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1. INTRODUCTION

Fractional differential and difference equations with and without delay arise from a variety of applica-
tions including in various fields of science and engineering such as applied sciences, practical problems
concerning mechanics, economy, control systems, physics, chemistry, biology, medicine, atomic ener-
gy, information theory, harmonic oscillator, nonlinear oscillations, conservative systems, stability and
instability of geodesic on Riemannian manifolds, dynamics in Hamiltonian systems, etc. In particu-
lar, problems concerning qualitative analysis of fractional differential and difference equations with and
without delay have received the attention from many authors, see [1]-[23], [25]-[28] and the references
therein.

Recently, Agarwal, Zhou and He [3] discussed the existence of solutions for the neutral fractional
differential equation with bounded delay

“p« (x(t)_g(t7xt)) :f(t)xt)7 t > 1o,
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where €D is the standard Caputo’s fractional derivative of order 0 < o < 1. By employing the Kras-
noselskii’s fixed point theorem, the authors obtained existence results.
The fractional difference equation

{ A%(t) = f(t+a,x(t+a)), t €Nj_q,

A x (1) _y = o0,

t=0
has been investigated in [12], where A* denotes Riemann-Liouville like discrete fractional difference
of order 0 < o < 1. By using the Krasnoselskii’s fixed point theorem and the discrete Arzela-Ascoli’s
theorem, the asymptotic stability was established.

In [16], Jagan Mohan, Shobanadevi and Deekshitulu investigated the asymptotic stability of the solu-
tions of the following nonlinear nabla fractional difference equation

{v&un:fmxm»reNﬁh

x(a) = xo,

where VZ, is a Caputo nabla fractional difference of order 0 < @ < 1. By employing the Schauder’s
fixed point theorem and the discrete Arzela-Ascoli’s theorem, the authors obtained asymptotic stability
results.

Inspired and motivated by the works mentioned above and the corresponding results announced in
[1]-[23], [25]-[28], we concentrate on the asymptotic stability of the solutions for the nonlinear neutral
nabla fractional difference equation with variable delay

{ Vae [x(1) =g (t,x(t =7 (1)) = £ (1,x(2) ,x(t =7 (1)), t € Nay,

x(6) = 9 (1), 1 € [mo,a] N Ny, (L.D)

where a € R7 is fixed, V%, is a Caputo nabla fractional difference of order 0 < & < 1, mg = infyen, {7 —
(1)}, Ny ={t,t+1,t+2,..}, 7: N, = N, witht —7(f) — ccast — oo, f : N, x R x R — R is continuous
inxandy, g: N, x R — R is Lipschitz continuous in x, that is, there is a positive constant K € (0, 1) such
that
8(t,x) —g(t.y)| < K|x—y|, g(1,0) =0. (1.2)

The purpose of this paper is to use the Krasnoselskii’s fixed point theorem and the discrete Arzela-
Ascoli’s theorem to show the asymptotic stability of solutions for (1.1). To apply the Krasnoselskii’s
fixed point theorem, we need to construct two mappings. One of the two is a contraction and the other is
compact.

This paper is organized as follows. In section 2, we introduce some notations and lemmas, and state
some preliminaries results needed in later sections. Also, we present the inversion of (1.1) and the
Krasnoselskii’s fixed point theorem. In Section 3, we give and prove our main results on the stability.

2. PRELIMINARIES

In this section, we introduce preliminary facts which will be used throughout this paper.

Definition 2.1 ([15, 27]). Letx: N, — R and o > 0 be given. Then the o"-order nabla fractional sum
of x is given by

v, %x(t) = L XI: (t—p (s))ﬁx (s) forr € N, 2.1
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where p (s) = s — 1 and 1% = S0 for £ € R\ {..., =2, 1,0} with 0% = 0.

Also, we define the trivial sum by v, %x (¢) = x(¢) fort € N,,.

Definition 2.2 ([26]). Let x: N, — R, & > 0 be given and let N € N be chosen such that N — 1 < a <

N. Then, the o'-order Caputo nabla fractional difference of x is given by
vex(t) = Vg " [vVx(1)] fort € Nojy.

For ot = 0, we set V0, x (¢) = x(¢) fort € N,.

(2.2)

Lemma 2.3 ([27]). Let h: N, - R and 0 < @ < 1 be given. Then x : N, — R is a solution of the initial

value problem

Vg‘*x(t) :h(t)v re Na+17
x(a) = xo,

if and only if x has the following representation

1 ! o=1
x(t):onrms:;l(t—p(s)) "h(s), 1 eN,.

Lemma 2.4. x: N, — R is a solution of (1.1) if and only if x has the following representation

x(t) = ¢ (a) —g(a,9 (a—1(a))) +g(t,x(1 =7 (1))

+F(la)s_;l(t_p(s»OHf(S’x(S)’x(S—T(S))%t € N,.

Lemma 2.5 ([27]). Let oo > 0 and u > —1. Then, fort € N,, we have

'(1+pw) (t_a)m'

Vi (t—a)lt =
o (1=a) Fl+oa+up)

Definition 2.6. The solution x = ¢ (¢) of (1.1) is said to be

(2.3)

2.4)

(2.5)

(i) stable, if for any € >0 and a € R™, there exists a 6 = & (a,€) > O such that |¢ (1) — ¢ (t)| < & (a, €)

for ¢ € [mg,a] NN, implies
x(t,9,a) =@ ()] <,
fort > a,
(ii) attractive, if there exists 11 (a) > 0 such that ||¢ || < n implies

limx(z,¢,a) =0,

t—roo

(iii) asymptotically stable if it is stable and attractive.

The space £, is the set of real sequences defined on Ny, where any individual sequence is bounded

with respect to the usual supremum norm. It is well know that under the supremum norm /77 is a Banach

space.

Definition 2.7 ([14]). A set Q of sequences in £ is uniformly Cauchy (or equi-Cauchy) if for every

€ > 0, there exists an integer N such that |x (i) —x(j)| < € whenever i, j > N for any x = {x(n)} in Q.

Theorem 2.8 ([14], Discrete Arzela-Ascoli’s theorem). A bounded, uniformly Cauchy subset Q of £, is

relatively compact.
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Finally, we state Krasnoselskii’s fixed point theorem which enables us to prove the stability of solu-
tions to (1.1). For its proof we refer the reader to [24].

Theorem 2.9 ([24]). Let Q be a non-empty closed convex subset of a Banach space (S, ||.||). Suppose
that Ty and T, map Q into S such that

(i) Tix+ Thy € Q for all x,y € Q,

(i) Ty is continuous and T\ is contained in a compact set of S,

(iii) Ty is a contraction with constant | < 1.
Then there is a x € Q with Tix+ Thx = x.

3. MAIN RESULTS

Let £, be the set of all real bounded sequences x = {x(¢)};_,, with norm ||x[| = SUP;eN,, |x(¢)]. Then
. 1s a Banach space.
Define the operator T : £;; — £, by Tx(t) = ¢ (¢) for ¢ € [mg,a] NNy, and

Tx(t)=Tx(t)+Tox(t) fort € Noyy,

where

Tix(1) = ¢ (a) —g(a, ¢ (a—1(a)) +g(1,x(t = 7(1))),

Thx(t) = F(IOC)S_;] (t—p (s))mf (5,x(s),x(s—1(s))). (3.1)

Obviously, x is a solution of (1.1) if it is a fixed point of operator 7.

Lemma 3.1. Assume that (1.2) holds and the following condition is satisfied
(H,) there exist constants Y;,L; > 0 such that

Then there exists at least one solution x for (1.1).
Proof. Define the set
S = {x €62 x(t) = (1) fort € [mo,a] 1N,y and [x ()| <Ly (t —a) " fort e Naﬂ}.

It is easy to know that S is a closed, bounded and convex subset of 6;0. In addition, for t € N, we
have

(z—a)”zwz(t—a)% [1+0<t_1a>] 0 fort — oo
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To prove that 7" has a fixed point, we first show that 7 maps S; to S7. For ¢t € N4, condition (H}) implies
that

Tx (1) <16 (a)| +g(a,9 (a—7(a)| +KLi (r—a) "
I t o—1
i@, L (PN () x5 7(e)
<L(t—a) ",

which yields that TS| C ;.

Next, we show that T; is continuous on §;. Let € > 0 be given, there exists a N} € N,y such thats > N
implies that L; (t —a) " < £. Let {x,} be a sequence such that x, — x. Fort € {a+1,2+4a,...,Ni},
applying the continuity of f and

. a1 Tl—ata)
o, &, PO S Faa o

we have

X

g mas (s (5),20 (5 = T(5))) = f (5.2 (5) ¥ (s = 2 ()
I't—a+a)

= @t DT (=) st o5 vy (5,2 (5) 20 (s = T(s))) = f (s,%(5) ,x (s = T(s)))]

— O0asn — oo,

Fort € {N;+1,N; +2,...}, we have

1 ¢ T
EECR A FACACEACGION
b t o N s, x(s),x(s—T(s
F(Ongﬂ(t p ()% fs,x(s),x(s—7(s)))

Thus, for all r € N,1 1, we have
|Tox, (1) — Tax(t)| — 0 as n — oo.

which means that 75 is continuous.
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Now, we show that 7> is relatively compact. Letting 71 > € N1 and #, > t; > Nj, we have

‘sz (l‘z) — sz(l‘l)‘

_L 3 — Ky a1 §,X(8),X(§—T(S
- SEH(: p ()™ f(s,x(s),x(s —7(s5)))

5] N

=Y —p )" fsx(s),x(s—7(5))

s=a+1

<Li(t—a) "+L(t—a) " <e.

Then {T>x : x € S} } is abounded and uniformly Cauchy subset. Hence, by Theorem 2.8, 5. is relatively
compact.

Finally, we prove that 7; is a contraction. Letting x,y € S|, we have

Tix(t) = Tiy (1) = |g (t,x(t =7 (1)) — g (£,y (1 = T (1))
< Klx—yl-

Then
[Tix=Thy|| <K [lx =y,
which means that 7} is a contraction by (1.2).
According to Theorem 2.9, we have that T has a fixed point in S; which is a solution of (1.1). This
completes the proof. O

Theorem 3.2. Assume that conditions (1.2) and (Hy) hold, then the solutions of (1.1) are attractive.

Proof. By Lemma 3.1, the solutions of (1.1) exist and are in S;. All functions x in S; tend to 0 as ¢ — oo.
Then the solutions of (1.1) tend to zero as t — oco. This completes the proof. 0

Theorem 3.3. Assume that (1.2) holds and the following condition is satisfied
(Hy) there exist constants > € (o, 1) and Ly > 0 such that

[ (x (1), x (e =T (2)) = f (6,3 (1) ,y (1 = T(1)))]

<Ly(t—a) " [x—yll, 1 € Nas1.
Then the solutions of (1.1) are stable provided that

c=LI(1-p)+K<1. (3.2)
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Proof. Let x be a solution of (1.1), and let X be a solution of (1.1) satisfying the initial condition %(¢) =
¢ (t) fort € [mg,a] NN,,,. Fort € N, 1, applying (1.2) and condition (H,) we have

(1) =% ()]
=9 (a) =9 (a)| +[g (a9 (a—7(a)) —g(a,0 (a—1(a)))]
+gtx(t—1(2)) —g (6, %(r —7(1)))|

2 ! —o(s)% _ 2y —%
+F(a)s:az+1(t p(s)* (t—a) P [lx—x|
—19(a)— @ (a)| +K|p(a—T(a)— |+ K |lx— 5|
LoV, (t—a) ? =3

=|¢(a) = (a)| +K|¢p(a—7(a))— ¢ (a—T(a))|+K]x—Z]
Lzr(l—’}/z) ZWHX—

I'(l+a—p) d
<(1+K)[[0 = 6| + (K + LT (1 — 1)) |lx — 7],
which yields that

=5l < (1+K)[|¢ = ¢ +clx—z].

This further implies
1 + K

Then, for any € > 0, let § = 1+K
(1.1) are stable. This completes the proof. U

Combining Theorem 2.8 and Theorem 2.9, we have

Theorem 3.4. Assume that conditions (1.2), (Hy) and (Hp) hold, then the solutions of (1.1) are asymp-
totically stable provided that (3.2) holds.

Lemma 3.5. Assume that (1.2) holds and the following condition is satisfied
(H3) there exist constants y3 € (¢, 1) and L3 > 0 such that

¢ (a) —g(a,¢(a—7(a)))+g(t.x(t—7(1))) -
r(i-a) (s=a)" + £ (s5.x(s) (s~ 2 (s)))

<Li(s—a) P fors € Nyiq, t € Nyyy.

Then exists at least one solution x for (1.1).
Proof. Define the set
={xely x(t)=¢(t) fort € [my,a] NNy,

LI (1-7p)

and |x(1)] < Tta—y)

(t—a)® " fort e Na+1} .
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From the above assumption of Sy, it is easy to know that S5 is a closed, bounded and convex subset of
6;0. First, we show that T maps S, to S,. For 7 € N, from condition (H3) and Lemma 2.5, we have

1 t oa—1
ey &, PO x() (s =)
e
_F(O‘)s:aﬂ(t p(s))
MEAOR 1CTIC —rr(ic?);jg(nx(t—r(t))) (=@ 4 £ (s.x(s) (s —7(s))

Ly = P
§F<a>s§ﬂ“ p(s)* " (s—a)
=137, %(t—a) "

LT (1 —m) ()

I'(l+a—mn)

Then T'S> C S,. The proofs that 75 is continuous, 755, is relatively compact and 77 is contractive are
similar to that of Lemma 3.1. So, we omit it. By Theorem 2.9, we have that T has a fixed point in S,
which is a solution of (1.1). This completes the proof. O

Theorem 3.6. Assume that conditions (1.2) and (Hz) hold, then the solutions of (1.1) are attractive.

Theorem 3.7. Assume that conditions (1.2), (H,) and (Hz) hold, then the solutions of (1.1) are asymp-
totically stable provided that (3.2) holds.

Lemma 3.8. Assume that (1.2) holds and the following condition is satisfied
(Hy) There exist constants § > 11— and Ly > 0 such that

¢(a)—g(a,¢(a—1(a))+8(t,x(t—1(1)))
ril—o)

<Ly |x(s—|—}/4)\ﬁ fors € N1, t € Ny,

(s =)™+ f (s,x(s) . x (s = T(5)))

Then (1.1) exists at least one solution x on N| provided that

LI (1+By)C(1—By)
(i +a—By (3.3)

where
¢ - 1 <
<< .
p-1 B
Proof. From 3 > ﬁ, we have that % < % which implies that y; exists. In addition, ¥ < % means
that (1 —By) >0and T (1+a—By) >0, ﬁ < 74 implies that o — B4 < —74. Define the set

(3.4)

Sz = {xE lpo 2 X () = ¢ (t) fort € [mo,a] "N, and |x(2)] < (t—a)j4 fort e Na+1}.
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We show that 7 maps S3 to S3. Fort € N, applying condition (Hy) and (3.3), we have

()
- ey L e=p @)

[ttt =D s -5
<t X P ol

< rig X =p @) emarm ¥

LOL(+Bw) xS e T, i
_T(a)rﬁ(lﬂﬁ)szm(t P e =at b

_ LI(4Bw)l(1—-Bn) (t —a) P
F(1+y)T(1+a—By)

<(r— a)a—ﬁw
<(t—a)".
Then TS3 C S3. Using Lemma 3.5, we find the desired conclusion immediately. O

Theorem 3.9. Assume that conditions (1.2), (Hs) and (3.3) hold, then the solutions of (1.1) are attractive.

Theorem 3.10. Assume that conditions (1.2), (Hp) and (Ha) hold, then the solutions of (1.1) are asymp-
totically stable provided that (3.2) and (3.3) hold.
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