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1. Introduction:

Let (X, d) be a metric space. A geodesic path joining x € X to y € X (or, more briefly, a
geodesic from x to y) is a map ¢ from a closed interval [0, I] € R to X such that c(0) = x, c(l) =y
and d(c(t),c(t)) = |t — t'| for all t, t' € [0, I]. In particular, ¢ is an isometry and d(x, y) = I. The
image a of c is called a geodesic (or metric) segment joining x and y. When it is unique this
geodesic segment is denoted by [X, y]. The space (X, d) is said to be a geodesic space if every
two points of X are joined by a geodesic and X is said to be uniquely geodesic if there is exactly
one geodesic joining x and y for each x, y € X. A subset Y € X is said to be convex if Y includes
every geodesic segment joining any two of its points. A geodesic triangle A (x; ,X,,X3) in a
geodesic metric space (X, d) consists of three points x, , X, , x3 in X (the vertices of A) and a

geodesic segment between each pair of vertices (the edges of A). A comparison triangle for the
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geodesic triangle A (x4, x5, x3) in (X, d) is a triangle A(x; ,X,, X3 ) = A (X,X;,%3) in the

Euclidean plane E? such that dgz( X,,%;) = d(x;, x;) for i,j € {1, 2, 3}.

A geodesic space is said to be a CAT(0) space if all geodesic triangles satisfy the
following comparison axiom: Let A be a geodesic triangle in X and let Abe a comparison triangle

for A. Then Ais said to satisfy the CAT(0) inequality if for all x, y € Aand all comparison points
X ' }_IEE ' d(X, y) = dIEZ()_( ' 37)

If X, y;, y, are points in a CAT(0) space and if y, is the midpoint of the segment [y, , v,],
then the CAT(0) inequality implies

d(x, yo)?< = d(X, y1)? + = d(X, ¥2)? - £ d(y1, y2)? (CN)
This is the (CN) inequality of Bruhat and Tits [5]. In fact, a geodesic space is a CAT(0) space if
and only if it satisfy (CN) inequality.

Definition1.1 [8]: Let C be a non-empty subset of a CAT(0) space X and T: C — X be a
mapping. T is called nonexpansive if for each x,y € C,

d(Tx, Ty)<d(x,Y).
A point x& C is called a fixed point of T if Tx= x.We denote with F(T) the set of fixed points of
T.
Definition 1.2 [3]: A mapping T of a metric space (X, d) into itself is said to be asymptotically
regularif for any x € X, the sequence {d( T"*x, T"x)} -0 as n — oo.
Definition 1.3 [8]:Let {x,,} be a bounded sequence in a CAT(0) space X. For x € X, we set r(X,
{x,}) = Al_r){)lo sup d (X,x,).The asymptotic radius r ({x,,}) of {x,} is given by r({x,,}) = inf
{r (X, {x,}) : x € X} and the asymptotic center A({x, }) of {x, }is the set A({x,,}) ={x € X: r (X,
{xn}) =1 {xn })}-
Remark 1.4:In a CAT(0) space, A({x,}) consists of exactly one point (see, e.g., [7], Proposition
7).
Definition1.5 [8]: A sequence {x,} in X is said to A-converge to x € X if x is the unique
asymptotic center of {u,} for every subsequence {u,} of {x,}. In this case we write
A-limx,, = x and call x the A-limit of {x,, }.
In 1953, W.R. Mann defined the Mann iteration [18] as
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Xpe1=ty Tx, + (L-t)x,, n=0,1,2,.....
where {t, } is a sequence in [0, 1].
In 1974, S. Ishikawa defined the Ishikawa iteration [11] as
Xne1=tn T (s, T x, + (1- 5,)x,) + (1 —t;))x,,n=0,1,2,...
where {t,,} and {s,, } are sequences in [0, 1].
We now modify the above iteration processes in CAT(0) spaces so the iterations becomes:

Mann iteration:x,,=t, Tx, ® (1-t,)x,,n=0, 1, 2,.....where {t,} is a sequence in [0, 1].
Ishikawa iteration:x,,1=t, T (s, T x, ® (1- s,)x,) ® (1 —t,)x,,n =0, 1, 2, . . where {t,,} and
{s,,} are sequences in [0, 1].

Mann iteration procedures with errors:
Xns1=tn Tx, ® (1-t,)x, Du,,n=0,1,2,..... (1.2)
Ishikawa iteration procedures with errors:
Xn41=tn T (5, T 2, D (1- 5)x, D uy) © (1 —t,)x, Dy,

or in two steps it can be written as
V=S, T %, ® (1- 5)x,, Du,,
Xns1=tn Ty ® (L-t,)x, ®v,, n=0,1,2,..... (1.2)

Now we collect some results which are used in our main results:

Lemma 1.6 [8]: Let (X, d) be a CAT(0) space. Then

Q) (X, d) is uniquely geodesic.

(i) Let p, X, y be points of X anda € [0, 1]. Let m,; and m, denote, respectively, the points
of [p, x] and [p, y] satisfying d(p,m,) = a d(p, x)andd(p, m,) = a d(p, y).Then d(m,,
m;) < a d(x, y). (1.3)

(i)  Letx,y€eX,x #yandz, w € [X, y] such that d(x, z) = d(x, w). Then z = w.

(iv) Let x, y € X. For each t € [0, 1], there exists a unique point z€ [x, y] such that
d(x, z) =td(x, y)and d(y, z) = (1 — t) d(x, y). (1.4)

Lemma 1.7 [8]: Let X be a CAT(0) space and let X, y € X such that x=y. Then

O)[xyl={1-t)x ®ty:te][0,1]}.

(i) d(x, z) +d(z,y) =d(x, y) ifand only if z € [Xx, y].

(iii) The mapping f: [0, 1] = [x, y], f (t) = (1 —t) x @ty is continuous and bijective.
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Lemma 1.8 [8]: (i) Every bounded sequence in a complete CAT(0) space always has a A-
convergent subsequence.

(i) If C is a closed convex subset of a complete CAT(0) space and if {x, } is a bounded sequence
in C then the asymptotic center of {x,,} isin C.

(iii) If C is a closed convex subset of a complete CAT(0) space and if T : C— X is a
nonexpansive mapping then the conditions, {x, }A-converges to xandd(x,, T (x,)) = 0 imply
x€ C and T(x) = x.

Lemma 1.9[8]:If {x,} is a bounded sequence in X with A{x,}) = {x} and {u,} is a
subsequence of {x,, } with A({w,}) = {u} andthe sequence {d(x,,, u)} converges then x = u.
Lemma 1.10 [8]: Let C be a closed convex subset of X and T: C — X be a nonexpansive
mapping. Suppose {x,} is a bounded sequence in C such that lim,, d(x,, Tx,) =0 and {d(x,, V)}
converges for all ve F(T)then w,, (x,)cF(T). Herew,, ( x,)= UA({u,}) where the union is taken
over all subsequences {u, } of {x, }. Moreover,w,,( x,,) consists of exactly onepoint.

Lemma 1.11 [8]: For each p € F (T), lim,, d(x,, p) exists.

Lemma 1.12 [8]:([10, Theorem 1]). Let (M, d) be a space of hyperbolic type. Let x, € M and
b <1 and also let {a,,} [0, b] satisfy }.;—, @, = . Suppose T: M— M is non-expansive and for
each n, suppose x,,; is the point of [x,, Tx,] which satisfies d(x,, x,+1) = a,d(x,, Tx,),
n=0,12,......... If {x,} is bounded then Amd(xn, Tx,)=0.

In 2000, Deng Lei and Li Shenghong [16] proved the following lemma:
Lemma 1.13:Suppose that {a,}, {b,,} and {c, } are three sequences of nonnegative numbers
such that a,,+; < (1+b,)a,* c, forall n >1. If }.,, b,and }.,, c,converges then lim,, a,, exists.
Theorem 1.14 [8]: Let C be a bounded closed convex subset of X and let T: C— C be a
nonexpansive asymptotically regular mapping. Then for any x, €C, the Picard iterate sequence
{ T"x,} is A-convergent to an element of F(T).
2. Main Results:
Lemma 2.1: Let X be a CAT(0) space. Then
d((1-t)xdty® u,z) < (1-t)d(x,z)+td(y,z)+d(u, 2) (2.1)
forallx,y,z,ue Xandte|[0,1].
Proof: Letx,y,z € Xand t € [0, 1]. Suppose that d(z, y) < d(z, x).
Letp=(1—1t)x @ tyand letx, be the point of [z, X] such that d(z, x,) = d(z, y).
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Putq=(1—-t)xy ®tyandr=(1—-1t) x, ®tz.
By Lemma 1.6(ii) [8], d(z, q)<d(z,r)+d(r, q)

< (11—t d(xg,2z)+td(z,y)

=d(z, y).
Suppose that (2.1) does not hold. Then
(I-t)d(x,z)+td(y,z) +d(u,z) <d(z,p @ u)

<d(z,p) +d(z,u) (by lemma 1.8, [8])

or (1-t)d(x,z)+td(y,z)<d(z,p)
<d(z,q)+d(q.p)
=d(z, (1) xo ® ty) +d(q,p)
< (I-)d(z %) +td(z,y)+d(q,p)
= (1-Hd(z,y)+td(z,y)+d(q,p)
=d(z,y)+d(q,p)
yielding d(q,p)>@1-t){d(z,x)-d(z,y)}
= (1-9d(x, x0)

This contradicts (1.3).Hence the result.m

Lemma 2.2: Let (X, d) be a CAT(0) space. Then
d((1—O)xD ty® u,z)2<(1 —t) d(x, 2)?2 + t d(y, 2)? + d(u ,2)?- t (1 — t) d(x, y)?
—(1-t) d(x, u)2- td(y, u)? (2.2)

forallte[0,1]and x,y,z,u € X.

Proof: We first prove the result for t = X where k, n € N are such that k < 2. We use

2n’
induction on n. If n =0, then 2% =kandk € {0, 1}.
If k =0, then (2.2) © d(1.x ®0.y ® u, 2)? < 1.d(x,2)%+ 0 + d(u, 2)?-0 -1.d(x, u)® -0
or d(x ® u,2)? <d(x,2)? +d(u, z)2- d(x, u)?

or d(x, 2)2 + d(u, z )?- d(x, U)? < d(x, 2)% + d(u, z )?- d(x, u)?. (By using Lemma 1.9 [8])

If k =1, then (2.2) =d(0.x ® 1.y ® u,z)? <0+ 1.d(y, 2)® +d(u, 2)2-0 -0 — 1.d(y, u)?.
or d(y ®u,2)?<d(y, 2)?+d(u,z)2-d(y, u)?
or d(y, )% +d(u, z)2-d(y, u)®> < d(y, z)? + d(u, z)2- d(y, u)2.
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Hence (2.2)is true for n = 0.

Now suppose that (2.2)is true for t = zin . Hence

d((1-5)x &2y ® u, 2)><(1-2) dx, 2)? + 2 dy, 2%+ du , 2)?- (1-32) =

dox )% 37 dOy, - (1 - 57) dix, w2
(2.3)
forallke N, k<2"andallx,y, z, u € X.

We have to prove (2.2)for t = ZL where k € N, k <2™1 If we denote w =

n+1 !

(1 S ) X & an+1y, then we have to prove

2n+1

dw @& u, z)?< (1 — an+1) d(x, z)? + an+1 d(y, z)?+ d(u, z)?- (1 — zfﬂ)%d(x, y)?
- an+1 d(y, u)z'(l - an+1) d(x, u)z (2.4)

First, we show (2.4) for k < 2", that is, zin € [0,1]. Let a:(l —Zin)x @Ziny andf :%x@%a.

k
n+1

Then, d(x, £) = d(x , @) = 2d(x, (1 - Zi)x ®-y)= —=d(x, y) = d(x, w).Since @ € [x, y] and
B € [x,a] then B € [x, y].Since w € [x, y] and d(x, B) = d(x, w), B8 =w, by Lemma 1.6 (iii) [8].
Now applying (CN) and the induction hypothesis, it follows that
dw @ u, 2)? :d(%x @%a@ u,z)?
< 2d(x, )%+ S d(a, )%+ d(u, 2)?- = d(x, @)%~ 2 d(x, u)2- > d(a, U)?
= % d(x, )2 + % d( (1 —zin) X @Ziny, 2)2+ d(u, z)? - %d( x,(l —Zin)x @Ziny )2 - % d(x, u)?
a(1- D)o

1k

1 2, 1(1_ & 2, k1 2_1k L3
Szd(x' Z) + 2(1 zn) d(x, Z) +2n2 d(y, Z) 2271(

1

2

277.

1
(1-2) dix, u)?- 3o d@y, u)?

)d(x, y)2+ d(u, z)2+ 0
-1 di y)?+ s (1= 00) d(x, )2 - 3 d(x, u)? -
#om (1=5%) o yy?

= %(1+1—2£n)d(x, z2)%+

e Ay, 202+ 00 )2 [~ (1= ) — i (-0 +

(1= 2]+ du 222 dix w? [1+ 1 - 5| - = dy, w2,
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= (1 - Z:H) d(x, z)%+ 2"% d(y, )%+ d(u, 2)2- Zfﬂ (1 - an+1) d(x, y)?2- (1 - an+1)d(x, u? —

k
2n+1 d(y’ u)z'
Now suppose that 2™ <k < 2™*1 and let p = 2"*1- k. Then p < 2", by applying (2.4) for p, we

obtain

dw @ u, z)%= d(== X (1 nH)y ® u, 2)?

<Podix 2)2+(1-255) diy, 2)? + d(u, 2)2- 555 (1 - 555) dx, ¥)? — 2 d(x, u)?
-(1 — zfﬂ) d(y, u)2.

:(1 - 2n+1) d(x, )%+ oz A0V, 2)%+ d(u, 2)3- v (1 - an+1) d(x, y)? — ( 2nﬂ)d(x u)2-

k
2n+1 d(y’ u)2

In the following, we use the fact that the set D = {Zin: k, ne N, k < 2™}is dense in [0, 1]. Let

t € [0,1]. Then there exists a sequence {t, } in D such that lim,_,., t,=t. Now, we have
d( (1-tg) x®ty © u, z2)2<(1-t) d(x, 2)2+ t, d(y, 2)%+ d(u, 2)2- (1-t;) t d(X, y)?

- td(y, U)2- (1-t,) d(x, U)2.
Letting k —» oo and using Lemma 1.7 (iii) [8] and the fact that d is continuous, we get (2.2). m

Lemma 2.3: Let C be a non-empty bounded closed convex subset of X and T: C — C be a
nonexpansive mapping and {x,} be the sequence of Ishikawa iteration procedure with errors
defined by (1.2)with sequences {t,} and {s,} in [0,1] such that Y7 t,(1 —t,)=0c0 and
Yo Sn(1 —t,) < oo and limsup, s,<1. Then 7lli_r>§od( Tx,,x,)=0.

Proof: For each n, let y,,= s, T x,, ® (1- s,)x,, ®u,,, thus

Xn41=tn T V5 ® (1-t,)x, ®v,. Letp eF(T). We set

M = suppzo{ d(Txp41, V), (X, Un), AWns V1), d(xn, v), A(T yiitty) 3

Then M - 0 as n — oo and also d(v,,, p)?, d(u,, p)? > 0asn - oo.

By Lemma 2.2 and the nonexpansiveness of T, we have

Atns1 s P)? = d(tnT Y @ (L-tn)xn ® vy, p)?

< tad( Ty, p)? + (L) d(xn, P )2+ d(vn, P2 -tn(1-tn)A(T Yy %)

< tnd(n, P)? + (L-tn) d(n, p)2-tn(1-tn)A(T Yo, x5)? (2.5)
and d(y,, p )= d(s,T 2%, ® (L-5)x Bup , p)?
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< $pd( T xn, p)? + (1-5) d(xn, P)?+ d(un, P )?-5p(L-55)d(T 27, %0)
< $pd(xn, p)? + (1-5p) d(xn, P)2-5p(L-5,)d(T x5, %)
=d (xn, P)?- Sn(L-55) A(T xp,%)?
<d (x,, p)? (2.6)
From (2.5) and (2.6), we get
d(tn+1 . P)? < tad(xy, P)? + (1-ty) doy, PI? - tn(L-t)A(T Y1x0)?
< d (xp, P)? - tn(L-tn)A(T Yn,x0)? (2.7)
Thereforet,, (1-t,) d(T ¥p,,2%,)* <d(x,, P)? - d(xpys1 , P)?
Thisimplies Yo, t,(1 — t,) d(T yn, x,)? <d(x1, p)? <
But, since Y-, t,(1—t,) diverges, we have Tlli_r)?oinf d( Ty,, x,)>= 0 and thus
7li_r)loloinf d( Ty,, x,) =0. (2.8)
Since d(Txy,,x,) <d( Tx,,Ty,) +d(T y,,x,)
<d (xn, yn) +d(T yn.x,)
=d (xn, 5o T xn, @ (1- sp)xn B 1ty) + d(T y, %)
< 5,0( Txp,xy,) + 0 + d(x,, u,) + d(T y,,x,), using Lemma 2.1.
That is, d( Totp, %) < 7= [M + d(T y.x) ]
We have from (2.8) that rllif(}oinf d( Tx,, x,) =0 (2.9)

Since d( Txpi1, Xpe1) =A(Txpy1, 62T ¥ © (1-t)x, D vy, )

< 6 d(Totngq , T ) + (-t) d(Totngq, x0)+ d(Txn 4,0 )

< (i1 0 Yo) + (L-tn) [A(TXp41, Xp41) + A(Tpiq, 20) [+ M

=ty A(En Ty @ (1-t)xy O v, yp) + (I-tn) [A(Totni1, Xnga) + ATy & (1-t0)xn vy, Xy) |
+M

=ty [6nd(T Y, yn) + (1- ) d(xn s yn) + M T+ (L-t) [A(TXps1, Xpi1) + 6 0(T Yo X ) + M ] 4+
M

=ty [Ead(Tyn, yn) + (- £3) d(x , y)] + (-t) [A(TXp41, Xnga) + 80d(THn, X) ]+ 2M

or d(Txn+1, Xn41) < 8 d(T Yoo yn) + (1 t)[d(x, y2)+A(Tym, x5)] + %M

=t 0(Ty,50, Ty, ® (1-5,) %, ® uy)+(1-t,) [d0, )+ ATy, x,) ] +%M
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< tnsn d( Tyn’ Txn) + (1'Sn) tn d( Tyn’xn)-l' tnd( Tynv un) +(1' tn) [d(xn’ yn) + d( Tyna xn) ] +
2
—M

tn
< tnSp d O Xn) *+ (L-57) tn d( Ty %) + (L ) A, Y) + (L ) A Ty, %) + (b + M

= (L to+ tS2) A0, ¥n) * (L £02) A( Ty) + (b + M

= (L ta+tnSn) A0n, 52T ® (L5202 Dup) + (1= t0) ATy ) + (b + M

<(L- t*tnsy) [snd(n, Txa) + A0tn, ) 1+ (L try) A(Ty,20) +en + M

< (L b+t sn)d(0n, T xn) + (1 trsp) ATy, T )+ (T 1) (L4 r5+0) M

< (L t+tnSn) A0 Txn) +(1- tn50) [A0 x0)+ AT 1) (LHtr5+0) M

= (L ta*tnsn) A6 T+ (- tasy) [, 50 T & (1-52) % B 1) + AT, 2,)] +
(Ltpsp+) M

< sp(L- tn*+tnn) A, To) + (L trsp)[520(TXn %) + d0tn )] + (L ty) (T x) +
(Ltps+) M

= Sn(1- tn+tnSn) A0, Tn) + (L trp) AT ) + (1 £05)520(Txn0) + (24 ) M

= [1+ 25,(1- £) 1 (o, Top) + (24 D) M

Since Y., s, (1 — t,) converges and the sequence {d(x,,Tx,)} is bounded, it follows from
Lemma 1.13 that lim,, d(x,,, Tx,,) exists and equals to zero by (2.9).m

Now we prove the A-convergence theorem of Mann iteration procedure with errors in
CAT(0) spaces.
Theorem 2.4: Let C be a bounded closed convex subset of X and T: C — C a nonexpansive
mapping. Then for any initial point x,in C, the Mann iterative process with errors defined by
(1.1), with the restrictions that).,_, t,diverges and limsup,t,< 1, A-converges to a fixed point
of T.
Proof: By Lemma 1.12, lim,, d(x,, Tx,,) = 0.As in the proof of Theorem 1.14, apply the fact
that {d(x,,, v)} is convergent for each ve F(T) and Lemma 1.10 to conclude that{x,} A-

converges to an element of F(T).m
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The next theorem is theA-convergence theorem of the Ishikawa iteration process with
errors in CAT(0) spaces which is an analog of a result of Dhompongsa, Panyanak[8] and Tan
and Xu [20].

Theorem 2.5: Let C be a bounded closed convex subset of X and T: C— C a nonexpansive
mapping. Then for any initial point x, in C, the Ishikawa iterate sequence {x,,} defined by (1.2),
with the restrictions that };_,t,(1 —t,) diverges and },_,s,(1—t,) converges and
limsup, s,< 1, A-converges to a fixed point of T.

Proof: By Lemma 2.3,lim,d(x,, Tx,) = 0. As in the proof ofTheorem 1.14,apply the fact that
{d(x,, v)} is convergent foreach ve F (T) and Lemmal.10to conclude that {x,, } A-converges to
an element of F (T).m

Now we give the strong convergence result of the Ishikawa iteration scheme with errors
in a CAT(0) space setting.

Theorem 2.6: Let C be a bounded closed convex compact subset of X and T: C - C a
nonexpansive mapping and {x, } is defined as (1.2).Then{x,, }converges strongly to a fixed point
of T.
Proof: By the compactness of C, we see that {x,,} has a strongly convergent subsequence {x,, }
whose limit we shall denoteby z. Then, by Lemma 2.3and the non-expansiveness of T,
d(z,Tz) <d(z, xp,) + d(xn,, Txn,) + d(Txy,, T2)

<2d(z, xy,) +d(xp,, Txy,) >0 ask —» oo
Thereforez €F(T). By Lemma 1.11,lim,,d(x,,,z) exists.Thus z is the strong limit of the sequence
{x,} itself.m
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