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SOLVABILITY OF A SYSTEM OF FRACTIONAL HYBRID DIFFERENTIAL EQUATIONS
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Abstract. In this paper, we study the existence of solutions of a system of fractional hybrid differential equations. The existence
of solutions is derived from Leray-Schauder’s alternative, while the uniqueness of solutions is established by means of Banach’s

contraction mapping principle. An illustrative example is also included.
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1. INTRODUCTION

In this paper, we discuss the existence and uniqueness of solutions for the following system of frac-
tional hybrid differential equations:

D% (gl(t,ulfl(t(;,)uz(t))> = fi(t,u1 (2),u2(7)), t €J,

(1.1)
() —
D% (el ) = fo (1) w2 (1) 1 €,
supplemented with coupled integral boundary conditions:
up (0) = 09‘A1 (s)ui (s)ds, 0< 6 <1,
(1.2)

uz (0) = [ A (s)uz (s)ds, 0 < 6, < 1,

where, for i = 1,2, the symbols D% denote the Caputo fractional derivatives, with 0 < o; < 1, J = [0, 1],
A; are continuous functions on [0, 1], f; € C (J x R*R) and g; € C (J x R*,R— {0})..

The differential equations of fractional orders arise in the mathematical modelling of systems and
processes occurring in many engineering and scientific disciplines, such as chemistry, physics, control
theory, biophysics and signal processing, see, for example, [1, 2, 3, 4, 5] and the references therein.
Recently, by using fixed the point theory, many researchers have established existence results for various
classes of equations. For more details, we refer the reader to [2, 3, 6, 7, 8, 9, 10] and the references
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therein. The study of systems of fractional orders is also found to be of great interest as such systems
appear in a variety of problems of applied nature. For more details, one is referred to [11, 12, 13, 14]
and the references therein. Moreover, fractional hybrid differential equations have also been studied
by several authors, see, for instance, [15, 16, 17, 18, 19, 20]. Recently, the existence and uniqueness
for solutions of some systems of coupled hybrid fractional differential equations has been intensively
studied; see [21, 22, 23, 25] and references cited therein.

The rest of this paper is organized as follows. In Section 2, we give some preliminaries and lemmas.
Section 3 is devoted to establish an existence and uniqueness result for system (1.1)-(1.2). The first
result is based on the Leray Schauder alternative and the second one is based on the Banach contraction
principle. In Section 4, an illustrative example is discussed.

2. PRELIMINARIES

In the following, we give the necessary notation and basic de definitions and lemmas which will be
used in this paper (see [4, 5, 26]).

Definition 2.1. The Riemann-Liouville fractional integral operator of order a > 0, for a continuous
function % on [0, <] is defined by:

1%h (1) = F(la)/' (t— 0% h(1)dr,

where I'(@0) := [5” e “u®"du.
Definition 2.2. The fractional derivative of 4 € C" ([0,0|) in the Caputo’s sense is defined as:

1 !
M/ (I—T)n_a_lh(n)(f)dfﬂ’l—l<(x<l’l,n€N*.
n— a

We also give the following lemmas.

D%h(r) =

Lemma 2.3. For o > 0, the general solution of the fractional differential equation D*u(t) = 0 is given
by:
u(t)=co +eit et + oo Fep ",
where c; e R,i=0,1,2,...n—1,n=[at] + 1.
Lemma 2.4. Let ¢ > 0. Then
1°D%u(t) = u(t) +co+cit +eat® + ... +cpyt" !,
forsomec; €R,i=0,1,2,...n—1,n=a]+1.
We also need the following auxiliary result. As notation, we put: = (uy,uy) and u(t) = (u; (1), uz(t)).
It follows that
Lemma 2.5. Fori=1,2,let g; € C((J x R*,R—{0}) and h; € C(J,R). Then, the solution of the equa-
tion 0
u; (t
D% ’)zh-t ,teJ0<o<1,i=1,2, (2.1)
(st = /

<

subject to the conditions:

0;
1 (0) :/ Ai(s)ui(s)ds, 0< 6, < 1,i=1,2, 2.2)
0
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given by:

_ &ilnu@)) [ a1,
wi(t) = W/O(t—r) Yhi(1)dt (2.3)

gi (1, (1)
[(0.7(0)) — " g s (5)) i (s) ds]

< [ et m ) [F(loc,-) [ r)““hmr)dr} as).

+

provided that foe" gi(s,7u(s))A;(s)ds # g (0,u(0)).

Proof. By Lemma 2.4, we have

u; (l‘ ) o
—————=1"h;(t) +co. 2.4)
atam) 0
where cg € R is an arbitrary constant. Using condition (2.2), we can write
1
cy = (2.5)

((0,7(0)) ~ fy? i (s.(5)) i (s) ds
0;
x /0 @ (5,7 (s)) Ai () 1% (h (5)) ds.

Substituting the value of cg in (2.4), we obtain the desired result immediately. O

3. MAIN RESULTS

For i = 1,2, we introduce the spaces
Xi={u(t),i=1,2:u;€C(J,R)},
endowed the norm defined by
[luillx, = sup{|u; ()| : 1 € J}.
It is clear that for each i = 1,2, (X;, HHX,) is a Banach space. The product space (X; x X2, -1y, XXz) is

also a Banach space with norm |||y, . x, = [lu1(lx, + [lu2]ly, -
In view of Lemma 2.5, we define the operator T : X; X X — X; X X» by

Ta(t) = (i (t) , T (t)), 3.1)
where
_ _ gi(t’ﬁ(t)) ! o—1 ¢ —
Tu(t) = w/()(t—’c) Yfi(t,m)dt (3.2)
+ gi(f,ﬁ(t)) /elgi(s,u(s))Ai(s)
81 (0,(0)) = [ g1 (s 7(s)) 4i () ds] 70
1 o _
X[F(Oti)/o (s—7) lfi(f,u(r))dr} ds,
fori=1,2.

We impose the following hypotheses:
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(H1) : There exist nonnegative constants k;;,i, j = 1,2, such that, forall r € J and %,V € R2,
2
\fi (t,7) = fi (2.9)] < Y kijuj— v
j=1

(H») : There exist nonnegative constants M;,i = 1,2 such that for each ¢ € J and u € R?, |g; (t,u)| <
Mii=1.2.

(H3) : There exist real constants a; > 0 and b;; > 0 (i, j = 1,2) such that, |f; (t,u)| < ai—i—Z?:l bij |ujl
for all r € J,u € R.

Then, we set the following

. o+l i
Bl- — Ml I Mzei SUPscy ’Al (S)| , (33)
P04 1) 1 (04 +2)|g:(0,(0) — Ji g1 (5.7(5)) A (s) ds

where i =1, 2.
In our first result, we discuss the existence of solutions for problem (1.1)-(1.2) by means of Leray-
Schauder alternative [24].

Lemma 3.1. (Leray-Schauder alternative). Let F : E — E be a completely continuous operator (i.e.,a
map that restricted to any bounded set in E is compact). Let

O(F)={u€E:u=AF (u) forsome0 <A <1}.
Then either ® (F) is unbounded, or F has at least one fixed point.

Theorem 3.2. Let f;: J x R*> = R (i = 1,2) be continuous functions satisfying conditions (Hy) and (H3).

In addition, it is assumed that
2 2
Z Bizbij <1, (3.4)
i=1 j=1
where B; (i = 1,2) are given by (3.3). Then system (1.1)-(1.2) has at least one solution on J.
Proof. In the first step, we show that the operator 7 : X X X, — X| X X3 is completely continuous. By

continuity of the functions f;,g; (i = 1,2), it follows that the operator 7 is continuous. Let ® C X; x X
be bounded. Then we can find positive constants L; such that

fi (6, 7(1))| <L,V € 0O.

Then for any # € ® and for i = 1,2, we have

il < g ) =0 L ea@)r 35)

+ M
91 (0,7(0)) — Ji gi (5.(s)) Ai () ds|

<[ WO [ =07 i ma)as] as)
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Hence, for all i = 1,2, we obtain
M;
F(OC,' + 1)

o;+1
M,'Gl- '

|mw&sux[

supycs A ()
£:(0,(0)) = J§ i (5,7 ()) Ay (5) ds| T (0 +2)

= Ll'Bi.

It follows that
2
I3y, xx, < Y LiBi:=L.
i=1
From the above inequalities, we see that operator 7 is uniformly bounded.
Next, we show that 7" is equi-continuous. Let t{,#, € J with #; < ;. Then we have

T (0) - T ()] < I%Z)An(n—rW”Wn—rW”ﬂUK%MW»MT

M; /’2 o~ ‘
' (t,u(7))|dr.
for i = 1,2. Hence, by (H,), we have
_ _ M;L; .
Tu(t))—Tu()| < =—— |(h—1) 1,2.
T () =T ()| < oo =gy (o= [o" =¥ ]Li= 1,
Thus,
2 ML

HTﬁ(l‘l) _Tﬁ(tz)HXlxXz < Z F( [(tz—l‘l)ai—f— ’tgi —[f‘iu .

o;+1)

(3.6)

3.7

(3.8)

(3.9)

(3.10)

This implies that || Tiu (1) — Tiu (12)||x, xx, — 0 as tp — t1. Thus, by using the Arzela-Ascoli theorem one

can conclude that the operator 7' : X; X X, — X X X5 is completely continuous.

Finally, it will be verified that the set ® = {zi € X; x X»,ui = ATu,0 < A < 1} is bounded. Let i € ®.

Then, for each r € J, we can write
ui (t) = AT, i =1,2.
Then, fori = 1,2, we have
M. t
()] < A ’/t—“"“-*d
@l < (g [ 00 AR s
M;
+ .
31(0.0(0)) — 6, " 3 (5,1 (5)) A (5) s

xﬁamxwﬂréﬂﬂix—ﬂ%”uxauu»dﬂdﬁ.

Thanks to (H3), we can write

|u,~(t)| < <F(O€,+1)

+

MieiaiJrl SUD;ey ‘Ai (SN
91(0.7(0)) = 7" g (5,7 ()) A (s)ds| T (04 +-2)

3.11)

(3.12)

(3.13)
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Hence, we have

2
luilly, < Biai+Bi Y bij||uj|, i =1,2. (3.14)
j=1
This implies that
2 2 2 2
ZH”I'HX,-SZBiai—i_ B,‘ZbinujH. (3.15)
i=1 i=1 =1 j=1
It follows that
_ Y71 Biai
7l x, xx, < = (3.16)

min;<j< (1 - X7, (Bi X7 bij))
This shows that the set ® is bounded. Hence all the conditions of Lemma 3.1 are satisfied and conse-

quently the operator has at least one fixed point, which corresponds to a solution of system (1.1)-(1.2).
This completes the proof. 0

Now, we are in a position to present the existence and uniqueness of solutions for (1.1)-(1.2). This
result is based on the Banach’s contraction mapping principle.

Theorem 3.3. Let f; : J x R*> — R;i = 1,2 be continuous functions satisfying the conditions (H,) and

(Ha). If

2 2

Y (B,- Zki]) <1, (3.17)
j=1

i=1
then hybrid system (1.1)-(1.2) has a unique solution on J.
Proof. Define sup,.;|fi(t,0,0)| = N; < oo,i = 1,2 such that

r> Ziz;lBiNi .
B 1—21‘2:13i2§:1 kij

We first show that TB, C B,, where B, = {ﬁ eX; xXo: ||ﬁHX1Xx2 < r} . Thanks to (H,), for i € B,, we
observe that

|fl(t7ﬁ(t))’ < ’fi(tﬂﬁ(t))_fi(t?()?()”"i_ ‘ﬁ(tv()?())’ (3-18)

2
< Zk,-jr—i—Ni.
=

Hence, we get

teJ

@l < Mxswd (s [ 6-0% ea)las

+ (3.19)
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Using (3.18), we can write

_ M;
E@ly < |+ 320
Mieiwi+1 SUD¢ g ‘Al (S)’ (i kul"+N>
I(0+2) ’gi (0,7(0)) — Jy" gi (5,1 (s)) Ai (5) ds‘ =

2
= B,‘ (Z kijr—i-Ni) y
j=1

for i = 1,2. Therefore, it yields that

j=1

2
Hﬂwm&§&<2hﬂ+M)J—LZ (3.21)

Consequently,
|Tally, x, <1, (3.22)

which implies that TB, C B,. For u,v € X and, for each ¢ € J, we have

I1T: (@) — T: ()|, (3.23)
< Mixig{(r(;) /0'<z—r>“f1|ﬁ<r,u<r>>—ﬁ<r,v<r>>|dr
1
+
¢i(0,(0)) — J& g (s, (5) ds\/

e [ -0 |ﬁ<r,u<r>>—ﬁ<r,v<r>>|dr] as) |-

Thanks to (H;), we can write

17 () = T (v) I, (3.24)

Z 1
< lekqungm/ [ —1)" ZHuj—ijdr

1
_'_
8i(0.2(0)) — [ gi (5.1 ds(/
1 s o

x [rmi)/o (s— )% ;Huj_vjudf] ds)}

<

2 M,
kii | —————
Zl ! {F(aﬂrl)

~

n MiGiOli+1 SUPgcy ‘A, (S)| (i Huj—v/H>
£i(0,7(0)) —foe’gi (s, (s))A; (s)ds‘l“(oc,-+2) j=1 ‘

= Tumo (L)

]:
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for i = 1,2. This implies that

2
|7 (@) — Hxlxxz Z (Bi Zkij> X (Zi Huj—ij> . (3.25)

[\
(3]

Consequently by (3.17), we conclude that T is contractive. As a consequence of the Banach fixed point
theorem, we deduce that 7 has a unique fixed point which is a solution of hybrid system (1.1)-(1.2). U

4. EXAMPLE

Example 4.1. Consider the following system of hybrid fractional differential equations:

D% < Ml({) ) _ e '(cosuy (t)+sinuy(t)) _i_elﬂ‘z’t c [07 1],

|cosu|(l)‘+|smu2(!)‘+3 et +5
9

2 sin(2 -1
b ( TR m) = SRl w el n (142) 1 € [0,1], @.1)
3

ut (0) = fi 8% (s)ds,

uy (0) = 06 & ua (s)ds.

For uj,u; € R,t € J =0, 1], we have

e " (cosuy (1) +sinuy (1)) 1422
filtu,w) = T 15 te
sin (27up (1)) tan~Luy (1) 2
t _ In (1 +1
fi(tur,u) 301 + 16 +1n (1+17),
cosuy (t)|+ |sinup (¢)| +3
g (tur,up) = oot ) ‘9 - ’
cos (uy (1) +up (¢
g (tu,wp) = cosl l(; 2())|’
and
sint cost

It is clear that

|h1 (tuulul’tZ)_hl ([,V],Vz)‘ S

p—— (Jur —vi] +uz —va|),

1
|hy (t,ur,uz) —hy (t,vi,v2)] < 6 (lug —vi|+|ug —v2|),

)]

1
|fi (tur,un)| < §Jf2(f7u17u2)! < 3

So, we take w;] = 0 = %ﬁ, ) = Wy = 1—16 and found B; ~ 0.6262, B, ~ 0.3810. Hence, we obtain

2 2
Y <Bi Zk,,) ~0.20145 < 1.
i=1

Jj=1

Thus all the conditions are satisfied. Consequently, there exists a unique solution for problem (4.1) on
[0,1].



SOLVABILITY OF A SYSTEM OF FRACTIONAL HYBRID DIFFERENTIAL EQUATIONS 9

REFERENCES

[1] K. Diethelm, N. J. Ford, Analysis of fractional differential equations, J. Math. Anal. Appl. 265 (2002), 229-248.
[2] D. Delbosco, L. Rodino, Existence and uniqueness for a nonlinear fractional differential equation, J. Math. Anal. Appl.
204 (1996), 429-440.
[3] A. M. A. El-Sayed, Nonlinear functional differential equations of arbitrary orders, Nonlinear. Anal. 33 (1998), 181-186.
[4] A.A.Kilbas, S. A. Marzan, Nonlinear differential equation with the Caputo fraction derivative in the space of continuously
differentiable functions, Differ. Equ. 41 (2005), 84-89.
[5] V. Lakshmikantham, A. S. Vatsala, Basic theory of fractional differential equations, Nonlinear. Anal. 69 (2008), 2677-
2682.
[6] D. Boucenna, A.G. Lakoud, J. Nieto, R. Khaldi, On a multipoint fractional boundary value problem with integral condi-
tions, J. Nonlinear Funct. Anal. 2017 (2017), Article ID 53.
[7] M. Houas, Z. Dahmani, New fractional results for a boundary value problem with caputo derivative, Int. J. Open Problems.
Comput. Math. 6 (2013), 30-42.
[8] M. Houas, Z. Dahmani, On existence of solutions for fractional differential equations with nonlocal multi-point boundary
conditions, Lobachevskii J. Math. 37 (2016), 120-127.
[9] M. Houas, Existence and uniqueness of solutions for nonlinear fractional differential equations with two fractional orders,
Lobachevskii J. Math. accepted.
[10] R. Khaldi, A.G, Lakoud, Higher order fractional boundary value problems for mixed type derivatives, J. Nonlinear Funct.
Anal. 2017 (2017), Article ID 30.
[11] M. Houas, Z. Dahmani, New results for a coupled system of fractional differential equations, Facta Univ. Ser. Math.
Inform. 28 (2013), 133-150.
[12] M. Houas, Z. Dahmani, New results for a system of two fractional differential equations involving n Caputo derivatives,
Kragujevac J. Math. 38 (2014), 283-301.
[13] M. Houas, Z. Dahmani, A coupled system of integro-differential equations involving Riemann-Liouville integral and
Caputo derivative, Acta Univ. Apulensis Math. Inform. 40 (2015), 67-84.
[14] M.A. Abdellaoui, Z. Dahmani, M. Houas, On some boundary value problems for a coupled system of arbitrary order,
Indian J. Industrial Appl. Math. 2 (2013), 170-178.
[15] B. C. Dhage, V. Lakshmikantham, Basic results on hybrid differential equations, Nonlinear. Anal. 4 (2010), 414-424.
[16] B. Dhage, N. Jadhav, Basic results in the theory of hybrid differential equations with linear perturbations of second type,
Tamkang J. Math. 44 (2013), 171-186
[17] M. A. E. Herzallah, D. Baleanu, On fractional order hybrid differential equations, Abstr. Appl. Anal. 2014 (2014), 1-8.
[18] K. Hilal, A. Kajouni, Boundary value problems for hybrid differential equations with fractional order, Adv. Difference.
Equ. 2015 (2015), Article ID 183.
[19] S. Sitho, S. K. Ntouyas, J. Tariboon, Existence results for hybrid fractional integro-differential equations, Bound. Value.
Probl. 2015 (2015), 1-13.
[20] Y. Zhao, S. Sun, Z. Han, Q. Li, Theory of fractional hybrid differential equations, Comput. Math. Appl. 62 (2011),
1312-1324.
[21] B. Ahmad, S. K. Ntouyas, A. Alsaedi, Existence results for a system ofcoupled hybrid fractional differential equations,
Sci. World . J. 2014 (2014), 1-7.
[22] A. Ali, K. Shah, R.A Khan, Existence of solution to a coupled system of hybrid fractional differential equations, Bull.
Math. Anal. Appl. 9 (2017), 9-18.
[23] T. Bashiri, S. M. Vaezpour, C. Park, Existence results for fractional hybrid differential systems in banach algebras, Adv.
Difference Equ. 2016 (2016), 1-13.
[24] A. Granas, J. Dugundji, Fixed Point Theory, Springer, New York, NY, USA, 2003.
[25] K. Hilal, A. Kajouni, Existence of the solution for system of coupled hybrid differential equations with fractional order
and nonlocal conditions, Int. J. Differ. Equ. 2016 (2016), Article ID 472652.
[26] L. Podlubny, Fractional differential equations, Academic Press, New York 1999.



	1. Introduction
	2. Preliminaries
	3.  Main results
	4. Example
	References

