

From Lemma 2.7, we get the expression of u and v. This completes the proof. 0

3. MAIN RESULTS

We now turn to the existence and uniqueness of the solutions to problem (1.1). In this paper,
we use the space E = X x Y with the norm

[ )| = [lullx +[vlly, (u,v) € E,
where X =Y = C'[0, 1], and their norms are defined as follows:

lullx = max {lulo. w0}, ue X,
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where
Jullo = max, lu(o)] ]lo = max s/ (1)), u € X.
and
HVHY-()lgagl{HVHmHV lo}, veY,
where

= = €Y.
Ivllo = max [v(0)], 1o = max [V(1)]. v

Evidently, (E,|| - ||) is a Banach space.
Define an operator 7 : E — E by T (u,v)(t) = (T (u,v)(t), To(u,v)(r)), where

/ Gi(t,5)9, / ) s— )P f (ru,v)dr) ds, 3.1)
and
/ Ga(t,5) 9, / (B (s—rP o (ru, v)dr)ds,

where G|(t,s), Ga(t,s) are given by Lemma 2.9. Clearly, the solution to problem (1.1) is equal
to the fixed point of operator 7.

In addition, we assume the following conditions:
(H,) there exists a;,b; € C[0,1], i = 1,2 such that

|fit,ur,v1) = fi(t uz,v2)| < ait)|luy —up| +bi(t)[vi —val, t €10, 1], ui,vi € Ri=1,2;
(H,) there exists constants ¢ and d satisfying the following inequality:
c < filt,u,v) <d, t€[0,1], (u,v) €R, i=1,2.

For the sake of convenience, we give the following notations:
(1) Q:={(u,v) €E :||(u,v)|]| <r, r>0};
Q) V:={T(u,v): (u,v) € Q};
L= max (tu,v)|, i=1,2;
) t€[0,1],(u,v)eQ ’f( ! v)| :

\) yﬁ .
(4)A,~::f(‘)%( r)B=1 fi(r,u,v)dr, obviously, |A;| < Ib+1> (uv)€Q,i=1,2.

Theorem 3.1. (Existence). Problem (1.1) has at least a solution (u,v) € Q if the following
inequality holds

L;

2 -
Z OC,—] <F(Bi+1)> ‘@(ai_lvﬁi(q_l)_Fl) <r (3.2)

where H(-,-) denotes the Beta function.

Proof. T is well defined thanks to the continuity of G;(,s) and f;, i = 1,2. Now we are going
to divide the progress into two steps.
Step 1. Show that T is compact.
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First, we prove that 7(Q) is uniformly bounded. Let (u,v) € Q. It follows from Lemma 2.8

that
1
T ) (1) < [ 1G1(1)]gy(An) ds
1 1 oq— Ly =1 g (4
S—F(al—l)/o (1—ys) 2<—F(B1+1)> sPra= gy
1 L g—1
=Tl (TG ) ZleaLAla-D1),
and
1
T O] < [ 15:610.5)lga(An)ds
2 ! o — Ly =1 g (4
S—F(al—l)/o (1—s) 2<—F(l31+1)> sPrla=N gy
2 L q-1
= (g rn) 2@ 1Al D+,
that is
1 L -1
”Tl(”’v)”(’gr(a1—1)<r(1311+1)>q Bl —1,pi(g—1+1),
and
1T (u,v)]lo < r(alz— 1) (F(ﬁI;:L 1)>q_1‘@(a1 —1,Bi(g—1)+1).
Consequently,
2 Ll g—1
HTl(u,v)ngF<a]_l)(r(ﬁl+l)> B —1,p1(q—1)+1). (3.3)
Similarly, one has
2 Lz g—1
160l < w5 (Fpry) 2l LBla-D+1). 34
Combining (3.3) with (3.4) we have
2 . —
LD o () #a-1Ba-n+n. 69

which shows that 7' (Q) is uniformly bounded.

Next, we prove V is equicontinuous.

i) o)~ i) (2)] < [

<(r

Bi1+1

<

(7

B1+1

For (u,v) € E, t1, 1 € [0,1], we find from (3.1) that

|G1(t1,5) — G1(t2,5)||@g(A1)|ds

-1 rl
Ll )q / |G1(tlvs>_Gl(t2,S)|SB1(q_l)ds
Bi+1)/ Jo
L

>>q1 /01 |G1(t1,s) — Gi(t2,5)|ds,
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and

1
) 0) - ) (o) < | riGlm,s)—%Gmrz,smcpq(m)rds

q 1 d
_ = Bi(g—1)
( 1+1 / G1 1, S atG](l‘z,S)|S ds

q 1 d
( Bl+1 / ‘atGl I,s _a_Gl(t27 )‘dS

According to the continuity of G (,s), and ;Gl (t,s), we have
| Ti (u,v)(t1) — T1 (u,v)(2)]]0 = O(t1 — 12),
and
I (u,v)(11) = T (,v) (12) o = O(t1 — 12).
Therefore,
|1 (u,v)(t1) — T1 (u,v) (1) || x — O(t; — 12). (3.6)

Similarly, we can obtain that
| T2 (u,v)(11) — Ta(u,v)(t2) ||y — O(t1 — 12). 3.7)
Combining (3.6) with (3.7), we have
T (u,v)(t1) — T (u,v)(t2)]| = O(t; — 12).

It follows that V' is equicontinuous. Hence, T : E — E is completely continuous according to
Ascoli-Arzela theorem.
Step 2. Show x # ATx, Vx € dQ, VA € (0,1).
Assume that (ug,vo) € dQ and Ay € (0, 1) such that (ug,vo) = AT (ug,vp). From (3.5), we
obtain
[1(u0, vo)[| = [luollx +[Ivolly

= %||T1 (uo,VO) [[x + Aol T2 (u0, vo) ||y

<L rgsn) 2o 1B+,

thus,

: 2 L; q—1
rgl:z‘ir(al—l)<r(ﬁl+l)> ‘%(ai_lvﬁi(q—l)—}—l),

which contradicts to (3.2). From Lemma 2.7, we know that problem (1.1) has at least a solution
(u,v) € Q. This completes the proof. 0

Theorem 3.2. (Uniqueness). Problem (1.1) has a unique solution if (H,), (Hy) holds, p < 2,
and

yi= 1)d?~ 22 < (lﬁl))q_l/olai(r)—i—bi(r)dr< 1.
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Proof. From the continuity of 7', we only need to show it is a contracting operator. Let (u,v),
(uz,v2) € E. Note that

Ty (ur,v1)(t) — Ti (w2, v2) (1)
1 s 1 B
< [161wslon( [ gy =P Al var)
— (pq</os %(s— r)ﬁl_lfl(r, uz,vz)dr> |ds
1

= T — 1) (r(}ig)ql/ol(l _S)a‘_zmq(/os(s—r)ﬁl‘lfl(r,ul,w)dr)
- ‘Pq(/os(s — )P A, uz,vz)dr) |ds

- F(O‘ll_ 1) <F(gl)>q_l !qu(/ol f1(r,u1,v1)a’r) B ¢q</()] filn, Mz,vz)cﬁ) .

From the Lagrange mean value theorem, p > 1 and (H; ), (H>), there exists ¢ < & < d such that

1 1
o( [ itnar) =, [ ilnuvar)
1
<(q= &2 [ 1Ak ) = filru,v)ldr
1
< (g= 0”2 [ ar () =l by () = valdr
< (g—1)a* (| —uzﬂx/l ar(F)dr+ v —vzuy/] bi(r)dr)
N 0 0
1
<(q- 1)dq2/0 ar(r) +bi(r)dr(|(u1,v1) — (u2,v2)][-

Then

| T (u1,vi) — T (u2,v2)l|o

1 1 \q-! o
< (o —1) <F(B1)) (g—1)a? 2/0 ai (r) + by (r)dr|| (ur,v1) — (uz,v2)|.

Similarly, we can get the following inequality

1Ty (u1,v1) = Ty (u2,v2) llo

2 1 \a-! ol
: F(a1—1)<r(ﬁ1)> (g—1)d* 2/0 ar (r) +bi(r)dr||(ur,v) = (uz,v2) ||,

thus,
| Ty (uy,v1) —Th (u2,v2)|x

2 1 \g-! o
< (o —1) <F([31)> (g—1)d? 2/0 ai (r) + by (r)dr|| (ur,v1) — (uz,v2)||.
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Similarly, we have

| T2 (uy,v1) — Ta(uz,v2)lly

2 1 \a¢-! 1
< ( > —ldq_z/a r)+by(r)dr||(ug,vi) — (uz,v2)||.
= N = 1) \T(By) (g—1) A 2(r) +ba(r)dr| (ur,vi) — (u2,v2) ||
Hence, ||T (u1,vi) — T (u2,v2)|| < Y|[(u1,v1) — (u2,v2)||. From Lemma 2.8, we conclude that
operator 7 has a unique solution. This completes the proof. U

4. THE EXAMPLE

In this section, we give an example to illustrate our main results.

Example 4.1. Considering the following system:
(1

=v/(0) = D§,v(0) = Dj,v(0) =0,

\

[\STEN]

Whereﬁl:ﬁzz%,alzazz ,p:%,and
fi(t,u,v) =|sin(u+1)|+|cosv|, fo(t,u,v) = arctan(u+v) +t¢.

t
Obviously, f1, f> € C([0,1] x [0,00) x [0,e0),[0,00)). Set r =3, Q= {(u,v) €E : ||(u,v)|| < 3}.
On other hand, we obtain

~~

L= max |[sin(u+r)|+|cosv|=2,
1€[0,1],(u,v)EQ
L,= max |arctan(u+v)—+1| =2.284,
1€[0,1],(u,v)€Q
and 5 | \2 s
Sl <—3) B(2,2)(22 +2.284%) = 2.018 < 3,
rg) )’ 7

which means that (3.2) holds. Hence, the above system has at least a solutions in Q by Theorem
3.1.
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