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Abstract. In this paper, we deal with existence and uniqueness of random solutions of a coupled system of
nonlinear implicit fractional differential equations of the Caputo-type modification of the Erdélyi-Kober equation,
involving both retarded and advanced arguments. The main tool used to carry out our results is a random fixed
point theorem. An example is included to show the applicability of the outcomes.

Keywords. Random coupled implicit system; Caputo-type modification of the Erdélyi-Kober fractional differen-
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1. INTRODUCTION

Differential equations of fractional order are valuable in modeling phenomena in various
fields of science and engineering. They can be found in viscoelasticity, electrochemistry, con-
trol, porous media, electromagnetism, etc. For examples and details, we refer the reader to the
monographs [1, 2, 3, 4]. On the other hand, coupled systems of fractional differential equa-
tions arise in various problems of applied nature. In recent years, some authors investigated the
existence and uniqueness of solutions for a coupled system of nonlinear fractional differential
equations; see [5, 6] and the references therein.

Random differential equations arise in many applications and have been investigated by many
mathematicians, We refer the reader to the monographs [7, 8, 9], the papers [10, 11, 12, 13, 14],
and references therein.

In [15], the authors provided some properties of the Caputo-type modification of the Erdélyi-
Kober fractional derivative. More details on the Erdélyi-Kober fractional integral and fractional
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derivative are given in [16, 17, 18, 19, 20]. Implicit differential equations were also considered
by many authors [21, 22, 23]. In [24, 25, 26, 27, 28], the authors studied the existence and
uniqueness of solutions for boundary value problems of Hadamard-type fractional functional
differential equations and inclusions involving both retarded and advanced arguments. In [29],
Abbas et al. studied a class of coupled Hilfer and Hadamard random fractional differential
systems with finite delay in generalized Banach spaces given by

w)) = (91(t,w), 92(t,w)); t € [—h,0],
DEPrY (2, w) = £ u (W), ve(w), w); £ €1,
w) = fz(t u(w),vi(w),w); t €l,

29)(0,w)) = (@1 (w), P2 (w)),

where (Q, /) is a measurable space, I :=[0,T], T > 0,0; € (0,1), B; € [0,1], =, + Bi —
0B, @i : Q—R™, fi: I xCpxCpxQ—R™ i=1,2, are given functions, Cj, := C[ h,0], h >
0, ¢i(-,w) € Gy such that (I, " ¢;)(0,w) = @;(w), i = 1,2.

In [30], Abbas er al. studied coupled Hilfer fractional differential systems with random
effects given by

AT P, w) = fi(tule,w),v(t, w), w)
HDOP (e, w) = fot,u(t,w),v(t,w), w)

s wEeQ,

~ o~

=

=

~—

A

O.—
|

tel:=[1,T], weQ,

with the initial conditions

where T > 1,r eI =[1,T],o4 € (0,1),B; € [0,1], (Q,.«7) is a measurable space, y;(w) : [ — Q,
fiiIx RZxQ—R,i=1,2,are given continuous functions, and H D‘lxi i is the Hilfer-Hadamard
fractional derivative of order ¢; and type f3;.

In this paper, we study the existence and uniqueness of random solutions for the following
coupled nonlinear implicit system of the Caputo-type modification of the Erdélyi-Kober frac-
tional differential equations involving both retarded and advanced arguments:

{(”Dﬁu)( w) = fi(t,u (w), v (w), D% u) (1, ), w)

EDE)(1,w) = foltt () ), EDE ) )y | e ThE (LD

{(u(t,w),v(t,w)) = (91(t,w),¢2(t,w)), t € [a—r,a], r >0, weo (1.2)

(u(t,w),v(t,w)) = (Wi (t,w), ya(t,w)), t € [T, T +B], B >0,
where o; € (1,2], P DZL ,i=1,2, is the Caputo-type modification of the Erdélyi-Kober fractional
derivative and f; : I X C([—r, B],R") x C([—r, B],R") x R" x Q — R" is a given function, ¢; €
C(la—r,a],R") with ¢;(a,w) =0and y; € C([T,T + B],R") with y;(T,w) =0, i=1,2.
We denote by u, the element of C([—r, ]) defined by

u(s) =u(t+s):se[—rpl.
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2. PRELIMINARIES

In this section, we present notations and definitions we will use throughout this paper. By
C([—r,B],R") we denote the Banach space of all continuous functions from [—r, B] into R”
equipped with the norm

leell—r,py = sup{llu(r)[| : =r <z < B}
and C([a,T],R") is the Banach space endowed with the norm.
2]l g7y = sup{|u(t)|| :a <t < T}

Also, let E} =C([a—r,a|,R"), E, =C([T,T + B],R"),
and

ACY (D) :={g: 1 —R": g e AC(])},
where

d

/

=t I.
g(t) tdtg(t)’ re

AC(1,R") is the space of absolutely continuous functions on /. Let € = {u: [a—r,T + ] —
R":u ’[a—r,a]E C([a - r,a]),u |[a,T}€ ACl([a7T])

and u |7,y )€ C([T, T+ B])},
where the listed spaces are endowed, respectively, with the norms
lullfa—r) = sup{llu(®)]| :a—r <t < a},
el 777 = sup{[[u(®)|| : T <t < T+ B},
\lull¢ = sup{||u(t)|| :a—r <t <T+B}.
Define the weighted product space € := % x € with the norm
(e, v)

Consider the space X (a,b), (c € R, 1 < p < o) of those complex-valued Lebesgue measurable
functions f on [a, b] for which || f||x» < oo, where the norm is defined by

7= lule+Ivie.

b . dr\
17l = ([ 1eror)" (1< p<mcer)
a
In particular, when ¢ = 117’ the space X/ (a,b) coincides with L”(a,b), i.e.,

XV (a,b) =LP(a,b).

P

And, for p = o, we have

f 1s measurable and there is a constant C
L>(I)=< f:1—R| ,
such that |f(x)] < Ca.e.on [

with the norm
| f]|z= = inf{C;

f(x)| <Cae.on I}.
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Definition 2.1. ([15]): (Erdélyi-Kober fractional integral) For @ € R, c € Rand g € X/ (a,b),
the Erdélyi-Kober fractional integral of order ¢ is defined by

a—1
(PI% g)(1) = ﬁ/alsp—l(”;sp) co)ds,  tsap>0. Q)

where I is the Euler gamma function defined by I'(t) = [5"t% le~"dt, o > 0.

Definition 2.2. ([15]) The generalized fractional derivative, corresponding to the generalized
fractional integral (2.1), is defined, for 0 < a <t , by

l-n+o d\" rt p—1
(°DZg)(1) = ﬁ(s“’g) || oyt (s 22)

=8, (P17 %8)(1),

whereSS—( 1- pjs) .

Definition 2.3. ([15]) The Caputo-type generalized fractional derivative ? D?, is defined, via
the above generalized fractional derivative (2.2), by

n—1 (k)
PDE.g(r) = (Paga g - ¥ <s—a>"]) ). 3)
Lemma 2.4. ([15]) Let ot,p € R, Then

n—1 P _ P
4 a
(PILEDZ 8)(t ch( > : 2.4)

for some ¢, € R, n=[o] + 1.

Let Brn be the o-algebra of Borel subsets of R™. A mapping v : Q — R™ is said to be
measurable if, for any D € Brm,

v iD)={weQ:v(w)eD}C .

To define integrals of sample paths of a random process, it is necessary to define a jointly
measurable map.

Definition 2.5. A mapping 7 : Q x R™ — R is called jointly measurable if, for any D € Bynm,
T~ YD) ={(w,v) €QXE :T(w,v) €D} C o/ X Bgn,

where o7 X Brm is the direct product of the c-algebras ./ and Bgm, those defined on Q and R,
respectively.

Definition 2.6. A function 7 : Q x R™ — R™ is called jointly measurable if 7'(-, u) is measurable
for all u € R™ and T (w,-) is continuous for all w € Q.

A mapping T : Q x R™ — R is called a random operator if 7' (w,u) is measurable in w for all
u € R™, and it is expressed as T (w)u = T (w,u). In this case, we also say that 7' (w) is a random
operator on R”. A random operator 7'(w) on E is called continuous (resp. compact, totally
bounded and completely continuous) if 7'(w,u) is continuous (resp. compact, totally bounded
and completely continuous) in u for all w € Q. The details of completely continuous random
operators in Banach spaces and their properties appear in Itoh [31].
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Definition 2.7. [32] Let & (Y ) be the family of all nonempty subsets of Y and let C be a mapping
from Q into Z(Y). A mapping T : {(w,y) : w € Q, y € C(w)} — Y is called a random operator
with stochastic domain C if C is measurable (i.e., for all closed A C Y, {w € Q,C(w)NA #
0} is measurable) and, for all open D C Y and all ye Y, {we Q:y e C(w),T(w,y) € D}
is measurable. T is called continuous if every 7 (w) is continuous. For a random operator
T, a mapping y : Q — Y is called a random (stochastic) fixed point of T if for P—almost all
we Q, y(w) € C(w) and T(w)y(w) = y(w), and for all open D C Y, {w € Q:y(w) € D} is
measurable.

Definition 2.8. A function f : I x C([—r,B],R") x C([—r,B],R") x R" x Q@ — R™ is called
random Carathéodory if the following conditions are satisfied:
(i) the map (¢#,w) — f(¢,u,v,x,w) is jointly measurable for all
(u,v,x) € C([—r,B],R") x C([-r,B],R") x R" and
(i) the map (u,v,x) — f(t,u,v,x,w) is continuous for all t € [ and w € Q.

Let x,y € R™ with x = (x1,X2,..-,%m), ¥y = (V1,Y2,---,Ym)- By x <y, we mean x; < y;, i =
1,...,m. Also |x| = (Jx1], |x2],..., |xm|), max(x,y) = (max(x,y1), ..., max(xm,,ym)), and R} =
{xeR":x;eRy,i=1,....m}.IfceR thenx <cmeansx; <c,i=1,...,m.

Definition 2.9. Let X be a nonempty set. By a vector-valued metric on X, we mean a map
d : X x X — R™ with the following properties:
(i) d(x,y) > 0forall x,y € X, and if d(x,y) =0, then x = y;
(ii) d(x,y) =d(y,x) forall x,y € X;
(iii) d(x,z) <d(x,y)+d(y,z) for all x,y,z € X.

dl ()C, y)
dZ ()C, y)
We call the pair (X,d) a generalized metric space with d(x,y) := '
din(x,y)
Notice that d is a generalized metric space on X if and only if d;, i = 1,...,m, are metrics on X.

Definition 2.10. [33] A square matrix of real numbers is said to be convergent to zero if and
only if its spectral radius p(M) is strictly less than 1. In other words, this means that all the
eigenvalues of M are in the open unit disc, i.e. |A| < 1, for every A € C with det(M — AI) =0,
where I denotes the unit matrix of M., (R).

Example 2.11. The matrix A € M(R) defined by

a b
=(03)
converges to zero in the following cases:
(1) b=c=0, a,d >0 and max{a,d} < 1.

2) ¢c=0,a,d>0,a+d<1land -1 <b<0.
B)a+b=c+d=0,a>1,c>0and |a—c| < 1.

In the sequel, we will make use of the following random fixed point theorems.
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Theorem 2.12. [34, 35, 36] Let (Q,.#) be a measurable space. Let X be a real separable
generalized Banach space and let F : Q x X — X be a continuous random operator. Let M(w) €
Muxn(Ry) be a random variable matric such that, for every w € Q, the matrix M(w) converges
to 0 and

d(F(w,x1),F(w,x2)) < M(w)d(x1,x2); foreachxi,x, € X and w € Q.
Then there exists a random variable x : Q — X, which is the unique random fixed point of F.
Theorem 2.13. ([31]). Let X be a nonempty, closed convex bounded subset of the separable

Banach space E and let N : Q x X — X be a compact and continuous random operator. Then
the random equation N(w,u(w)) = u(w) has a random solution.

3. EXISTENCE OF SOLUTIONS

Lemma 3.1. Let | < a <2, ¢ € C([a—ra],R) with ¢(a) =0, v € C([T,T + B],R) with
y(T)=0and h: I — R be a continuous function. Then the linear problem

PD% u(t) =h(t), forae te€l:=[a,T], 1 <a <2, (3.1
u(t)=9(t), t € l[a—ral, r>0, (3.2)
u(t) =y(r), 1€ [T, T+p], B >0, (3.3)

has a unique solution, which is given by

(0(1), if t€la—ral,

u(t) =14 — [T G(t,s)h(s)ds, if tel, (3.4)

(w(t), if te[T,T+p],

where
P_aqP)(TP —sP)a—1gp—1 _ B
p'—@ e ) P (P =) a<s<i<T,
G(t,s) = (3.5)
I'(a) (1P —aP)(TP —sP )%~ 5P
(TP—aP) ’ a<t<s<T,

where G(t,s) is called the Green’s function for the boundary value problem (3.1)-(3.3).

Proof. From (2.4), we have

l‘p_ap
u(t):co—l—q( )+Plg‘+h(s), co,c1 €R. (3.6)
Therefore,
u(a) =co=0,
TP — aP plf(x T
T) = TP —sP)*1sP=1n(s5)d
u(r) e (T ) s [ 00 =) 15 o
and
p2—a d p pya—1.p lh d
= — TF — st .
c1 (TP—aP)F(oc)/a ( sPY9 s (s)ds
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Substituting the values of ¢y and ¢ into equation (3.6), we get equation (3.4), that is,

0(t), if t€la—rd,

u(t) =< — [T G(t,s)h(s)ds, if 1€l
y(t), if 1 €[T,T+p],
where G is defined by equation (3.5), and the proof is complete. 0

Lemma 3.2. Let f; : I x C([—r, B],R") x C([—r,B],R") x R" x Q = R", i = 1,2 be continuous
functions. A functions (u,v) € €? is a random solution of system (1.1)-(1.2) if and only if (u,v)
satisfies the following random coupled system integral equations,
O1(t,w), if t € la—ra],
u(t,w) = — [T G, (t,8)hy(s,w)ds, if tel, weQ,
Wl(t7w)7 if te [T,T—i—ﬁ],
O2(t,w), if t € [a—r,al,
v(t) = —faT G, (t,s)ha(s,w)ds, if tel, weQ,
W2(taw)7 lf re [TaT+ﬁ]7
where hi(-,w) € C(I),w € Q, satisfies the system of functional equations,

{hl(t,w) = Fi(t,u W),V (W), Iy (£, w)),
hy(t,w) = fo(t,ul (w), v (w), hy(t,w)),

and the Green’s function Gq,, i = 1,2 is given by

weQ,

. pl-o (zp_ap)((;‘;iﬁ))arlsp—l PP —sP)ul g <s<t<T, (3.7)
(t,s) = =—— 1 .
R O a<i<s<T.

The following hypotheses will be used in the sequel:

(Hp): The functions f;,i = 1,2, are random Carathéodory.
(H>): There exist continuous functions p;,q;,r; : [ — L*(Q,R ), with
[7:(-sw)|ljg,;r) <1 such that

||fi(t7uvv7wi) _ﬁ(t7ﬂ7‘77f7w)|| p,-(t,w)||u— ﬁ”[fr,ﬁ] —f—qi(I,W)HV—ﬁH[,nm

<
+ ri(t,w)llx— |

for any u,i,v,v € C([—r,B]) and x,x € R",i =1,2.
(Hz): There exist measurable functions a;, b;,c;,d;: 1 — L*(Q,R); i=1,2, withd (-,w) <
1, such that

1Fi (8w, v, w) || < @i, w) 4 bi(e, w) |l g + ci(t, W) V]| 1 + iz, w) [ x]]
foraerel, weQ, and eachu,v € C_,.g,x € R".

Set
a;i(-,w) =esssupa;(t,w), bj(-,w)=esssupb;(t,w),
tel tel
ci(-,w) =esssupci(t,w), d;(-,w)=esssupd;(t,w), i=1,2
tel tel
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— T
Gop — sup{/ Gy (1,5)|ds, 1 € 1}.
a

Now, we state and prove our existence and uniqueness of random solutions result for of the

problem (1.1)-(1.2)
Theorem 3.3. Assume (H)) and (H,) hold. If, for every w € Q, the matrix

Goy IP o) lwr) Gery g (W)l a7y
I=[rCwlliar T=lrCow)llen

Mw):=|[ N
Gap P2 (-Wlljar)  Gonllg2(-W)llja,1)
I=[[r(wllar) 1=lr2(w)llan

converges to 0, then problem (1.1)-(1.2) has a unique solution.
Proof. Let the operator N : €2 x Q — € be defined by
N(u,v)(t,w) = (N1 (u,v)(t,w),Na(u,v)(t,w))
(91(2,w), 92(t,w)), if 1 € [a—rd],
=3 = (T Gi(e5)n (s, w)ds, [ Galt,)ha(5,w)ds) , i 1 €1,

(yi(t,w), o (t,w)), if ¢ €[T,T+B].
By Lemma 3.2, it is clear that the fixed points of N are solutions (1.1)-(1.2).
Let (u2,v2), (u1,v1) € €% and we Q. If t € [a—r,a] ort € [T,T + B], then

HN(LQ,VQ)(Z,W) _N(uhvl)(t?W)” =0.

For ¢t € I, we have
T _
HNI (MQ,VQ)(I,W) _Nl (bt],V])(l‘,W)H < / |G(t,s)|||h1(t,w) —hl(t,W)HdS,
a

where h;(-,w), hi(-,w) € C(I) for w € Q are given by

hi(t,w) = fi(t,u (W), V' (W), hi(t,w)),i= 1,2,
and

hi(t,w) = fi(t,ul (w), Vv (w), hi(t,w)),i = 1,2.
From (H,), we have

11 (e, w) =R w)l| - < pile,w)lu—all gy + qi(2, w) [[v =]l
+ rit,w) (e, w) — i (e, w)|
< it w)llarlle—all gy + [lgi (- w)]

+ i w)la, B (8, w) = B (2, W)

Then
e - < 2 len g
1= ()l ,
lgi (o)l )
+ Iy =) g,

1—[ri(,w) [l fa,1]

a1 V="l =rp

(3.8)

(3.9)
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from which we conclude

o [p1(-,w
||N1(u,v)(t,w)—Nl(u,v)(t,w)H < |G1 l,s H|u_u||[ rﬁ
L—{lr(, ||aT]
g1 (W) |lja, )
D aﬂ/ G (t,5) [y =¥l
Gillp1 (W)l far
< u— U,
T TGl s
Gillg1 (W)l
+ V—"|[_,B8]-
T ol )
Therefore, for eacht € 1, and w € Q,
o 1HPl( W a1 _
[N1(u,v) (-, w) = Ni(@, 9) (- w)lle < ETaT, HM—MH%
Gl )l 1),
— [ Cow) -
Also, for any w € Q and each (u,v), (ii,7) € €% and t € I, we get
Gallpa (W)
cw) — No (. 9) (- < 7
HNZ(M7V)(7W) NZ(M,V)(,W)H% > 1—”1"2<',W)’ Hu uH‘f
Gall> () o Ly,
L= [raCow) -
Thus,
d(N(u,v)(-,w),N(i,9)(-,w)) < M(w)d((u(-,w),v(-,w)), (@(-,w), (-,w)),
where

Hu('aW)—V('vw)H%
Hﬁ('vw)_v(Ww)H‘f

Since, for every w € Q, the matrix M(w) converges to zero, then, by Theorem 2.12, N has a
O

unique random fixed point, which is a solution to problem (1.1)-(1.2).

9

Theorem 3.4. Suppose that (Hy) and (Hz) hold. Then problem (1.1)-(1.2) has at least one

solution.

Proof. The proof is split into steps.
Step 1: N(-,-,w) is continuous.

Let {(u,,vn)} be a sequence such that (u,,v,) — (4,v) in € X €, forany w € Q. If ¢ €

[a—ralort € [T, T+ B], then
[N (i, va) ) (2, W) = (N, v)) (2, w) || = 0.
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For t € I, we have

(| (Nittn, vn) (1, w)) = (Ni(u,v)) (1, w) || < /aT|Ga,-(t,S)|||fi(t,uz7n(w)aVnn(w),thn(f,w))
—Nf,-(t,u,(w),vt(w),hi(t,w))ﬂds
G(Xi”fi(’aun('aw)avn('aW)ahi,n('aw))
—fi(',u,(W),V(-,W),h,(-,W))Hg,i =1,2,

IN

where
hi(t,w) = filt,u' (w), V! (w), hi(t, w)).
Since f; is Carathéodory, we have
[(Nittn, va)) (- w) = (Ni,v)) (W)l —> 0 as n — 00,i= 1,2,
and hence
N (ttn,v) (-, w) = N(u,v) (-, w) ||z — 0 as n — oo.
Consequently, N is continuous. Let the constant R(w) be such that
R(w) >max{Li(w) +La(w), |91 (-, W)l ja=ra) + 1020w lja=ra W1 ¢ W) [l 7,74-8)
)l Tty
and define
Driyy = {(u,v) €€ X C : ||lullg <R(w) and [|v||z < R(w)}.
It is clear that Dy is a bounded, closed and convex subset of .
Step 2: N(Dg(w)) C Dg(w).
Let (u,v) € Dr(w). We show that N(u,v) = (Ny(u,v),Na(u,v)) € Dr(w).
For any w € Q, if 7 € [a — r,a], then
IN(u,v) (8, w) || < [91Co W) la—ra) + 1920, W)lja—ra) < R(W),
and if r € [T,T + B], then
INCu,v) (&) < T Cow)ll i) + W2 w) 7 748y < R(w).
For any w € Q and each ¢t € I, we have

T

) 1) < [ 1Gi0,5) ) s = 1,2

By (H3), we have, for any w € Q and eachz € I,
[hi(t, W)l < ai(t,w) +bi(t,w)l|ull—.p) + ci(t, w)|Vl[[—.p) + di(t,w) | hi(2, W)

< @i (w) +b; (w)lull =gy + i Cow) VIl =y + i (ow) [, W),

where
hi(t,w) = fi(t,ut (W), V' (w), hi(t,w)),i=1,2.

Then

a1 w) + (5} (o) +; (- w)R
i (2, W) < 1 —di(-,w)

= A(w). (3.10)
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By (3.10), forany w € Q and t € I, we have

| < Aw) [ ' Galt,5)lds
< A(wW)Ge,
= Li(w),
from which it follows that, for eacht € [a —r, T + B3],
INi(u, ) ()] < Li(w),
which implies that ||N;(u,v)(-,w)||¢ < Li(w). Hence,
IN(uv)(sw)llz < Li(w) +La(w)
< R(w).
Consequently,
N(Dgr(w)) C Dr(w).

Step 3: N(Dg(w)) is bounded and equicontinuous.
By Step 2, we have that N(Dg(w)) is bounded. For 11,1, € I = [a,T], t; < tp, (u,v) €
Dg(w), w € Q, we have

HW%W@M—WMMWWHSLM%WS4%WMM@WW

T
< A(w) / Gy (12,5) — Gay (11, 5)|ds.

As t; — 1p, the right hand side of the above inequality tends to zero. Therefore, the operator
N(u,v)(-,w) is equicontinuous. As consequence of Step 1 to Step 3, together withe the Arzela-
Ascoli theorem, we can conclude that N is continuous and completely continuous. Theorem 3.4
implies that the operator equation N(u,v)(-,w) = (u,v) has a random solution. This shows that
(1.1)-(1.2) has a random solution. [

4. AN EXAMPLE

We equip the space R* := (—o0,0) with the usual o-algebra consisting of Lebesgue measur-
able subsets of R* . Consider the boundary value problem of implicit Caputo-type modification
of the Erdélyi-Kober fractional differential equation:

((u(t,w),v(t,w)) = (e’_1 —1,2t-2), t€[0,1],
It
(2 10) (14 1 o+

(t—1)cos(t)
02410) (14 (o) |+ )|+ 1250,
L(u(t,w),v(t,w)) = (In(t —1),r =2), t€[2,3].

3
eDiu(t,w) = crel=]1,2]

3
W)l + IéDliu(t,W)I)

3
LDZ v(t,w) = ,tel=1[1,2]

4.1)
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Set
It
w2+ 10) (14 |u' | 4 [v/] + |aa])
(t—1)cos(t)
w2+ 10) (1 [u'] + v |+ [7])
and o = op = %,p = 1,r =1, = 1. Indeed for each u,v,i,v € C(|—1,1]),x,x € R" and
t €[1,2], we have

fl(t,u,v,b't,w):< t€[1,2],u,v e C([-1,1]),a € R,

fotu,v,v,w) = ( t€[1,2],u,v e C([-1,1]),7 € R",

o 1 _ _
Hfl(l,u,v,X,W)—fl(t,M,V,X,W)H < m(””‘””[wﬁ}‘l‘ Hv_vH[fr,ﬁ]
+ [x—x),
and
o 1 _ _
Hfz(t,u,v,x,W)—fz(t,u,v,x,w)H < m(””‘””[—dﬂ"’ HV_VH[—r,ﬁ]
+ [x—x).

Therefore, (H,) is verified with

1
12wl =g = i (W) =g = l7i (s W)l (57 = 210"
Foreachtr €I, i=1,2, we have

r 1 tP—aP T|/Tp _sp\ %!
. < p—1
/a|Goc,(tﬂs)|ds - I'(a) (Tp_ap)/a ( p > ’
i—1
I'(0t) Ja p
2 TP —aP\ %
F(a,-+1)( p )

o 2 (TP —aP\*
< .
< ()

Furthermore, for every w € Q, the matrix

ds

ds

IA

Therefore

1 < 11 )
wW24+9)3vm\ 1 1)°
converges to 0. Hence, Theorem 3.3 implies that system (4.1) has a unique random solution
defined on [1,2].
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