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Abstract. In this paper, we establish a type of minimax problem for multivalued mappings in ordered locally
convex spaces under mild conditions, which can be viewed as another version of the famous Ky Fan minimax
theorem.
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1. INTRODUCTION

The minimax problems have been studied extensively in the literature. These problems are
important because the minimax theorem offers a wide array of applications. Minimax theorems
of real-valued functions have been discussed since the 1960s; see, e.g., [1], [2], [3], [4] and ref-
erences therein. In recent years, based on the development of the game theory, the optimization
theory, and economics, a great deal of research has been devoted to the study of the minimax
theorem [5], [6], [7]. A lot of research has been devoted to the study of the existence of a fixed
points of single-valued and multivalued mappings in ordered Banach spaces [8], [9], and in
complete locally convex spaces [10], [11].

In this paper, we establish some fixed point theorems of multivalued mappings a complete
ordered locally convex spaces under weaker assumptions. It is well known that partial order
plays an important role in optimization theory. The optimization problems in the previous
references, which were studied in the partial order induced by a closed cone such as the subsets
of space, were compact convex or closed convex. But in some situations, the subsets of space
are order convex. Our fixed point results can be seen as generalizations of [8, Theorem 2.1.1]
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and [4]. By using our fixed point results, we derive some Minimax theorems of condensing
multivalued mapping in the case where the subsets of space are order convex.

2. NOTATIONS AND PRELIMINARIES

Let E be a real vector space. A cone K in E is a subset of E with K+ K C K, aK C K for all
o >0,and KN (—K) = {0}. As usual, E will be ordered by the (partial) order relation

x<y&sy—xek

and the cone K will be denoted by E™. E is said to be an ordered topological vector space if
E is an ordered vector space equipped with a linear topology for which the positive cone E™ is
closed. For two vectors x,y € E, the order interval [x,y] is the set defined by

X,y ={z€ E:x<z<y}.

Note that if x £ y, then [x,y] = ¢.

A cone E* of an ordered topological vector space E is said to be normal whenever the
topology of E has a base at zero consisting of order convex sets. If the topology of E is also
locally convex, then E is said to be an ordered locally convex space. In this case, the topology
of E has a base at zero consisting of open, circled, convex, and order convex neighborhoods.
conv(A) denotes the closed convex hull of A.

The following two lemmas will be useful in the proofs of our results.

Lemma 2.1 ([12, Lemma 2.3]). If E is an ordered topological vector space, then E is Hausdorff
and the order intervals of E are closed.

Lemma 2.2 ( [12, Lemma 2.22 and Theorem 2.23]). If the cone E™ of an ordered topological
vector space (E, 1) is normal, then the following assertions hold:
(1) every order interval is T—bounded,
(2) for every two nets (xq), (Vo) C E, (with the same index set I) satisfy 0 < xq < yo for
each o and yg 50 imply x¢ 50.

Let E be an ordered locally convex space whose topology is defined by a family & of con-
tinuous semi-norms on E, 4 the family of all bounded subsets of E, and & the space of all
functions @ : & —R* with the usual partial ordering @; < @, if @; (p) < @2 (p) forall p € 2.
The measure of noncompactness on E is the function & : &8 — @ such that, for every B € A,
a(B) is the function from & into R™ defined by

o(B)(p) =inf{d >0:sup{p(x—y):x,y € B;} <d Vi},

where the infimum is taken on all subsets B; such that B is finite union of B;. Properties of
measure of noncompactness in locally convex spaces were presented in [10, Proposition 1.4].

An operator T : Q C E — E is said to be countably condensing if 7(Q) is bounded and if, for
any countably bounded set A of Q with a/(A)(p) > 0,

a(T (A))(p) < a(A)(p)

Definition 2.3. Let E be a complete ordered locally convex space with a normal cone E*. An
element x € E is said to be a fixed point of a multivalued mapping T : E — 2F if x € T(x).
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Definition 2.4. Let E be a complete ordered locally convex space with a normal cone E™. Let
A,B€2E. Then A < Bmeans a < b foralla € A and b € B. A map T : E — 2F is said to be
isotone nondecreasing if, forx,yc Eandx <y, Tx <Ty. Amap T : E — 2E is said to be isotone
nonincreasing if, forx,y € Eand x <y, Tx > Ty.

Definition 2.5. Let E be a complete ordered locally convex space with a normal cone E*. Two
maps S, T : E — 2F are said to be weakly isotone increasing if, for any x € E, Sx < T for all
veSxand Tx < Sy forall ye Tx. S and T are called weakly isotone decreasing if, for any
xeE ,Sx>Tyforall y e Sxand Tx > Sy for all y € Tx. Also two mappings S and T are called
weakly isotone if they are either weakly isotone increasing or weakly isotone decreasing.

Definition 2.6. Let E be a complete ordered locally convex space with a normal cone E*, and
let Q C E. An operator T : Q — 29 is said to be countably condensing if 7'(Q) is bounded and
if, for any countably bounded set A of Q with a((A)(p) >0,

a(T (A))(p) < a(A)(p)
with T(A) = Uyea T x.

3. MAIN RESULTS

The following results generalize the results of [8] and [4] in complete ordered locally convex
spaces, and we add another results whith weak conditions.

Lemma 3.1. Let E be an ordered topological vector space with a normal cone E*. Then a
monotone net (uy) C E is convergent if and only if it has a weakly convergent subnet.

Proof. The “only if” part is obvious. For the ” if ” part, we assume that (“a)ae(a) is nonde-
creasing and let (i, );c(; C (4a) be a subnet such that ug, — u weakly for some u € E, where
(o) stands for the indexed set of the net (u). Let B € (&) be fixed. For each o > B3, let iy € (i)
such that oy, > or. Thus, for each i > iy,

ug <ug < g 3.1)

Thus, since uqy, — u weakly and the cone E™ is weakly closed (being a closed and convex set),
we see that ug < u for each f§ € (). Thus, it follows from [12, Lemma 2.28] that limue, = u.
Now, let V € V(0) be arbitrary. Since E™ is normal, we may assume that V is an order convex
set. Let j € (i) such that u —ug, € V foreachi > j. If B > «;, then 0 < u—ug <u—ug;. Hence
u—ug €V. That is, limug = u as required. The desired conclusion is proved similarly when
(ug) is nonincreasing. O

In the following theorem, we use the notion of a closed (have closed graph ) mapping in the
case of a locally convex space. A Hausdorff locally convex space is regular, [13, see Chapter
VI, Section 1].

Theorem 3.2. Let E be a complete ordered locally convex space with a normal cone E™. Let
Q be an order convex subset of E. Let uy,vo € Q, ug < vg and let T : Q — 22 be a monotone
closed and isotone nondecreasing mappings such that T fixes the interval [ug,vo|. Suppose that
T is condensing. Then, T has a minimal fixed point u and a maximal fixed point v in Q.
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Proof. Consider the sequences (u,) and (v,) defined by:
up € Tup,—1, vy €Tv,—q, neN. (3.2)
Since T is isotone nondecreasing, we fixes the interval [ug, vo]. It follows from (3.2) that
up <up < ....<u, <... <y, <...<v; <. (3.3)

Observe that [ug, vo] C Q because Q is a order convex subset of E. Letting A = {ug, uy,.....}, we
have A = {up} UT (A) and the set A is bounded since T is condensing (so in particular 7'(Q) is
bounded). So, A is compact by [14, p 89], and {u,} has a convergent subnet, which converges
to u € [ug,vo]. By (3.3), {u,} is nondecreasing. It follows from lemma 3.1 that the original
sequence {u, } converges to u € [ug,vo] C Q. Also, we have

u= limu, and u,, € Tu,_
n—soo

Since T is monotone closed mapping, we have u € Tu. Similarly, we can prove that {v,} con-
verges to some v € E and v € Tv.

Finally, we prove that u and v are the maximal and minimal fixed points of T in [ug, v] C Q.
Indeed, let x € [ug, vp] and x € Tx. Since T is nondecreasing, we have u,, < x < v,. Taking limit
n — oo, we obtain u < x <. O

Theorem 3.3. [15] Let E be a complete locally convex space. Let C C E be a nonempty
compact convex subset, and let T : C — 2¢ be a monotone closed such that T (x) is nonempty
closed and convex for every x € C. Then T has a fixed point u € C.

Theorem 3.4. Let E be a complete locally convex space. Let C C E be a nonempty closed,
bounded and convex subset, and let T : C — 2€ be a monotone closed such that T (x) is nonempty
closed and convex for every x € C, and 3k € [0,1[: o(T(Q))(p) < kat(Q)(p).for all Q C K.
Then, T has a fixed point u € C.

Proof. Let Qy = C. By induction, we show Q, = conv(T(Q,_1)), for n € N. Note that Q, C
Q,_1 and a(Q,)(p) <K'a(Qo)(p). Indeed, Q1 C Qo, and the properties of ¢ give

(Qi1)(p) = a(conv(T (Q0)))(p) = (T (o)) (p) < ka(Q0)(p)-
So () is obvious for n = 1. Suppose that this relations is valid to order n > 1. Then,
Q1 = com(T(Q)) C ComH(T Q1)) = Qi
and

a(Qu1)(p) = a(Comv(T () (p) = (T () (p) < kat(Qa) (p) < K" ax(Q0) ().

So, limy,—ye () (p) = 0, donc Q = N;,>0€2, is non-empty and compact [10, see Lemma 2.4],
and Q is convex. On the other hand, T(Q,) C T(Q,+1) C conv(T (2,-1)) = Q,,n > 1. So,
T : Q — 22 By using theorem 3.3, we have that 7' has a fixed point in Q C C. O

Theorem 3.5. Let E be a complete locally convex space. Let C C E be a nonempty closed,
bounded and convex subset, and let T : C — 2€ be a condensing and monotone closed mapping
such that T (x) is nonempty closed and convex for every x € C. Then, T has a fixed point u € C.
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Proof. Letk € [0,1] and S =kT. So, for all Q C K, o (S(Q))(p) = ka(T(Q))(p) < ko (Q)(p).
Then, by using Theorem 3.4, we have that S has a fixed point x € Sx = kTx. We pose k =k, — 1
if n — oo. So, x,, € k,Tx,. Note that {x,, — Tx,,} = (1 —k,){Tx,} is relatively compact. Now,

a(xn)(p) = o((xa—Txn)+T(xn))(p)
< a((n = Txa))(p) + (T () (p)
= (T (x))(p)
< a(x)(p).
So, o (x,)(p) = 0. By using [14, p 89], we have {x, } has a convergent subnet which converges
to z € C. As T is monotone closed, we have z € Tz. This completes the proof. U

Theorem 3.6. Let E be a complete ordered locally convex space with a normal cone E™. Let
Q be an order convex subset of E. Let ug,vg € Q, ug <voandlet T : Q — 22 be a monotone
closed and isotone nonincreasing mappings such that T? fixes the interval [ug, vo]. Suppose that
T is condensing and T (x) is nonempty closed and convex for every x € C. Then, T has a fixed
point in Q.

Proof. Note that T is condensing and monotone closed, so is T?. We also have that T2 is
nondecreasing and fixes the interval [ug, vo|. Then, from 3.3, T2 has a minimal fixed point u and
a maximal fixed point v in Q. It is easy to see that Tu and T'v are likwise a fixed point of T2.
Therefore, we have

u<Tv<Tu<vy
Now, if x € [u,v], then
u<Tv<Tx<Tu<vy

It follows that T fixes the interval [u,v]. Then T [u,v] is bounded. Now, because the cone E is
normal, we have that the interval [u,v] is a convex, closed, and bounded subset of E. By using
Theorem 3.5, it follows that T has a fixed point in [u,v] C Q. O

4. THE APPLICATION TO GAME THEORY

In this section, we give an application of Theorem 3.6 to game theory with a new method and
new hypothesis. A game is a triple (A,B,K), where A, B are nonempty ordred sets ( [5, page
326]), whose elements are called strategies, and K : A x B — R is the gain function. There
are two players, @ and f3, and K(x,y) represents the gain of the player @ when he chooses the
strategy x € A and the player 3 chooses the strategy y € B. The quantity —K (x,y) represents the
gain of the player 8 in the same situation. The target of the player « is to maximize his gain
when the player B chooses a strategy that is the worst for a, that is, to choose xo € A such that

inf K = inf K .
inf (x0,¥) max inf (x,)
Similarly, the player 8 chooses yy € B such that

supK(x,yp) = minsup K (x,y).
x€A YEB xeA
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It follows
sup inf K(x,y) = inf K(x0,y) < K(x0,v0) < supK(x,yp) < inf supK(x,y). 4.1)
x€AYEB yeB XEA YEB xeA
Note that, in general,
supinf K(x,y) < infsupK(x,y). 4.2)
sup inf (x,¥) inf sup (x,y)

If the equality holds in (4.1), then, we have from (4.2) that

sup inf K(x,y) = K(xq,y0) = inf supK(x,y). (4.3)
xeAYEB YEB xea

The common value in (4.3) is called the value of the game, (xg,y9) € A X B a solution of the
game and x( and yo winning strategies. To prove the existence of a solution of a game, we have
to prove equality (4.2). For more details on game theory and minimax theorems, we refer to
the books of Carl-Heikkild [5] and Aubin [6]. Let (X,<y) and (¥, <y) be a complete ordered
locally convex spaces. Consider in the product space (X x Y, <) the following partial orders.
For any A X Bj,As x By € 2X*Y we denote

Al XB] <Ay xByiff A <x Ay and B <y B,
With
Al <x Ay iffx; <x x2, V(x1,x2) €A1 XA, (1)

It is easy to see that if X' is a normal cone in X and Y is a normal cone in Y, then (X x ¥Y™)
is also a normal cone of the product ordered topological space X x Y. In this section, < and <
mean the total order relation of R. ForA C X,B CY, mx : A X B— A denotes the first projection
mapping, i.e., mx(x,y) = x, V(x,y) € Ax B. And for a subset ACX,BCY, ty:AXB —
B denotes the second projection mapping, i.e., @y (x,y) =y, V(x,y) € A x B. The projection
mapping 7Ty is continuous (see, [16, see Chapter IV, p 81]). We set

o(x) = milrglK(x,y) =minK(x X B),x €A
ye
and
¥(v) = maxK(x,y) = maxK(A x y),y € B
RAS)
We exclude the trivial case, and assume that the sets

{xeA:K(xy)=y(y)}and {y € B: K(x,y) = ¢(x)}

are nonempty. We set

Ny={x€A:K(x,y)=y(y)} and My ={y € B: K(x,y) = ¢(x)}
and
Np = Uyep'Ny, Mp = UxepMy
for any set (D x D') of A x B

In the sequel, we consider the measure of noncompactness & (p) on a product of locally
convex spaces; see [17].
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Theorem 4.1. Let X,X>,...,X,, be a complete locally convex spaces. Assume that o, 0, ..., 0
be the measure of noncompactness in X1,X, ..., X, respectively, Suppose that F : ([0, 4o0[)" —
[0, 40| is

(1) convexe.

(2) F(x1,x2,...,x,) =0 ifand only if x; =0 fori=1,2,...,n.
Then, for each D € B(X) X Xp X ... x Xy),

o (D)(p) = F (a1 (D1)(p), 02(D2)(p), -, @ (Dn)(p))-

defines a measure of noncompactness in X; X Xp X ... X Xy, where D1,D,,...,D, denote the
natural projection of D into X; fori=1,...,n.

Theorem 4.2. Let (X,<x) and (Y,<y) be a complete ordered locally convex spaces, and let
A C X and B C Y nonempty order convex sets. Let (ug,vo), (u1,v1) € A X B such that (up,vp) <
(u1,v1). Suppose that

(1) the functions K : A x B — R, v and ¢ are continuous;
(2) Vx,x' € Awithx <x x' = M, >y M, and

Vy,y' € Bwithy <y y' = Ny, >x Ny;
(3) V(DxD')C B(XxY):

F(ou(Np)(p), 02(Mp)(p)) < F(ou(D)(p),0(D')(p)):
(4) I(wo,w1) € Ny, X My, such that {(ug,vo)} < Ny, X My,
and 3(wy, Wy) € Nyy X My, such that Ny x M,y < {(u1,v1)}.

Then,

minmax K = maxminK 4.4
yEB xcA (x.5) x€A YEB (,y) “4

and the game (A, B,K) has a solution.

Proof. We pose C = A x B and ¢ = (x,y). The product set C is ordred convex (product of two
ordred convex). Therefore, the following two mapping can be defined by:

T:C—2°,
¢ — Ny X My,

where ¢ = (x,y) € A x B. First, we show that T have the closed graph. Indeed, Let {(xq,y¢)} be
anetin C such that (x¢,ye) — (x,y) € C. Let { (ug, v )} be anet such that (ug,ve) € T (Xa, Yar)s
and (ug,ve) — (u,v). We then show that (u,v) € T(x,y). Note that

(Ua,va) €T (Xa,Ya) < (Ua,Va) € Ny, X My,
& K(ug,Ya) = Y(ya) and K (xq,ve) = ¢ (xq).
Since K and ¢ are continuous, for & € I, we have that
K(u,y) = y(y) and K (x,v) = ¢ (x)

So, (u,v) € T(x,y), which implies that T has a closed graph.
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Now, we show T is countably condensing map. Indeed, Let Q C C a countable and bounded
set. Using the hypothesis (3), we have

a*(T(Q))(p) = & (UeeoTc)(p)

(
(Utxy)coNy X My)(p)
“(Utxy)coNas(xy) X M, (x)) (P)
*(Nap(0) X Mz, (0))(P)

(01 (Nzy(0))(P), 02 (Mg, (0))(P))
< F(au(ma(Q))(p), a(75(2))(p))
= a”(Q)(p).

This shows that T is a countably condensing on C. Using hypothesis (2), it is clear to see that T
is nonincreasing. Finally, from w = (wo,w;),w' = (wp, w}),u = (uo,v0), v = (u1,v1), we have

X

|
R R KR R

“11

“11

I(wo,w1) € Nyy X My, : {(uo,v0)} K Nyyy X My, < Iwe Tu,{u} <Tw

e {up< | W
weTu

& {u} < T?u,
which implies that

F(wo, wh) € Noy X My Ny, XMw{) <A{(u;,v1)} & I eTvTw < {v}

s | mw<{v}

weTy
& Tv<{v)
Since T? is nondecreasing, we, therefore, have that T? fixes the interval [u,v]. Thus, by using

theorem 3.6, we have that T has a fixed point ¢* = (x*,y*). So, ¢* € T'¢* = Ny~ x My+. In other
words,

* € Ny < K(x*,y*) = maxK(x,y*) > inf max K
X" €Ny (x",y") = maxK (x,y") inf max (x,¥),

and

VE My < K(x*,y*) = minK (x*,y) < supminK(x,y)
yeEB x€A YEB

Taking into account these last two inequalities and (4.2), we get

K(x*,y*) <supminK(x,y) < inf maxK (x,y) < K(x*,y"),
yEB X€A X€A yeB

which implies that

max min K K(x* minmax K
max min (x,y) = K(x*,y") = minma (x,y).

This completes the proof. U
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Corollary 4.3. Under the same assumptions of Theorem 4.2, we now consider that 3(xg,yo), (x1,y1) €
X x Y such that (xo,y0) < (x1,y1) and the functions K : X x Y — R. Then,

minmax K (x,y) = maxmin K (x, 4.5
yEYxe)?( (x.) X yer (x.) (4.5)

and the game (X,Y,K) has a solution.

Proof. Since [xg,x1] and [yp,y1] are two ordred convex sets in X and Y, respectively, we apply
the previous theorem for A = [xg,x;] and B = [yg, y1] to obtain the desired conclusion. O

We give another application of Theorem 3.6, which is to result of J.von Neumann [18] (see
also [7]).

Theorem 4.4. Let (X,<x) and (Y,<y) be a complete ordered locally convex spaces and A C
X,B C Y nonempty ordred convex sets. For Q,Q' C A x B, we pose

Ny={x€A:(x,y)€Q}and M,={y€B: (x,y) € Q'}

and suppose that

(1) the sets Q,Q’ are closed;

(2) Vx,x' € Awithx <x x' = M, >y M, and
Vy,y € Bwithy <y y = Ny >x Ny;

(3)V(DxD')C BX xY):

F(a1(Np)(p), 2(Mp)(p)) < F(a1(D)(p), 02(D')(p));
(4) I(wo,w1) € Nyy X My, such that {(ug,vo)} <K Ny, X My,
and 3(w, wy) € Ny, X My, such that N, x M, < {(u1,v1)}-

Then, QNQ' #0

Proof. Set C =A x B and ¢ = (x,y). The product set C is ordred convex (product of two ordred
convex). Then the following two mapping can be defined by

T:C—2°,
¢ — Ny X My,

where ¢ = (x,y) € A x B. First, we will show that 7 have the closed graph. Indeed, Let
{(xa,ya)} be a net in C such that (xq,yq) — (x,y) € C. Let {(ug,va)} be a net such that
(ue,va) € T (X, Yar), and (ug,ve) — (u,v). We next show that (u,v) € T (x,y). Observe that

(Ua,va) €T (xa,Ya) < (Ug,Va) € Nyy X My,
& Uug € Ny, and vg € My,
& (Ua,ya) € Q and (xq,vq) € 0.
Since Q, Q' are closed, for o € I, we have that
(u,y) € Q and (x,v) € O

So, (u,v) € T(x,y), which implies that T has a closed graph. We prove the rest by the same
method of theorem 4.2. Thus, T has a fixed point ¢* = (x*,y*). So, we have ¢* € T'¢*, that is,

(x*,y*) € Nyx X Myx < x* € Ny and y* € My,
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which implies
(")) eQnQ’.
This completes the proof. U
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