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Abstract. In this paper, we deal with existence and uniqueness of random solutions of a coupled system of
nonlinear implicit fractional differential equations of the Caputo-type modification of the Erdélyi-Kober equation,
involving both retarded and advanced arguments. The main tool used to carry out our results is a random fixed
point theorem. An example is included to show the applicability of the outcomes.
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1. INTRODUCTION

Differential equations of fractional order are valuable in modeling phenomena in various
fields of science and engineering. They can be found in viscoelasticity, electrochemistry, con-
trol, porous media, electromagnetism, etc. For examples and details, we refer the reader to the
monographs [1, 2, 3, 4]. On the other hand, coupled systems of fractional differential equa-
tions arise in various problems of applied nature. In recent years, some authors investigated the
existence and uniqueness of solutions for a coupled system of nonlinear fractional differential
equations; see [5, 6] and the references therein.

Random differential equations arise in many applications and have been investigated by many
mathematicians, We refer the reader to the monographs [7, 8, 9], the papers [10, 11, 12, 13, 14],
and references therein.

In [15], the authors provided some properties of the Caputo-type modification of the Erdélyi-
Kober fractional derivative. More details on the Erdélyi-Kober fractional integral and fractional
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derivative are given in [16, 17, 18, 19, 20]. Implicit differential equations were also considered
by many authors [21, 22, 23]. In [24, 25, 26, 27, 28], the authors studied the existence and
uniqueness of solutions for boundary value problems of Hadamard-type fractional functional
differential equations and inclusions involving both retarded and advanced arguments. In [29],
Abbas et al. studied a class of coupled Hilfer and Hadamard random fractional differential
systems with finite delay in generalized Banach spaces given by

(u(t,w),v(t,w)) = (φ1(t,w),φ2(t,w)); t ∈ [−h,0],

(Dα1,β1
0 u)(t,w) = f1(t,ut(w),vt(w),w); t ∈ I,

(Dα2,β2
0 v)(t,w) = f2(t,ut(w),vt(w),w); t ∈ I,

((I1−γ1
0 u)(0,w),(I1−γ2

0 v)(0,w)) = (Φ1(w),Φ2(w)),

; w ∈Ω,

where (Ω,A ) is a measurable space, I := [0,T ], T > 0,αi ∈ (0,1), βi ∈ [0,1], γi = αi +βi−
αiβi, Φi : Ω→Rm, fi : I×Ch×Ch×Ω→Rm, i = 1,2, are given functions, Ch :=C[−h,0], h >

0, φi(·,w) ∈Ch such that (I1−γi
0 φi)(0,w) = Φi(w), i = 1,2.

In [30], Abbas et al. studied coupled Hilfer fractional differential systems with random
effects given by{

HDα1,β1
1 u(t,w) = f1(t,u(t,w),v(t,w),w)

HDα,β
1 v(t,w) = f2(t,u(t,w),v(t,w),w)

t ∈ I := [1,T ], w ∈Ω,

with the initial conditions {
(HI1−γu1)(t,w) |t=1= ψ1(w)
(HI1−γu2)(t,w) |t=1= ψ2(w)

w ∈Ω,

where T > 1, t ∈ I = [1,T ],αi ∈ (0,1),βi ∈ [0,1], (Ω,A ) is a measurable space, ψi(w) : I→Ω,
fi : I×R2×Ω→R, i= 1,2, are given continuous functions, and HDαi,βi

1 is the Hilfer-Hadamard
fractional derivative of order αi and type βi.

In this paper, we study the existence and uniqueness of random solutions for the following
coupled nonlinear implicit system of the Caputo-type modification of the Erdélyi-Kober frac-
tional differential equations involving both retarded and advanced arguments:{

(
ρ
c Dα1

a+u)(t,w) = f1(t,ut(w),vt(w),(ρ
c Dα1

a+u)(t,w),w)
(

ρ
c Dα2

a+v)(t,w) = f2(t,ut(w),vt(w),(ρ
c Dα2

a+v)(t,w),w)
t ∈ I := [a,T ],w ∈Ω, (1.1)

{
(u(t,w),v(t,w)) = (φ1(t,w),φ2(t,w)), t ∈ [a− r,a], r > 0,
(u(t,w),v(t,w)) = (ψ1(t,w),ψ2(t,w)), t ∈ [T,T +β ], β > 0,

w ∈Ω (1.2)

where αi ∈ (1,2], ρ
c Dαi

a+, i= 1,2, is the Caputo-type modification of the Erdélyi-Kober fractional
derivative and fi : I×C([−r,β ],Rn)×C([−r,β ],Rn)×Rn×Ω→ Rn is a given function, φi ∈
C([a− r,a],Rn) with φi(a,w) = 0 and ψi ∈C([T,T +β ],Rn) with ψi(T,w) = 0, i = 1,2.

We denote by ut the element of C([−r,β ]) defined by

ut(s) = u(t + s) : s ∈ [−r,β ].
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2. PRELIMINARIES

In this section, we present notations and definitions we will use throughout this paper. By
C([−r,β ],Rn) we denote the Banach space of all continuous functions from [−r,β ] into Rn

equipped with the norm

‖u‖[−r,β ] = sup{‖u(t)‖ :−r ≤ t ≤ β}

and C([a,T ],Rn) is the Banach space endowed with the norm.

‖u‖[a,T ] = sup{‖u(t)‖ : a≤ t ≤ T}.

Also, let E1 =C([a− r,a],Rn), E2 =C([T,T +β ],Rn),
and

AC1(I) := {g : I −→ Rn : g′ ∈ AC(I)},
where

g′(t) = t
d
dt

g(t), t ∈ I.

AC(I,Rn) is the space of absolutely continuous functions on I. Let C = {u : [a− r,T +β ] 7−→
Rn : u |[a−r,a]∈C([a− r,a]),u |[a,T ]∈ AC1([a,T ])

and u |[T,T+β ]∈C([T,T +β ])},

where the listed spaces are endowed, respectively, with the norms

‖u‖[a−r,a] = sup{‖u(t)‖ : a− r ≤ t ≤ a},

‖u‖[T,T+β ] = sup{‖u(t)‖ : T ≤ t ≤ T +β},

‖u‖C = sup{‖u(t)‖ : a− r ≤ t ≤ T +β}.
Define the weighted product space C := C ×C with the norm

‖(u,v)‖C := ‖u‖C +‖v‖C .

Consider the space X p
c (a,b), (c∈R,1≤ p≤∞) of those complex-valued Lebesgue measurable

functions f on [a,b] for which ‖ f‖X p
c
< ∞ , where the norm is defined by

‖ f‖X p
c
=

(∫ b

a
|tc f (t)|p dt

t

) 1
p

, (1≤ p < ∞,c ∈ R).

In particular, when c = 1
p , the space X p

c (a,b) coincides with Lp(a,b), i.e.,

X p
1
p
(a,b) = Lp(a,b).

And, for p = ∞, we have

L∞(I) =

 f : I −→ R|
f is measurable and there is a constant C

such that | f (x)| ≤C a.e. on I

 ,

with the norm
‖ f‖L∞ = inf{C; | f (x)| ≤C a.e. on I}.
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Definition 2.1. ([15]): (Erdélyi-Kober fractional integral) For α ∈R, c∈R and g∈X p
c (a,b),

the Erdélyi-Kober fractional integral of order α is defined by

(ρ Iα

a+g)(t) :=
1

Γ(α)

∫ t

a
sρ−1

(
tρ − sρ

ρ

)α−1

g(s)ds, t > a,ρ > 0, (2.1)

where Γ is the Euler gamma function defined by Γ(α) =
∫

∞

0 tα−1e−tdt, α > 0.

Definition 2.2. ([15]) The generalized fractional derivative, corresponding to the generalized
fractional integral (2.1), is defined, for 0≤ a < t , by

(ρDα

a+g)(t) :=
ρ1−n+α

Γ(n−α)

(
s1−ρ d

ds

)n ∫ t

a

sρ−1

(tρ − sρ)1−n+α
g(s)ds (2.2)

= δ
n
ρ (

ρ In−α

a+ g)(t),

where δ n
ρ =

(
s1−ρ d

ds

)n
.

Definition 2.3. ([15]) The Caputo-type generalized fractional derivative ρ
c Dα

a+ is defined, via
the above generalized fractional derivative (2.2), by

ρ
c Dα

a+g(t) =

(
ρDα

a+

[
g(s)−

n−1

∑
k=0

g(k)(a)
k!

(s−a)k

])
(t). (2.3)

Lemma 2.4. ([15]) Let α,ρ ∈ R+. Then

(ρ Iα

a+
ρ
c Dα

a+g)(t) = g(t)−
n−1

∑
k=0

ck

(
tρ −aρ

ρ

)k

, (2.4)

for some ck ∈ R, n = [α]+1.

Let BRm be the σ -algebra of Borel subsets of Rm. A mapping v : Ω→ Rm is said to be
measurable if, for any D ∈ BRm ,

v−1(D) = {w ∈Ω : v(w) ∈ D} ⊂A .

To define integrals of sample paths of a random process, it is necessary to define a jointly
measurable map.

Definition 2.5. A mapping T : Ω×Rm→ Rm is called jointly measurable if, for any D ∈ BRm ,

T−1(D) = {(w,v) ∈Ω×E : T (w,v) ∈ D} ⊂A ×BRm,

where A ×BRm is the direct product of the σ -algebras A and BRm , those defined on Ω and Rm,
respectively.

Definition 2.6. A function T : Ω×Rm→Rm is called jointly measurable if T (·,u) is measurable
for all u ∈ Rm and T (w, ·) is continuous for all w ∈Ω.

A mapping T : Ω×Rm→Rm is called a random operator if T (w,u) is measurable in w for all
u ∈Rm, and it is expressed as T (w)u = T (w,u). In this case, we also say that T (w) is a random
operator on Rm. A random operator T (w) on E is called continuous (resp. compact, totally
bounded and completely continuous) if T (w,u) is continuous (resp. compact, totally bounded
and completely continuous) in u for all w ∈ Ω. The details of completely continuous random
operators in Banach spaces and their properties appear in Itoh [31].
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Definition 2.7. [32] Let P(Y ) be the family of all nonempty subsets of Y and let C be a mapping
from Ω into P(Y ). A mapping T : {(w,y) : w ∈Ω, y ∈C(w)}→Y is called a random operator
with stochastic domain C if C is measurable (i.e., for all closed A ⊂ Y, {w ∈ Ω,C(w)∩A 6=
/0} is measurable) and, for all open D ⊂ Y and all y ∈ Y, {w ∈ Ω : y ∈ C(w),T (w,y) ∈ D}
is measurable. T is called continuous if every T (w) is continuous. For a random operator
T, a mapping y : Ω→ Y is called a random (stochastic) fixed point of T if for P−almost all
w ∈ Ω, y(w) ∈ C(w) and T (w)y(w) = y(w), and for all open D ⊂ Y, {w ∈ Ω : y(w) ∈ D} is
measurable.

Definition 2.8. A function f : I ×C([−r,β ],Rn)×C([−r,β ],Rn)×Rn ×Ω → Rm is called
random Carathéodory if the following conditions are satisfied:

(i) the map (t,w)→ f (t,u,v,x,w) is jointly measurable for all
(u,v,x) ∈C([−r,β ],Rn)×C([−r,β ],Rn)×Rn and

(ii) the map (u,v,x)→ f (t,u,v,x,w) is continuous for all t ∈ I and w ∈Ω.

Let x,y ∈ Rm with x = (x1,x2, . . . ,xm), y = (y1,y2, . . . ,ym). By x ≤ y, we mean xi ≤ yi, i =
1, . . . ,m. Also |x|= (|x1|, |x2|, . . . , |xm|), max(x,y) = (max(x1,y1), . . . ,max(xm,ym)), and Rm

+ =
{x ∈ Rm : xi ∈ R+, i = 1, . . . ,m}. If c ∈ R, then x≤ c means xi ≤ c, i = 1, . . . ,m.

Definition 2.9. Let X be a nonempty set. By a vector-valued metric on X , we mean a map
d : X×X → Rm with the following properties:

(i) d(x,y)≥ 0 for all x,y ∈ X , and if d(x,y) = 0, then x = y;
(ii) d(x,y) = d(y,x) for all x,y ∈ X ;

(iii) d(x,z)≤ d(x,y)+d(y,z) for all x,y,z ∈ X .

We call the pair (X ,d) a generalized metric space with d(x,y) :=


d1(x,y)
d2(x,y)
·
·
·

dm(x,y)

 .

Notice that d is a generalized metric space on X if and only if di, i = 1, . . . ,m, are metrics on X .

Definition 2.10. [33] A square matrix of real numbers is said to be convergent to zero if and
only if its spectral radius ρ(M) is strictly less than 1. In other words, this means that all the
eigenvalues of M are in the open unit disc, i.e. |λ |< 1, for every λ ∈ C with det(M−λ I) = 0,
where I denotes the unit matrix of Mm×m(R).

Example 2.11. The matrix A ∈M2×2(R) defined by

A =

(
a b
c d

)
,

converges to zero in the following cases:
(1) b = c = 0, a,d > 0 and max{a,d}< 1.
(2) c = 0, a,d > 0, a+d < 1 and −1 < b < 0.
(3) a+b = c+d = 0, a > 1, c > 0 and |a− c|< 1.

In the sequel, we will make use of the following random fixed point theorems.
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Theorem 2.12. [34, 35, 36] Let (Ω,F ) be a measurable space. Let X be a real separable
generalized Banach space and let F : Ω×X→ X be a continuous random operator. Let M(w)∈
Mn×n(R+) be a random variable matric such that, for every w∈Ω, the matrix M(w) converges
to 0 and

d(F(w,x1),F(w,x2))≤M(w)d(x1,x2); f or each x1,x2 ∈ X and w ∈Ω.

Then there exists a random variable x : Ω→ X, which is the unique random fixed point of F.

Theorem 2.13. ([31]). Let X be a nonempty, closed convex bounded subset of the separable
Banach space E and let N : Ω×X 7−→ X be a compact and continuous random operator. Then
the random equation N(w,u(w)) = u(w) has a random solution.

3. EXISTENCE OF SOLUTIONS

Lemma 3.1. Let 1 < α ≤ 2, φ ∈ C([a− r,a],R) with φ(a) = 0, ψ ∈ C([T,T + β ],R) with
ψ(T ) = 0 and h : I→ R be a continuous function. Then the linear problem

ρ
c Dα

a+u(t) = h(t), for a.e. t ∈ I := [a,T ], 1 < α ≤ 2, (3.1)

u(t) = φ(t), t ∈ [a− r,a], r > 0, (3.2)

u(t) = ψ(t), t ∈ [T,T +β ], β > 0, (3.3)
has a unique solution, which is given by

u(t) =



φ(t), if t ∈ [a− r,a],

−
∫ T

a G(t,s)h(s)ds, if t ∈ I,

ψ(t), if t ∈ [T,T +β ],

(3.4)

where

G(t,s) =
ρ1−α

Γ(α)


(tρ−aρ )(T ρ−sρ )α−1sρ−1

(T ρ−aρ ) − sρ−1(tρ − sρ)α−1, a≤ s≤ t ≤ T,

(tρ−aρ )(T ρ−sρ )α−1sρ−1

(T ρ−aρ ) , a≤ t ≤ s≤ T,

(3.5)

where G(t,s) is called the Green’s function for the boundary value problem (3.1)-(3.3).

Proof. From (2.4), we have

u(t) = c0 + c1

(
tρ −aρ

ρ

)
+ρ Iα

a+h(s), c0,c1 ∈ R. (3.6)

Therefore,
u(a) = c0 = 0,

u(T ) = c1

(
T ρ −aρ

ρ

)
+

ρ1−α

Γ(α)

∫ T

a
(T ρ − sρ)α−1sρ−1h(s)ds,

and

c1 =−
ρ2−α

(T ρ −aρ)Γ(α)

∫ T

a
(T ρ − sρ)α−1sρ−1h(s)ds.
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Substituting the values of c0 and c1 into equation (3.6), we get equation (3.4), that is,

u(t) =


φ(t), if t ∈ [a− r,a],
−
∫ T

a G(t,s)h(s)ds, if t ∈ I,
ψ(t), if t ∈ [T,T +β ],

where G is defined by equation (3.5), and the proof is complete. �

Lemma 3.2. Let fi : I×C([−r,β ],Rn)×C([−r,β ],Rn)×Rn×Ω→Rn, i = 1,2 be continuous
functions. A functions (u,v) ∈ C 2 is a random solution of system (1.1)-(1.2) if and only if (u,v)
satisfies the following random coupled system integral equations,

u(t,w) =


φ1(t,w), if t ∈ [a− r,a],
−
∫ T

a Gα1(t,s)h1(s,w)ds, if t ∈ I,
ψ1(t,w), if t ∈ [T,T +β ],

w ∈Ω,

v(t) =


φ2(t,w), if t ∈ [a− r,a],
−
∫ T

a Gα2(t,s)h2(s,w)ds, if t ∈ I,
ψ2(t,w), if t ∈ [T,T +β ],

w ∈Ω,

where hi(·,w) ∈C(I),w ∈Ω, satisfies the system of functional equations,{
h1(t,w) = f1(t,ut(w),vt(w),h1(t,w)),
h2(t,w) = f2(t,ut(w),vt(w),h2(t,w)),

w ∈Ω,

and the Green’s function Gαi, i = 1,2 is given by

Gαi(t,s) =
ρ1−αi

Γ(αi)


(tρ−aρ )(T ρ−sρ )αi−1sρ−1

(T ρ−aρ ) − sρ−1(tρ − sρ)αi−1, a≤ s≤ t ≤ T,
(tρ−aρ )(T ρ−sρ )αi−1sρ−1

(T ρ−aρ ) , a≤ t ≤ s≤ T.
(3.7)

The following hypotheses will be used in the sequel:
(H1): The functions fi, i = 1,2, are random Carathéodory.
(H2): There exist continuous functions pi,qi,ri : I −→ L∞(Ω,R+), with
‖ri(·,w)‖[a,T ] < 1 such that

‖ fi(t,u,v,x,w)− fi(t, ū, v̄, x̄,w)‖ ≤ pi(t,w)‖u− ū‖[−r,β ]+qi(t,w)‖v− v̄‖[−r,β ]

+ ri(t,w)‖x− x̄‖

for any u, ū,v, v̄ ∈C([−r,β ]) and x, x̄ ∈ Rn, i = 1,2.
(H3): There exist measurable functions ai,bi,ci,di : I−→L∞(Ω,R+); i= 1,2, with d∗i (·,w)<

1, such that

‖ fi(t,u,v,x,w)‖ ≤ ai(t,w)+bi(t,w)‖u‖[−r,β ]+ ci(t,w)‖v‖[−r,β ]+di(t,w)‖x‖,
f or a.e. t ∈ I, w ∈Ω, and each u,v ∈C[−r,β ],x ∈ Rn.

Set
a∗i (·,w) = esssup

t∈I
ai(t,w), b∗i (·,w) = esssup

t∈I
bi(t,w),

c∗i (·,w) = esssup
t∈I

ci(t,w), d∗i (·,w) = esssup
t∈I

di(t,w), i = 1,2
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G̃αi = sup
{∫ T

a
|Gαi(t,s)|ds, t ∈ I

}
.

Now, we state and prove our existence and uniqueness of random solutions result for of the
problem (1.1)-(1.2)

Theorem 3.3. Assume (H1) and (H2) hold. If, for every w ∈Ω, the matrix

M(w) :=


G̃α1‖p1(·,w)‖[a,T ]
1−‖r1(·,w)‖[a,T ]

G̃α1‖q1(·,w)‖[a,T ]
1−‖r1(·,w)‖[a,T ]

G̃α2‖p2(·,w)‖[a,T ]
1−‖r2(·,w)‖[a,T ]

G̃α2‖q2(·,w)‖[a,T ]
1−‖r2(·,w)‖[a,T ]


converges to 0, then problem (1.1)-(1.2) has a unique solution.

Proof. Let the operator N : C 2×Ω 7−→ C 2 be defined by

N(u,v)(t,w) = (N1(u,v)(t,w),N2(u,v)(t,w))

=


(φ1(t,w),φ2(t,w)), if t ∈ [a− r,a],

−
(∫ T

a G1(t,s)h1(s,w)ds,
∫ T

a G2(t,s)h2(s,w)ds
)
, if t ∈ I,

(ψ1(t,w),ψ2(t,w)), if t ∈ [T,T +β ].

(3.8)

By Lemma 3.2, it is clear that the fixed points of N are solutions (1.1)-(1.2).
Let (u2,v2),(u1,v1) ∈ C 2 and w ∈Ω. If t ∈ [a− r,a] or t ∈ [T,T +β ], then

‖N(u2,v2)(t,w)−N(u1,v1)(t,w)‖= 0.

For t ∈ I, we have

‖N1(u2,v2)(t,w)−N1(u1,v1)(t,w)‖ ≤
∫ T

a
|G(t,s)|‖h1(t,w)− h̄1(t,w)‖ds, (3.9)

where hi(·,w), h̄i(·,w) ∈C(I) for w ∈Ω are given by

hi(t,w) = fi(t,ut(w),vt(w),hi(t,w)), i = 1,2,

and
h̄i(t,w) = fi(t, ūt(w), v̄t(w), h̄i(t,w)), i = 1,2.

From (H2), we have

‖h1(t,w)− h̄1(t,w)‖ ≤ pi(t,w)‖u− ū‖[−r,β ]+qi(t,w)‖v− v̄‖[−r,β ]

+ ri(t,w)‖h1(t,w)− h̄1(t,w)‖
≤ ‖pi(·,w)‖[a,T ]‖u− ū‖[−r,β ]+‖qi(·,w)‖[a,T ]‖v− v̄‖[−r,β ]

+ ‖ri(·,w)‖[a,T ]‖h1(t,w)− h̄1(t,w)‖.

Then

‖h1(t,w)− h̄1(t,w)‖ ≤
‖pi(·,w)‖[a,T ]

1−‖ri(·,w)‖[a,T ]
‖u− ū‖[−r,β ]

+
‖qi(·,w)‖[a,T ]

1−‖ri(·,w)‖[a,T ]
‖v− v̄‖[−r,β ],
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from which we conclude

‖N1(u,v)(t,w)−N1(ū, v̄)(t,w)‖ ≤
‖p1(·,w)‖[a,T ]

1−‖r1(·,w)‖[a,T ]

∫ T

a
|G1(t,s)|‖u− ū‖[−r,β ]ds

+
‖q1(·,w)‖[a,T ]

1−‖r1(·,w)‖[a,T ]

∫ T

a
|G1(t,s)|‖v− v̄‖[−r,β ]ds

≤
G̃1‖p1(·,w)‖[a,T ]
1−‖r1(·,w)‖[a,T ]

‖u− ū‖[−r,β ]

+
G̃1‖q1(·,w)‖[a,T ]
1−‖r1(·,w)‖[a,T ]

‖v− v̄‖[−r,β ].

Therefore, for each t ∈ I, and w ∈Ω,

‖N1(u,v)(·,w)−N1(ū, v̄)(·,w)‖C ≤
G̃1‖p1(·,w)‖[a,T ]
1−‖r1(·,w)‖[a,T ]

‖u− ū‖C

+
G̃1‖q1(·,w)‖[a,T ]
1−‖r1(·,w)‖[a,T ]

‖v− v̄‖C .

Also, for any w ∈Ω and each (u,v),(ū, v̄) ∈ C 2 and t ∈ I, we get

‖N2(u,v)(·,w)−N2(ū, v̄)(·,w)‖C ≤
G̃2‖p2(·,w)‖[a,T ]
1−‖r2(·,w)‖[a,T ]

‖u− ū‖C

+
G̃2‖q2(·,w)‖[a,T ]
1−‖r2(·,w)‖[a,T ]

‖v− v̄‖C .

Thus,

d(N(u,v)(·,w),N(ū, v̄)(·,w))≤M(w)d((u(·,w),v(·,w)),(ū(·,w), v̄(·,w)),

where

d((u(·,w),v(·,w)),(ū(·,w), v̄(·,w))) =

 ‖u(·,w)− v(·,w)‖C

‖ū(·,w)− v̄(·,w)‖C

 .

Since, for every w ∈ Ω, the matrix M(w) converges to zero, then, by Theorem 2.12, N has a
unique random fixed point, which is a solution to problem (1.1)-(1.2). �

Theorem 3.4. Suppose that (H1) and (H3) hold. Then problem (1.1)-(1.2) has at least one
solution.

Proof. The proof is split into steps.
Step 1: N(·, ·,w) is continuous.
Let {(un,vn)} be a sequence such that (un,vn)→ (u,v) in C ×C , for any w ∈ Ω. If t ∈

[a− r,a] or t ∈ [T,T +β ], then

‖(N(un,vn))(t,w)− (N(u,v))(t,w)‖= 0.
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For t ∈ I, we have

‖(Ni(un,vn)(t,w))− (Ni(u,v))(t,w)‖ ≤
∫ T

a
|Gαi(t,s)|‖ fi(t,ut,n(w),vt,n(w),hi,n(t,w))

− fi(t,ut(w),vt(w),hi(t,w))‖ds

≤ G̃αi‖ fi(·,un(·,w),vn(·,w),hi,n(·,w))
− fi(·,ut(w),v(·,w),hi(·,w))‖C , i = 1,2,

where
hi(t,w) = fi(t,ut(w),vt(w),hi(t,w)).

Since fi is Carathéodory, we have

‖(Ni(un,vn))(·,w)− (Ni(u,v))(·,w)‖C −→ 0 as n−→ ∞, i = 1,2,

and hence
‖N(un,vn)(·,w)−N(u,v)(·,w)‖C −→ 0 as n−→ ∞.

Consequently, N is continuous. Let the constant R(w) be such that

R(w)≥max{L1(w)+L2(w),‖φ1(·,w)‖[a−r,a]+‖φ2(·,w)‖[a−r,a],‖ψ1(·,w)‖[T,T+β ]

+‖ψ2(·,w)‖[T,T+β ]},

and define
DR(w) = {(u,v) ∈ C ×C : ‖u‖C ≤ R(w) and ‖v‖C ≤ R(w)}.

It is clear that DR is a bounded, closed and convex subset of C .

Step 2: N(DR(w))⊂ DR(w).

Let (u,v) ∈ DR(w). We show that N(u,v) = (N1(u,v),N2(u,v)) ∈ DR(w).
For any w ∈Ω, if t ∈ [a− r,a], then

‖N(u,v)(t,w)‖ ≤ ‖φ1(·,w)‖[a−r,a]+‖φ2(·,w)‖[a−r,a] ≤ R(w),

and if t ∈ [T,T +β ], then

‖N(u,v)(t,w)‖ ≤ ‖ψ1(·,w)‖[T,T+β ]+‖ψ2(·,w)‖[T,T+β ] ≤ R(w).

For any w ∈Ω and each t ∈ I, we have

‖(Ni(u,v))(t,w)‖ ≤
∫ T

a
|Gαi(t,s)|‖hαi(s,w)‖ds, i = 1,2.

By (H3), we have, for any w ∈Ω and each t ∈ I,

‖hi(t,w)‖ ≤ ai(t,w)+bi(t,w)‖u‖[−r,β ]+ ci(t,w)‖v‖[−r,β ]+di(t,w)‖hi(t,w)‖
≤ a∗i (·,w)+b∗i (·,w)‖u‖[−r,β ]+ c∗i (·,w)‖v‖[−r,β ]+d∗i (·,w)‖hi(t,w)‖,

where
hi(t,w) = fi(t,ut(w),vt(w),hi(t,w)), i = 1,2.

Then

‖hi(t,w)‖ ≤
a∗i (·,w)+(b∗i (·,w)+ c∗i (·,w))R

1−d∗i (·,w)
= A(w). (3.10)
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By (3.10), for any w ∈Ω and t ∈ I, we have

‖(Ni(u,v))(t,w)‖ ≤ A(w)
∫ T

a
|Gαi(t,s)|ds

≤ A(w)G̃αi

= Li(w),

from which it follows that, for each t ∈ [a− r,T +β ],

‖Ni(u,v)(t,w)‖ ≤ Li(w),

which implies that ‖Ni(u,v)(·,w)‖C ≤ Li(w). Hence,

‖N(u,v)(·,w)‖C ≤ L1(w)+L2(w)

≤ R(w).

Consequently,
N(DR(w))⊂ DR(w).

Step 3: N(DR(w)) is bounded and equicontinuous.
By Step 2, we have that N(DR(w)) is bounded. For t1, t2 ∈ I = [a,T ], t1 < t2, (u,v) ∈

DR(w), w ∈Ω, we have

‖(Ni(u,v))(t2,w)− (Ni(u,v))(t1,w)‖ ≤
∫ T

a
|Gαi(t2,s)−Gαi(t1,s)|‖hi(s,w)‖ds

≤ A(w)
∫ T

a
|Gαi(t2,s)−Gαi(t1,s)|ds.

As t1 −→ t2, the right hand side of the above inequality tends to zero. Therefore, the operator
N(u,v)(·,w) is equicontinuous. As consequence of Step 1 to Step 3, together withe the Arzela-
Ascoli theorem, we can conclude that N is continuous and completely continuous. Theorem 3.4
implies that the operator equation N(u,v)(·,w) = (u,v) has a random solution. This shows that
(1.1)-(1.2) has a random solution. �

4. AN EXAMPLE

We equip the space R∗− := (−∞,0) with the usual σ -algebra consisting of Lebesgue measur-
able subsets of R∗−. Consider the boundary value problem of implicit Caputo-type modification
of the Erdélyi-Kober fractional differential equation:

(u(t,w),v(t,w)) = (et−1−1,2t−2), t ∈ [0,1],

1
cD

3
2
1+u(t,w) =

1
2t

(w2 +10)
(

1+‖ut(·,w)‖+‖vt(·,w)‖+ |1cD
3
2
1+u(t,w)|

) , t ∈ I = [1,2],

1
cD

3
2
1+v(t,w) =

(t−1)cos(t)

(w2 +10)
(

1+‖ut(·,w)‖+‖vt(·,w)‖+ |1cD
3
2
1+v(t,w)|

) , t ∈ I = [1,2]

(u(t,w),v(t,w)) = (ln(t−1), t−2), t ∈ [2,3].
(4.1)
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Set

f1(t,u,v, ū,w) =
1
2t

(w2 +10)(1+ |ut |+ |vt |+ |ū|)
, t ∈ [1,2],u,v ∈C([−1,1]), ū ∈ Rn,

f2(t,u,v, v̄,w) =
(t−1)cos(t)

(w2 +10)(1+ |ut |+ |vt |+ |v̄|)
, t ∈ [1,2],u,v ∈C([−1,1]), v̄ ∈ Rn,

and α1 = α2 = 3
2 ,ρ = 1,r = 1,β = 1. Indeed for each u,v, ū, v̄ ∈ C([−1,1]),x, x̄ ∈ Rn and

t ∈ [1,2], we have

‖ f1(t,u,v,x,w)− f1(t, ū, v̄, x̄,w)‖ ≤
1

(w2 +10)
(‖u− ū‖[−r,β ]+‖v− v̄‖[−r,β ]

+ ‖x− x̄‖),
and

‖ f2(t,u,v,x,w)− f2(t, ū, v̄, x̄,w)‖ ≤
1

(w2 +10)
(‖u− ū‖[−r,β ]+‖v− v̄‖[−r,β ]

+ ‖x− x̄‖).
Therefore, (H2) is verified with

‖pi(·,w)‖[−r,β ] = ‖qi(·,w)‖[−r,β ] = ‖ri(·,w)‖[−r,β ] =
1

w2 +10
.

For each t ∈ I, i = 1,2, we have∫ T

a
|Gαi(t,s)|ds ≤ 1

Γ(αi)

(
tρ −aρ

T ρ −aρ

)∫ T

a

∣∣∣∣∣
(

T ρ − sρ

ρ

)αi−1

sρ−1

∣∣∣∣∣ds

+
1

Γ(αi)

∫ t

a

∣∣∣∣∣
(

tρ − sρ

ρ

)αi−1

sρ−1

∣∣∣∣∣ds

≤ 2
Γ(αi +1)

(
T ρ −aρ

ρ

)αi

.

Therefore

G̃αi ≤
2

Γ(αi +1)

(
T ρ −aρ

ρ

)αi

.

Furthermore, for every w ∈Ω, the matrix

1
(w2 +9)3

4
√

π

(
1 1
1 1

)
,

converges to 0. Hence, Theorem 3.3 implies that system (4.1) has a unique random solution
defined on [1,2].
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