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1. INTRODUCTION

In this paper, we are concerned with the long-time dynamics of solutions of the following nonlinear
Bresse system with time delay term in the internal feedbacks

P1@; — k(@ + W +1w)—kol(wy — 19) = g1,
PV — bWy + k(@ + W+ 1Iw) + iy + iy (x,r — 1) + f1(y) = g2, (LD
P1wir —ko(Wy —1@)x +kI(@ + W +1w) + Yow; + tow; (x, 1 — T2) + fo(w) = g3,

where @, ¥ and w represent the vertical displacement, the shear angle and the longitudinal displacement,

respectively, p1, P2, b, k and kg are positive coefficients, [ is the curvature of the beam, y; y; and y>w; rep-

resent frictional dampings, the functions u; y; (x, t — 71) and tow,(x, t — Tp) are the time delay effects on

the beam, f1(y), f2(w),g1,82 and g3 are the forcing terms, where ¥;, lt;, 7;,i = 1,2 are positive constants.
The system is subject to the Dirichlet boundary conditions

0(0,1) =0(1,1) = y(0,1) = w(1,t) =w(0,t) =w(l,t), >0,
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and the initial conditions

@(x,0) = @o(x), ¢ (x,0) = @1 (x),
v (x,0) = wo(x), i (x,0) = i (x),
vi(x,t =) = folx,t =), (x,2) €(0,1)x(0,71),
w(x,0) = wo(x):w,(x, 0) =wi(x),
wi (Xt — 1) = folx,t — 1), (x,2) €(0,1) % (0,72).

Problems without delay (i.e., t; = 4, = 0) have been considered by many authors during the past decades
and many results have been obtained; see [1, 3, 5, 7, 10]. Recently, Feng and Yang [4] investigated the
following nonlinear Timoshenko system

P1@; — k(@ + W) = h,
P2V — bW +k(@u + W) + W + oW (x,t — T + (W) = g.

They obtained the existence of a global attractor with finite fractal dimension for the case of equal speed
wave propagation. The existence of exponential attractors was also derived.

For the Bresse system, Ma and Monteiro [11] studied the semilinear system with nonlinear damping
and forcing terms

P10y — k(@ + W+ 1)y —kol(wye —10) +g1(@) + fi(@, w,w) =0,
P2V — bW + k(@ + W +1Iw) + g2(W:) + fo(@, w,w) =0,
P1wyt _kO(Wx - Z(P)x+kl((Px+ W+IW) +g3(Wt) +f3(q)7 v, W) =0.

They established the existence of a smooth global attractor and proved the regularity and finite dimension
of attractors. Furthermore, they also proved the existence of exponential attractors.

Motivated by the above results, our purpose in this paper is to establish the well-posedness of system
(1.1) by using semi-group methods and prove the existence of exponential attractors. The paper is orga-
nized as follows. In Section 2, we present lemmas. In Section 3, the well-posedness and the long-time
dynamics of system (1.1) are discussed. Finally, in Section 4, we establish the existence of exponential
attractors.

2. LEMMAS

We use the standard notations of Lebesgue integral spaces and Sobolev spaces as
L9(0,1) (1< g<e) and HI(0,1).

For simplify, we write ||u|| instead of |lu||> when ¢ = 2. We impose the following assumptions on the
forcing term f

PR = O <k (IW'1°+ W2 ) W' =2, forall why?eR, @.1)
with k; > 0 and 6 > 0. In addition, we assume that, for some constant k» > 0,
—k < f(v) < f(W)y, forall yeR, 22)

where f(z) = [{ f(s)ds.
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Lemma 2.1. There exists a positive constant C such that the following inequality holds, for every

(9, w) € [Hy (0, 1),

1 1
/0(<p§+w,§+w§)dx§c/o (bYZ + k(s + W+ Iw)? +ko(wy — 19)?) dx.

In order to prove our well posedness result, we make the following operations, as in [8], the new
variables
z1(x,p,t) =y (x,t —11p), x€(0,1), pe€(0,1), t>0,
20(x,p,t) =wi(x,t —1p), x€(0,1), pe(0,1), ¢>0.

Hence, we have

lelt(x7pat)+zlp(x7pat) =0
TZZ2t(x>p7t)+Z2p(xapat):07 in (O,I)X(O,I)X(O,OO).

Then, system (1.1) is transformed into

P1@u —k(@x+ Y +1w)y —kol(wy — 1@) = g1,
PV — bW + k(@ + W +Iw) + 71y + wizi (x,1,2) + f1(y) = g2,
T]Z],(X,[),l)‘i‘Z]p(X,[),l):0, (23)
P1wi —ko(Wx —1@)x +kI(@x + Y+ 1w) + ow; + taza(x, 1,1) + fo(w) = g3,

\rzzz,(x,p,t) +22p (%, p,1) =0,

with x € (0,1),p € (0, 1). The above system subjected to the following initial and boundary conditions

/

@(x,0) = @0, ¢ (x,0) = @1, ¥ (x,0) = yo, ¥ (x,0) =y, x€(0,1),

w(x,0) = wo,w;(x,0) =wy, x€(0,1),

a(%,p,0) = folx,—pm), (1) € (0,1)x (0,7), o
2(x,p,0) = folx,—pm), (x,1) €(0,1)x(0,7),

@(0,1) = o(1,1) = w(0,1) = (1, ) w(0,1) =w(l,1)=0 >0,

z1(x,0,¢) = ¥, 22(x,0,¢) = wy, x€(0,1),

where &; and &, are two positive constants such that

T <& <12n—w),
(2.5)

T <& < (2% — ).
We define in 57 = (H} (0,1))3 x (L2(0,1))3 x (L2(0,1) x (0,1))? the energy associated to the solution
of problem (2.3)-(2.4) by
E(r) 2/ (0197 +sz/4 + 1w by + k| o+ v+ Iw]
+k0|wx—lq)| ldx+ = > / / z1(x,p,t)dpdx

//zzxptdpdx+/ fily

+/ fa(w)dx— /O(gl(P+gzll/+83W)d

(2.6)
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Lemma 2.2. If (¢, W, w,z1,22) is the solution of problem (2.3)-(2.4), then, for any t > 0, there exists a
constant C > 0 such that energy E(t) satisfies

1 1 1 1
’z)g—c/ q;fdx—c/ wfdx—c/ z%(x,l,r)—c/ 2 (x,1,1)dx, 2.7)
0 0 0 0

and there exist tow positive constants &y and Cy which are independent of initial data in 72, such that,
foranyt >0,

1 1 1
E(r) 26()(/0 <p,2+t//3+/0 !/ffdx+/0 |0+ y -+ Iw]?
1 1 1
+ / (wy — 19)2dx + / / 2(x,p,1)dpdx (2.8)
0 0_JO
1 1
[ [ aponpas) c.

Proof. We multiply the first equation in (2.3) by ¢, the second equation by y; and the fourth by wy,
integrate the result over (0, 1) with respect to x and use Young’s inequality to get

1d
2dt

1
:—}’1/0 llf,de—ul/O z1(x, 1, 1) yrdx
1 |
- / widx — 11y / 2(x, 1,1) yrdx (2.9)
0 0

<(-n+ ) [ viars (-n+2) [ e

1 1
+% z%(x,Lt)dx—F&/ 25 (x, 1,1)dx.

<P1‘Pz +P21l/, +P1Wt +bl//x +k|(Px+ll/+lw|2—|-ko|wx—l(p| )

Multiplying the third and the fifth equation in (2.3) by 2 1 21 ,f_z 72 and integrating over (0,1) x (0, 1) with
respect to p and x, we obtain

_ &i
2dt//zlxptdpdx— 2—1_1// 8pzlxpt)dpdx— /zlx0t — 23 (x, 1,1))dx.

Similarly, we have

_ & 2
2dt/ /Zprtdpdx —2—1_2/0 (z5(x,0,1) — z5(x, 1,¢) )dx.

Using (2.9), (2.5) and invoking that gfl( v) = fi(w)y; yield (2.7). Therefore, for any 9y,

!
/O(glqo+gzl//+g3w)dx§51/ ((px+l//x+w)dx+C51/ (g%—kg%%—g%)dx,

which, together with (2.6) and (2.2), gives us (2.8). The proof is complete. O

3. WELL POSEDNESS

Now, we give well posedness results for problem (2.3)-(2.4) by using the semigroup theory. We
introduce three new dependent variables u = ¢,v = y; and ® = w;. (2.3)-(2.4) is reduced to the following
Cauchy problem of abstract first order evolutionary operator equation

du
E(t) =dU+F, t>0,

(3.1)
U(O) = UO = ((p()?(PlalI/Oa Wl7W07W17f0('7_Tl)7f0(‘7T2))T7
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where U = (¢, u, ¥, v,w, ®,z1,22)" and

u 0
(et y+iw)+ 5w —19) g
% 0
U — oW — o (@t Wt lw) = Doy — Bz (x, 1,1) o | eite
[0} 0
%(Wx—lq’)x_ %(Q”x—f' IV1+ZW) - %Wt - %ZZ(xv lat) _é 2<W> +83
—?]le 0
1
—Lo 0

with the domain H given by
H = (H*(0,1)NHy(0,1))* x (Hy(0,1))* x (L2(0,1;Hy (0,1))?,
and the energy space
A = (Hy(0,1))% x (L?(0,1))® x (L*(0,1) x (0,1))*.

The domain D(.«7) of </ is defined by

D(JZ{) = {((p7u7 l[/,V,W,(J),Zl,Zz)T GH:VZZI('>O)> a):ZZ(-,O), in (071)}

For U = (@, u, y,v,w,,z1,22)", U = (¢,u, ¥,v,w, ®,Z1,22)" , the energy space .7 is equipped with the
inner product

1 _
<U,U >y :/0 [pruti+ povv + k(@c + W+ Iw) (Qr + ¥ + Iw)
1 1
+ho(w, —19) (7~ @) dx+& | [ alx.p)exp)dpdr
withi=1,2.

Theorem 3.1. (Local existence). Assume that (2.1) and (2.7) and [y < 71, Uy < 7 hold. Then

(i) Given Uy € A, problem (3.1) has a unique mild solution U € C(]0,00), ) with U(0) = U.

(ii) If Uy and U, are two mild solutions of problem (3.1), then there exists a positive constant Cy =
Co(U1(0),U2(0)) such that

UL () = U (t)]| s < €T (|UL(0) = Ux(0)|| s,  for all 0<t<T. 3.2)
(iii) If Uy € D(Z), then the above mild solution can be improved as a strong solution.
Lemma 3.2. The operator <7 defined in (3.1) is the infinitesimal generator of a Cy- semigroup in 7 .

Proof. First, we show that <7 is dissipative. For U = (@,u, ¥,v,w, @,21,22)" € D(<7), we have

1 1 1
< AU, U >y :—]q/ v2dx—y2/ a)zdx—p.l/ 21 (x, D)v(x)dx
0 0 0
1 1
1t [ 2(n 0@ 2 [ 2 p)ep(xp)dpds

& !
== | z2(x,p)zp(x,p)dpdx,
T2 J0

(3.3)
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19 1 /1
/ / zi(x,p)zip (x, p dpdx_z/ / ——22(x,p)dp 5/0 (z7(x, 1) — 2 (x,0)) dx.

Consequently, (3.3) becomes

since

1 1
< AU, U > :—7/1/ vz(x)dx—yz/ w’dx
1O JO ]
i /O alx, p)()dx 2 / 2(x,p) O (x)dx (3.4)

1
—25:;/ xa’x— /a)x
1J0

By using the Young’s inequality, we obtain from (3.4) that

< AUU >z << e+t f;)/ 2 (x)dx + <—y2+ +2§T22>/0 o (x)dx

+<T—§JA&@MW+C§—2)A%@MW-

It follows from (2.5) that

- o <0, =<0
%Jr +€ 2 231 ’
153 w 2
yz+2+2 <0, > 212<0

Hence, operator <7 is dissipative. Now, we are in a position to prove that A1 — <7 is surjective for A > 0.
For this purpose, we let (f1, f2, 3, f4, f5, fo, f1,/8)" € 7 and find U = (@,u, W, v,w, 0,21,22)" € D(7),
solution of the following system of equation:

ra'(pilft:fl’
k kol
At — — (P4 Y+ Iw)y — —= (wy — 1) = fo,
p1 P1
AII/—V:f:’,,
b k
Av——Yu+ —(Q+y+iw)+ ﬂv+&2( 1) = fa,
o P2 P2 2 1s
Aw— o= fs, (3.5)

k() kl §7] 15}
Ao ——(wy—10); Y FHIw) o+ — = fe,
o W 1@l A DOt Y Iw) o+ Pa (1) = fo

1
Azi+—z1p = f7,
7

1
A+ —22p = fs-
T

From the first and the third and the five equations in (3.5), we have

u:l(p_flv
V=AY — fs, (3.6)
(D:)wafs.

Then, it is clear that u € H}(0,1),v € H}(0,1) and ® € H}(0,1). Furthermore, we can find from (3.5)
that

z1(x,p) =v(x), z2(x,p)=0(x), for xec(0,1).
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Following the same approach as in [8], we can obtain
_ —ApT —ApT ! Aot
Zl(xap) —v(x)e +Tie 0 f—,(x,G)e dGa
1
2(x,p) = o(x)e P2 4 Tzef’l’”z/ fi(x,0)e*do.

0
Exploiting (3.6), we find that

1
21(x,p) = lq/(x)eflpn _f3e*2/pfl _‘_Tlef/lprl / f7(X,G)eM”1do',
0

1 (3.7)
2(x,p) = Aw(x)e *P% — fse= AP 1 Tze_kpfz/ fa(x,0)e*"do.
0
By using (3.5) and (3.6), ¢, v and w satisfy the following system:
k kol
o= —(pty+Iw)———(wi—1p) = H+Af,
Pbl X p1
AW — — Y+ — (e + Y +1w) + ﬁv+&zl( 1) = fa+Afs, (3.8)
ll)cz P2 . p2 2
22— — (e —19)+ — (@A Y+ Iw) + Lo+ B0 (1) = fs+ Ak
p1 p1 p1 p2

Solving system (3.8) is equivalent to finding (@, y,w) € H*(0,1) NH(0,1) x H*(0,1) N H}(0,1) x
H?(0,1)NH{}(0,1) such that

/01 (PIA2 QP + k(@ + W +1w)fr — kol (wx — 19)§) dx = /Olpl(szfl )1<7>dx,

/ (AT DYt YT (1)) = | pahi+ gy

/0 (PIA* WD+ k(wy — L@ )Wy + KL (9 + W + IW) W + W + 2o (-, )W) dx:/pl(f6+/1f5)mx.

(3.9)
For all (@, {,w) € H}(0,1) x H}(0,1) x H} (0,1), we obtain by using (3.7) and x € (0, 1) that

26D =Ay(x)e ™ +z0(x); z(x1) = Aw(x)e A +2(x),
where

1

() = —fre 1 me 0 [ f(x o)t do,
0
1

Zo(x) = —fse A 4 ‘cze*MZ/ fs(x, G)e’lmzd()'.
0

It is clear from above formula that zp and Zy depend only on f3, f5, f7, fs. Consequently, problem (3.9) is
equivalent to the problem

), (3.10)

a((@,y,w)(@, ¥, W) = L(p, ¥, W
— R and the linear form [/ : H}(0,1) x

W)
where the bilinear form a : [H}(0,1) x H}(0,1) x H}(0,1)]?
H}(0,1) x H}(0,1) — R are defined by

1
a((@, v, w)(§,¥,W)) =/O (PIA QP+ P A W) + k(e + W+ 1w) (P + T+ W)) dx
1
+/ (bYW — ko(@s — W) (@ — 1)) dx
01 1
+/ (Yl—i-/ile_lﬁ)ll//lf/dx—l-/ (}’2-!—,&26_;“-2) Awwdx,
0 0
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and

1 1
(@79 = [ (nfa¥ =izl )drt [ (nfom—pn2o(0)7) dx

1 1
+/0 pr((f2+Af1)+ (fe +7tf5))dx+/o P2 (fa+Af3)dx.
It is easy to verify that a is continuous and coercive, and [ is continuous. So applying the Lax-Milgram
theorem, we deduce that, for all (@, ¥, W) € HJ(0,1) x H}(0,1) x H}(0,1), problem (3.10) admits a
unique solution (¢, y,w) € Hj (0,1) x H}(0,1) x H} (0, 1). Applying the classical elliptic regularity, one
obtains from (3.9) that (@, w,w) € H*(0,1) x H*(0,1) x H*>(0,1). Therefore, Al — .o is surjective for
any A > 0. Consequently, we can infer that ./’ is maximal dissipative in 7. Since D(</) is dense in 7,
we can conclude that .o/ is the infinitesimal generator of a Cy-semigroup in .7#’ by the Lummer-Phillips
theorem. The proof is now complete. ([l

Lemma 3.3. The function F is locally Lipschitz.

Proof. Letting Uy = (¢!, u', w' v wl o' z},2)) and Uy = (92,42, w2 v} w2, 02,22, 73), we have

0 0
0 0
0 0
1 1 1 2
R ——fi(y) ——hAy?) |2
IF @) e =] * -1 °
1 H
0 0 w
1 1 1 2
——f(w ——f(w
Plfz( ) P1f2( )
0 0
0 0
< AW = AW)e + 20 = L)
< (w18 + 1w2156) W' = w21+ (W' 155 + W2 113g) W' —w?]]
< ki llvy — il + s flwy —wil,
which leads to
[1F(U) = F(Ua)|lor < U1 = Usl|
Hence, operator F is locally Lipschitz in 7#. The proof is complete. O

Proof of Theorem 3.1. We deduce from Lemma 3.2 and Lemma 3.3 that the Cauchy problem has a u-
nique local mild solution

t
U(t) = e”'U, +/ e“UIF(U(s))ds, (3.11)
0
defined in a maximal interval (0, fmay). If fmax < 0, then
lim [|U(£) | s = ~+o. (3.12)
[—o0

Let U(¢) be a mild solution with Uy € D(<7). By using Theorem 6.1.5 in Pazy [12], we conclude that it
is a strong solution. It follows from (2.8) that, for all # > 0,

[V, < 5 (EO) -+,
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which, by density, holds for mild solutions. Then it is a contradiction to (3.12). Therefore, tp,x = oo,
that is, the solution is global. The proof of (i) of Theorem 3.1 is complete. By using (3.11), we obtain
inequality (3.2), the local Lipschitz behavior of F and the Gronwall’s inequality. Then we can obtain the
continuous dependence on the initial data for mild solutions. This proves item (ii) of Theorem 3.1. By
using Theorem 6.1.5 in Pazy [12], we know that any mild solution with initial data in D(</) is strong.
This completes the proof of Theorem 3.1. g

Theorem 3.4. (Global attractor) [2] Let (¢, W, w,z1,22) be the solution of problem (2.3)-(2.4). Assume
that ty < 11, Uy < 7. Let the functions g1, 82,83 € L*(0,1). Then, for any Uy € S, the dynamical system
(A,8(t)) corresponding to problem (3.1) possesses a compact connected global attractor 2 in .

Theorem 3.5. [2] The attractor obtained in Theorem 3.4 has finite fractal dimension.

Remark 3.6. Let U(r) be the unique solution of problem (3.1) in Theorem 3.1. We can derive one
parameter family of operators

{S(t) 2 — H|S(t)Up=U(t), forall tZO}, (3.13)

satisfying

S(0)=1I1 and S(t+s5)=S(t)oS(s), for all s,t>0.
Moreover, S(¢) is a nonlinear Cy-semigroup, which is locally Lipschitz continuous on .7. Hence, we can
study the long time dynamics of problem (3.1) as a dynamical system (¢, S(¢)).

4. LONG-TIME DYNAMICS

In this section, we establish the existence of global attractors of system (2.3)-(2.4) to complete the
proof of Theorem 3.4.

4.1. Generation of the dynamical system. Let X be a Banach space. Recall that the one-parameter
operator S(¢) : X — X (¢t > 0) is said to be a semigroup if

S(ll +t2) = S(l])S(lz) and S(O) =1,

hold for all #1,t, > 0, where 1l is the identity operator. The existence of global attractors relies on two
properties, namely, the dissipativeness and the compactness.

A dynamical system is said to be dissipative if it has a set By C X, which is called an absorbing set for
the semigroup S(z)(r > 0) that attracts any bounded set B C X in a finite time #; = #;(B) > 0 such that,
for all t > 1, S(¢)B C By.

For compactness, a dynamical system (¢, S(¢)) is called asymptotically compact if for any bounded
B C # and sequence x,, C B, the sequence S(t,)x, has convergent subsequence whenever f,, — o.

A compact set .7 C X is said to be a global attractor of semigroup S(¢) if
(i) </ is strictly invariant with respect to S(z), i.e., for all > 0,

S(t) o =,
(ii) o attracts any bounded set B C X, i.e., for any € > 0, there exists a time #; = #;(€,B) > 0 such that,

forallz >t (¢g,B),
S(t)BC Og(H),
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where 0 (Y) is an €-neighborhood of a set ¥ in X.

The fractal dimension of compact set M in a metric space X is a number defined by
. InN(M,¢)
. X bl
M=1 —_—
dim M = limsup= 7 7g)
where Ng(M) is the minimal number of closed balls with radius € > 0, which covers M.
We can find the following theorems in Hale [6], and Chueshov and Lasiecka [2, Chapter 7].

A compactness criterion

Theorem 4.1. Let X be a Banach space and S(t)(t > 0) be a continuous semigroup on the Banach space
X. Then, S(t) has a global attractor A C X, if and only if

(i) S(t) has a bounded absorbing set By,

(ii) S(t) is asymptotically smooth.

Theorem 4.2. Suppose that, for any bounded positively invariant set B C ¢ and for any € > 0, there
exists T =T (€,B) such that

||S(T)x75(T)y||% < 8+¢T(xvy)a any € Ba

where ¢ : B X B — R satisfies
Tim inf 1im 97(25,2) = 0,

for any sequence z, in B. Then S(t) is asymptotically smooth in 7 .

Quasi-stable systems

A semi-norm ny(.) defined on a Banach space X is compact if there exists a sequence x; — 0 weakly
in X such that ny(x;) — 0. Let X,Y,Z be three reflexive Banach spaces with X compactly embedded in
Y and put 5 =X x Y x X x Y x Z x Z. Consider the dynamical system (.7°,S(¢)) given by an evolution
operator

S(t)UO = ((Pa(Pl‘vllla %)Wawtvzlsz)yUO = ((P())(pla Yo, llllaWOle)Zl)ZZ) S %a (41)
where @, y,w and 71,2, have the regularity

¢ eCRT;X)NC'RT;Y), weCRX)NCH(RT;Y),

4.2
weCRT;X)NCHRY;Y), z1, 22 € C(RT;Z). 42)

The dynamical system (.7, S(¢)) is quasi-stable on a set B C .7 if there exists a compact semi-norm
nx on X and nonnegative scalar functions a(¢) and c(¢), which are locally bounded in [0, ), and b(t) €
L'(R*) with lim b(¢) = 0 such that

—>00

IS()UL = S(t) V|15 < a(t)||Ur — Va3,

and

IS UL =S WaII5, < b(0) U1 = Uall3p +e(r) sup [nx (9 (s) — 9*(s))

0<s<t 5 (4,3)

+nx (w' () = w2 (s)) +nx (w'(s) = w?(s))]
for any U;,U; € B.

Theorem 4.3. Let (J7,5(t)) be given by (4.1) and satisfy (4.2). If (7 ,S(t)) possesses a compact global

attractor A and is quasi-stable on F€ | then the attractor 2 has finite fractal dimension.
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In order to prove the existence of global attractors, we need to prove the existence of absorbing sets
in Section 4.2, and the dissipation and asymptotical smoothness for compactness in Section 4.3 by using
Theorems 4.1 and 4.2.

4.2. Existence of absorbing sets.

Theorem 4.4. (Absorbing set) Under the assumptions of Theorem 3.4, the semigroup S(t) defined by
(3.13) has a bounded absorbing set B C 7.

The proof of Theorem 4.3 will be given through several lemmas. First, we define the functional energy
of solutions for problem (2.3)-(2.4) by

1 /!
E(t) :E/ [Pl(Pzz+lel/,2+P1W,2+bl//f+k\(px+lll—i—lw\z

+k0|wx—l(p] 2 / / z1(x,p,t)dpdx

//zzxptdpdx~l—/ fily

+/ fo(w)dx— /(81<P+g21//+83w)d

Lemma4.5. Let (@, @, W, W, w,wy,21,22) be the solution of problem (2.3)-(2.4). We define the functional
1i(t) by

1
Il(t):—/o (P1O@; + P2y + prww;) x——/ widx _ﬁ e

Then, for any € > 0,

d
0 =- /(pupt + P2y +p1w,)dx+bgl/ yidx

1 1
+k(1 +g1)/0 (@4 W+ Iw)2dx +ko(1 +g1)/0 (wy — 1@)*dx

lil T sz
e 1,¢)d
+487L alx11) x+4skl 0

1 1 » ) 1 1
— d 7/ 2dx,
+487le/0 (81+83) T em Jo B

where A1 > 0 denotes the first eigenvalue of —A in H} (0, 1).

| (4.4)
2 (x,1,t)dx

Proof. 1t is obvious that

dl 1 1
dTl :_/0 (p1<pn<p+pzlmzw+p1wmv)dx_/0 (P17 + P2y + 1w} ) dx
1

1
A Vydx—7 /O wwidx.

Using (2.3), we have

dI ! : ‘
o =—/0 (p1¢?+pz%2+p1w?)dX+b/ w?de/ (@« + W +1w)’dx
1 1
+k0/ (w —l(p)zdx-Hil/O zl(x,l,t)l//deruz/ 2(x, 1,t)wdx 4.5)

1
+/ fily l//dx+/ H(w)wdx — /(g1(p+gzlll+g3w)dx.



12 FZ. MAHDI, A. HAKEM

Recalling the Young’s inequality and the Poincaré’s inequality, we get, for any € > 0,

1 1 1/l
/ 21 (x, 1,0) wldx <ezl/ 1//2dx—i—ﬁ/ 2(x,1,1)dx
0 1

(4.6)
<£/ Wde+m A 23 (x,1,1)dx.
Similarly, we obtain
: w2 Loty
/0 \ZZ(x,l,t)w]dxge/o dx—|—4 ll/ z5(x, 1,1)dx, 4.7)
: I 0 b
[ awvide< [l yiivias < 1o Wl vl <eo [ vids @8)
1 1
/O Ifa(w)wldx <o /O wldx, (4.9)

and

1 1 1 1
/O|g1(p+gzl[/—|—g3w|dx <Afe / ¢2dx+4 12/ g%dx%—lls/ lllzdx+m/0 grdx

1 1 1
Aze/ ’d / 2dx < ) e/ / 2d 4.1
+ 0 w x+4 /'Lz 83ax 1 (px 482,12 0 81ax ( 0)

1 1 1 1
+£/ 1//x+4 7 gzdx+/118/ w2 +4 lz/ g3dx.

From Lemma 2.1, we have
MeQE + (b+2e+co) Yi + (€+co+ A1) wi < 61 (Y + k(@ + W+ 1w)* +ko(we —19)?)
with
¢1 = Cmax {/118, b+2e+cy, € +c0+11£}.
Substituting (4.6)-(4.10) into (4.5), we obtain (4.4). O

Lemma 4.6. Let (@, 0, W, W, w,wy,21,22) be the solution of problem (2.3)-(2.4). Then the functional
L (t) defined by

1
h(t) = /(pzwzw+p1<pt )dx+ % /w
satisfies, for any 1,1 > 0,

d pm/ 2 Pl /
(—b+11(.ul+2k+kol—|—2)+co)/0 wldx

kol 5
ZnA/ (pc+y+1w) an z/( v —19)°dx

—|—'ul/1z(x1tdx+ /( +83)
4nll 1\ Ly 81 2

@.11)

where j is the solution of

— o =Wy, Jjlx=01=0. (4.12)
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Proof. Tt is clear that

R0 = /01 (P2W + prjir) dx — b/o1 yrdx— /01 z1(x, 1,1) ydx
—/Olfl(w)wdx—k/ol(goerl//+lw)t//dx+/01g2q/dx

1 1 1
+k/0 ((px+l//+lw)xjdx+kol/0 (wx—l(p)jdx—l—/o g1jdx.

It follows from (4.12) that
/ 2x < / Wldx < / vldx,

/]t2dX</ thdx</ l[/tzdx

From the Young’s inequality and the Poincaré’s inequality, we find that

1 1 1
w [vattolds <umi [ viaee B[R nd
0 0 anii Jo

(4.13)
<u n/llllzdx—i- H /lzz(x 1,t)dx
=P fy P 4n7tlol” ’
1 =l A
Pl/ @, ji|dx SM/ ¢rax i zdx
0 M Jo, 4 jo 4.14)
Ly
1 1 5 k )
k/ ](qox+1//+lw)1//|dx§kn/ wxdx+W/O (@c+ v+ Iw)2dx, .15)
1
k 1 1
k/ (@ + W +1w) ji|dx < 4nl/(qox+l//+lw)2dx+kn/ vldx, (4.16)
kol/| ]|dx_4 A wy—1@) dx+koln/ q/xdx 4.17)
j|dx < / 2d+—/ 2dx, 4.18
/O\gulx_nowxx s Jo G4 (4.18)
and 1
/|g21[/|dx<n/ yffdx+4 A godx. (4.19)
From (4.13)-(4.19,) we easily deduce (4.11). The proof is hence complete. ]

Next, we define the functional J; (7) by

1 1
ZPz/O %((Px+l//+lw)dx+P2/0 Y prdx.

Lemma 4.7. Let (Q,Q;, W, V;,21,22) be the solution of the problem (2.3)-(2.4). Then, for any € > 0, the
functional J\(t) satisfies

d

_ 1 1
< sm%w&5+k@—-)/<%+w+m¥m

(p2(1+18 > / vid wtzdx

+€2b/ l[/zdx-l- (4 +g1ko>/o( —l(p)zdx

3u? 1
+§ Zl(x,l,t)dx+4p / 2k/

(4.20)
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Proof. Taking the derivatives of J; (¢), we easily get

d
SN0 =blwel=)+p / yldx—k / (v + + Iw)2dx

—}/1/ Vi (@ + W+ Iw)dx — ul/ z1(x, 1,2) (@ + W+ Iw)dx
(4.21)
—/O ) (e +y+1w) dx+/0 g2(Qy + v +Iw)dx
kol 1 1 1
+20 Pz/ (wx—l(p)l[/xdx—i—pzl/ l//,w,dx—i—&/ g1Yydx.
p1 Jo 0 p1Jo
By using the Young’s inequality and the Poincaré’s inequality, one conclude that, for any € > 0,

1 € 1 b? 1
6 2 2
/0 |(pr1 (W)‘dx < H(PXH HW”2(6+1) HWH2(9+1) < 2p2 /0 (dex+ 2811 /0 dexa (422)

and

z/lyf( Jdx < 2 et 2 /1 24 (4.23)
Owll// X _2b2110wxx ZEAloWX X. .
Choosing € > 0 small enough and summing (4.22) and (4.23), we get (4.20). The proof is complete. [J

Thanks to Said Houari and Laskri [9], we can define the following function to handle the boundary
term in (4.21)
qg(x)=2—4x, x€(0,1).

Lemma 4.8. Let (¢, ¢, W, W, w,wy,21,22) be the solution of problem (2.3)-(2.4). Then, for any € > 0,

b[Wx‘Px]ii(l) > _kpl dl/ (Pt(px _TE/ qV; Yrdx

egb 3b2 / 5
€0, 2 L 7 d
k +4@+ 433 Yadx

!
<sz 482>/ wd /Z1(X71,t)dx
'l

k 1
£+g38>/ (<Px+1//+lw)2dx++g3s/ (we —1)?dx

/ (ptzdx—i-kz/ 81 dx+4 2/ g3dx.

Proof. Following [9], we obtain that, for any € > 0,

_ b?
blyepdiSo < € [07 (1) + @2 (0)] + 1 [vi () + v (0)] (4.24)
By (2.3), the Young’s inequality, and

d 1 1 1
o /0 bprqy; Yrdx = /O bpr Y yrdx + /0 bp2q ¥ Yrdx,

we infer that
d ! 22 2 % '
& [ bpavar <2 [w()+u2(0)] + (200+ 1) [y
<2b2+b+3b2£+ ) / vldx

1
%2 / (@c+ W+ Iw)2dx

.Ul / / 2
— 1,t)dx+ — d
8 0 Zl(xa ) x+£ 0 8rax

(4.25)
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and
d 1! L
E/o P1gpudx < —k[oF(1)+0F(0)] + gsb/o Wrdx
1 1
+ ko / (wy — 19)2dx +2p; /O 02dx (4.26)
i st
+€3k/0 (@t W +1w) dx+ %/o grdx
From (4.24), (4.25) and (4.26), we get the desired result. The proof is complete. [

We now define the following functional

50 =1 [ (000~ 10) 4wy + 1)

Lemma 4.9. Let (@, 0, W, Y, w,wy,21,22) be the solution of problem (2.3)- (2.4). Then the following
estimate holds

d =1 b » '
— < — =
520 <k pﬂ/o ; dx+(1pll+48+pls)/0 W

+(e(n+m+1)+k(c— ))/0 (@ + -+ 1w)?dx
pl 2 2 1 2
/1[/,dx+g4b/ qldx+(k0(g4+l)+s)/o (wy — 19)2dx

.Uz !
o4 [ nac - [ @+ da

Proof. Differentiating J»(¢), we obtain

*Jz _Pl/ O (w dx—l—p1/ @O (wy —1),dx

—i—pl/o wt,((px—l—l//—i—lw)dx—l—pl/o wi(Qy+ W+ Iw)dx.

It follows from (2.3) that

d
—h(t) =kwp = O+kol/ «—10)%dx — kl/ (@ + W+ Iw)?dx

dt
—Pll/ ‘Pzzdx+P1/ w,l//tdx—l—p]l/
+/ g1(wy—1@)dx— }/2/ we (@ + W+ Iw)dx
—uz/ﬂ 206 1,0 (@0 + W+ Iw)dx

1 1
—/ fg(w)((px—f—l//-i-lw)-i-/ g3(Qr+ Yy +1w)dx
0 0

Using the Young’s inequality and the Poincaré’s inequality and choosing € > 0 small enough, one can
conclude the desired conclusion immediately. 0
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Lemma 4.10. Let (¢, ¢, W, W;,21,22) be the solution of problem (2.3)- (2.4). Then, for any € > 0,

kwepi=) < _pl / qwew. xdx—f / qO; Qrdx
k 1 1
+<p1+7/2>/ w dx+(g5ko+8)/ (wx—l¢)2dx

2¢e  4¢g?

K2 2pie 427)
+(4 2+g5k>/ (@ + W+ Iw)2dx+ = / o dx
2 Uy 2
+g5b/ l//dx—|—4 2/ zz(x,l,t)dx+k2/ 81 dx+4 2/ g3dx.
Proof. We find that, for any € > 0,
2 K2 2 2

4¢
Invoking (2.3) and the Young’s inequality, we have

d 1 1
—/ kplqwthdx:/ kplw,thdx—i—/ kp1gwiwydx.
dt Jo 0 0

It follows that

1
/kplqw,wxdx < —k2 [w2(1) +w2(0)] + (3k2+2k2£l+k28+k)/ w2dx
0

g2p1k+"2> / 204 K1 / o2dx 4.29)

1 1
L& / <Px+llf+lW)2dX+“2/ 12(x,17t)2dx+g/ g3dx
0 0

and
d [ 2 2 by
| paopar < —k[g2(1)+g20)] +5k [ plar
I
Yk / —19)2dx+2p / 02dx (4.30)
~|—k/ wfdx%—k/ widx+ — / g1d
Putting
Cmax el +5¢, € 3—]€2+k—21+ﬁ+ +e€
&= 4e? © e T2 1 T
and using (4.28), (4.29) and (4.30), one concludes (4.27). This completes the proof. O

Now, we define the following functional

1 rl
= /O /0 e 2P 2 (x,p,t)dpdsx. (4.31)

Lemma 4.11. Let (@, @, W, W, w,w;,21,22) be the solution of problem (2.3)- (2.4). Then

d 1
—hL(t) < —LI(t)— 2—;/0 23 (x,p,1) dx—i——/ vldx, (4.32)

where c is a positive constant.
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Proof. Differentiating (4.31) with respect to ¢ and using the third equation in (2.3), we have

d B L Lot
E (/ / e Tlpzl(x p, t)dpdx) = _7/ / e Tlpzlzlp(x D, t)dpdx

/ / 2N 2 (x,p,t)dpdx — 3 / / _2T‘p zl x,p,t))dpdx.
1

This implies that there exists a positive constant ¢ such that (4.32) holds. g

Now, we define the functional

1 1
= / / e 2P (x,p,1)dpdx.
0 JO

Lemma 4.12. Let (@, @, W, W, w,wy,21,22) be the solution of problem (2.3)-(2.4). Then

%14() —I4(t)—2%_2/ 7(x,p,t dx—i-f/

where c is a positive constant.

Next, we define the functional

1
LO) =MEW)+ Lh()+NBW 10+ 20+ 2 [ pragos
o | 1 pik /1
+4£ A qVWdx + e Jy qwiwydx + (1) + 14(t).

Lemma 4.13. Let (¢, ¢, W, Wi, w,w;,21,22) be the solution of problem (2.3)- (2.4). For M large enough,
there exist two positive constants & and 0 depending on M, N and € such that, for any t > 0,

aE(t) = Ci (lg1l* + llga2ll* + llg311*) < L(r) < E(@) +Ci (g1 + g2l +llgsll?) . 433)
Proof. We consider the functional

1
HE) = ghio) +NB(O)+h0) 500+ % [ oagouas

b
+%/O qllftll/xderf/ gwiwxdx +I3(t) 4+ 14(1).

So,
1 1
H(1)| = 8‘ / (P191@ + P2Y, ¥ + prwew) dx——/ v2d

n
2

h
2

wrdx 1// 2dx

+NU (P2V W+ P11 j)dx+ =

+ P2/0 l/fz((px+w+lw)dx+pz/o Y @rdx

1 1
=+ |P1 (Pt(Wx*l(P)derM/ wi(Qy+ W+ Iw)dx

201 €
+ pie /q(p,(pxdx—k— Q‘Vt‘l’xdx‘f‘i/ qwiwydx

+ / / TP A (x,p,t dxdp+/ / 2P 2 (x,p, t)dxdp‘
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From the Young’s and Poincaré’s inequalities, we get

o1 1
\H(r)| < vl/ (p,zdx+v2/ w,zdx+v3/ dx+v4/ vldx
0 0
i

1
+v5/0 ((px+l//+lw)2dx+v6/0 (wy —19)?dx

I rl 1 1
+/ / Z%(xapat)dpdt+/ / Z%(X,p,t)dpdt
01 0 | 0 Jo
+/0 fl(lV)dx+/0 H(w)dx

(4.34)

since

no(@F + vy +ws) < byy + k(@ + W+ 1w)* +ko(wy — 1),

with ng = C max { % + Tp % p—6 + % +3 kpy } The positive constants v;(i = 1,2,3,4,5,6) are given by

_P1+NP1+P2+PI+28P1 _|_NP2+P2+922!7
e
k N, N, N b
V3=’]’g+”2‘+2%, +16+"b+ e e

V5:nok+%+%, Vé—n()ko—l—pzl.

Using the Young’s inequality, we find

1 1
E(t) > %min{l,é} </ (p,zdx+/ l//,zdx+/ dx+/ vldx
0 0

1 1
+/O ((Px+l//+lw)2dx+/0 (wx—l(p)zdx

1 1 1 1
+ [ [ dpandpdr+ [ [ Bixp.nidpar
01 0 0_J0

A 1 A
+ [ At [ 2onar) =i+ el + lelP).

(4.35)

Combining (4.34) and (4.35), we see that there exists a positive constant C > 0 such that

[H (1)) < CE(t) +Cr (g1 +llg2® + llg3]1?) -

Then we choose M large enough such that a; = M — C>0and op =M+ C > 0. This complete the
proof. U
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Proof of Theorem 4.4. 1t follows from the previous Lemmas that

P2
dt 8

3% o p, 1 /1 >
+482+48+2T1> yirdx

—p1  Npil  p1 | 2piE /
+< s T4 Ttk Pll> ord

p1  p2l  pik Yz
-MC— —+"—+"——+ = 11
+< 8+48+28+482+p T 27
Gl

b b
+<+N( b+ +k2+1)+2)) +co+ 22 + 2 4

2 4¢?

yz+ple+—

8 k 4e
+3b2+ b?
4 4¢3
+ﬁ+Nk+ek—2++ +2+46 ) -
1
+k(%—|—§2+€4+€5))/0 ((px—|-l[/—|-lw)2dx
ko kl Gl
2 -
+<8 +N4nll+£(g3+ ) +ko(
1
Lo +kol> / (wy — 19)2dx
4e 0

2 2 1
Hi H uio 3y / 2
—-MC N — 1,1)d
< +32£M+ 471114_4824_ Zk) Ozl(x, ,1)dx

2 N 1
My U /

—M —= 1,t)d

+(-MC+ 5+ ) 2(x,1,1)dx

(] : + S+ —— Loer l / 1 gid
X
328}»12 4n/11 4pie 4e o

+b(G+ 61+ 65) )/ vldx

+o+au+s)

1 1 1 3\ ! 1 1
N b 2+ (o
* (32811 N Tt 2k> /o sax (323).12 T e

We choose 11 and € > 0 small such that

and

b
2 +kQ2+1)+2)°

e <

B oy 21 +442g

We pick N large enough and 7} small enough such that

and

k(%_4111\]/11 +l—(%+€2+€4+€5))

d b
—L(t) < ( MC—+N<p2+ p;'>+p2+%+p (1+1¢)

1 1
) / tzdx

1 1
+48> / g3dx

N7b>@+c +£3b £+b2+3b2+b72+b( +c+ )
458 0T T Tae T2e T4 Tag V@I HTE)
. 1
N= 5%

32N
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Finally, we select M large enough such that there exists a constant & > 0 with

d 1
GLO <=8 [ (v v+ (@t v+ I+ (1)’

dt
1 1
—I—z%(x,l,t)—i—zg(x,l,t))dx—S/O /o (z1p(x,p,1)
+22p (%, p,1)) dpdx+Co||g1 |I* + C3]|g2[|* + Callg3]|* + Cs,

which together with (2.6) yields that there exists a positive constant § such that

d
PRAQRS ~BE()C2 811> +Csll2l|* + Cullgs|* +Cs.

Using (4.33), one has

d B
L0 < = L0+ GllailP +Cllsall” + Clllss” + G,

and
_B
L(t) < L(0)e @' +Ch||g1||* + Cillga|* + Chllg3]|* + C5.

Using (4.33), we obtain

! B
< « (i E(0)Callg1]* +Callg2|l* + Callg3l*) '

+C3lg1 112 + €5 llgal* + Cllgs > + C5.-

E(t)

In view of (2.6), we find

5
(0, @ v, i wowesz1,20) 13 < Coe™ " +Cllgi 1>+ CY g2 + €Y' llgsl* + €7

Then there exists an absorbing ball B(0,R) which radius R > /C/|[g1[|> +C][|g2]]> + C}"||g3]> + CY",
for the dynamical system (.77, 5(r)). O

4.3. The quasi-stability.

Theorem 4.14. [2] Under the hypotheses of Theorem 3.4, the semigroup S(t) defined by (3.13) is asymp-
totically smooth in 7€, which is deduced by the quasi-stability inequality.

Proof. For any (@}, @i, wi, wi wi wi fi fiy € B, let (¢, ¢!,y yi wi,wi,z} 7)) be the corresponding
solutions with respect to initial data (@}, @i, wi, Wi, wi wi, fi, fi),i=1,2. Let

W(I) = ((I))\Pam-abeQ)T = Ul (t) - UZ(t) = ((Pl - (p27 Wl - Wszl _W27Z% _Z%'Z% _Z%)a
Then, W (r) verifies
P2¥ — bW +k(Px + ¥ +10) + e+ i 21 (x, 1,1) (i(P (1) — fi(¥2(1))) =0,
Tlxlt(x)pvt)+xlp(xapvt) =0,

P10y — ko (@ — D) + kI (Px + ¥+ 10) + 10, + taxo (x, 1,1) + (/o(@ (1)) — fo(@(1))) =0,
T )Xo (X,p,1) + X2p (x,p,1) = 0.
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We denote the associated energy functional by
1 /I
F(t) = 5/ (P1¢?+P1‘P2+p1wz+b‘1’2+k\ o, +¥+Io
0
+ko| @y, — D] )dx+ / / X3 (x,p,t)dpdx

& [,
+3/0/0xz(x,p,tdpdx-

Choosing constant 7 > 0, we get

d

1
L F) S—n/o (W7 + @7 + 21 (x, 1,0) + x3 (x, 1,1)) dx

[ e - nwo) - [ (5@ 0) - AE )@
< —g 01 (W7 + @7 + 17 (x,p,1) + 13 (x,p,1)) dx
+Co (IO Big.1) + 180) B g1 )

We introduce the following multiplies

Al(t):—/ol (010D, + PP, + pOD,) dx——/ W2y ?/Olwzdx,
As(l) = /0 (W, 4y, j)dx+% /O W2y,

A1) = po /0 (B, + W)dx 4 po /O ",

A4(t):p1/0 (@, (@, — D) + @, (D, + ¥ + @) dx,

Aste) = [ e 290 53cp.)dpa,

As(t) = /0 ] e 2P 13 (x,p,1)dpdsx,

where j is the solution of — jy, = ¥y, jlx—0,1 = 0. We define the Lyapunov functional .7 (¢) by

F(t) =MF(t)+ 8A1( )+ NAs (1) +Az(t) +Aq(t)

b
/ P1qP; P, dx—l—pi/ g, dx+f/ qwthdx+A5( )+A6()

with ¢ =2 —4x, x € (0,1). Then it is easy to verify that there exist two positive constants ¢, 0 such
that

o F(t) <.Z(t) < mF(t). (4.36)
Note that
1 1
LA = el < [ (10 1) 1]
0 0

(1" g + 192 B g ) 11041 1
< €|kl + Cpl P39,y VE>O,

/]fz ~ (@) @ldx < el|@|?+Csl@( 4., Ye>0,
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1 1
|1 =)l < [ (20 + 2O dx
(1" 1201y + 12212 0.1, ) I¥llago 1y 124

< €| %P+ Coll ¥ g, 1), Ve >0,

and |
| 12@) - p(@)@ldx < el@)P+Calol.,, ve>o.

Choosing appropriate constants, we can derive that there exists a positive constant & such that

d
ST (1) < —aF () +Co (190) o) + 100 o))

which along with (4.36) gives us
o
F(0) <~ F O+ Cs (|90 Bos ) + 100 2001 7) 437)

Combining (4.36) and (4.37), we can deduce

o t
FO <FOe &+ [ (I190) g + 10 B ds.

From Theorems 4.2 and 4.3, we can obtain the semigroup S(7) defined by (3.13) is asymptotically smooth
in 7. The proof is complete. O

Proof of Theorem 3.4. From Theorems 4.4 -4.14, we can conclude the desired conclusion immediately.
g

4.4. The finite-dimensional attractor. In this subsection, we study the finite-dimensional attractor to
complete the proof of Theorem 3.5

Proof of Theorem 3.5. LetX = H',Y =12, and Z = 2. Then the dynamical system (%, S(t)) obtained
from the solution operator of problem (3.1) satisfies (4.1) and (4.2). Let B C ¢ be a bounded set pos-
itively invariant with respect to S(z). Let (@', @/, y', y/, w', wi 7% 7}) € B be the corresponding solution
with respect to initial data (@g, @1, ¥, Vi, wh, wi, fi. f3), (i = 1,2). It is easy to show that there exists a
constant ¢ > 0 such that
ISV =S5 < e [|Ur = Va4
We denote
S(0) (90, 91 Vo, 1 Wo, Wi, wo, W fo, o) = (0,00, W' Wi who w20, 35), (= 1,2).
We consider the semi-norm
nx(¥) = lWlae+1),  nx(w) = [wllage+1)-

Since the embedding H' — L2(®+1) is compact, it follows that nx(.) is a compact semi-norm on H'. We
conclude from (4.37) that

% <F(0)€%t+cg/ole$(fs) (HWH%(9+1)+”W”%(6+1)) ds
< Coe” &' Uy~ Uil + G | & dssup e (v (5) — v ()
+C / " E ) gy sup [nx (W' (s) —w?(s)]?
= b(t)OIIUl — Ual% + () sup [nx (W' (s) — w2(s)) +nx (w! (5) —w?(s))] %,

1S(£)U1 = $(1)Ua|

2
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with .

b(t) = Coe @', c(r) = Cg/ e w g5, 1>0.

0
Finally, we note that
b(r) e L"RT)  with lim (1) =0.

Since B C ¢ is bounded, we obtain that ¢(¢) is locally bounded on [0,c). Thus, inequality (4.3) holds,
which shows that dynamics system (7, S(¢)) is quasi-stable on 2(. By theorem 3.4, we know dynamics

system (##,S(¢)) has a compact global attractor 2, which is a bounded positively invariant set of J7.
Then Theorem 4.3 yields that 2{ has finite fractal dimension. The proof is complete. U

4.5. The exponential attractor. In this subsection, we establish the existence of exponential attractors
to problem (3.1).

Definition 4.15. A compact set 2., C X is said to be a fractal exponential attractor of dynamical system
(X,S(t) if Aoy is a positively invariant set of finite fractal dimension in x and for every bounded set B C X
there exist positive constants 75, Cp and o such that, for all t > 1,

dist y (S(t)B,exp) < Cpexp(—ap(t —1g)).

If there exists an exponential attractor only having finite dimension in some extended space # D .,
then this exponentially attracting set is called a generalized fractal exponential attractor.

Theorem 4.16. [2] Under the hypotheses of Theorem 3.1, the corresponding dynamical system (€ ,S(t))
has a generalized exponential attractor Uy, C J€ with fractal dimension in

H = (X' xY)? xZ?,
where X' is the topological dual of X.

Theorem 4.17. Let (77,S(t)) be a dynamical system satisfying (4.1) and (4.2) and quasi-stable on some
bounded absorbing set B. Assume further that there exists an extended space 7€ O H such that, for any
T >0,

1S(t1)y = S(22)yll 7 < Corlti —12|*, 11,22 € [0, T],y € B, (4.38)

where Cgr > 0 and o € (0, 1] are constants. Then (7€,S(t)) has a generalized exponential attractor
e, C I with finite fractal dimension in H.

Proof of Theorem 4.16. We take

B= {(‘PKP:;‘I/,‘I/:,W’W”ZI,&) such that H((pa(ptvWvll/taw7wl‘7zl7zz)”,2yf<R2}'

Then, B is a positively invariant bounded absorbing set for R large. Therefore the system is quasi-stable
on B. Taking a weak solution U(z) = (¢(t), @ (t), w(t), i (t),w(t),w:(2),z1(t),22(t)) € A, we easily
deduce from (2.3)-(2.4) that

(Pt @i, Wi, Wit , Wi, Wity 2145 221) € LIZOC(R’L,%Z), with 7 = (X' x Y)2 x Z2.

Hence, for the solutions U (¢) with initial data y = U(0) € B, we easily conclude that

T
| o) pds < G,
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where Cgr is positive constant. Thus
15 1
1S(t1)y = S(2)yll 7 < / [Ui(s)]l spds < Corlti =127, 0<t1<n <T.
151

We easily observe from the inequality above that for any y € B, the map ¢ — S(¢)y is Holder continuous in
7 with exponent o = % Hence (4.38) holds and Theorem 4.17 guarantees the existence of a generalized
exponential attractor whose fractal dimension is finite in .7Z. This completes the proof. U
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