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GLOBAL ATTRACTORS FOR A NONLINEAR BRESSE SYSTEM WITH DELAY IN THE
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Abstract. The aim of this paper is to investigate a nonlinear Bresse system with delay in the internal feedbacks. The existence
of global attractors with finite fractal dimension is established and the exponential stability of the system is obtained.
Keywords. Bresse system; Global attractor; Finite fractal dimension; Long-time dynamics.

2010 Mathematics Subject Classification. 37L05, 37L30.

1. INTRODUCTION

In this paper, we are concerned with the long-time dynamics of solutions of the following nonlinear
Bresse system with time delay term in the internal feedbacks

ρ1ϕtt − k(ϕx +ψ + lw)x− k0l(wx− lϕ) = g1,

ρ2ψtt −bψxx + k(ϕx +ψ + lw)+ γ1ψt +µ1ψt(x, t− τ1)+ f1(ψ) = g2,

ρ1wtt − k0(wx− lϕ)x + kl(ϕx +ψ + lw)+ γ2wt +µ2wt(x, t− τ2)+ f2(w) = g3,

(1.1)

where ϕ,ψ and w represent the vertical displacement, the shear angle and the longitudinal displacement,
respectively, ρ1,ρ2,b,k and k0 are positive coefficients, l is the curvature of the beam, γ1ψt and γ2wt rep-
resent frictional dampings, the functions µ1ψt(x, t−τ1) and µ2wt(x, t−τ2) are the time delay effects on
the beam, f1(ψ), f2(w),g1,g2 and g3 are the forcing terms, where γi,µi,τi, i = 1,2 are positive constants.

The system is subject to the Dirichlet boundary conditions

ϕ(0, t) = ϕ(1, t) = ψ(0, t) = ψ(1, t) = w(0, t) = w(1, t), t > 0,
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and the initial conditions

ϕ(x,0) = ϕ0(x),ϕt(x,0) = ϕ1(x),
ψ(x,0) = ψ0(x),ψt(x,0) = ψ1(x),
ψt(x, t− τ1) = f0(x, t− τ1), (x, t) ∈ (0,1)× (0,τ1),

w(x,0) = w0(x),wt(x,0) = w1(x),
wt(x, t− τ2) = f̃0(x, t− τ2), (x, t) ∈ (0,1)× (0,τ2).

Problems without delay (i.e.,µ1 = µ2 = 0) have been considered by many authors during the past decades
and many results have been obtained; see [1, 3, 5, 7, 10]. Recently, Feng and Yang [4] investigated the
following nonlinear Timoshenko system{

ρ1ϕtt − k(ϕx +ψ)x = h,
ρ2ψtt −bψxx + k(ϕx +ψ)+µ1ψt +µ2ψt(x, t− τ)+ f (ψ) = g.

They obtained the existence of a global attractor with finite fractal dimension for the case of equal speed
wave propagation. The existence of exponential attractors was also derived.

For the Bresse system, Ma and Monteiro [11] studied the semilinear system with nonlinear damping
and forcing terms

ρ1ϕtt − k(ϕx +ψ + lw)x− k0l(wx− lϕ)+g1(ϕt)+ f1(ϕ,ψ,w) = 0,
ρ2ψtt −bψxx + k(ϕx +ψ + lw)+g2(ψt)+ f2(ϕ,ψ,w) = 0,
ρ1wtt − k0(wx− lϕ)x + kl(ϕx +ψ + lw)+g3(wt)+ f3(ϕ,ψ,w) = 0.

They established the existence of a smooth global attractor and proved the regularity and finite dimension
of attractors. Furthermore, they also proved the existence of exponential attractors.

Motivated by the above results, our purpose in this paper is to establish the well-posedness of system
(1.1) by using semi-group methods and prove the existence of exponential attractors. The paper is orga-
nized as follows. In Section 2, we present lemmas. In Section 3, the well-posedness and the long-time
dynamics of system (1.1) are discussed. Finally, in Section 4, we establish the existence of exponential
attractors.

2. LEMMAS

We use the standard notations of Lebesgue integral spaces and Sobolev spaces as

Lq(0,1) (1≤ q≤ ∞) and H1
0 (0,1).

For simplify, we write ‖u‖ instead of ‖u‖2 when q = 2. We impose the following assumptions on the
forcing term f

| f (ψ2)− f (ψ1)| ≤ k1

(
|ψ1|θ + |ψ2|θ

)
|ψ1−ψ

2|, for all ψ
1,ψ2 ∈ R, (2.1)

with k1 > 0 and θ > 0. In addition, we assume that, for some constant k2 ≥ 0,

− k2 ≤ f̂ (ψ)≤ f (ψ)ψ, for all ψ ∈ R, (2.2)

where f̂ (z) =
∫ z

0 f (s)ds.
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Lemma 2.1. There exists a positive constant C such that the following inequality holds, for every
(ϕ,ψ,w) ∈ [H1

0 (0,1)]
3,∫ 1

0

(
ϕ

2
x +ψ

2
x +w2

x
)

dx≤ C
∫ 1

0

(
bψ

2
x + k(ϕx +ψ + lw)2 + k0(wx− lϕ)2)dx.

In order to prove our well posedness result, we make the following operations, as in [8], the new
variables

z1(x,ρ, t) = ψt(x, t− τ1ρ), x ∈ (0,1), ρ ∈ (0,1), t > 0,
z2(x,ρ, t) = wt(x, t− τ2ρ), x ∈ (0,1), ρ ∈ (0,1), t > 0.

Hence, we have

τ1z1t(x,ρ, t)+ z1ρ(x,ρ, t) = 0, in (0,1)× (0,1)× (0,∞),

τ2z2t(x,ρ, t)+ z2ρ(x,ρ, t) = 0, in (0,1)× (0,1)× (0,∞).

Then, system (1.1) is transformed into

ρ1ϕtt − k(ϕx +ψ + lw)x− k0l(wx− lϕ) = g1,

ρ2ψtt −bψxx + k(ϕx +ψ + lw)+ γ1ψt +µ1z1(x,1, t)+ f1(ψ) = g2,

τ1z1t(x,ρ, t)+ z1ρ(x,ρ, t) = 0,
ρ1wtt − k0(wx− lϕ)x + kl(ϕx +ψ + lw)+ γ2wt +µ2z2(x,1, t)+ f2(w) = g3,

τ2z2t(x,ρ, t)+ z2ρ(x,ρ, t) = 0,

(2.3)

with x ∈ (0,1),ρ ∈ (0,1). The above system subjected to the following initial and boundary conditions

ϕ(x,0) = ϕ0,ϕt(x,0) = ϕ1,ψ(x,0) = ψ0,ψt(x,0) = ψ1, x ∈ (0,1),
w(x,0) = w0,wt(x,0) = w1, x ∈ (0,1),
z1(x,ρ,0) = f0(x,−ρτ1), (x, t) ∈ (0,1)× (0,τ1),

z2(x,ρ,0) = f̃0(x,−ρτ2), (x, t) ∈ (0,1)× (0,τ2),

ϕ(0, t) = ϕ(1, t) = ψ(0, t) = ψ(1, t) = w(0, t) = w(1, t) = 0 t > 0,
z1(x,0, t) = ψt ,z2(x,0, t) = wt , x ∈ (0,1),

(2.4)

where ξ1 and ξ2 are two positive constants such that
τ1µ1 ≤ ξ1 ≤ τ1(2γ1−µ1),

τ2µ2 ≤ ξ2 ≤ τ2(2γ2−µ2).

(2.5)

We define in H = (H1
0 (0,1))

3× (L2(0,1))3× (L2(0,1)× (0,1))2 the energy associated to the solution
of problem (2.3)-(2.4) by

E(t) =
1
2

∫ 1

0
[ρ1ϕ

2
t +ρ2ψ

2
t +ρ1w2

t +bψ
2
x + k|ϕx +ψ + lw|2

+k0|wx− lϕ|2]dx+
ξ1

2

∫ 1

0

∫ 1

0
z2

1(x,ρ, t)dρdx

+
ξ2

2

∫ 1

0

∫ 1

0
z2

2(x,ρ, t)dρdx+
∫ 1

0
f̂1(ψ)dx

+
∫ 1

0
f̂2(w)dx−

∫ 1

0
(g1ϕ +g2ψ +g3w)dx.

(2.6)
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Lemma 2.2. If (ϕ,ψ,w,z1,z2) is the solution of problem (2.3)-(2.4), then, for any t ≥ 0, there exists a
constant C > 0 such that energy E(t) satisfies

E ′(t)≤−C
∫ 1

0
ψ

2
t dx−C

∫ 1

0
w2

t dx−C
∫ 1

0
z2

1(x,1, t)−C
∫ 1

0
z2

2(x,1, t)dx, (2.7)

and there exist tow positive constants δ0 and C1 which are independent of initial data in H , such that,
for any t ≥ 0,

E(t) ≥ δ0

(∫ 1

0
ϕ

2
t +ψ

2
t +

∫ 1

0
ψ

2
x dx+

∫ 1

0
|ϕx +ψ + lw|2

+
∫ 1

0
(wx− lϕ)2dx+

∫ 1

0

∫ 1

0
z2

1(x,ρ, t)dρdx

+
∫ 1

0

∫ 1

0
z2

2(x,ρ, t)dρdx
)
−C1.

(2.8)

Proof. We multiply the first equation in (2.3) by ϕt , the second equation by ψt and the fourth by wt ,
integrate the result over (0,1) with respect to x and use Young’s inequality to get

1
2

d
dt

(
ρ1ϕ

2
t +ρ2ψ

2
t +ρ1w2

t +bψ
2
x + k|ϕx +ψ + lw|2 + k0|wx− lϕ|2

)
=−γ1

∫ 1

0
ψ

2
t dx−µ1

∫ 1

0
z1(x,1, t)ψtdx

−γ2

∫ 1

0
w2

t dx−µ2

∫ 1

0
z2(x,1, t)ψtdx

≤
(
−γ1 +

µ1

2

)∫ 1

0
ψ

2
t dx+

(
−γ2 +

µ2

2

)∫ 1

0
w2

t dx

+
µ1

2

∫ 1

0
z2

1(x,1, t)dx+
µ2

2

∫ 1

0
z2

2(x,1, t)dx.

(2.9)

Multiplying the third and the fifth equation in (2.3) by ξ1
τ1

z1 , ξ2
τ2

z2 and integrating over (0,1)× (0,1) with
respect to ρ and x, we obtain

ξ1

2
d
dt

∫ 1

0

∫ 1

0
z1(x,ρ, t)dρdx =− ξ1

2τ1

∫ 1

0

∫ 1

0

∂

∂ρ
z2

1(x,ρ, t)dρdx =
ξ1

2τ1

∫ 1

0
(z2

1(x,0, t)− z2
1(x,1, t))dx.

Similarly, we have

ξ2

2
d
dt

∫ 1

0

∫ 1

0
z2(x,ρ, t)dρdx =

ξ2

2τ2

∫ 1

0
(z2

2(x,0, t)− z2
2(x,1, t))dx.

Using (2.9), (2.5) and invoking that d
dt f̂1(ψ) = f1(ψ)ψt yield (2.7). Therefore, for any δ1,∫ 1

0
(g1ϕ +g2ψ +g3w)dx≤ δ1

∫ 1

0

(
ϕ

2
x +ψ

2
x +w2

x
)

dx+Cδ1

∫ 1

0

(
g2

1 +g2
2 +g2

3
)

dx,

which, together with (2.6) and (2.2), gives us (2.8). The proof is complete. �

3. WELL POSEDNESS

Now, we give well posedness results for problem (2.3)-(2.4) by using the semigroup theory. We
introduce three new dependent variables u= φt ,v=ψt and ω =wt . (2.3)-(2.4) is reduced to the following
Cauchy problem of abstract first order evolutionary operator equation

dU
dt

(t) = A U +F, t > 0,

U(0) =U0 =
(
ϕ0,ϕ1,ψ0,ψ1,w0,w1, f0(.,−τ1), f̃0(.,τ2)

)T
,

(3.1)
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where U = (ϕ,u,ψ,v,w,ω,z1,z2)
T and

A U =



u
k

ρ1
(ϕx +ψ + lw)x +

k0l
ρ1
(wx− lϕ)

v
b
ρ2

ψxx− k
ρ2
(ϕx +ψ + lw)− γ1

ρ2
ψt − µ1

ρ2
z1(x,1, t)

ω

k0
ρ1
(wx− lϕ)x− kl

ρ1
(ϕx +ψ + lw)− γ2

ρ1
wt − µ2

ρ1
z2(x,1, t)

− 1
τ1

z1ρ

− 1
τ2

z2ρ


, F =



0
g1

0
− 1

ρ2
f1(ψ)+g2

0
− 1

ρ1
f2(w)+g3

0
0


with the domain H given by

H = (H2(0,1)∩H1
0 (0,1))

3× (H1
0 (0,1))

3× (L2(0,1;H1
0 (0,1))

2,

and the energy space

H = (H1
0 (0,1))

3× (L2(0,1))3× (L2(0,1)× (0,1))2.

The domain D(A ) of A is defined by

D(A ) =

{
(ϕ,u,ψ,v,w,ω,z1,z2)

T ∈ H : v = z1(.,0), ω = z2(.,0), in (0,1)
}
.

For U = (ϕ,u,ψ,v,w,ω,z1,z2)
T , U = (ϕ,u,ψ,v,w,ω,z1,z2)

T , the energy space H is equipped with the
inner product

<U,U >H =
∫ 1

0

[
ρ1uu+ρ2vv+ k(ϕx +ψ + lw)(ϕx +ψ + lw)

+k0(wx− lϕ)(wx− lϕ)
]
dx+ξi

∫ 1

0

∫ 1

0
zi(x,ρ)z(x,ρ)dρdx,

with i = 1,2.

Theorem 3.1. (Local existence). Assume that (2.1) and (2.7) and µ1 ≤ γ1,µ2 ≤ γ2 hold. Then
(i) Given U0 ∈H , problem (3.1) has a unique mild solution U ∈C([0,∞),H ) with U(0) =U0.
(ii) If U1 and U2 are two mild solutions of problem (3.1), then there exists a positive constant C0 =

C0(U1(0),U2(0)) such that

‖U1(t)−U2(t)‖H ≤ eC0T‖U1(0)−U2(0)‖H , f or all 0≤ t ≤ T. (3.2)

(iii) If U0 ∈ D(A ), then the above mild solution can be improved as a strong solution.

Lemma 3.2. The operator A defined in (3.1) is the infinitesimal generator of a C0- semigroup in H .

Proof. First, we show that A is dissipative. For U = (ϕ,u,ψ,v,w,ω,z1,z2)
T ∈ D(A ), we have

< A U,U >H =−γ1

∫ 1

0
v2dx− γ2

∫ 1

0
ω

2dx−µ1

∫ 1

0
z1(x,1)v(x)dx

−µ2

∫ 1

0
z2(x,1)ω(x)dx− ξ1

τ1

∫ 1

0
z1(x,ρ)z1ρ(x,ρ)dρdx

−ξ2

τ2

∫ 1

0
z2(x,ρ)z2ρ(x,ρ)dρdx,

(3.3)
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since ∫ 1

0

∫ 1

0
zi(x,ρ)ziρ(x,ρ)dρdx =

1
2

∫ 1

0

∫ 1

0

∂

∂ρ
z2

i (x,ρ)dρ =
1
2

∫ 1

0

(
z2

i (x,1)− z2
i (x,0)

)
dx.

Consequently, (3.3) becomes

< A U,U >H =−γ1

∫ 1

0
v2(x)dx− γ2

∫ 1

0
ω

2dx

−µ1

∫ 1

0
z1(x,ρ)v(x)dx−µ2

∫ 1

0
z2(x,ρ)ω(x)dx

− ξ1

2τ1

∫ 1

0
v2(x)dx− ξ2

2τ2

∫ 1

0
ω

2(x)dx.

(3.4)

By using the Young’s inequality, we obtain from (3.4) that

< A U,U >H ≤
(
−γ1 +

µ1

2
+

ξ1

2τ1

)∫ 1

0
v2(x)dx+

(
−γ2 +

µ2

2
+

ξ2

2τ2

)∫ 1

0
ω

2(x)dx

+

(
µ1

2
− ξ1

2τ1

)∫ 1

0
z2

1(x,1)dx+
(

µ2

2
− ξ2

2τ2

)∫ 1

0
z2

2(x,1)dx.

It follows from (2.5) that

−γ1 +
µ1

2
+

ξ1

2τ1
< 0,

µ1

2
− ξ1

2τ1
< 0,

−γ2 +
µ2

2
+

ξ2

2τ2
< 0,

µ2

2
− ξ2

2τ2
< 0.

Hence, operator A is dissipative. Now, we are in a position to prove that λ I−A is surjective for λ > 0.
For this purpose, we let ( f1, f2, f3, f4, f5, f6, f7, f8)

T ∈H and find U = (ϕ,u,ψ,v,w,ω,z1,z2)
T ∈D(A ),

solution of the following system of equation:

λϕ−u = f1,

λu− k
ρ1

(ϕx +ψ + lw)x−
k0l
ρ1

(wx− lϕ) = f2,

λψ− v = f3,

λv− b
ρ2

ψxx +
k
ρ2

(ϕx +ψ + lw)+
γ1

ρ2
v+

µ1

2
z1(.,1) = f4,

λw−ω = f5,

λω− k0

ρ1
(wx− lϕ)x +

kl
ρ1

(ϕx +ψ + lw)+
γ2

ρ1
ω +

µ2

ρ2
z2(.,1) = f6,

λ z1 +
1
τ1

z1ρ = f7,

λ z2 +
1
τ2

z2ρ = f8.

(3.5)

From the first and the third and the five equations in (3.5), we have
u = λϕ− f1,

v = λψ− f3,

ω = λw− f5.

(3.6)

Then, it is clear that u ∈ H1
0 (0,1),v ∈ H1

0 (0,1) and ω ∈ H1
0 (0,1). Furthermore, we can find from (3.5)

that

z1(x,ρ) = v(x), z2(x,ρ) = ω(x), for x ∈ (0,1).
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Following the same approach as in [8], we can obtain

z1(x,ρ) = v(x)e−λρτ1 + τ1e−λρτ1

∫ 1

0
f7(x,σ)eλστ1dσ ,

z2(x,ρ) = ω(x)e−λρτ2 + τ2e−λρτ2

∫ 1

0
f8(x,σ)eλστ2dσ .

Exploiting (3.6), we find that

z1(x,ρ) = λψ(x)e−λρτ1− f3e−λρτ1 + τ1e−λρτ1

∫ 1

0
f7(x,σ)eλστ1dσ ,

z2(x,ρ) = λw(x)e−λρτ2− f5e−λρτ2 + τ2e−λρτ2

∫ 1

0
f8(x,σ)eλστ2dσ .

(3.7)

By using (3.5) and (3.6), ϕ,ψ and w satisfy the following system:
λ 2ϕ− k

ρ1
(ϕx +ψ + lw)x−

k0l
ρ1

(wx− lϕ) = f2 +λ f1,

λ 2ψ− b
ρ2

ψxx +
k
ρ2

(ϕx +ψ + lw)+
γ1

ρ2
v+

µ1

2
z1(.,1) = f4 +λ f3,

λ 2w− k
ρ1

(wx− lϕ)x +
kl
ρ1

(ϕx +ψ + lw)+
γ2

ρ1
ω +

µ2

ρ2
z2(.,1) = f6 +λ f5.

(3.8)

Solving system (3.8) is equivalent to finding (ϕ,ψ,w) ∈ H2(0,1)∩H1
0 (0,1)×H2(0,1)∩H1

0 (0,1)×
H2(0,1)∩H1

0 (0,1) such that

∫ 1

0

(
ρ1λ

2
ϕϕ̃ + k(ϕx +ψ + lw)ϕ̃x− k0l(wx− lϕ)ϕ̃

)
dx =

∫ 1

0
ρ1( f2 +λ f1)ϕ̃dx,∫ 1

0

(
ρ2λ

2
ψψ̃ +bψxψ̃x + k(ϕx +ψ + lw)ψ̃ + γ1vψ̃ +µ1z1(.,1)ψ̃

)
dx =

∫ 1

0
ρ2( f4 +λ f3)ψ̃dx,∫ 1

0

(
ρ1λ

2ww̃+ k(wx− lϕ)w̃x + kl(ϕx +ψ + lw)w̃+ γ2ωw̃+µ2z2(.,1)w̃
)

dx =
∫

ρ1( f6 +λ f5)w̃dx.

(3.9)
For all (ϕ̃, ψ̃, w̃) ∈ H1

0 (0,1)×H1
0 (0,1)×H1

0 (0,1), we obtain by using (3.7) and x ∈ (0,1) that

z1(x,1) = λψ(x)e−λτ1 + z0(x); z2(x,1) = λw(x)e−λτ2 + z̃0(x),

where

z0(x) =− f3e−λτ1 + τ1e−λτ1

∫ 1

0
f7(x,σ)eλστ1dσ ,

z̃0(x) =− f5e−λτ2 + τ2e−λτ2

∫ 1

0
f8(x,σ)eλστ2dσ .

It is clear from above formula that z0 and z̃0 depend only on f3, f5, f7, f8. Consequently, problem (3.9) is
equivalent to the problem

a((ϕ,ψ,w)(ϕ̃, ψ̃, w̃)) = l(ϕ̃, ψ̃, w̃), (3.10)

where the bilinear form a : [H1
0 (0,1)×H1

0 (0,1)×H1
0 (0,1)]

2 → R and the linear form l : H1
0 (0,1)×

H1
0 (0,1)×H1

0 (0,1)→ R are defined by

a((ϕ,ψ,w)(ϕ̃, ψ̃, w̃)) =
∫ 1

0

(
ρ1λ

2
ϕϕ̃ +ρ2λ

2
ψψ̃)+ k(ϕx +ψ + lw)(ϕ̃x + ψ̃ + w̃)

)
dx

+
∫ 1

0
(bψxψ̃x− k0(ϕx− lw)(ϕ̃x− lw̃))dx

+
∫ 1

0

(
γ1 +µ1e−λτ1

)
λψψ̃dx+

∫ 1

0

(
γ2 +µ2e−λτ2

)
λww̃dx,
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and

l(ϕ̃, ψ̃, w̃) =
∫ 1

0
(γ1 f3ψ̃−µ1z0(x)ψ̃)dx+

∫ 1

0
(γ2 f5w̃−µ2z̃0(x)w̃)dx

+
∫ 1

0
ρ1 (( f2 +λ f1)+( f6 +λ f5))dx+

∫ 1

0
ρ2 ( f4 +λ f3)dx.

It is easy to verify that a is continuous and coercive, and l is continuous. So applying the Lax-Milgram
theorem, we deduce that, for all (ϕ̃, ψ̃, w̃) ∈ H1

0 (0,1)×H1
0 (0,1)×H1

0 (0,1), problem (3.10) admits a
unique solution (ϕ,ψ,w)∈H1

0 (0,1)×H1
0 (0,1)×H1

0 (0,1). Applying the classical elliptic regularity, one
obtains from (3.9) that (ϕ,ψ,w) ∈ H2(0,1)×H2(0,1)×H2(0,1). Therefore, λ I−A is surjective for
any λ > 0. Consequently, we can infer that A is maximal dissipative in H . Since D(A ) is dense in H ,

we can conclude that A is the infinitesimal generator of a C0-semigroup in H by the Lummer-Phillips
theorem. The proof is now complete. �

Lemma 3.3. The function F is locally Lipschitz.

Proof. Letting U1 = (ϕ1,u1,ψ1,v1,w1,ω1,z1
1,z

1
2) and U2 = (ϕ2,u2,ψ2,v2,w2,ω2,z2

1,z
2
2), we have

∥∥F(U1)−F(U2)
∥∥2

H
=

∥∥∥∥



0
0
0

− 1
ρ2

f1(ψ
1)

0

− 1
ρ1

f2(w1)

0
0


−



0
0
0

− 1
ρ2

f1(ψ
2)

0

− 1
ρ1

f2(w2)

0
0



∥∥∥∥2

H

≤ ‖ f1(ψ
1)− f1(ψ

2)‖L2 +‖ f2(w1)− f2(w2)‖L2

≤
(
‖ψ1‖θ

2θ
+‖ψ2‖θ

2θ

)
‖ψ1−ψ2‖+

(
‖w1‖θ

2θ
+‖w2‖θ

2θ

)
‖w1−w2‖

≤ κ1‖ψ1
x −ψ1

x ‖+κ2‖w1
x−w2

x‖,

which leads to
‖F(U1)−F(U2)‖H ≤ ‖U1−U2‖H .

Hence, operator F is locally Lipschitz in H . The proof is complete. �

Proof of Theorem 3.1. We deduce from Lemma 3.2 and Lemma 3.3 that the Cauchy problem has a u-
nique local mild solution

U(t) = eA tU0 +
∫ t

0
eA (t−s)F(U(s))ds, (3.11)

defined in a maximal interval (0, tmax). If tmax < 0, then

lim
t→∞
‖U(t)‖H =+∞. (3.12)

Let U(t) be a mild solution with U0 ∈ D(A ). By using Theorem 6.1.5 in Pazy [12], we conclude that it
is a strong solution. It follows from (2.8) that, for all t ≥ 0,

‖U(t)‖2
H ≤

1
δ0

(E(0)+C1),
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which, by density, holds for mild solutions. Then it is a contradiction to (3.12). Therefore, tmax = ∞,
that is, the solution is global. The proof of (i) of Theorem 3.1 is complete. By using (3.11), we obtain
inequality (3.2), the local Lipschitz behavior of F and the Gronwall’s inequality. Then we can obtain the
continuous dependence on the initial data for mild solutions. This proves item (ii) of Theorem 3.1. By
using Theorem 6.1.5 in Pazy [12], we know that any mild solution with initial data in D(A ) is strong.
This completes the proof of Theorem 3.1. �

Theorem 3.4. (Global attractor) [2] Let (ϕ,ψ,w,z1,z2) be the solution of problem (2.3)-(2.4). Assume
that µ1 ≤ γ1,µ2 ≤ γ2. Let the functions g1,g2,g3 ∈ L2(0,1). Then, for any U0 ∈H , the dynamical system
(H ,S(t)) corresponding to problem (3.1) possesses a compact connected global attractor A in H .

Theorem 3.5. [2] The attractor obtained in Theorem 3.4 has finite fractal dimension.

Remark 3.6. Let U(t) be the unique solution of problem (3.1) in Theorem 3.1. We can derive one
parameter family of operators{

S(t) : H →H |S(t)U0 =U(t), for all t ≥ 0
}
, (3.13)

satisfying
S(0) = I and S(t + s) = S(t)◦S(s), f or all s, t ≥ 0.

Moreover, S(t) is a nonlinear C0-semigroup, which is locally Lipschitz continuous on H . Hence, we can
study the long time dynamics of problem (3.1) as a dynamical system (H ,S(t)).

4. LONG-TIME DYNAMICS

In this section, we establish the existence of global attractors of system (2.3)-(2.4) to complete the
proof of Theorem 3.4.

4.1. Generation of the dynamical system. Let X be a Banach space. Recall that the one-parameter
operator S(t) : X → X (t ≥ 0) is said to be a semigroup if

S(t1 + t2) = S(t1)S(t2) and S(0) = IId ,

hold for all t1, t2 ≥ 0, where IId is the identity operator. The existence of global attractors relies on two
properties, namely, the dissipativeness and the compactness.

A dynamical system is said to be dissipative if it has a set B0 ⊂ X , which is called an absorbing set for
the semigroup S(t)(t ≥ 0) that attracts any bounded set B ⊂ X in a finite time t1 = t1(B) > 0 such that,
for all t > t1, S(t)B⊆ B0.

For compactness, a dynamical system (H ,S(t)) is called asymptotically compact if for any bounded
B⊂H and sequence xn ⊂ B, the sequence S(tn)xn has convergent subsequence whenever tn→ ∞.

A compact set A ⊂ X is said to be a global attractor of semigroup S(t) if
(i) A is strictly invariant with respect to S(t), i.e., for all t ≥ 0,

S(t)A = A ,

(ii) A attracts any bounded set B⊂ X , i.e., for any ε > 0, there exists a time t1 = t1(ε,B)> 0 such that,
for all t ≥ t1(ε,B),

S(t)B⊆ Oε(A ),
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where Oε(Y ) is an ε-neighborhood of a set Y in X .
The fractal dimension of compact set M in a metric space X is a number defined by

dimX
f M = lim

ε→0
sup

lnN(M,ε)

ln(1/ε)
,

where Nε(M) is the minimal number of closed balls with radius ε > 0, which covers M.
We can find the following theorems in Hale [6], and Chueshov and Lasiecka [2, Chapter 7].

A compactness criterion

Theorem 4.1. Let X be a Banach space and S(t)(t ≥ 0) be a continuous semigroup on the Banach space
X. Then, S(t) has a global attractor A⊂ X, if and only if

(i) S(t) has a bounded absorbing set B0,
(ii) S(t) is asymptotically smooth.

Theorem 4.2. Suppose that, for any bounded positively invariant set B ⊂H and for any ε > 0, there
exists T = T (ε,B) such that

‖S(T )x−S(T )y‖H ≤ ε +φT (x,y), ∀x,y ∈ B,

where φT : B×B→ R satisfies
lim
n→∞

inf lim
n→∞

φT (zn,zm) = 0,

for any sequence zn in B. Then S(t) is asymptotically smooth in H .

Quasi-stable systems

A semi-norm nX(.) defined on a Banach space X is compact if there exists a sequence x j→ 0 weakly
in X such that nX(x j)→ 0. Let X ,Y,Z be three reflexive Banach spaces with X compactly embedded in
Y and put H = X×Y ×X×Y ×Z×Z. Consider the dynamical system (H ,S(t)) given by an evolution
operator

S(t)U0 = (ϕ,ϕt ,ψ,ψt ,w,wt ,z1,z2),U0 = (ϕ0,ϕ1,ψ0,ψ1,w0,w1,z1,z2) ∈H , (4.1)

where ϕ,ψ,w and z1,z2 have the regularity

ϕ ∈C(R+;X)∩C1(R+;Y ), ψ ∈C(R+;X)∩C1(R+;Y ),
w ∈C(R+;X)∩C1(R+;Y ), z1, z2 ∈C(R+;Z).

(4.2)

The dynamical system (H ,S(t)) is quasi-stable on a set B ⊂H if there exists a compact semi-norm
nX on X and nonnegative scalar functions a(t) and c(t), which are locally bounded in [0,∞), and b(t) ∈
L1(R+) with lim

t→∞
b(t) = 0 such that

‖S(t)U1−S(t)U2‖2
H ≤ a(t)‖U1−U2‖2

H ,

and
‖S(t)U1−S(t)U2‖2

H ≤ b(t)‖U1−U2‖2
H + c(t) sup

0<s<t

[
nX(ϕ

1(s)−ϕ
2(s))

+nX(ψ
1(s)−ψ2(s))+nX(w1(s)−w2(s))

]2
,

(4.3)

for any U1,U2 ∈ B.

Theorem 4.3. Let (H ,S(t)) be given by (4.1) and satisfy (4.2). If (H ,S(t)) possesses a compact global
attractor A and is quasi-stable on H , then the attractor A has finite fractal dimension.
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In order to prove the existence of global attractors, we need to prove the existence of absorbing sets
in Section 4.2, and the dissipation and asymptotical smoothness for compactness in Section 4.3 by using
Theorems 4.1 and 4.2.

4.2. Existence of absorbing sets.

Theorem 4.4. (Absorbing set) Under the assumptions of Theorem 3.4, the semigroup S(t) defined by
(3.13) has a bounded absorbing set B⊂H .

The proof of Theorem 4.3 will be given through several lemmas. First, we define the functional energy
of solutions for problem (2.3)-(2.4) by

E(t) =
1
2

∫ 1

0
[ρ1ϕ

2
t +ρ2ψ

2
t +ρ1w2

t +bψ
2
x + k|ϕx +ψ + lw|2

+k0|wx− lϕ|2]dx+
ξ1

2

∫ 1

0

∫ 1

0
z2

1(x,ρ, t)dρdx

+
ξ2

2

∫ 1

0

∫ 1

0
z2

2(x,ρ, t)dρdx+
∫ 1

0
f̂1(ψ)dx

+
∫ 1

0
f̂2(w)dx−

∫ 1

0
(g1ϕ +g2ψ +g3w)dx.

Lemma 4.5. Let (ϕ,ϕt ,ψ,ψt ,w,wt ,z1,z2) be the solution of problem (2.3)-(2.4). We define the functional
I1(t) by

I1(t) =−
∫ 1

0
(ρ1ϕϕt +ρ2ψψt +ρ1wwt)dx− γ1

2

∫ 1

0
ψ

2dx− γ2

2

∫ 1

0
w2dx.

Then, for any ε > 0,

d
dt

I1(t) ≤−
∫ 1

0

(
ρ1ϕ

2
t +ρ2ψ

2
t +ρ1w2

t
)

dx+bς1

∫ 1

0
ψ

2
x dx

+k(1+ ς1)
∫ 1

0
(ϕx +ψ + lw)2dx+ k0(1+ ς1)

∫ 1

0
(wx− lϕ)2dx

+
µ2

1
4ελ1

∫ 1

0
z2

1(x,1, t)dx+
µ2

2
4ελ1

∫ 1

0
z2

2(x,1, t)dx

+
1

4ελ 2
1

∫ 1

0

(
g2

1 +g2
3
)

dx+
1

4ελ1

∫ 1

0
g2

2dx,

(4.4)

where λ1 > 0 denotes the first eigenvalue of −∆ in H1
0 (0,1).

Proof. It is obvious that

dI1

dt
=−

∫ 1

0
(ρ1ϕttϕ +ρ2ψttψ +ρ1wttw)dx−

∫ 1

0

(
ρ1ϕ

2
t +ρ2ψ

2
t +ρ1w2

t
)

dx

−γ1

∫ 1

0
ψψtdx− γ2

∫ 1

0
wwtdx.

Using (2.3), we have

dI1

dt
=−

∫ 1

0

(
ρ1ϕ

2
t +ρ2ψ

2
t +ρ1w2

t
)

dx+b
∫ 1

0
ψ

2
x dx+ k

∫ 1

0
(ϕx +ψ + lw)2dx

+k0

∫ 1

0
(wx− lϕ)2dx+µ1

∫ 1

0
z1(x,1, t)ψdx+µ2

∫ 1

0
z2(x,1, t)wdx

+
∫ 1

0
f1(ψ)ψdx+

∫ 1

0
f2(w)wdx−

∫ 1

0
(g1ϕ +g2ψ +g3w)dx.

(4.5)
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Recalling the Young’s inequality and the Poincaré’s inequality, we get, for any ε > 0,∫ 1

0
|z1(x,1, t)ψ|dx ≤ ελ1

∫ 1

0
ψ

2dx+
1

4ελ1

∫ 1

0
z2

1(x,1, t)dx

≤ ε

∫ 1

0
ψ

2
x dx+

1
4ελ1

∫ 1

0
z2

1(x,1, t)dx.
(4.6)

Similarly, we obtain ∫ 1

0
|z2(x,1, t)w|dx≤ ε

∫ 1

0
w2

xdx+
1

4ελ1

∫ 1

0
z2

2(x,1, t)dx, (4.7)

∫ 1

0
| f1(ψ)ψ|dx≤

∫ 1

0
|ψ|θ |ψ||ψ|dx≤ ‖ψ‖θ

2(θ+1)‖ψ‖2(θ+1)‖ψ‖ ≤ c0

∫ 1

0
ψ

2
x dx, (4.8)

∫ 1

0
| f2(w)w|dx ≤ c0

∫ 1

0
w2

xdx, (4.9)

and∫ 1

0
|g1ϕ +g2ψ +g3w|dx ≤ λ 2

1 ε

∫ 1

0
ϕ

2dx+
1

4ελ 2
1

∫ 1

0
g2

1dx+λ1ε

∫ 1

0
ψ

2dx+
1

4ελ1

∫ 1

0
g2

2dx

+λ 2
1 ε

∫ 1

0
w2dx+

1
4ελ 2

1

∫ 1

0
g2

3dx≤ λ1ε

∫ 1

0
ϕ

2
x +

1
4ελ 2

1

∫ 1

0
g2

1dx

+ε

∫ 1

0
ψ

2
x +

1
4ελ1

∫ 1

0
g2

2dx+λ1ε

∫ 1

0
w2

x +
1

4ελ 2
1

∫ 1

0
g2

3dx.

(4.10)

From Lemma 2.1, we have

λ1εϕ
2
x +(b+2ε + c0)ψ

2
x +(ε + c0 +λ1ε)w2

x ≤ ς1
(
bψ

2
x + k(ϕx +ψ + lw)2 + k0(wx− lϕ)2) ,

with

ς1 = Cmax
{

λ1ε, b+2ε + c0, ε + c0 +λ1ε

}
.

Substituting (4.6)-(4.10) into (4.5), we obtain (4.4). �

Lemma 4.6. Let (ϕ,ϕt ,ψ,ψt ,w,wt ,z1,z2) be the solution of problem (2.3)-(2.4). Then the functional
I2(t) defined by

I2(t) =
∫ 1

0
(ρ2ψtψ +ρ1ϕt j)dx+

γ1

2

∫ 1

0
ψ

2dx,

satisfies, for any η , η̃ > 0,

d
dt

I2(t) ≤
ρ1η̃

λ1

∫ 1

0
ϕ

2
t dx+

(
ρ2 +

ρ1

4η̃

)∫ 1

0
ψ

2
t dx

+(−b+η(µ1 +2k+ k0l +2)+ c0)
∫ 1

0
ψ

2
x dx

+
k

2ηλ1

∫ 1

0
(ϕx +ψ + lw)2dx+

k0l
4ηλ1

∫ 1

0
(wx− lϕ)2dx

+
µ1

4ηλ1

∫ 1

0
z2

1(x,1, t)dx+
1

4ηλ1

∫ 1

0
(g2

1 +g2
2)dx,

(4.11)

where j is the solution of

− jxx = ψx, j|x=0,1 = 0. (4.12)
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Proof. It is clear that

d
dt

I2(t) =
∫ 1

0

(
ρ2ψ

2
t +ρ1ϕt jt

)
dx−b

∫ 1

0
ψ

2
x dx−µ1

∫ 1

0
z1(x,1, t)ψdx

−
∫ 1

0
f1(ψ)ψdx− k

∫ 1

0
(ϕx +ψ + lw)ψdx+

∫ 1

0
g2ψdx

+k
∫ 1

0
(ϕx +ψ + lw)x jdx+ k0l

∫ 1

0
(wx− lϕ) jdx+

∫ 1

0
g1 jdx.

It follows from (4.12) that ∫ 1

0
j2
x dx≤

∫ 1

0
ψ

2dx≤
∫ 1

0
ψ

2
x dx,∫ 1

0
j2
t dx≤

∫ 1

0
j2
xtdx≤

∫ 1

0
ψ

2
t dx.

From the Young’s inequality and the Poincaré’s inequality, we find that

µ1

∫ 1

0
|ψz1(x,1, t)|dx ≤ µ1ηλ1

∫ 1

0
ψ

2dx+
µ1

4ηλ1

∫ 1

0
z2

1(x,1, t)dx

≤ µ1η

∫ 1

0
ψ

2
x dx+

µ1

4ηλ1

∫ 1

0
z2

1(x,1, t)dx,
(4.13)

ρ1

∫ 1

0
|ϕt jt |dx ≤ ρ1η̃

λ1

∫ 1

0
ϕ

2
t dx+

ρ1λ1

4η̃

∫ 1

0
j2
t dx

≤ ρ1η̃

λ1

∫ 1

0
ϕ

2
t dx+

ρ1

4η̃

∫ 1

0
ψ

2
t dx,

(4.14)

k
∫ 1

0
|(ϕx +ψ + lw)ψ|dx≤ kη

∫ 1

0
ψ

2
x dx+

k
4ηλ1

∫ 1

0
(ϕx +ψ + lw)2dx, (4.15)

k
∫ 1

0
|(ϕx +ψ + lw) jx|dx≤ k

4ηλ1

∫ 1

0
(ϕx +ψ + lw)2dx+ kη

∫ 1

0
ψ

2
x dx, (4.16)

k0l
∫ 1

0
|(wx− lϕ) j|dx≤ k0l

4ηλ1

∫ 1

0
(wx− lϕ)2dx+ k0lη

∫ 1

0
ψ

2
x dx, (4.17)∫ 1

0
|g1 j|dx≤ η

∫ 1

0
ψ

2
x dx+

1
4ηλ1

∫ 1

0
g2

1dx, (4.18)

and ∫ 1

0
|g2ψ|dx≤ η

∫ 1

0
ψ

2
x dx+

1
4ηλ1

∫ 1

0
g2

2dx. (4.19)

From (4.13)-(4.19,) we easily deduce (4.11). The proof is hence complete. �

Next, we define the functional J1(t) by

J1(t) = ρ2

∫ 1

0
ψt(ϕx +ψ + lw)dx+ρ2

∫ 1

0
ψxϕtdx.

Lemma 4.7. Let (ϕ,ϕt ,ψ,ψt ,z1,z2) be the solution of the problem (2.3)-(2.4). Then, for any ε > 0, the
functional J1(t) satisfies

d
dt

J1(t) ≤ b[ϕxψx]
x=1
x=0 + k

(
ς2−

1
2

)∫ 1

0
(ϕx +ψ + lw)2dx

+

(
ρ2(1+ lε)+

3γ2
1

2k

)∫ 1

0
ψ

2
t dx+

ρ2l
4ε

∫ 1

0
w2

t dx

+ς2b
∫ 1

0
ψ

2
x dx+

(
bl
4ε

+ ς1k0

)∫ 1

0
(wx− lϕ)2dx

+
3µ2

1
2k

∫ 1

0
z2

1(x,1, t)dx+
1

4ρ2
1 ε

∫ 1

0
g2

1dx+
3
2k

∫ 1

0
g2

2dx.

(4.20)
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Proof. Taking the derivatives of J1(t), we easily get

d
dt

J1(t) = b[ψxϕx]
x=1
x=0 +ρ2

∫ 1

0
ψ

2
t dx− k

∫ 1

0
(ϕx +ψ + lw)2dx

−γ1

∫ 1

0
ψt(ϕx +ψ + lw)dx−µ1

∫ 1

0
z1(x,1, t)(ϕx +ψ + lw)dx

−
∫ 1

0
f1(ψ)(ϕx +ψ + lw)dx+

∫ 1

0
g2(ϕx +ψ + lw)dx

+
k0lρ2

ρ1

∫ 1

0
(wx− lϕ)ψxdx+ρ2l

∫ 1

0
ψtwtdx+

ρ2

ρ1

∫ 1

0
g1ψxdx.

(4.21)

By using the Young’s inequality and the Poincaré’s inequality, one conclude that, for any ε > 0,∫ 1

0
|ϕx f1(ψ)|dx≤ ‖ϕx‖‖ψ‖θ

2(θ+1)‖ψ‖2(θ+1) ≤
ε

2b2

∫ 1

0
ϕ

2
x dx+

b2

2ελ1

∫ 1

0
ψ

2
x dx, (4.22)

and

l
∫ 1

0
|w f1(ψ)|dx ≤ εl

2b2λ1

∫ 1

0
w2

xdx+
b2l

2ελ1

∫ 1

0
ψ

2
x dx. (4.23)

Choosing ε > 0 small enough and summing (4.22) and (4.23), we get (4.20). The proof is complete. �

Thanks to Said Houari and Laskri [9], we can define the following function to handle the boundary
term in (4.21)

q(x) = 2−4x, x ∈ (0,1).

Lemma 4.8. Let (ϕ,ϕt ,ψ,ψt ,w,wt ,z1,z2) be the solution of problem (2.3)-(2.4). Then, for any ε > 0,

b[ψxϕx]
x=1
x=0 ≤ −ερ1

k
d
dt

∫ 1

0
qϕtϕxdx− ρ2b

4ε

d
dt

∫ 1

0
qψtψxdx

+

(
ες3b

k
+

b
4ε

+
b2

2ε
+

3b2

4
+

b2

4ε3

)∫ 1

0
ψ

2
x dx

+

(
ρ2b
2ε

+
γ2

1
4ε2

)∫ 1

0
ψ

2
t dx+

µ2
1

4ε2

∫ 1

0
z2

1(x,1, t)dx

+

(
ε

k2

4
+ ς3ε

)∫ 1

0
(ϕx +ψ + lw)2dx++ς3ε

∫ 1

0
(wx− lϕ)2dx

+
ρ1

2ε

∫ 1

0
ϕ

2
t dx+

ε

k2

∫ 1

0
g2

1dx+
1

4ε2

∫ 1

0
g2

2dx.

Proof. Following [9], we obtain that, for any ε > 0,

b[ψxϕx]
x=1
x=0 ≤ ε

[
ϕ

2
x (1)+ϕ

2
x (0)

]
+

b2

4ε

[
ψ

2
x (1)+ψ

2
x (0)

]
. (4.24)

By (2.3), the Young’s inequality, and

d
dt

∫ 1

0
bρ2qψtψxdx =

∫ 1

0
bρ2ψttψxdx+

∫ 1

0
bρ2qψtψxtdx,

we infer that
d
dt

∫ 1

0
bρ2qψtψxdx ≤−b2

[
ψ2

x (1)+ψ2
x (0)

]
+

(
2ρ2b+

γ2
1
ε

)∫ 1

0
ψ

2
t dx

+

(
2b2 +b+3b2ε +

b2

ε

)∫ 1

0
ψ

2
x dx

+ε2k2
∫ 1

0
(ϕx +ψ + lw)2dx

+
µ2

1
ε

∫ 1

0
z2

1(x,1, t)dx+
1
ε

∫ 1

0
g2

2dx,

(4.25)
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and

d
dt

∫ 1

0
ρ1qϕtϕxdx ≤−k

[
ϕ2

x (1)+ϕ2
x (0)

]
+ ς3b

∫ 1

0
ψ

2
x dx

+ς3k0

∫ 1

0
(wx− lϕ)2dx+2ρ1

∫ 1

0
ϕ

2
t dx

+ς3k
∫ 1

0
(ϕx +ψ + lw)2dx+

1
k

∫ 1

0
g2

1dx.

(4.26)

From (4.24), (4.25) and (4.26), we get the desired result. The proof is complete. �

We now define the following functional

J2(t) = ρ1

∫ 1

0
(ϕt(wx− lϕ)+wt(ϕx +ψ + lw))dx.

Lemma 4.9. Let (ϕ,ϕt ,ψ,ψt ,w,wt ,z1,z2) be the solution of problem (2.3)- (2.4). Then the following
estimate holds

d
dt

J2(t) ≤ k [wxϕx]
x=1
x=0−ρ1l

∫ 1

0
ϕ

2
t dx+

(
ρ1l +

γ2

4ε
+ρ1ε

)∫ 1

0
w2

t

+(ε(γ2 +µ2 +1)+ k(ς4− l))
∫ 1

0
(ϕx +ψ + lw)2dx

+
ρ1

4ε

∫ 1

0
ψ

2
t dx+ ς4b

∫ 1

0
ψ

2
x dx+(k0(ς4 + l)+ ε)

∫ 1

0
(wx− lϕ)2dx

+
µ2

4ε

∫ 1

0
z2

2(x,1, t)dx+
1

4ε

∫ 1

0
(g2

1 +g2
3)dx.

Proof. Differentiating J2(t), we obtain

d
dt

J2(t) = ρ1

∫ 1

0
ϕtt(wx− lϕ)dx+ρ1

∫ 1

0
ϕt(wx− lϕ)tdx

+ρ1

∫ 1

0
wtt(ϕx +ψ + lw)dx+ρ1

∫ 1

0
wt(ϕx +ψ + lw)tdx.

It follows from (2.3) that

d
dt

J2(t) = k[wxϕx]
x=1
x=0 + k0l

∫ 1

0
(wx− lϕ)2dx− kl

∫ 1

0
(ϕx +ψ + lw)2dx

−ρ1l
∫ 1

0
ϕ

2
t dx+ρ1

∫ 1

0
wtψtdx+ρ1l

∫ 1

0
w2

t dx

+
∫ 1

0
g1(wx− lϕ)dx− γ2

∫ 1

0
wt(ϕx +ψ + lw)dx

−µ2

∫ 1

0
z2(x,1, t)(ϕx +ψ + lw)dx

−
∫ 1

0
f2(w)(ϕx +ψ + lw)+

∫ 1

0
g3(ϕx +ψ + lw)dx.

Using the Young’s inequality and the Poincaré’s inequality and choosing ε > 0 small enough, one can
conclude the desired conclusion immediately. �
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Lemma 4.10. Let (ϕ,ϕt ,ψ,ψt ,z1,z2) be the solution of problem (2.3)- (2.4). Then, for any ε > 0,

k[wxϕx]
x=1
x=0 ≤ −ρ1k

4ε

∫ 1

0
qwtwxdx− ρ1ε

k

∫ 1

0
qϕtϕxdx

+

(
ρ1k
2ε

+
γ2

2
4ε2

)∫ 1

0
w2

t dx+(ς5k0 + ε)
∫ 1

0
(wx− lϕ)2dx

+

(
k2l
4ε2 + ς5k

)∫ 1

0
(ϕx +ψ + lw)2dx+

2ρ1ε

k

∫ 1

0
ϕ

2
t dx

+ς5b
∫ 1

0
ψ

2
x dx+

µ2
2

4ε2

∫ 1

0
z2

2(x,1, t)dx+
ε

k2

∫ 1

0
g2

1dx+
1

4ε2

∫ 1

0
g2

3dx.

(4.27)

Proof. We find that, for any ε > 0,

k[wxϕx]
x=1
x=0 ≤ ε

[
ϕ

2
x (1)+ϕ

2
x (0)

]
+

k2

4ε

[
w2

x(1)+w2
x(0)

]
. (4.28)

Invoking (2.3) and the Young’s inequality, we have

d
dt

∫ 1

0
kρ1qwtwxdx =

∫ 1

0
kρ1wttwxdx+

∫ 1

0
kρ1qwtwxtdx.

It follows that

d
dt

∫ 1

0
kρ1qwtwxdx ≤−k2

[
w2

x(1)+w2
x(0)

]
+
(
3k2 +2k2εl + k2ε + k

)∫ 1

0
w2

xdx

+

(
2ρ1k+

γ2
2
ε

)∫ 1

0
w2

t dx+
k2l
ε

∫ 1

0
ϕ

2
x dx

+
k2l
ε

∫ 1

0
(ϕ2

x +ψ + lw)2dx+
µ2

2
ε

∫ 1

0
z2

2(x,1, t)
2dx+

1
ε

∫ 1

0
g2

3dx,

(4.29)

and
d
dt

∫ 1

0
ρ1qϕtϕxdx ≤−k

[
ϕ2

x (1)+ϕ2
x (0)

]
+5k

∫ 1

0
ϕ

2
x dx

+k
∫ 1

0
(wx− lϕ)2dx+2ρ1

∫ 1

0
ϕ

2
t dx

+k
∫ 1

0
ψ

2
x dx+ k

∫ 1

0
w2

xdx+
1
k

∫ 1

0
g2

1dx.

(4.30)

Putting

ς5 = Cmax
{

k2l
4ε2 +5ε, ε,

3k2

4ε
+

k2l
2

+
k2

4
+

k
4ε

+ ε

}
and using (4.28), (4.29) and (4.30), one concludes (4.27). This completes the proof. �

Now, we define the following functional

I3(t) =
∫ 1

0

∫ 1

0
e−2τ1ρz2

1(x,ρ, t)dρdx. (4.31)

Lemma 4.11. Let (ϕ,ϕt ,ψ,ψt ,w,wt ,z1,z2) be the solution of problem (2.3)- (2.4). Then

d
dt

I3(t)≤−I3(t)−
c

2τ1

∫ 1

0
z2

1(x,ρ, t)dx+
1

2τ1

∫ 1

0
ψ

2
t dx, (4.32)

where c is a positive constant.
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Proof. Differentiating (4.31) with respect to t and using the third equation in (2.3), we have

d
dt

(∫ 1

0

∫ 1

0
e−2τ1ρz2

1(x,ρ, t)dρdx
)
=− 1

τ1

∫ 1

0

∫ 1

0
e−2τ1ρz1z1ρ(x,ρ, t)dρdx

=−
∫ 1

0

∫ 1

0
e−2τ1ρz2

1(x,ρ, t)dρdx− 1
2τ1

∫ 1

0

∫ 1

0
e−2τ1ρ ∂

∂ρ
(z2

1(x,ρ, t))dρdx.

This implies that there exists a positive constant c such that (4.32) holds. �

Now, we define the functional

I4(t) =
∫ 1

0

∫ 1

0
e−2τ2ρz2

2(x,ρ, t)dρdx.

Lemma 4.12. Let (ϕ,ϕt ,ψ,ψt ,w,wt ,z1,z2) be the solution of problem (2.3)-(2.4). Then

d
dt

I4(t)≤−I4(t)−
c

2τ2

∫ 1

0
z2

1(x,ρ, t)dx+
1

2τ2

∫ 1

0
w2

t dx,

where c is a positive constant.

Next, we define the functional

L(t) = ME(t)+
1
8

I1(t)+NI2(t)+ J1(t)+ J2(t)+
2ε

k

∫ 1

0
ρ1qϕtϕxdx

+
ρ1b
4ε

∫ 1

0
qψtψxdx+

ρ1k
4ε

∫ 1

0
qwtwxdx+ I3(t)+ I4(t).

Lemma 4.13. Let (ϕ,ϕt ,ψ,ψt ,w,wt ,z1,z2) be the solution of problem (2.3)- (2.4). For M large enough,
there exist two positive constants α1 and α2 depending on M, N and ε such that, for any t ≥ 0,

α1E(t)−C1
(
‖g1‖2 +‖g2‖2 +‖g3‖2)≤ L(t)≤ α2E(t)+C1

(
‖g1‖2 +‖g2‖2 +‖g3‖2) . (4.33)

Proof. We consider the functional

H(t) =
1
8

I1(t)+NI2(t)+ J1(t)+ J2(t)+
2ε

k

∫ 1

0
ρ1qϕtϕxdx

+
ρ1b
4ε

∫ 1

0
qψtψxdx+

ρ1k
4ε

∫ 1

0
qwtwxdx+ I3(t)+ I4(t).

So,

|H(t)|= 1
8

∣∣∣∣−∫ 1

0
(ρ1ϕtϕ +ρ2ψtψ +ρ1wtw)dx− γ1

2

∫ 1

0
ψ

2dx

− γ2

2

∫ 1

0
w2dx

∣∣∣∣+N
∣∣∣∣∫ 1

0
(ρ2ψtψ +ρ1ϕt j)dx+

γ1

2

∫ 1

0
ψ

2dx
∣∣∣∣

+

∣∣∣∣ρ2

∫ 1

0
ψt(ϕx +ψ + lw)dx+ρ2

∫ 1

0
ψxϕtdx

∣∣∣∣
+

∣∣∣∣ρ1

∫ 1

0
ϕt(wx− lϕ)dx+ρ1

∫ 1

0
wt(ϕx +ψ + lw)dx

∣∣∣∣
+

∣∣∣∣2ρ1ε

k

∫ 1

0
qϕtϕxdx+

ρ2b
4ε

∫ 1

0
qψtψxdx+

kρ1

4ε

∫ 1

0
qwtwxdx

∣∣∣∣
+

∣∣∣∣∫ 1

0

∫ 1

0
e−2τ1ρz2

1(x,ρ, t)dxdρ +
∫ 1

0

∫ 1

0
e−2τ2ρz2

2(x,ρ, t)dxdρ

∣∣∣∣.
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From the Young’s and Poincaré’s inequalities, we get

|H(t)| ≤ ν1

∫ 1

0
ϕ

2
t dx+ν2

∫ 1

0
ψ

2
t dx+ν3

∫ 1

0
w2

t dx+ν4

∫ 1

0
ψ

2
x dx

+ν5

∫ 1

0
(ϕx +ψ + lw)2dx+ν6

∫ 1

0
(wx− lϕ)2dx

+
∫ 1

0

∫ 1

0
z2

1(x,ρ, t)dρdt +
∫ 1

0

∫ 1

0
z2

2(x,ρ, t)dρdt

+
∫ 1

0
f̂1(ψ)dx+

∫ 1

0
f̂2(w)dx,

(4.34)

since

n0(ϕ
2
x +ψ

2
x +w2

x)≤ bψ
2
x + k(ϕx +ψ + lw)2 + k0(wx− lϕ)2,

with n0 = Cmax
{

ρ1
16 +

2ερ1
k , ρ2

2 ,
ρ1
16 +

γ2
16 +

kρ1
2ε

}
. The positive constants νi(i = 1,2,3,4,5,6) are given by

ν1 =
ρ1
16 +

Nρ1
2 + ρ2

2 + ρ1
2 + 2ερ1

k , ν2 =
ρ2
16 +

Nρ2
2 + ρ2

2 + ρ2b
2ε

,

ν3 =
ρ1
16 +

ρ1
2 + kρ1

2ε
, ν4 =

ρ2
16 +

γ1
16 +n0b+ Nρ2

2 + Nρ1
2 + Nγ1

2 + ρ2b
2 ,

ν5 = n0k+ ρ2
2 + ρ1

2 , ν6 = n0k0 +
ρ1
2 .

Using the Young’s inequality, we find

E(t) ≥ 1
4

min{1,ξ}
(∫ 1

0
ϕ

2
t dx+

∫ 1

0
ψ

2
t dx+

∫ 1

0
w2

t dx+
∫ 1

0
ψ

2
x dx

+
∫ 1

0
(ϕx +ψ + lw)2dx+

∫ 1

0
(wx− lϕ)2dx

+
∫ 1

0

∫ 1

0
z2

1(x,ρ, t)dρdt +
∫ 1

0

∫ 1

0
z2

2(x,ρ, t)dρdt

+
∫ 1

0
f̂1(ψ)dx+

∫ 1

0
f̂2(w)dx

)
−C1

(
‖g1‖2 +‖g2‖2 +‖g3‖2

)
.

(4.35)

Combining (4.34) and (4.35), we see that there exists a positive constant C̃ > 0 such that

|H(t)| ≤ C̃E(t)+C1
(
‖g1‖2 +‖g2‖2 +‖g3‖2) .

Then we choose M large enough such that α1 = M− C̃ > 0 and α2 = M + C̃ > 0. This complete the
proof. �
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Proof of Theorem 4.4. It follows from the previous Lemmas that

d
dt

L(t)≤
(
−MC− ρ2

8
+N

(
ρ2 +

ρ1

4η̃

)
+

ρ2b
2ε

+
γ2

1
4ε2 +ρ2(1+ lε)

+
3γ2

1
4ε2 +

ρ1

4ε
+

1
2τ1

)∫ 1

0
ψ

2
t dx

+

(
−ρ1

8
+

Nρ1η̃

λ1
+

ρ1

2ε
+

2ρ1ε

k
−ρ1l

)∫ 1

0
ϕ

2
t dx

+

(
−MC− ρ1

8
+

ρ2l
4ε

+
ρ1k
2ε

+
γ2

2
4ε2 +ρ1l ++

γ2

4ε
+ρ1ε +

1
2τ2

)∫ 1

0
w2

t dx

+

(
bς1

8
+N (−b+η(µ1 + k(2+ l)+2))+ c0 +

ες3b
k

+
b

4ε
+

b2

2ε

+
3b2

4
+

b2

4ε3 +b(ς2 + ς4 + ς5)

)∫ 1

0
ψ

2
x dx

+

(
−3k

8
+N

k
4ηλ1

+ ε

(
k2

4
+ γ2 +µ1 +2+ ς3

)
− kl

+k(
ς1

8
+ ς2 + ς4 + ς5)

)∫ 1

0
(ϕx +ψ + lw)2dx

+

(
k0

8
+N

kl
4ηλ1

+ ε(ς3 +2)+ k0(
ς1

8
+ ς2 + ς4 + ς5)

+
bl
4ε

+ k0l
)∫ 1

0
(wx− lϕ)2dx(

−MC+
µ2

1
32ελ1

+N
µ1

4ηλ1
+

µ2
1

4ε2 +
3µ2

1
2k

)∫ 1

0
z2

1(x,1, t)dx

+

(
−MC+

µ2
2

32ελ1
+

µ2
2

4ε

)∫ 1

0
z2

2(x,1, t)dx

+

(
1

32ελ 2
1
+N

1
4ηλ1

+
ε

k2 +
1

4ρ2
1 ε

+ ε +
1

4ε

)∫ 1

0
g2

1dx

+

(
1

32ελ1
+N

1
4ηλ1

+
1

4ε2 +
3
2k

)∫ 1

0
g2

2dx+
(

1
32ελ 2

1
+

1
4ε2 +

1
4ε

)∫ 1

0
g2

3dx.

We choose η and ε > 0 small such that

η ≤ b
2(µ1 + k(2+ l)+2)

,

and

ε ≤
k
(

3
8 −

N
4ηλ1

+ l− ( ς1
8 + ς2 + ς4 + ς5)

)
k2

2 +2γ2 +2µ1 +4+2ς3
.

We pick N large enough and η̃ small enough such that

Nb
4
≥ bς1

8
+ c0 +

ες3b
k

+
b

4ε
+

b2

2ε
+

3b2

4
+

b2

4ε3 +b(ς2 + ς4 + ς5),

and

η̃ ≤ 1
32N

.
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Finally, we select M large enough such that there exists a constant δ > 0 with

d
dt

L(t) ≤−δ

∫ 1

0

(
ϕ

2
t +ψ

2
t +ψ

2
x +(ϕx +ψ + lw)2 +(wx− lϕ)2

+ z2
1(x,1, t)+ z2

2(x,1, t)
)

dx−δ

∫ 1

0

∫ 1

0

(
z1ρ(x,ρ, t)

+z2ρ(x,ρ, t)
)

dρdx+C2‖g1‖2 +C3‖g2‖2 +C4‖g3‖2 +C5,

which together with (2.6) yields that there exists a positive constant β such that

d
dt

L(t)≤−βE(t)C2‖g1‖2 +C3‖g2‖2 +C4‖g3‖2 +C5.

Using (4.33), one has

d
dt

L(t)≤− β

α2
L(t)+C′2‖g1‖2 +C′3‖g2‖2 +C′4‖g3‖2 +C′5,

and

L(t)≤ L(0)e−
β

α2
t
+C′2‖g1‖2 +C′3‖g2‖2 +C′4‖g3‖2 +C′5.

Using (4.33), we obtain

E(t) ≤ 1
α1

(
α1E(0)C2‖g1‖2 +C3‖g2‖2 +C4‖g3‖2)e

β

α2
t

+C′′2‖g1‖2 +C′′3‖g2‖2 +C′′4‖g3‖2 +C′′5 .

In view of (2.6), we find

‖(ϕ,ϕt ,ψ,ψt ,w,wt ,z1,z1)‖2
H ≤C0e−

β

α2
t
+C′1‖g1‖2 +C′′1‖g2‖2 +C′′′1 ‖g3‖2 +C′′′1 .

Then there exists an absorbing ball B(0,R) which radius R >
√

C′1‖g1‖2 +C′′1‖g2‖2 +C′′′1 ‖g3‖2 +C′′′1 ,

for the dynamical system (H ,S(t)). �

4.3. The quasi-stability.

Theorem 4.14. [2] Under the hypotheses of Theorem 3.4, the semigroup S(t) defined by (3.13) is asymp-
totically smooth in H , which is deduced by the quasi-stability inequality.

Proof. For any (ϕ i
0,ϕ

i
1,ψ

i
0,ψ

i
1,w

i
0,w

i
1, f i

0, f̃ i
0) ∈ B, let (ϕ i,ϕ i

t ,ψ
i,ψ i

t ,w
i,wi

t ,z
i
1,z

i
2) be the corresponding

solutions with respect to initial data (ϕ i
0,ϕ

i
1,ψ

i
0,ψ

i
1,w

i
0,w

i
1, f i

0, f̃ i
0), i = 1,2. Let

W (t) = (Φ,Ψ,ϖ ,χ1,χ2)
T =U1(t)−U2(t) = (ϕ1−ϕ

2,ψ1−ψ
2,w1−w2,z1

1− z2
1.z

1
2− z2

2),

Then, W (t) verifies

ρ1Φtt − k(Φx +Ψ+ lϖ)x + k0l(ϖx− lΦ) = 0,
ρ2Ψtt −bΨxx + k(Φx +Ψ+ lϖ)+ γ1Ψt +µ1χ1(x,1, t)( f1(Ψ

1(t))− f1(Ψ
2(t))) = 0,

τ1χ1t(x,ρ, t)+χ1ρ(x,ρ, t) = 0,
ρ1ϖtt − k0(ϖx− lΦ)x + kl(Φx +Ψ+ lϖ)+ γ2ϖt +µ2χ2(x,1, t)+( f2(ϖ

1(t))− f2(ϖ
2(t))) = 0,

τ2χ2t(x,ρ, t)+χ2ρ(x,ρ, t) = 0.
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We denote the associated energy functional by

F(t) =
1
2

∫ 1

0

(
ρ1Φ

2
t +ρ1Ψ

2
t +ρ1ϖ

2
t +bΨ

2
x + k|Φx +Ψ+ lϖ |2

+k0|ϖx− lΦ|2
)

dx+
ξ1

2

∫ 1

0

∫ 1

0
χ

2
1 (x,ρ, t)dρdx

+
ξ2

2

∫ 1

0

∫ 1

0
χ

2
2 (x,ρ, t)dρdx.

Choosing constant η > 0, we get

d
dt

F(t) ≤−η

∫ 1

0

(
Ψ

2
t +ϖ

2
t +χ

2
1 (x,1, t)+χ

2
2 (x,1, t)

)
dx

−
∫ 1

0
( f1(Ψ

1(t)− f1(Ψ
2(t))))Ψtdx−

∫ 1

0
( f2(ϖ

1(t))− f2(ϖ
2(t)))ϖtdx

≤−η

2

∫ 1

0

(
Ψ

2
t +ϖ

2
t +χ

2
1 (x,ρ, t)+χ

2
2 (x,ρ, t)

)
dx

+CB

(
‖Ψ(t)‖2

2(θ+1)+‖ϖ(t)‖2
2(θ+1)

)
.

We introduce the following multiplies

A1(t) =−
∫ 1

0
(ρ1ΦΦt +ρ2ΨΨt +ρ1ϖϖt)dx− γ1

2

∫ 1

0
Ψ

2dx− γ2

2

∫ 1

0
ϖ

2dx,

A2(t) =
∫ 1

0
(ρ2ΨtΨ+ρ1Φt j)dx+

γ1

2

∫ 1

0
Ψ

2dx,

A3(t) = ρ2

∫ 1

0
Ψt(Φx +Ψ)dx+ρ2

∫ 1

0
ΨxΦtdx,

A4(t) = ρ1

∫ 1

0
(Φt(ϖx− lΦ)+ϖt(Φx +Ψ+ lϖ))dx,

A5(t) =
∫ 1

0
e−2τ1ρ

χ
2
1 (x,ρ, t)dρdx,

A6(t) =
∫ 1

0
e−2τ2ρ

χ
2
2 (x,ρ, t)dρdx,

where j is the solution of − jxx = Ψx, j|x=0,1 = 0. We define the Lyapunov functional F (t) by

F (t) = MF(t)+
1
8

A1(t)+NA2(t)+A3(t)+A4(t)

+
2ε

k

∫ 1

0
ρ1qΦtΦxdx+

ρ2b
4ε

∫ 1

0
qΨtΨxdx+

ρ1k
4ε

∫ 1

0
qϖtϖxdx+A5(t)+A6(t),

with q = 2− 4x, x ∈ (0,1). Then it is easy to verify that there exist two positive constants α1,α2 such
that

α1F(t)≤F (t)≤ α2F(t). (4.36)

Note that ∫ 1

0
| f1(Ψ

1)− f1(Ψ
2)Ψ|dx ≤

∫ 1

0

(
|Ψ1|θ + |Ψ|θ

)
||Ψ||Ψ|dx(

‖Ψ1‖2
2(θ+1)+‖Ψ

2‖2
2(θ+1)

)
‖Ψ‖2(θ+1)‖Ψ‖

≤ ε‖Ψx‖2 +CB‖Ψ‖2
2(θ+1), ∀ε > 0,

∫ 1

0
| f2(ϖ

1)− f2(ϖ
2)ϖ |dx ≤ ε‖ϖx‖2 +CB‖ϖ‖2

2(θ+1), ∀ε > 0,
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0
|( f1(Ψ)− f1(Ψ

2))Ψt |dx ≤
∫ 1

0
(|Ψ1|θ + |Ψ2|θ )|Ψ||Ψt |dx(

‖Ψ1‖2
2(θ+1)+‖Ψ

2‖2
2(θ+1)

)
‖Ψ‖2(θ+1)‖Ψt‖

≤ ε‖Ψt‖2 +CB‖Ψ‖2
2(θ+1), ∀ε > 0,

and ∫ 1

0
| f2(ϖ

1)− f2(ϖ
2)ϖ |dx ≤ ε‖ϖt‖2 +CB‖ϖ‖2

2(θ+1), ∀ε > 0.

Choosing appropriate constants, we can derive that there exists a positive constant α such that

d
dt

F (t)≤−αF(t)+CB

(
‖Ψ(t)‖2

2(θ+1)+‖ϖ(t)‖2
2(θ+1)

)
,

which along with (4.36) gives us

F (t)≤− α

α2
F (t)+CB

(
‖Ψ(t)‖2

2(θ+1)+‖ϖ(t)‖2(θ+1).
2
)
. (4.37)

Combining (4.36) and (4.37), we can deduce

F(t)≤ F(0)e−
α

α2
t
+C′B

∫ t

0

(
‖Ψ(t)‖2

2(θ+1)+‖ϖ(t)‖2
2(θ+1)

)
ds.

From Theorems 4.2 and 4.3, we can obtain the semigroup S(t) defined by (3.13) is asymptotically smooth
in H . The proof is complete. �

Proof of Theorem 3.4. From Theorems 4.4 -4.14, we can conclude the desired conclusion immediately.
�

4.4. The finite-dimensional attractor. In this subsection, we study the finite-dimensional attractor to
complete the proof of Theorem 3.5

Proof of Theorem 3.5. Let X = H1, Y =L2, and Z =L2. Then the dynamical system (H ,S(t)) obtained
from the solution operator of problem (3.1) satisfies (4.1) and (4.2). Let B ⊂H be a bounded set pos-
itively invariant with respect to S(t). Let (ϕ i,ϕ i

t ,ψ
i,ψ i

t ,w
i,wi

t ,z
i
1,z

i
2) ∈ B be the corresponding solution

with respect to initial data (ϕ i
0,ϕ

i
1,ψ

i
0,ψ

i
1,w

i
0,w

i
1, f i

0, f̃ i
0),(i = 1,2). It is easy to show that there exists a

constant c > 0 such that
‖S(t)U1−S(t)U2‖2

H ≤ ect‖U1−U2‖2
H .

We denote

S(t)(ϕ i
0,ϕ

i
1,ψ

i
0,ψ

i
1,ψ

i
0,ψ

i
1,w

i
0,w

i
1, f i

0, f̃ i
0) = (ϕ i,ϕ i

t ,ψ
i,ψ i

t ,w
i,wi

t ,z
i
1,z

i
2),(i = 1,2).

We consider the semi-norm

nX(ψ) = ‖ψ‖2(θ+1), nX(w) = ‖w‖2(θ+1).

Since the embedding H1 ↪→ L2(θ+1) is compact, it follows that nX(.) is a compact semi-norm on H1. We
conclude from (4.37) that

‖S(t)U1−S(t)U2‖2
H ≤ F(0)e−

α

α2
t
+C′B

∫ t

0
e−

α

α2
(t−s)

(
‖ψ‖2

2(θ+1)+‖w‖
2
2(θ+1)

)
ds

≤C0e−
α

α2
t‖U1−U2‖2

H +C′B

∫ t

0
e−

α

α2
(t−s)dssup

[
nX(ψ

1(s)−ψ
2(s))

]2
+C′B

∫ t

0
e−

α

α2
(t−s)dssup

[
nX(w1(s)−w2(s)

]2
= b(t)‖U1−U2‖2

H + c(t)sup
[
nX(ψ

1(s)−ψ2(s))+nX(w1(s)−w2(s))
]2
,
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with

b(t) =C0e−
α

α2
t
, c(t) =C′B

∫ t

0
e−

α

α2
(t−s)ds, t ≥ 0.

Finally, we note that
b(t) ∈ L1(R+) with lim

t→∞
b(t) = 0.

Since B⊂H is bounded, we obtain that c(t) is locally bounded on [0,∞). Thus, inequality (4.3) holds,
which shows that dynamics system (H ,S(t)) is quasi-stable on A. By theorem 3.4, we know dynamics
system (H ,S(t)) has a compact global attractor A, which is a bounded positively invariant set of H .
Then Theorem 4.3 yields that A has finite fractal dimension. The proof is complete. �

4.5. The exponential attractor. In this subsection, we establish the existence of exponential attractors
to problem (3.1).

Definition 4.15. A compact set Aexp ⊂ X is said to be a fractal exponential attractor of dynamical system
(X ,S(t) if Aexp is a positively invariant set of finite fractal dimension in x and for every bounded set B⊂X
there exist positive constants tB,CB and αB such that, for all t ≥ tB,

distH (S(t)B,Aexp)≤CBexp(−αB(t− tB)).

If there exists an exponential attractor only having finite dimension in some extended space H̃ ⊇H ,
then this exponentially attracting set is called a generalized fractal exponential attractor.

Theorem 4.16. [2] Under the hypotheses of Theorem 3.1, the corresponding dynamical system (H ,S(t))
has a generalized exponential attractor Aexp ⊂H with fractal dimension in

H̃ = (X ′×Y )2×Z2,

where X ′ is the topological dual of X.

Theorem 4.17. Let (H ,S(t)) be a dynamical system satisfying (4.1) and (4.2) and quasi-stable on some
bounded absorbing set B. Assume further that there exists an extended space H̃ ⊇H such that, for any
T > 0,

‖S(t1)y−S(t2)y‖H̃ ≤CBT |t1− t2|α , t1, t2 ∈ [0,T ],y ∈ B, (4.38)

where CBT > 0 and α ∈ (0,1] are constants. Then (H ,S(t)) has a generalized exponential attractor
Aexp ⊂H with finite fractal dimension in H̃ .

Proof of Theorem 4.16. We take

B =

{
(ϕ,ϕt ,ψ,ψt ,w,wt ,z1,z2) such that ‖(ϕ,ϕt ,ψ,ψt ,w,wt ,z1,z2)‖2

H ≤ R2
}
.

Then, B is a positively invariant bounded absorbing set for R large. Therefore the system is quasi-stable
on B. Taking a weak solution U(t) = (ϕ(t),ϕt(t),ψ(t),ψt(t),w(t),wt(t),z1(t),z2(t)) ∈H , we easily
deduce from (2.3)-(2.4) that

(ϕt ,ϕtt ,ψt ,ψtt ,wt ,wtt ,z1t ,z2t) ∈ L2
loc(R+,H̃ ), with H̃ = (X ′×Y )2×Z2.

Hence, for the solutions U(t) with initial data y =U(0) ∈ B, we easily conclude that∫ T

0
‖Ut(s)‖2

H̃
ds≤C2

BT ,
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where CBT is positive constant. Thus

‖S(t1)y−S(t2)y‖H̃ ≤
∫ t2

t1
‖Ut(s)‖H̃ ds≤CBT |t1− t2|

1
2 , 0≤ t1 ≤ t2 ≤ T.

We easily observe from the inequality above that for any y∈B, the map t 7→ S(t)y is Hölder continuous in
H̃ with exponent α = 1

2 . Hence (4.38) holds and Theorem 4.17 guarantees the existence of a generalized
exponential attractor whose fractal dimension is finite in H̃ . This completes the proof. �
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