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SEQUENTIALLY COMPACT SJS-METRIC SPACES
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Abstract. We introduce the notion of sequentially compactness on SJS-metric spaces and study the properties
of sequentially compact SJS-metric spaces. As an application, we obtain the results on fixed points of mappings
defined on sequentially compact SJS-metric spaces.
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1. INTRODUCTION

Compactness plays an extremely important role in mathematical analysis. A generalization
of compactness is sequentially compact if every infinite sequence of points sampled from the
space has an infinite subsequence that converges to some point of the space. Various equivalent
notions of compactness, including sequential compactness and limit point compactness, can be
developed in general metric spaces. In general topological spaces, however, different notions
of compactness are not necessarily equivalent. The most useful notion, which is the standard
definition of the unqualified term compactness, is phrased in terms of the existence of finite
families of open sets that ”cover” the space in the sense that each point of the space lies in some
set contained in the family. This more subtle notion exhibits compact spaces as generalizations
of finite sets. In spaces that are compact in this sense, it is often possible to patch together
information that holds locally into corresponding statements that hold throughout the space.
Thus compactness is a sort of generalization of the notion of finiteness. The power of compact-
ness is that it provides a finite structure for infinite sets in the situation where finiteness makes
life easier (such as in optimization problems). Soon after the introduction of the concept of
metric spaces by Maurice Fréchet in his seminal paper ”Sur quelques points du calcul fonction-
nel”, it was felt by researchers that these conditions of metric are too abstract and unrealistic.
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There are several attempts in the literatures to relax/generalize them by several researchers; see,
e.g., fuzzy metric spaces [1], modular metric space with the Fatou property [2], generalized
D-metric spaces [3,4], b− metric spaces [5], pseudometric spaces/dislocated metric spaces [6],
cone metric spaces [7], partial metric spaces [8], generalized cone metric spaces [9], JS-metric
spaces [10] and so on.

Recently, Beg et al. [11] presented a very general notion of SJS- metric (see Definition 2.1)
which does not satisfy the triangle inequality and symmetry, and studied its properties with
several examples.

In this paper, we continue this line of research and define the concept of sequential compact-
ness on SJS-metric spaces, study their properties and show its applications in fixed point theory.
This paper is arranged in following manner. Section 2 presents basic preliminaries about SJS-
metric spaces. Section 3 proposes the notion of sequentially compact SJS- metric space and
study their properties. In Section 4, the applications to fixed point theory are given. Finally,
Sections 5, we conclude the paper and proposes some directions for future work.

2. PRELIMINARIES

First we give some basic preliminaries about SJS-metric spaces due to Beg et al. [11] for
subsequent use in Sections 3 and 4.

Let X be a nonempty set and J : X3→ [0,∞] be a function. Let us define the set

S(J,X ,x) = {{xn} ⊂ X : lim
n→∞

J(x,x,xn) = 0}

for all x ∈ X .

Definition 2.1. Let X be a nonempty set and J : X3→ [0,∞] satisfy the following conditions:
(J1) J(x,y,z) = 0 implies x = y = z for any x,y,z ∈ X ;
(J2) there exists some b > 0 such that, for any (x,y,z) ∈ X3 and {zn} ∈ S(J,X ,z),

J(x,y,z)≤ b limsup
n→∞

(J(x,x,zn)+ J(y,y,zn))

Then the pair (X ,J) is called an SJS-metric space.

Additionally if J also satisfies (J3) J(x,x,y) = J(y,y,x) for all x,y ∈ X , then we call it a
symmetric SJS-metric space.

Definition 2.2. Let (X ,J) be an SJS-metric space. Then a sequence {xn} ⊂ X is said to be
convergent to an element x ∈ X if {xn} ∈ S(J,X ,x).

Proposition 2.3. [11] In an SJS-metric space (X ,J), if {xn} converges to both x and y, then
x = y.

Next we give some topological properties of an SJS-metric space.

Definition 2.4. Let (X ,J) be an SJS-metric space. The open and closed ball of center x ∈ X and
radius r > 0 in X are defined as follows

BJ(x,r) = {y ∈ X : J(x,x,y)< r};
BJ[x,r] = {y ∈ X : J(x,x,y)≤ r} (2.1)
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Theorem 2.5. [11] Let (X ,J) be an SJS-metric space. Let τ = { /0}∪{U(6= /0) ⊂ X : for any
x ∈U there exists r > 0 such that BJ(x,r)⊂U}. Then τ forms a topology on X .

Definition 2.6. Let (X ,J) be an SJS-metric space and F ⊂ X . Then F is said to be closed if there
exists an open set U ⊂ X such that F =Uc.

Proposition 2.7. [11] Let (X ,J) be an SJS-metric space and F ⊂ X be closed. Let {xn} ⊂ F
be such that {xn} ∈ S(J,X ,x). Then x ∈ F.

3. THE SEQUENTIALLY COMPACT SJS-METRIC SPACE

Now we define the sequentially compact SJS-metric space and study their topological prop-
erties.

Definition 3.1. Let (X ,J) and (Y,J′) be two SJS-metric spaces and T : X → Y be a mapping.
Then T is called continuous at a ∈ X if, for any ε > 0, there exists δ > 0 such that, for any
x ∈ X , J′(Ta,Ta,T x)< ε whenever J(a,a,x)< δ .

Definition 3.2. Let (X ,J) be an SJS-metric space. A family {Aα}α∈Λ, where Λ is an indexing
set, of nonempty subsets of X is said to have the finite intersection property if for any finite
sub-collection of subsets from {Aα}α∈Λ has nonempty intersection.

Definition 3.3. An SJS-metric space (X ,J) is said to be sequentially compact if every sequence
{xn} in X has a convergent subsequence.

Theorem 3.4. If (X ,J) is a sequentially compact SJS-metric space, then every countable family
of closed sets with the finite intersection property has non-empty intersection.

Proof. Let {Fi}∞
i=1 be a countable family of closed sets with the finite intersection property.

Also, let xi ∈ F1 ∩F2 ∩ ...∩Fi for all i ∈ N. Then {xn} is a sequence in X . Now since X is
sequentially compact, we have that {xn} has a convergent subsequence {xnk}, which converges
to some x ∈ X .

Now, if x /∈ ∩∞
i=1Fi, then x /∈ Fj for some j ∈ N. Therefore x ∈ X\Fj and so there exists some

r > 0 such that BJ(x,r)⊂ X\Fj. Since J(x,x,xnk)→ 0 as k→∞, we have that there exists N ∈N
such that J(x,x,xnk) < r for all k ≥ N. Thus xnk ∈ BJ(x,r) ⊂ X\Fj for all k ≥ N but xm ∈ Fj

for any m≥ j. If we choose k0 = max{N, j}, then xnk0
∈ Fj ∩ (X\Fj), which is a contradiction.

Hence x ∈ ∩∞
i=1Fi and thus ∩∞

i=1Fi 6= /0. �

Proposition 3.5. Let (X ,J) be a sequentially compact SJS-metric space and F ⊂ X be closed.
Then F is also sequentially compact.

Proof. Let {xn} ⊂ F be an arbitrary sequence. Since X is sequentially compact , we have that
{xn} has a convergent subsequence {xnk} ∈ S(J,X ,x) for some x ∈ X . As F is closed, therefore
by Proposition 2.7, we have x ∈ F. Hence F is also sequentially compact. �

Proposition 3.6. Let (X ,J) be an SJS-metric space and A ⊂ X be sequentially compact. Then
A is closed.
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Proof. To prove that A is closed, we have to show X\A is open. Without loss of generality, let
us take X\A 6= /0. Let x ∈ X\A and let us assume that BJ(x, 1

n)∩A 6= /0 for all n ∈ N. Also let
xn ∈ BJ(x, 1

n)∩A for all n≥ 1. Since J(x,x,xn)<
1
n → 0 as n→∞, we have that {xn} converges

to x. Now A is sequentially compact. So {xn} has a convergent subsequence {xnk} ∈ S(J,X ,y)
for some y ∈ A. Therefore, by Proposition 2.3, we have x = y, a contradiction. So there exists
some N ∈ N such that BJ(x, 1

N )⊂ X\A. Hence A is closed. �

Proposition 3.7. (a) The union of a finite collection of sequentially compact subsets of an SJS-
metric space is sequentially compact.

(b) The intersection of an arbitrary family of sequentially compact subsets of an SJS-metric
space is sequentially compact.

Proof. (a) Let {A1,A2, ...,An} be a finite collection of sequentially compact subsets of an SJS-
metric space (X ,J).

Let A = ∪n
i=1Ai and {xn} ⊂ A. Therefore, there exists at least one Ai, 1 ≤ i ≤ n such that

Ai contains infinitely many terms of {xn}. Let {xnk} be a convergent subsequence of {xn} |Ai ,
which converges to some x ∈ Ai. Then x also belongs to A and hence A is also sequentially
compact.

(b) Let {Bγ}γ∈Λ be an arbitrary collection of sequentially compact subsets of (X ,J). Let
{xn} ⊂ B = ∩γ∈ΛBγ . Then {xn} ⊂ Bγ for all γ ∈ Λ. In particular, since Bγ is sequentially
compact, we have that {xn} has a convergent subsequence {xnk}, which converges to some
x ∈ Bγ . Since each Bγ is closed, by Proposition 3.6, we get that B is closed in X . So x ∈ B and
this proves that B is sequentially compact. �

Proposition 3.8. Let (X ,J) and (Y,J′) be two SJS-metric spaces and T : X→Y be a continuous
mapping. If X is sequentially compact, then T (X) is also sequentially compact.

Proof. Let {yn} ⊂ T (X) be an arbitrary sequence. Then there exists a sequence {xn} in X such
that yn = T xn for all n∈N. Since X is sequentially compact, we have that {xn} has a convergent
subsequence {xnk} in X , which converges to some x ∈ X . Since T is continuous, therefore, it
can be easily seen that {T xnk} ∈ S(J′,Y,T x). Hence T (X) is also sequentially compact. �

4. APPLICATIONS TO FIXED POINTS

Following the literatures [12–14], we now prove some contractive fixed point theorems on a
sequentially compact SJS- metric space.

Theorem 4.1. Let (X ,J) be a sequentially compact SJS-metric space such that, for any contin-
uous map G : X → X, J(x,x,Gx) is a continuous function on X . Suppose that T is a continuous
map on X such that, for all x,y ∈ X with J(x,x,y)> 0,

J(T x,T x,Ty)< max{J(x,x,T x),J(y,y,Ty),J(x,x,y)}. (4.1)

If, for some z ∈ X, J(z,z,T z)< ∞, then T has a fixed point u in X with dJ(u,u) = 0. Moreover
if u′ is another fixed point of T such that dJ(u′,u′)< ∞ and dJ(u,u′)< ∞, then u = u′.

Proof. Let us denote dJ(x,y)= J(x,x,y) for all x,y∈X and zn =T nz for all n≥ 0. If dJ(zn,zn+1)=

0 for some n∈N∪{0}, then zn = zn+1 and we have zn = zn+k for all k≥ 1. Therefore dJ(zn,zn+k)=
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0 for all k ∈N. Clearly, {zm} converges to u = zn. Since T is continuous, it follows that Tu = u.
So we assume that d j(zn,zn+1) > 0 for all n ≥ 0. Also let V (y) = dJ(y,Ty). Then by our as-
sumption V is continuous. Now,

V (zn+1) = d j(zn+1,zn+2)< max{d j(zn,zn+1),d j(zn+1,zn+2),d j(zn,zn+1)}

implies V (zn+1)<V (zn) for all n ∈ N∪{0}, that is, for any n≥ 0,

V (zn+1)<V (zn)<V (z0) =V (z)< ∞.

Thus there exists some r≥ 0 such that limn→∞V (zn) = r. Since the sequence {zn} has a conver-
gent subsequence, which converges to some u∈ X and V is continuous, it follows that V (u) = r.
Also since T is continuous we get V (Tu) = r.

Now if r > 0, then

r =V (Tu) = dJ(Tu,T 2u)< max{dJ(u,Tu),dJ(Tu,T 2u),dJ(u,Tu)}= r,

which is a contradiction. Therefore r = 0 and dJ(u,Tu) = dJ(Tu,T 2u) = 0. So u is a fixed point
of T. Now we prove that the sequence {zn} converges to u. For any given ε > 0, there exists a
positive integer M such that {V (zM),dJ(zM,u)}< ε. Thus

dJ(zn,u) = dJ(T zn−1,Tu)

< max{dJ(zn−1,u),dJ(zn−1,zn),dJ(u,Tu)}
= max{V (zn−1),dJ(zn−1,u))}
< max{V (zn−1),V (zn−2),dJ(zn−2,u)}
= max{V (zn−2),dJ(zn−2,u)}

...

< max{V (zM),dJ(zM,u)}< ε (4.2)

for all n > M. Hence limn→∞ zn = u. Clearly dJ(u,u) = 0.
Uniqueness Let u′ be another fixed point of T such that dJ(u,u′)< ∞. Since dJ(u′,u′)< ∞, it

follows that dJ(u′,u′) = 0. Let dJ(u,u′)> 0. Then

dJ(u,u′) = dJ(Tu,Tu′)< max{dJ(u,u),dJ(u′,u′),dJ(u,u′)}= dJ(u,u′),

a contradiction. Hence dJ(u,u′) = 0 and we get u = u′. �

Corollary 4.2. Let (X ,J) be a sequentially compact SJS-metric space such that, for any contin-
uous map G : X → X, J(x,x,Gx) is a continuous function on X . Also let T be a mapping on X
such that, for all x,y ∈ X with J(x,x,y)> 0,

J(T x,T x,Ty)< J(x,x,y). (4.3)

Then, for any z in X with J(z,z,T z)< ∞, {T nz} converges to u and u is a fixed point of T.

Proof. Clearly, T satisfies all the conditions of Theorem 4.1. So the result of this Corollary
follows immediately. �
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Corollary 4.3. Let (X ,J) be a sequentially compact SJS-metric space such that, for any con-
tinuous map G : X → X, J(x,x,Gx) is a continuous function on X . Also let T be a continuous
mapping on X such that, for all x,y ∈ X with J(x,x,y)> 0,

J(T x,T x,Ty)<
1
2
[J(x,x,T x)+ J(y,y,Ty)]. (4.4)

Then, for any z in X with J(z,z,T z)< ∞, {T nz} converges to u and u is a fixed point of T.

Proof. Clearly T satisfies all the conditions of Theorem 4.1. So the result of this Corollary
follows immediately. �

Corollary 4.4. Let (X ,J) be a sequentially compact SJS-metric space such that, for any contin-
uous map G : X → X, J(x,x,Gx) is a continuous function on X and T be a continuous mapping
on X such that, for all x,y ∈ X with J(x,x,y)> 0,

J(T x,T x,Ty)< max{J(x,x,T x),J(y,y,Ty)}. (4.5)

Then, for any z in X with J(z,z,T z)< ∞, {T nz} converges to v and v is a fixed point of T.

Proof. Clearly T satisfies all the conditions of Theorem 4.1. So the result of this Corollary
follows immediately. �

Definition 4.5. [15] Let X be a non-empty set and S : X3→ [0,∞) be a function satisfying the
following conditions, for each x,y,z,w ∈ X ,

(i) S(x,y,z) = 0 if and only if x = y = z;
(ii) S(x,y,z)≤ S(x,x,w)+S(y,y,w)+S(z,z,w).

The function S is called an S-metric and the pair (X ,S) is called an S-metric space.

Obviously, every S-metric space is a SJS-metric space. Converse is not always true.

Corollary 4.6. Let (X ,S) be a sequentially compact S-metric space and T be a continuous
mapping on X such that, for all x,y ∈ X with x 6= y,

S(T x,T x,Ty)< max{S(x,x,T x),S(y,y,Ty),S(x,x,y)}.

Then, for any y in X , {T ny} converges to v and v is a fixed point of T.

Proof. If G is a continuous mapping, then, for any x∈X and any sequence {xn} in X converging
to x,

|S(xn,xn,Gxn)−S(x,x,Gx)| ≤ 2[S(xn,xn,x)+S(Gxn,Gxn,Gx)]→ 0

as n→∞. Therefore S(x,x,Gx) is a continuous function on X whenever G is continuous. There-
fore all the conditions of Theorem 4.1 are satisfied and it follows that v is a fixed point of T. �

Example 4.7. Let X = [0,∞) and J : X3 → X be defined by J(x,y,z) = |x− y|+ |x− z| for
all x,y,z ∈ X and T : X → X be defined by T x = x− tan−1 x for all x ∈ X . Then T satisfies
J(T x,T x,Ty) < J(x,x,y) for all x,y ∈ X and also for x0 = 0 the iterative sequence {T nx0}
converges to 0 and 0 is the unique fixed point of T.
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Example 4.8. Let X = [0,5] and J : X3 → X be defined by J(x,y,z) = |x− y|+ |x− z| for all
x,y,z ∈ X and T : X → X be defined by

T x =
{ 3x

4 , if x ∈ [0,4]
10− 7x

4 , if x ∈ [4,5]
(4.6)

Then T is continuous and satisfies the contractive condition (4.6) but it does not satisfy J(T x,T x,
Ty) < J(x,x,y) for all x,y ∈ X since J(T 4,T 4,T 5) = 7

4 ≮ J(4,4,5). Thus all the conditions of
Corollary 4.6 are satisfied. Also for z0 = 0, the iterative sequence {T nz0} converges to 0 and 0
is the unique fixed point of T.

5. CONCLUSION

In this paper, we started the study of sequentially compact SJS-metric spaces, their prop-
erties and the applications in fixed point theory. This is a very challenging area of research
and there are vast opportunities for further work on sequentially compact SJS-metric spaces.
In future, we continue to study the applications in optimization theory, Bolzano Weierstrass
theorem, Lebesgue’s covering theorem, the notion of totally bounded and Ascoli’s theorem on
sequentially compact SJS-metric spaces.
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