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SOME FIXED POINT THEOREMS FOR GENERALIZED CONTRACTIONS
INVOLVING RATIONAL EXPRESSIONS IN »-METRIC SPACES
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Abstract. In this paper, we present some fixed point theorems for generalized contractions involving rational
expressions in the setting of b-metric spaces. An application is also provided to support our main results. The

results presented in this paper extend and generalize several known results from the existing literature.
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1. Introduction and Preliminaries

Fixed point theory focusses on the strategies for solving nonlinear equations of the type
Tx=xin which T is a self mapping defined on a subset of a metric space, a normed linear space,
a topological vector space or some other suitable framework. It has the diverse applications
in different branch of mathematics, statistics, engineering, and economics in dealing with the
problem arising in approximation theory, potential theory, game theory, theory of differential
equations, theory of integral equations and others.

In this area, the first important result was proved by Banach in 1922 for contraction mapping
in complete metric space, known as the Banach contraction principle [4]. This famous theorem

can be stated as follows.
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Theorem 1.1. [4] Let (X,d) be a complete metric space and T be a mapping of X into itself

satisfying:
(1) d(Tx,Ty) < kd(x,y),Vx,yeX

where k is a constant in (0,1). Then T has a fixed point x* € X.

There are many generalizations of the Banach contraction principle in literature (see, [1,5,6,7,14]).
In [17], Khan studied a fixed point theorem using symmetric rational expression in complete
metric spaces. In 1977, Jaggi [14] introduced the rational expression first time which is as
follows:
od(x,Tx)d(y,Ty)
d(x,y)

forall x,y € X and o, € [0,1) with a + 3 < 1.

(2) d(Tx,Ty) < +Bd(x,y)

One thing should be noted in the above result by Jaggi [14] that this result is not valid for
x =y. Further in 1980, Jaggi and Das [15] obtained fixed point theorem with the mapping
satisfying:

od(x,Tx)d(y,Ty)

3) d(Tx,Ty) < d(x,y)+d(x,Ty)+d(y, Tx)

+Bd(x,y)

forallx,ye X, x#yand o, €[0,1) with @+ 8 < 1, then T has a fixed point in X. This result
is also valid for x = y.

The Banach contraction principle with rational expressions have been expanded and some
fixed point and common fixed point theorems have been obtained in [11,12]. In 1989, Bakhtin
[3] introduced b-metric spaces as a generalization of metric spaces. He proved the contraction
mapping principle in b-metric spaces that generalized the famous contraction principle in metric
spaces. Czerwik used the concept of b-metric space and generalized the renowned Banach fixed
point theorem in b-metric spaces (see, [9,10]).

In this paper, we establish some fixed point theorems via generalized contractions involving
rational expressions in the setting of b-metric spaces. Also, as a consequence of our results, we
give some applications in integral type contractions. Our results extend several known results

from the existing literature.
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Definition 1.2. [2] Let X be a nonempty set and let d: X x X — R be a function satisfying the
conditions:

(d1) 0 <d(x,y) withx#yandd(x,y) =0 < x=y;

(da) d(x,y) =d(y,x) for all x,y € X;

(d3) d(x,y) <d(x,z)+d(z,y) forall x,y,z € X.

The d is called a metric on X and the pair (X,d) is called a metric space.

Definition 1.3. [3] Let X be a nonempty set and s > 1 be a given real number. A mapping
d: X XX — Ry is called a b-metric if for all x,y, z € X, the following conditions are satisfied:
(bIM) d(x,y) =0 < x=y;
(b2M) d(x,y) = d(y,x);
(b3M) d(x,y) < s[d(x,z) +d(z,y)].
The pair (X,d) is called a b-metric space.

It is clear from the definition of b-metric space that every metric space is a b-metric space for
s = 1. Therefore, the class of b-metric spaces is larger than the class of metric spaces.
Some known examples of b-metric, which show that a b-metric space is a real generalization

of a metric space, are the following.

Example 1.4. [2] The set of real numbers together with the functional d(x,y) = |x —y|? for all

x,y € R is a b-metric space with constant s = 2. Also, we obtain that d is not a metric on R.

Example 1.5. [13] Let X = (P with 0 < p < 1, where (P = {{x,} CR: Y | |xn|’ < oo}. Let
1
d: X x X — R defined by d(x,y) = (Z;":l | —yn|p> " where x = {x,},y = {yu} € 7. Then

(X,d) is a b-metric space with the coefficient s = 21/P > 1, but not a metric space.

Example 1.6. [18] Let p be a given real number in the interval (0, 1). The space L,[0, 1] of all

real functions x(t),y(t) € [0,1] such that [, |x(t)|Pdt < 1, together with the functional

at) = ([ b —sorar) ",

for each x,y € L,[0,1] is a b-metric space with the coefficient s = 21/ > 1.
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Example 1.7. [2] Let X = {0,1,2}. Define d: X x X — R4 as follows d(0,0) =d(1,1) =
d(2,2) =0,d(1,2) =d(2,1) =d(0,1) = d(1,0) = 1, d(2,0) = d(0,2) = p > 2 for s = & where

p > 2, the function defined as above is a b-metric space but not a metric space for p > 2.

Example 1.8. [2] Let X = {1,2,3,4} and E = R?. Defined: X xX — R by

(Ix=y[ N x=yY  ifx#y,
0, fx=y.

d(x,y) =

Then (X,d) is a b-metric space with the coefficient s = % > 1. But it is not a metric space

since the triangle inequality is not satisfied,

d(1,2) > d(1,4) +d(4,2), d(3,4)>d(3,1)+d(1,4).

In our main result we will use the following definitions which can be found in [2] and [18].

Definition 1.9. [2,18] Let (X,d) be a b-metric space, x € X and {x, } be a sequence in X. Then
e {x,} is a Cauchy sequence whenever, if for € > 0, there exists a positive integer N such that

forall n,m > N, d(xp,xy) < €

e {x,} is called convergent if for € > 0 and n > N, we have d(x,,x) < €, where x is called the
limit point of the sequence {x, }. We denote this by lim,_,ex, = X Or X, — X as n — oo;

e (X,d) is said to be a complete b-metric space if every Cauchy sequence in X converges to
a point in X.

Remark 1.10. In a b-metric space (X,d), the following assertions hold:
(i) a convergent sequence has a unique limit;
(i1) each convergent sequence is Cauchy;

(ii1) in general, a b-metric is not continuous.
2. Main results

In this section, we prove some fixed point theorems for generalized contractions involving

rational expressions in the framework of b-metric spaces.
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Theorem 2.1. Let (X,d) be a complete b-metric space (CbMS) with the coefficient s > 1.

Suppose that the mapping T : X — X satisfies the condition:

(x,Tx)d(x,Ty)+d(y, Ty)d(y, Tx)
d(x,Ty)+d(y,Tx)
+yd(x,Tx)+6d(y,Ty)

d(Tx,Ty) < od(x,y)+p [d

) +A[d(x,Ty)+d(y, Tx)]

forall x,y € X, where o, B, 7y, 6, A are nonnegative reals with sat+ s +sy+06+s(s+1)A < 1.
Then T has a unique fixed point in X.
Proof. Choose xp € X. We construct the iterative sequence {x, }, where x, = T'x,,_1, n > 1, that

is, X1 = Tx, = T""1xq. From (4), we have

d(xmxn+l) = d<Txn71 ) Txn)

IA

od(xp—1,%xn)

‘l’B d(xn—l ) Txn—l)d(xn—laTxn) + d(xna Txn)d(xna Txn—l)]
d(xn—l ) Txn) + d(xn; Txn—l)

+yd(xy—1,Txp—1) + 6d(xp, Txy)

+A [d(xp—1,Txp) +d(xn, Txp—1)]

= od(xp—1,xn)

‘I'ﬁ d(xn—l ;xn)d(xn—l 7xn+1) +d(xn>xn+1 )d(xmxn)
d(xn—l ;xn—i—l) +d(xn>xn)

+'}/d(xn—1 7xn) + Sd(xnaxn—H)

+A [d(xp—1,%n41) +d(xn, )]
= (+B+7Y)d(xn_1,%n) +0d(xp,Xns1)

+Ad(xp—1,Xn11)

IA

(a+B+7y)d(xp—1,%1) + 6 d(Xn, Xn+1)
+sA [d(xp—1,%0) +d(xp, Xp41)]

5) = (a+B+y+sA)d(xp—1,%)+ (0 +sA)d(xn,xn+1),
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which implies that

o+ pB+y+sA
( -6 _sA )d(x”—“x”>

(6) = ,ud(xn—laxn)a

d(xn;xn—i—l) <

where L = (%), since st +sf +sy+ 6 +s(s+1)A < 1, it follows that 0 < pu < 1/s.

By induction, we have
d(Xps1,%n) < pdXpxn—1) < P2d(Xn_1,%0-2) < ...
(7 < pud(xy,xp)-
Let A, = d(xpt1,%n), Ao = d(x1,x0). Then (7) is reduced to
() A, < u"Ap.
Hence, for any m,n > 1 and m > n, we have
d(Xn,Xm) < s[d(xn, Xni1) +d (X1, Xm)]
= sd(Xp,Xnt1) + 5d (Xpt1,%m)
< sd(xn,Xn+1) +52[d(xn+1,xn+2) +d(Xn+2,%m)]

= Sd(xnaxn—f—l) + szd(xn—l—l 7xn+2) + Szd(xn+27xm)

IN

Sd(xnaanrl) + Szd(anrl 7xn+2) + s3d(xn+27xn+3)

+ - +s"+m_1d(xn+m,1,xm)

IN

[sun+s2un+l_‘_s3‘un+2_|_“__|_sm‘un+m71]A0
= su"[l+su+s 07+ 5700+ 4 (su)" Ao
s’
Aop.
[1—s,u] 0

Since 0 < su < 1, therefore taking limit m,n — oo, we have

IN

lim d(xp,x,)=0.

m,n—oo
Hence {x,} is a Cauchy sequence in complete b-metric space X. Since X is complete, so there

exists g € X such that lim,,_,.. x, = g. Now, we have to show that ¢ is a fixed point of 7. To this
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end, we have

d(xpt1,Tq) = d(Tx,,Tq)

d(xn, Txn)d (Xn, Tq) +d(q,Tq)d(q, Txn)
ad(n)+ B 0o Tq) + (g, Txn) ]

_H/d(xm Txn) +6 d(q, Tq}

IN

+A[d(xn, Tq) +d(q,Txn)

d<xnvxn+l)d(xn= TQ) + d(% Tg)d<%xn+1)i|
d(xn,Tq) +d(q,Xn+1)
+Yd(xnaxn+1) + ad(% TQ)

= ad(x,,q)+p [

+l [d(xl% Tq) +d(ann+l)]'
Taking limit n — oo, we have
d(q,Tq) <(6+A)d(q,Tq).

The above inequality is possible only if d(g,Tq) = 0 and so Tq = ¢g. Thus ¢ is a fixed point of
T.
Now, we are in a position to show the uniqueness. Let ¢; be another fixed point of 7, that is,

Tq1 = q such that g # g;. From (4), we have

d<q7ql) = d(TQaqu)
d(q,Tq)d(q,Tq1)+d(q1,Tq1)d(q1,Tq)
ad(a.q)+P [ d(q,Tq1)+d(q1,Tq) ]

+vyd(q,Tq)+6d(q1,Tq1)

IN

+A1d(q;Tq1)+d(q1,Tq)]
_ ad(g.q)+B [d(q,‘I)d(%(h) +d(ql,q1)d(q1,q)]

d(q,q1)+d(q1,9)
+vd(q,q) +06d(q1,q1)

+A1d(q,q1) +d(q1,9)]

= (a+22)d(q,q1)-

The above inequality is possible only if d(q,q;) = 0 and so ¢ = g;. Thus ¢ is a unique fixed

point of 7. This completes the proof.
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Theorem 2.2. Let (X,d) be a complete b-metric space (CbMS) with the coefficient s > 1.

Suppose that the mapping T : X — X satisfies the condition (for fixed n):

d(x,T"x)d (x,T"y) +d(y, T"y)d(y, T”X)]
d(x,T"y) +d(y, T"x)

+yd(x,T"x) + 8d(y, T")

d(T"x,T") < od(x,y)+pB

) +A [d(x,T"y) +d(y, T"x)]

forallx,y € X, where o, B, v, 8, A are nonnegative reals with soc+ s +sy+ 0 +s(s+1)A < 1.
Then T has a unique fixed point in X.

Proof. By Theorem 2.1, there exists u € X such that 7"u = u. Then

d(Tu,u) = d(TT"u,T"u)=d(T"Tu,T"u)

d(Tu,T"Tu)d(Tu,T"u) +d(u, T"u)d(u, T”Tu)}
d(Tu,T"u) +d(u,T"Tu)

+yd(Tu,T"Tu) +6d(u,T"u)

IN

od(Tu,u)+ B [

+A [d(Tu, T"u) +d(u, T"Tu)]
B d(Tu, TT"u)d(Tu,T"u) +d(u, T"u)d (u, TT"u)
N ad(Tu,u)-l—ﬁ[ d(Tu,T"u) +d(u, TT"u) ]
)

+yd(Tu, TT"u)+6d(u, T"u

+A[d(Tu, T"u) +d(u, TT"u)]
(Tu,Tu)d(Tu,u) +d(u,u)d(u, Tu)}
d(Tu,u) +d(u,Tu)

= ad(Tu,u)+p [d
+yd(Tu,Tu)+ 6 d(u,u)
+A [d(Tu,u)+d(u,Tu)]

= (a+21)d(Tu,u).

The above inequality is possible only if d(7Tu,u) = 0 and so Tu = u. This shows that 7 has a

unique fixed point in X. This completes the proof.

Putting f = Y= 6 = A =0 in Theorem 2.1, we have the following result.
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Corollary 2.3. Let (X,d) be a complete b-metric space (CbMS) with the coefficient s > 1.

Suppose that the mapping T : X — X satisfies the condition:
(10) d(Tx,Ty) < ad(x,y)

forall x,y € X, where a € (0,1) is a constant with so. < 1. Then T has a unique fixed point in
X.

Remark 2.4. Corollary 2.3 extends well known Banach contraction principle from complete

metric spaces to complete b-metric spaces.

Putting @ = B = A =0 and y =  in Theorem 2.1, we have the following result.

Corollary 2.5. Let (X,d) be a complete b-metric space (CbMS) with the coefficient s > 1.

Suppose that the mapping T : X — X satisfies the condition:
(11) d(Tx,Ty) < y[d(x,Tx)+d(y,Ty)]

forallx,y € X, where y € (0, %) is a constant with (s + 1)y < 1. Then T has a unique fixed point
inX.

Remark 2.6. Corollary 2.5 extends Kannan [16] from complete metric spaces to complete

b-metric spaces.

Putting &« = B = ¥y = 6 = 0 in Theorem 2.1, we have the following result.

Corollary 2.7. Let (X,d) be a complete b-metric space (CbMS) with the coefficient s > 1.

Suppose that the mapping T : X — X satisfies the condition:
(12) d(Tx,Ty) < Ald(x,Ty)+d(y,Tx)]

for all x,y € X, where A € (0,3) is a constant with s(s+1)A < 1. Then T has a unique fixed
point in X.

Remark 2.8. Corollary 2.7 extends Chatterjae [8] from complete metric spaces to complete

b-metric spaces.

3. Applications
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The aim of this section is to apply our result to mappings involving contractions of integral
type. For this purpose, denote A the set of functions ¢ : [0,00) — [0,0) satisfying the following
hypothesis:

(h1) @ is a Lebesgue-integrable mapping on each compact subset of [0, o0);
(h2) for any € > 0 we have [ ¢(t)dt > 0.

Theorem 3.1. Let (X,d) be a complete b-metric space (CbMS) with the coefficient s > 1.

Suppose that the mapping T : X — X satisfies the condition:

d(x,Tx)d xT) )+d( ) T))d() Tx)

d(Tx,Ty) d(x,y) dTy)+d0.T) ]
/ y(t)dt < o / t)dt+ / y(t)dt
0 0
(x,Tx) »Ty)
+}//O l//(t)dt+5/0 y(t)dt

[d(x,Ty)+d(y,Tx)]
(13) ) / w(t)dt
0

forallx,y € X, where o, B, v, 8, A are nonnegative reals with so.+ s +sy+ 0 +s(s+1)A < 1
and y € A. Then T has a unique fixed point in X.

Putting # = 0 and ¥ = 0 in Theorem 3.1, we have the following result.

Theorem 3.2. Let (X,d) be a complete b-metric space (CbMS) with the coefficient s > 1.

Suppose that the mapping T : X — X satisfies the condition:

d(Tx,Ty) d(x,y) [d(x,Tx)+d(y,Ty)]
[ v < a [ wia+y | w(o)ds
0 0 0

[d(x,Ty)+d(y,Tx)]
(14) ) / w(r)dr
0

for all x,y € X, where o, Y, A are nonnegative reals with s+ (s+ 1)y +s(s+ 1)A < 1 and

Vv € A. Then T has a unique fixed point in X.
Putting Y = A = 0 in Theorem 3.2, we have the following result.

Theorem 3.3. Ler (X,d) be a complete b-metric space (CbMS) with the coefficient s > 1.

Suppose that the mapping T : X — X satisfies the condition:

d(Tx,Ty) d(x,)
(15) / y(t)dt < o / v (t)dt
0 0
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forall x,y € X, where a is a nonnegative real with 0 < sat < 1 and w € A. Then T has a unique

fixed point in X.

Remark 3.4. Theorem 3.3 extends Theorem 2.1 of Branciari [5] from complete metric spaces

to complete b-metric spaces.
Putting &« = A = 0 in Theorem 3.2, we have the following result.

Theorem 3.5. Let (X,d) be a complete b-metric space (CbMS) with the coefficient s > 1.

Suppose that the mapping T : X — X satisfies the condition:

d(Tx,Ty) [d(x,Tx)+d(y.Ty)]
(16) [ e < v [ y()dr
0 0

for all x,y € X, where Y is a nonnegative real with0 <y < 1/(s+1) and y € A. Then T has a
unique fixed point in X.

Remark 3.6. Theorem 3.5 extends Kannan [16] contraction from complete metric spaces to

complete h-metric spaces for integral type contractions.
Putting & = vy = 0 in Theorem 3.2, we have the following result.

Theorem 3.7. Let (X,d) be a complete b-metric space (CbMS) with the coefficient s > 1.

Suppose that the mapping T : X — X satisfies the condition:

(17) / w()di < 2 / w(t)dr
0 0

for all x,y € X, where A is a nonnegative real with 0 < A < v(v——ll—l) and y € A. Then T has a

unique fixed point in X.

Remark 3.8. Theorem 3.7 extends Chatterjae [8] contraction from complete metric spaces to

complete b-metric spaces for integral type contractions.

Now, we give examples in support of our results.

Example 3.9. Let X = [0,1] and d(x,y) = |x —y|* for all x,y € X. Then (X,d) is a b-metric

space with the coefficient s = 2. We consider the mapping T : X — X defined by T (x) = 3.
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Hence, we have

d(Tx,Ty) = ‘%—%2
= %!x—y\z
< %!x—y\z
= %d(x,y)

Clearly 0 € X is the unique fixed point of T.

Example 3.10. Let X = [0,1] and d(x,y) = |x — | for all x,y € X be a b-metric space with the
coefficient s = 2, we define the mapping T : X — X by

0

T(x) = % ifxe[0,1) and T(1)

then T satisfies all the conditions of the Theorem 2.1 for « = =6 = % and y= A = 0 with
sa+sB+sy+8+s(s+1)A <1 having x = % is its unique fixed point in X.
Example 3.11. Let X = {0,1,2,3,4} and d(x,y) = |x — y|? for all x,y € X be a b-metric space

with the coefficient s = 2, we define the mapping T by

3, ifx=0,
-4 7
2, otherwise.

Let us take x =0, y =1 and s = 2. Then from equation (4) we have
1=d(Tx,Ty) <ot +58+9y+ 6 +84.

The above inequality is satisfied for o = 3 = 6 = % and y=A =0 with so.+ sp +sy+ 6 +
s(s+ 1)A < 1. Then all the conditions of Theorem 2.1 are satisfied and 2 is of course a unique

fixed point of T.
4. Conclusion

In this paper, we establish some unique fixed point theorems for generalized contractions
involving rational expressions in the setting of b-metric spaces. Related applications and exam-

ples are also provided to support the main results.
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