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Abstract. In this article, we investigate an iterative process to have strong convergence for common fixed points

of an infinite family nonexpansive mappings. Convergence theorems are established in a real Banach space.
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1. Introduction-Preliminaries

Let E be a real Banach space and let E* be the dual space of E. Let
S(E)y={xcE:|x|=1}.

Then the norm of E is said to be Gateaux differentiable if

L e = ]
t—0 t

exists for each x,y € S(E). In this case, E is said to be smooth. The norm of E is said to be
uniformly Gateaux differentiable if, for each y € S(E), the above limit is attained uniformly for
x € S(E). The norm of E is said to be Fréchet differentiable if, for each x € S(E), the above
limit is attained uniformly for y € S(E).

It is well known that (uniform) Fréchet differentiability of the norm of E implies (uniform)

Gateaux differentiability of the norm of E.
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Recall that the normalized duality mapping J from E into 2E" is defined by
Je) ={f €E {x, /) =27 NfI=Ilxll}, vxeE,

where E* denotes the dual space of E and (-,-) denotes the generalized duality pairing.

Recall that, if K and D are nonempty subsets of a Banach space E such that K is nonempty
closed convex and D C K, then a mapping Q : K — D is sunny provided Q(x+¢(x — Q(x))) =
Q(x) for all x € K and t > 0 whenever x+¢(x — Q(x)) € K. A sunny nonexpansive retraction is
a sunny retraction, which is also a nonexpansive mapping.

Let C be a nonempty closed and convex subset of £ and T : C — C is a nonlinear mapping.
In this paper, we use F(T) to denote the fixed point set of the mapping 7.

Recall that 7" is nonexpansive if
ITx =Tyl < [x=yll, Yx,yeC.
Recall that a mapping f : C — C is a contraction if there exists a constant & € (0, 1) such that

17 () = fWIl < eefle=yll, vy eC.

For such a case, f is also said to be an o-contraction. In this paper, we use Il¢ to denote the
collection of all contractions on C. That is, ITc = { f|f : C — C a contraction}.

One classical way to study nonexpansive mappings is to use contractions to approximate a
nonexpansive mapping [1]. More precisely, take ¢ € (0, 1) and define a contraction 7; : C — C
by

Tix=tf(x)+(1—1)Tx, VxeC, (1.1)

where f € II¢c. Then Banach’s Contraction Principle guarantees that 7; has a unique fixed point
x; in C.

Xu [2] proved that, if E is a uniformly smooth Banach space, then {x;} converges strongly
to a fixed point of 7 and the limit defines the (unique) sunny nonexpansive retraction from Il¢
onto F(T). Tterative methods are popular tools to approximate fixed points of nonlinear map-
pings. Recall that the normal Mann’s iteration was introduced by Mann [3] in 1953. Recently,

construction of fixed points for nonlinear mappings via the normal Mann’s iteration has been
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extensively investigated by many authors. Ishikawa iteration was introduced by Ishikawa [4] in

1974. Ishikawa iteration generates a sequence {x,} in the following manner:

;

xp € C,

Yn= (1 - Bn)xn + BnTxn;

Xpr1 = (1 —a)xn+ a,Ty,, Vn>0,
\

where xg is an initial value and { e, } and {B,} are real sequences in [0, 1].

Therefore, many authors try to modify processes Mann and Ishikawa to have strong conver-
gence for nonexpansive mappings; see [5-9] and the references therein.

In this paper, we investigate an iterative process to have strong convergence for common fixed
points of an infinite family nonexpansive mappings. Convergence theorems are established in a
real Banach space.

Lemma 1.1. [2] Let E be a uniformly smooth Banach space, C be a closed convex subset of
E, T : C — C be a nonexpansive mapping with F(T) # 0 and let f € Tl¢c. Then the sequence
{x:} defined by x; = tf(x;) + (1 —t)Tx; converges strongly to a point in F(T). If we define
a mapping Q : ¢ — F(T) by Q(f) := lim;0x;, Vf € Il¢. Then Q(f) solves solves the

following variational inequality:

(I=1)Q(),J(Q(f)—p)) <0, felc,peF(T).

Lemma 1.2. [10] Let {x,} and {y,} be bounded sequences in a Banach space E and {B,} be
a sequence in [0, 1] with 0 < liminf,_,.. B, < limsup,_.., B, < 1. Suppose x,+1 = (1 —B,)yn +
Buxn for all n > 0 and

limsup(||yns1 = yall = X1 —xal]) <O.
n—oo

Then lim,,_e ||y, — x| = 0.

Lemma 1.3. In a Banach space E, the following inequality holds:
e+ y[1* < [Ixl* + 20y, j(x+Y)), Vx,y €E,

where j(x+y) € J(x+y).
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Lemma 1.4. [11] Assume that {0y, } is a sequence of nonnegative real numbers such that
Oyt 1 S(l_'}/n)an'i‘(sna VnZQ

where {y,} is a sequence in (0,1) and {8,} is a sequence such that

(@ Yo Y=o
(b) limsup,,_,., 2 <0 or ¥7_,(8,] < co.

Then lim,, ., 0, = 0.
2. Main results

Theorem 2.1. Let C be a nonempty closed and convex subset of a uniformly smooth Banach
space. Let T : C — C be a nonexpansive mapping and f : C — C an Q-contraction. Assume that
F(T) #0. Let {a, }, {Bn} and {1} be real number sequences in (0,1). Let {x,} be a sequence

generated in the following manner: xy € C and

Yn = ﬁnT('}’nTxn +(1— '}/n)xn) + (1= Bu)xn,

Xn+1 = anf(xn) + (1 - O‘n)yna Vn > 0.

Assume that the following restrictions are satisfied.

(a) Z;Z() 0, = oo, limy, o 0 = 0
(b) there exist constants b,b’ € (0,1) such that 0 < b < B, <b' <1,VYn>0;

(¢c) there exits a constant a € (0,b] such that ¥, < 2=¢.¥n > 0;
=27

(d) limy, e |Yn+1 - Yn| =0.
Then the sequence {x,} converges strongly to some point in % .

Proof. Since the fixed point set of T' is nonempty, we fix p € F(T). It follows that

|vn =PIl < BullTzn — pll + (1 = Bu)|lxn — |
< Bullzn — pll + (1= B) |Ixn — pl|

< |l = pll,
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which yields that
X1 = pll < Ol () = pll + (1 = o) [y = P
< 04| () = F(P) |+ 0wl f(P) = pll + (1 = ) [lyn — Pl
< (1= ow(1 = a)]llxy = pll + 0wl f(P) - plI-

By simple inductions, we obtain that

(p)

ool < max 12T sy vz 0

This shows that the sequence {x;, } is bounded, so are {y,} and {z,}. Next, we show that
Jim 3,41 3, =0, )
Putv, = W It follows that

Xnt1 = Bovn+ (1= Bu)xn, Vn>D0. (2.2)

Now, we compute ||v,+| — v,||. Note that

an+1f(xn+1) + (1 - an+1))’n+1 - (1 - Bn-i—l)xn—l—l

Vn+l — Vn =
n+ n ﬁn—i—l

_ O f (X)) + (1 — 06)yn — (1 — By)xn
B '

It follows that o o

1
[Vas1 = vall € 21 F Gns1) = Yt |+ lvn — ()|
ﬁn—l—l ﬁn
(2.3)
+ | zns1 = zall-

It follows that

limsup (an—i-l —Vn— Hxn—i-l _an) <0.
n—oo

In view of Lemma 1.2, we see that lim,, .« ||v, — x,|| = 0, which combines with (2.2) shows that
(2.1) holds. Now, we are in a position to show that lim,, . || Tx, — x,|| = 0.

Note that
[0 = T | < [l = X1 [ 4+ 1041 = yall 4 [[yn = Tznll + 720 — T
< [0 = Xn1 |+ O f () = Yl + (1 = B) [0 — Txa|

+ (2= Bo) Yl Txp — X |-
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From the condition (c), we arrive at al[x, — Tx,|| < ||x, — Xpt1|| + 0| £ (x2) — yull,
In view of the conditions (a), (b), we obtain that lim, e ||x, — Tx,|| = 0. Next, we show that

limsup(x* — f(x*),J(x* — p)) <0, where x* = lim,_,0x; with x; being the fixed point of the
n—soo
contraction x — 7f(x) + (1 —¢)Tx. Then x; solves the fixed point equation x, = 7f(x;) + (1 —

t)Wx;. Thus we have ||x; —x,|| = || (1 —#)(Tx; —x,) +¢(f (%) — x,)||- On the other hand, for any

t €(0,1), we see that

oy —xall? = (1= 1) (T = T, (51— 0)) + (T — 20,0 (51— 3,))
1 () = 0 (5 =) 41051 — s (37— 32)
< (1 =) (Il =2+ 1 750 5l 5 — )
() = 0 (5 — ) + ] — 2

< e =l A 1T =5l = xl | 2 F () = 22, (e = x0)).

It follows that (x; — f(x:),J (X — X)) < T[T — x| —xal|, V2 € (0,1).

It follows that limsup,, .. (x; — f(x;),J (xr —x,)) <O.

Since the fact that J is strong to weak™® uniformly continuous on bounded subsets of E, we see
that for any € > 0, there exists > 0 such that vV € (0, §) the following inequality holds (f(x*) —
X I (x — x%)) < (o — f(x),J (X — x,)) + €. This implies that limsup,,_, . (f(x*) — x*,J (x, —
x*))y <limsup,,_,., (x; — f(x:),J (x; —x,)) + €. Since € is arbitrary, we see that limsup,,_,.(f(x*) —

x*,J(x, —x*)) <0. In view of Lemma 1.3, we see that

[1%n-+1 _X*”z <(1- OCn)szn _X*||2+2an||f(xn) = SO e — x|
+205,(f(x") =27, (1 —x7))
< (1= 0) [ = x| + ([ — 272 + g1 — 17 1?)

+204(f(x) = X", (X011 — X)),
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which implies that

. 1—0,)? + o, . 20, . .
g =2 s LSO oy 200y 1 %)
204 (1 -
L
n
20,(1—a), 1 . . . oy
X T (g1 =) 5 M),

20,(1—a)
Taa and

ty = g (f(x*) —x*,J (Xpp1 — 7)) + ﬁM;;. It follows that [|x,. 1 —x*||> < (1 — ju) %0 —

where M is an appropriate constant such that M > sup,,~{|lx, —x*[|*}. Put j, =

xX*|| 4 jutn, Vn > 0. It follows from the conditions (a), (b) that lim, e j, =0, Y jn =
oo, limsup,,_,.,t, < 0. In view of Lemma 1.4, we obtain that x,, — x* as n — oo. This completes

the proof.
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