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Abstract. In this paper, we introduce a proximal-type algorithm for solving equilibrium problems in Hilbert
spaces, and prove the strong convergence of the generated sequence to a solution of the problem by assuming nei-
ther any monotonicity condition on the bifunction nor any weak continuity condition on its arguments. Moreover,
assuming the boundedness of the generated sequence, we show that the solution set of the problem is nonempty
and the sequence converges strongly to a solution of the problem.
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1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, and let K C H be a
nonempty, closed and convex set. Suppose that f : K x K — R is a bifunction. The equilibrium
problem EP(f,K) consists of finding x* € K such that

f(,y) >0, VyeKk. (1.1)

The set of solutions of EP(f, K) isdenoted by S(f, K). The associated dual equilibrium problem
is expressed as finding x* € K such that f(y,x*) <0 for all y € K. The solution set of the dual
problem is denoted by Sp(f,K).

Usually for approximating solutions of the equilibrium problems, some monotonicity as-
sumptions on the bifunction f are assumed. We recall two such properties, although we will not
use theses conditions in this paper. The bifunction f is said to be monotone if f(x,y)+ f(y,x) <
0 for all x,y € K, and pseudo-monotone if, for any pair x,y € K, f(x,y) > 0 implies f(y,x) <O0.

The equilibrium problem covers in particular convex optimization problems, variational in-
equalities, Nash equilibrium problems, and other problems of interest in many applications. The
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study of equilibrium problems goes back to Ky Fan [10]. Subsequently, Brézis, Nirenberg and
Stampacchia [3] studied the problem with a coercivity assumption on f. Blum and Oettli [3]
proved the existence of solutions to EP( f, K) with monotonicity condition on f. Later the equi-
librium problems were studied extensively for existence of solutions (see for example [12] and
the references therein). Recently, much research was devoted to the approximation of solutions
to equilibrium problems (see, e.g., [19, 20, 23] and the references therein). Equilibrium prob-
lems with monotone and pseudo-monotone bifunctions were studied extensively in Hilbert, Ba-
nach as well as in topological vector spaces by many authors (e.g., [2, 16, 7, 12} 13} 16, 17, 23]).

The proximal point algorithm is one of the most famous algorithms which has been applied
originally for approximating a solution of a variational inequality associated with a maximal
monotone operator, or finding a zero of a maximal monotone operator. This algorithm was first
introduced by Martinet [18] and then systematically studied by Rockafellar [22] for maximal
monotone operators. Let H be a real Hilbert space, and A : D(A) C H — H be a nonlinear,
possibly multivalued maximal monotone operator. Assume that A~1(0) # @. The proximal
point algorithm is the scheme that generates the sequence {x; } by the following process:

Xk—1 — Xk € MAxg, (1.2)

where xg € H and {A;} is a positive sequence. Rockafellar [22] proved the weak convergence of
the sequence {x;} to a zero of the maximal monotone operator A, with appropriate assumptions
on {A;}. Brézis and Lions [4] extended his result with weaker assumptions on the parame-
ter sequence {A;}. Moudafi [20] applied the following proximal point algorithm for solving
monotone equilibrium problems:

fxe,y) + A1 (y — xp, 2 —x3-1) >0, VyeKk. (1.3)

Recently, the authors of [9]] proved the strong convergence of the sequence generated by the
proximal point algorithm to a solution of a quasi-equilibrium problem in Banach spaces.

To approximate a solution of these problems, the extragradient method is one of the useful
methods. This method was originally introduced by Korpelevich in 1976 for monotone varia-
tional inequalities (see [15]). An extragradient method for equilibrium problems in a Hilbert
space H has been studied in [21]. It has the following form:

. 1
ykGArgmlnyek{ﬁkf(xk,y)+§||y—xk||2}7 (1.4)

. 1
e € Argminycy { B 3) + 31 -l . (15)

where f is a positive sequence. Weak convergence of the sequence generated by (I.4)—(1.5) to a
solution of the equilibrium problem was established in [21]]. Recently, the authors of [|8] proved
the strong convergence of the sequence generated by the extragradient method to a solution
of a quasi-equilibrium problem in Banach spaces. Hoai et al. in [11] proposed the following

proximal-type algorithm

1 1
xk:(l_a)yk‘f‘axk—h (1.6)

. 1
e = Argmin,c {47 (3) + 5 Iy =}, (17
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and proved the weak convergence of the generated sequence to a solution of the equilibrium

problem, where ¢ = @, X0,y1 € K and A > 0 is an appropriate number.

In this paper, by modifying the proximal-type algorithm, we are able to solve equilibrium
problems in Hilbert spaces, and we prove the strong convergence of the generated sequence
to a solution of the equilibrium problem without requiring either any monotonicity condition
on the bifunction or any weak continuity condition on its arguments. Moreover, by assuming
the boundedness of the generated sequence, we show that the generated sequence converges
strongly to a solution of the problem, and hence the solution set of the problem is nonempty. Our
convergence results hold without any pseudo-monotonicity and weak continuity assumptions on
f. In particular, our results contain the case where the bifunction is the sum of two (or finitely
many) pseudo-monotone bifunctions, or even the sum of a pseudo-monotone bifunction and a
monotone bifunction. As we know, in this case, the sum may not be anymore pseudo-monotone,
which is the case studied by previous authors.

The paper is organized as follows. In Section[2] we introduce some preliminary material. In
Section [3] we introduce and analyze a proximal-type algorithm for solving equilibrium prob-
lems in Hilbert spaces, and we prove the strong convergence of the generated sequence to a
solution of the equilibrium problem.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-,-) and norm | - ||. Let C C H be nonempty,
closed and convex. It is well known that for any x € H there exists a unique X € C such that

x| =int{lly x| :y e C}.

We define the mapping P¢ : H — C by taking Pc(x) to be this unique ¥ € C. The mapping Pc is
called the metric projection of H onto C (see [1]).

Lemma 2.1. ([1]], Theorem 3.14) Let C C H be nonempty, closed and convex, x € H and x € C.
Then X = Pc(x) if and only if (y —%,x— %) <0 forally € C.

Lemma 2.2. ([1], Corollary 2.14) Let x,y € H and o € R. Then
[lox+ (1= a)yl|* = eflx]|* + (1= @) ly[|* — (1 — ex)lx — y|*.

Proposition 2.3. ([14], Kadec—Klee property) Let X be a normed space. We say that X has the
Kadec—Klee property if, for every sequence {x;} C X, the following implication holds:

The sequence {xy } converges weakly to some x € X and ||x|| — ||x|| imply that {x; } converges
strongly to x.

We need the following elementary lemma to prove the main theorem in the next section.

Lemma 2.4. Let {a;} be an unbounded nonnegative sequence. Then there exists a subsequence
{ag,} of {ar} such that ay,_> < ay, for all n, and ay, — o as n — oo.

Proof. Let {a;} be an unbounded nonnegative sequence. Define
ki =min{i > 3,a; > M := max{a;,a»}}. (2.1)

ky = min{i > ky,a; > ay, }. (2.2)
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By continuing this process, we define
ky, = min{i > ky,—1,a; > a, , }. (2.3)

Note that we have the following statements:

(2.1) shows that for all i, 3 <i < ki, we have a; <M < ay,.

(2.2) shows that for all i, ky < i < kp, we have a; < ai, < ai,.

By continuing this process, shows that for all i, k,_; <i <k,, wehavea; <ay, K <ay, It
is clear that for all i, i < k,, we have a; < gy, . Therefore a;,_, < a;, for all n. Now since {ay}
is unbounded, we conclude that a;, — o as n — oo. 0]

For a sequence {x;} in H, we denote the strong convergence of {x;} to x € H by x; — x,
and the weak convergence by x; — x. Let H be a real Hilbert space and K C H be a nonempty,
closed and convex set. We now introduce the conditions on the bifunction f : K x K — R that we
will need for studying the convergence analysis of the generated sequence in the next section.

Ay: f(+,x) : K — R is upper semicontinuous for all x € K.
Ajy: f(x,) : K — R is convex and lower semicontinuous for all x € K
Asz: f is Lipschitz-type continuous, i.e. there exist two positive constants ¢ and c¢; such that

Fy) +f(r2) 2 f(x,2) —erla =y —eally—z|?, Vayzek.

Remark 2.5. Note that A3 implies that f(x,x) > 0 for all x € K. Also, it can be easily shown
that if f(x,x) > 0 for all x € K and f satisfies A| and A,, then Sp(f,K) C S(f,K).

3. MAIN RESULTS

Let H be areal Hilbert space, K C H be a nonempty, closed and convex set, and f: K x K — R
be a bifunction. In this section, we prove the strong convergence of the sequence generated by
the following proximal-type algorithm to a solution of the equilibrium problem by assuming
Al —Aj.

Algorithm 1 The Proximal-type Algorithm

Initialization: Let xo,x_1,y_1 € K, By =K, Ag,A_; > 0and u € (0, %)
Iterative Steps: Given x; and y;, compute

. 1
)’k—i—l:Argmln{f<)’ka)’)+2_;Lk||y_xk||2a yGK}, (3.1
Xk+1 = PBkJrl (X()), (3.2)
where
1 1
Byl = {X € By : K(Yk+l — Vi Xk—1 — Vi) + )L_k<x_yk+laxk — Yk+1)
_m (||y/<—yk P ket — vl )}
and
Ak, if fOr—1Yk+1) = FOk=1,96) — f ks Y1) <0,
Mt = i {0 e i) ’ otherwise (3.3)
2(f( yk 1Ykt 1) =S Ok=196) —f OknYi41))? M :
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We divide the proof of the main theorem into several lemmas and propositions. In particular,
we will show that the sequences {x; } and {y;} are well defined.

Lemma 3.1. Suppose that the stepsize { A} is generated by Algorithm Then limy_,., A exists
and min{)l@, ZmaX‘l{l—cl,cg}} S lk S AO
Proof. Since the bifunction f is Lipschitz-type continuous by A3, we have

FOr-1,9601) = FOre1,9%) — F o yre1) < etllye —ye—1l* + eallyerr — vil)?
< max{cy, 2} (lyve — i1 I* + a1 — yel*)-
Therefore if f(ye—1,yi41) — f Vk—1,Yk) — f (k> Yk+1) > 0, we have

vk = ya—1 1> + [yeeer — il S 1
FOr=1:%41) = Fr=1:96) = FOs yier1) — max{cr,e2}
Using (3.3]), we obtain that the lower bound of the sequence {A;} is min{Ay, m} and
its upper bound is Ag. Since A1 < A, then limy_., A; exists and is different from zero. O

(3.4)

Proposition 3.2. Suppose that f is a bifunction satisfying Ay. Then the sequence {y;} is well
defined.

Proof. Define g: H — RU {+eo} as

foe) +olly—xl*  yek,
g(y) = 2 (3.5)
+oo y¢K.
By A,, it is clear that the function g is proper, convex and lower semicontinuous. Also, g is
coercive. Hence g has a minimizer y;, . Therefore the sequence {y;} is well defined. 0
Proposition 3.3. Assume that f is a bifunction satisfying A,. Let x,u € K and A > 0. If
) 1
2= Argmin{ f(u,y) + 3l =2 yek}, (3.6)

then
=zx=2) SA(fluy) = f2)), WyeEK.

Proof. Let y € K be arbitrary and w =tz + (1 —¢)y where ¢ € [0,1). Since z solves the mini-
mization problem (3.6), we have

1 2 1 2
flu,2) + sllz =™ < flu,w) + 5ollw —x]

= flustz+ (1= 0)9) + 5zt (1= 1)y =
< 1 (.2) + (1) f ()

1
+ o7t =22+ (1=l =312 =1 =)y =),
which implies that
1
(=0l =22 = (1 =)l =yP +:(1 1)y —z]?)

< (T=1)f(u,y) — (1 —1)f(u,z2).
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Dividing this inequality by (1 —¢) and taking the limit as r — 17, we get

o (=2l = =yl = 2IP) < F(ay) — £(a,2), (3.7)

which shows that
v—zx—2) < A(f(0y)— f(w,2)). (33)
0J

Corollary 3.4. Assume that f is a bifunction satisfying A,. Let x,y; € K and A > 0. If

) 1
Yk+1 = Argmin {f(yk,)’) + m\b’-kaz, yE K},

then
0= yer1,% = yer1) < (i y) = f Do yitn)), Yy € K. (3.9)
Proof. Tt is a direct consequence of Proposition O

Lemma 3.5. If Sp(f,K) # 0 and the sequences {xi }, {yx} and { A } are generated by Algorithm
[/} then

1 1
— Vkt1 = Yo Xk—1 — Vi) + 7= (X = Vrr 1, X% — Yiep1) < (Hyk—yk 12+ [yeer — vel?)
e o 2/1
(3.10)
for every x* € Sp(f,K).
Proof. By Corollary we have
1
A V=Vt 15Xk = Y1) < FOr0Y) — f ks Vi 1) (3.11)
and
1
P (V=Y Xk—1 = Yk) < fOr=1,Y) = fOr—1,2%) (3.12)

for every y € K. Let x* € Sp(f,K). Then we have f(y;,x*) <0. Taking y = x* in (3.11)) and
y = yk+1 in (3.12)), we obtain respectively

1,
)L—k(x = Vit 1%k — Y1) < —F Oy Vet 1) (3.13)
and
1
m@kﬂ — Vi Xk—1 = Yk) < fOk=1:Yk41) — k=1, Yk)- (3.14)
By adding (3.13) and (3.14), we get
Ly )+ )
— — Yy Xk — — (X = Y1, Xk —
Ty et =YXkt — Vi) 7 Vik+1:Xk — Ykt 1 (3.15)
< FOr=1,9%41) = FOr=19k) — F ks Vit 1)-
Now if f(yk—1,Yk+1) = fOk—1:9%) = f ks Vit 1) > 0, by using (3.3)), we have
_ 2 R
Mt < Mlyx = Y1117+ a1 —vll*) (3.16)

= 2(fk=1>0k+1) = FOr—1:9%) = f s Vig1))
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which implies that

FOk=1:Yk41) = FOr—1,9%) = f s Y1) < 55— M (||Yk—yk 2+ e —yell®). (317)

From (3.15)) and (3.17), it follows that

1 1,
m@kﬂ — Vi Xk—1 — k) + A—k<x — Vi1 Xk — Yi+1)

(3.18)
< e =vi_ilI? —yll?).
_21 (||yk Vet l= + [y = vxll)
Also, note that if
FOr=1,Yk41) = FOk=1,9%) — f k> Y1) <0,
then (3.15) shows that (3.18) still holds.
OJ

Lemma 3.6. Assume that f is a bifunction satisfying A| — Az and the sequence {x; } is generated
by Algorithm[l| Then we have

@) Sp(f.K) C M=o Br-
(i) If Ny—oBk # O, then the sequence {x;} is bounded.
(iii) If the sequence {x;} is bounded, then each weak limit point of {x;} belongs to (?_,B.

Proof. (i))Ifx € Sp(f,K), then Lemmashows that x € By, for all k > 0. Therefore Sp(f,K) C
M=o B-
(i) Let Ny—o Bk # 0. It is clear that By is closed and convex for all kK > 0, hence (\;_q By is
closed and convex. Let x* = Ph=_ p, (xo). Since x* € N By, using (3.2), we get
(X" = X100 —x11) <0,
which implies that
[l — Xt ||* + |1 —x0))* < ||x* —xo||, for all & > 0. (3.19)

This shows that the sequence {x;} is bounded.

(iii) Assume that the sequence {x;} is bounded. Let n > 0. Since x; € B, for all k > n, and
B, is closed and convex, then any weak limit point p of the sequence {x;} belongs to B,. Since
n > 0 is arbitrary, p € NZ_,By.

O

Proposition 3.7. Assume that f is a bifunction satisfying Ay — A3 and the sequence {x;} is
generated by Algorithm|l} If Sp(f,K) # 0 or the sequence {x;} is bounded, then {x;} converges
strongly to x* = Pn=_ p, (x0)-

Proof. Lemma [3.6 shows that {x;} is bounded and each weak limit point of {x;} belongs to
Ni_oBk. We first show that x; — x*. Since x* € N}_,By and x; = Pg, (xp), we have
(X" — xp,x0 —x¢) <0,
which implies that
" — x| + ||l — xo2 < [|* — x0]|%, for all k > 0. (3.20)

Therefore we have
e —xo|* < [|x* —xo]|%, for all k > 0. (3.21)
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Let {x;, } be any weakly convergent subsequence of {x; } to some point p. Replacing k by kj, it
follows from (3.21]) that

Ip—xo|*> < 11m1nf||xk —xo||> < limsup [k, —xo? < |Ix* — xol|*. (3.22)
Joee

Since x* = Pr=_ g, (x0) and by Lemman p € M_oBy, we have || p—xo||> = ||lx* —xo]|*. There-
fore p = x* ThlS shows that x; — x*. Now we prove x; — x*. Using (3.21)), we get

" — xo|? < liminf ||xg — xo| < limsup [|x — x0/|* < ||x* —x0?, (3.23)
k—yeo k—so0
which implies that limy_,.. ||x; —xo||* = ||x* —xo||?, and hence limy .. ||xx||> = ||x*||*. Therefore
by Kadec-Klee property, x; — x* = P g, (%0)-
0

Theorem 3.8. Assume that f is a bifunction satisfying Ay — Az and the sequence {x;} is gen-
erated by Algorithm |1} If Sp(f,K) # 0 or the sequence {x;.} is bounded, then {x;} converges
strongly to x* € S(f,K).

Proof. 1f Sp(f,K) # 0 or the sequence {x;} is bounded, then Proposition (3.7 shows that {x; }
converges strongly to x* = Pn=_ p, (xo). Therefore we only need to show that x* € S(f,K). Since
x* € Nr=o Bk, we obtain from the definition of By that

1

1 *
_A <}’k+1_)’kaxk—1_)’k>+/fL_<X — Vi1 Xk — Yi+1)
k (3.24)

_ 2
_2/1 (||J’k Vi— 1|| +{[yit1 — il

which implies that

1
(e =1 1P+ ks = vell* = e —xe—1 1)
2M—1

1 2 2
21 (I =yt P e —xl? = X —x]?)

< . —_
—27L (||yk Vi1 1+ vt — wel?)-

Rearranging the terms, we get

1 u 2 1 2 1 2>
(2/1](1 2)% 1> Hyk+1 )’kH + (zlk Hka ka 2}( Hka xkfIH
1 1 i .
22{ Hyk Xk— l” +22’ (HX _)’k+1H2— ||X _kaZ)

< Lllyk—yk_lnz- (3.25)
+1
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From (3.23)) we get

I u o (L B 2
(57— = 5= s =l + (5 ol = s = s e 1+ 1 )

1 1
+ T(Hka — [l 1)+ Z—M((HX*H — s ID* = llx* —xk||2)
< 2/1 (||yk|| + [lye=1 ). (3.26)

Lemma n shows that lim;_,..A; = A > 0. Since u € (0, %), for large enough k, we have
<ﬁ — ﬁﬂ) vkt — yk||2 > 0. Therefore rearranging the terms in (3.26)), we get

1 1 2, 1
—_— 2 2
oa = oz, enl™+ 2/1 7 (=2l e+ [leel*) — e Glestlllboe— 1+ e )

1
2& 2 Ukl = b1 11)* + 2/1 o (e | = v 1) — IIX*—Xk||2)

< 27L (’|ka+”)’1< 1|2 (3.27)

We claim that the sequence {y;} is bounded. By contradiction, if {y;} is unbounded, then
Lemma [2.4] shows that there exists a subsequence {yx, } of {yx} such that |lyr 1| < |lyk,+1ll
and ||yg, +1|| — o as n — oo. Replacing k by &, in (3.27), since ||yx,—1]| < ||y,
large enough n,

1 1
L ) ,
o, ~ 27, el +u (=2l 1+ T 12)
1
- 2 B 2
2,1]("71( V2 [, 1] = ek, 1 [17)

! 2 1 * 2 * 2
+2/lk,,71(Hyk”H ek, —11]) +2/lkn((“x = vt )% = 113" = x [12)

u 2
< Yo || [ Vkpt1
i (ol + i )

U
< (211yg >+ 2035, +11%) (3.28)
2,41
Rearranging the terms in (3.28), we get
1 1 i >, |
— ~ 2
O = 75~ T st P g (2l s )
1 1 H 2
JE 2 _ _ .
27%”—1( Ykt 1 1126, — 1 1] =+ []x, 1” )+(2/1k » /1,,+1)Hyk"H

+

1 1 . )
s 2 Ml a2 I = 2 = =, 1)
=0 (3.29)

Since limyw A =24 >0, 1 € (0,1), x¢ — x*, and the sequence {yj,+1} is unbounded, we
reach a contradiction by taking hmsup as n — oo on the left hand side of (3.29). Therefore {y,}
is bounded.
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Suppose that limsup, ... ||vi+1 — yk||* = ¢ > 0. It is easily seen that

1 1
li (— e — B 2):0. 3.30
lim MkHka x| A Hy1<+1 X1l (3.30)

Therefore by taking limsup as k — oo in (3.25]), we get

1— 1
( 21”>c+ S liminf [y — x| +27L timin |~y < —21 c. (331
Since u € (0, i)’ (3.31)) shows that ¢ = 0, hence
lim ||y —yi|* =0 (3.32)
k—roo
and
liminf||y; — x;_1]|* = liminf||x* — y,, 1 ||* = 0. (3.33)
k—>o00 k—so0
Adding (3.1T1)) and (3.14)), we have
1 1
(V1 = Voo Xk—1 = Vi) + 5=V = Y 15X — Yer1)
Ai—1 At
< f0y) + FOr—1Y%01) = FOk—1,06) — F ko Yir 1)- (3.34)
If f(e—1,9%41) = FOk—1,9%) — f (k> k1) > 0, by using (3.3), we have
_ 2 o2
s « = Pt s =nlP) 535)

2(f r—1,Yk41) = S Ok—19%) — F k> Yir1))
which implies that

f(Yk—1,yk+1)—f(y/<—1,yk)—f(y/c,yk+1)_2/1 (e =it l? + lveer —wl®)  (3.36)

Therefore by using (3.34) and (3.36)), we obtain

1 1
T(Ykﬂ — Yi> Xk—1 — Yk) + )L—<y — Vi1 Xk — Yk+1)
k=1 k (3.37)

< fOry)+ 2/1 (H)’k_)’k 14 e —vll?).-

On the other hand, if f(ye—1,Yi+1) = f (Vk-1,k) = f (k; Yt 1) < O, then by using (3.34), it
is clear that (3.37) still holds. Since x; — x*, by using (3.32)) and (3.33)), we deduce that there

exists a subsequence {yy, } of {yi} such that y;, — x* as j — oo, and
klglonykj_xkj—IH :klEI(}onkj_ykj-i-l“ =0. (338)

Since {yx} is bounded and limy e |[yi11 — Yi||* = O, replacing k by k; and then taking limsup
as j — oo in (3.37), we deduce that limsup;_,,, f(y;,») > 0. Since y;, — x*, by using A, we
get f(x*,y) >0forally € K, ie., x* € S(f,K). O

We end this section by providing some examples of the equilibrium problems where our main
result can be applied.

Example 3.1. Assume that H = R" and K = {(51,52, G ERIE > 0}. LetA:R" — R”
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be a Lipschitz continuous operator with Lipschitz constant L. Let the bifunction f: K x K — R
be defined by f(x,y) = (A(x),y — x). Note that

fey)+f(nz) = f(x,2) = (Alx),y —x) + (A(Y), 2 —y) — (A(x),z— x)
= (A(x),y—2) +(A(y),2—)

(A(x) —A(¥),y—2)

> —[|A(x) =AW)|[[ly -zl

>

—L|jx—yl||ly—z|
L
> T(IIX—yHZJrIIy—ZIIZ) (3.39)

which shows that A3 is satisfied. Clearly, A| and A, are also satisfied. If (A(x),x) > 0 for all
x € K or the sequence {x;} generated by Algorithm [1]is bounded, then Theorem implies
that {x; } converges to a solution of the equilibrium problem. Moreover if we replace K by R”,

it is clear that the sequence {x;} generated by Algorithm [1| converges to a zero of the operator
A

Example 3.2. Assume that H = (> = {C =(61,6,8,) (I |C,~]2)% <oo} and K := {C =
(61,86,8,---)e?: L >0Vie N}. Let f: K x K — R be defined as f(x,y) = (2x,y —x) +
lv]| — ||x]|. Note that
FEy)+f(32) = f(x2) = (20 —x) + [yl = [Ix[| + 2y, 2 = y) + [lz]| = 1]

— ((2x,z=x) + [l = lIx})

= (2x=2y,y—2)

> =2x—ylllly —zll

> [l =yl = [ly—z|” (3.40)
which shows that A3 is satisfied. Clearly, A and A, are also satisfied. Since 0 € Sp(f,K), the

conditions of Theorem [3.8/ hold. If {x;} is the sequence generated by Algorithm [1} then {x;}
converges strongly to a solution of the equilibrium problem.

Example 3.3. Let H = L*([0, 1]) with the inner product

1
(x,y) = /0 X(Oy(@)dr, ¥ x,yeL([0,1])

and the induced norm
1 1
Il o= ([t Par)’,  vaer2(0,1)).
0

Suppose that K := {x(t) e L*([0,1]) : ||x(t)|| < %}, and ¢ : K — R is defined by ¢(x) =
cos(2m|x|| + ). It is clear that ¢ is convex and continuous, hence it is weakly lower semi-
continuous. We define the bifunction f : K x K — R as f(x,y) = ¢(y) — @(x). It is easy to see
that the assumptions A; — A3 are satisfied. Note that any function x(¢) € K satisfying ||x|| = 1
belongs to Sp(f,K). Therefore the conditions of Theorem hold. If {x;} is the sequence
generated by Algorithm then {x;} converges strongly to a solution of the problem.
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