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Abstract. In this paper, we introduce a proximal-type algorithm for solving equilibrium problems in Hilbert
spaces, and prove the strong convergence of the generated sequence to a solution of the problem by assuming nei-
ther any monotonicity condition on the bifunction nor any weak continuity condition on its arguments. Moreover,
assuming the boundedness of the generated sequence, we show that the solution set of the problem is nonempty
and the sequence converges strongly to a solution of the problem.
Keywords. Bifunction; equilibrium problem; Pproximal-type algorithm; Strong convergence.
2020 Mathematics Subject Classification. 90C25, 90C33, 90C30, 47H09.

1. INTRODUCTION

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖, and let K ⊂ H be a
nonempty, closed and convex set. Suppose that f : K×K→ R is a bifunction. The equilibrium
problem EP( f ,K) consists of finding x∗ ∈ K such that

f (x∗,y)≥ 0, ∀y ∈ K. (1.1)

The set of solutions of EP( f ,K) isdenoted by S( f ,K). The associated dual equilibrium problem
is expressed as finding x∗ ∈ K such that f (y,x∗) ≤ 0 for all y ∈ K. The solution set of the dual
problem is denoted by SD( f ,K).

Usually for approximating solutions of the equilibrium problems, some monotonicity as-
sumptions on the bifunction f are assumed. We recall two such properties, although we will not
use theses conditions in this paper. The bifunction f is said to be monotone if f (x,y)+ f (y,x)≤
0 for all x,y ∈ K, and pseudo-monotone if, for any pair x,y ∈ K, f (x,y)≥ 0 implies f (y,x)≤ 0.

The equilibrium problem covers in particular convex optimization problems, variational in-
equalities, Nash equilibrium problems, and other problems of interest in many applications. The
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study of equilibrium problems goes back to Ky Fan [10]. Subsequently, Brézis, Nirenberg and
Stampacchia [5] studied the problem with a coercivity assumption on f . Blum and Oettli [3]
proved the existence of solutions to EP( f ,K) with monotonicity condition on f . Later the equi-
librium problems were studied extensively for existence of solutions (see for example [12] and
the references therein). Recently, much research was devoted to the approximation of solutions
to equilibrium problems (see, e.g., [19, 20, 23] and the references therein). Equilibrium prob-
lems with monotone and pseudo-monotone bifunctions were studied extensively in Hilbert, Ba-
nach as well as in topological vector spaces by many authors (e.g., [2, 6, 7, 12, 13, 16, 17, 23]).

The proximal point algorithm is one of the most famous algorithms which has been applied
originally for approximating a solution of a variational inequality associated with a maximal
monotone operator, or finding a zero of a maximal monotone operator. This algorithm was first
introduced by Martinet [18] and then systematically studied by Rockafellar [22] for maximal
monotone operators. Let H be a real Hilbert space, and A : D(A) ⊂ H → H be a nonlinear,
possibly multivalued maximal monotone operator. Assume that A−1(0) 6= ∅. The proximal
point algorithm is the scheme that generates the sequence {xk} by the following process:

xk−1− xk ∈ λkAxk, (1.2)

where x0 ∈H and {λk} is a positive sequence. Rockafellar [22] proved the weak convergence of
the sequence {xk} to a zero of the maximal monotone operator A, with appropriate assumptions
on {λk}. Brézis and Lions [4] extended his result with weaker assumptions on the parame-
ter sequence {λk}. Moudafi [20] applied the following proximal point algorithm for solving
monotone equilibrium problems:

f (xk,y)+λk−1〈y− xk,xk− xk−1〉 ≥ 0, ∀y ∈ K. (1.3)

Recently, the authors of [9] proved the strong convergence of the sequence generated by the
proximal point algorithm to a solution of a quasi-equilibrium problem in Banach spaces.

To approximate a solution of these problems, the extragradient method is one of the useful
methods. This method was originally introduced by Korpelevich in 1976 for monotone varia-
tional inequalities (see [15]). An extragradient method for equilibrium problems in a Hilbert
space H has been studied in [21]. It has the following form:

yk ∈ Argminy∈K

{
βk f (xk,y)+

1
2
‖y− xk‖2

}
, (1.4)

xk+1 ∈ Argminy∈K

{
βk f (yk,y)+

1
2
‖y− xk‖2

}
, (1.5)

where βk is a positive sequence. Weak convergence of the sequence generated by (1.4)–(1.5) to a
solution of the equilibrium problem was established in [21]. Recently, the authors of [8] proved
the strong convergence of the sequence generated by the extragradient method to a solution
of a quasi-equilibrium problem in Banach spaces. Hoai et al. in [11] proposed the following
proximal-type algorithm

xk = (1− 1
ϕ
)yk +

1
ϕ

xk−1, (1.6)

yk+1 = Argminy∈K

{
λ f (yk,y)+

1
2
‖y− xk‖2

}
, (1.7)
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and proved the weak convergence of the generated sequence to a solution of the equilibrium
problem, where ϕ =

√
5+1
2 , x0,y1 ∈ K and λ > 0 is an appropriate number.

In this paper, by modifying the proximal-type algorithm, we are able to solve equilibrium
problems in Hilbert spaces, and we prove the strong convergence of the generated sequence
to a solution of the equilibrium problem without requiring either any monotonicity condition
on the bifunction or any weak continuity condition on its arguments. Moreover, by assuming
the boundedness of the generated sequence, we show that the generated sequence converges
strongly to a solution of the problem, and hence the solution set of the problem is nonempty. Our
convergence results hold without any pseudo-monotonicity and weak continuity assumptions on
f . In particular, our results contain the case where the bifunction is the sum of two (or finitely
many) pseudo-monotone bifunctions, or even the sum of a pseudo-monotone bifunction and a
monotone bifunction. As we know, in this case, the sum may not be anymore pseudo-monotone,
which is the case studied by previous authors.

The paper is organized as follows. In Section 2, we introduce some preliminary material. In
Section 3, we introduce and analyze a proximal-type algorithm for solving equilibrium prob-
lems in Hilbert spaces, and we prove the strong convergence of the generated sequence to a
solution of the equilibrium problem.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖. Let C ⊆ H be nonempty,
closed and convex. It is well known that for any x ∈ H there exists a unique x̄ ∈C such that

‖x̄− x‖= inf
{
‖y− x‖ : y ∈C

}
.

We define the mapping PC : H→C by taking PC(x) to be this unique x̄ ∈C. The mapping PC is
called the metric projection of H onto C (see [1]).

Lemma 2.1. ([1], Theorem 3.14) Let C ⊂H be nonempty, closed and convex, x ∈H and x̄ ∈C.
Then x̄ = PC(x) if and only if 〈y− x̄,x− x̄〉 ≤ 0 for all y ∈C.

Lemma 2.2. ([1], Corollary 2.14) Let x,y ∈ H and α ∈ R. Then

‖αx+(1−α)y‖2 = α‖x‖2 +(1−α)‖y‖2−α(1−α)‖x− y‖2.

Proposition 2.3. ([14], Kadec–Klee property) Let X be a normed space. We say that X has the
Kadec–Klee property if, for every sequence {xk} ⊂ X, the following implication holds:

The sequence {xk} converges weakly to some x∈X and ‖xk‖→‖x‖ imply that {xk} converges
strongly to x.

We need the following elementary lemma to prove the main theorem in the next section.

Lemma 2.4. Let {ak} be an unbounded nonnegative sequence. Then there exists a subsequence
{akn} of {ak} such that akn−2 ≤ akn for all n, and akn → ∞ as n→ ∞.

Proof. Let {ak} be an unbounded nonnegative sequence. Define

k1 = min{i≥ 3,ai > M := max{a1,a2}}. (2.1)

k2 = min{i≥ k1,ai > ak1}. (2.2)
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By continuing this process, we define

kn = min{i≥ kn−1,ai > akn−1}. (2.3)

Note that we have the following statements:
(2.1) shows that for all i, 3≤ i < k1, we have ai ≤M < ak1 .
(2.2) shows that for all i, k1 ≤ i < k2, we have ai ≤ ak1 < ak2 .
By continuing this process, (2.3) shows that for all i, kn−1 ≤ i < kn, we have ai ≤ akn−1 < akn . It
is clear that for all i, i < kn, we have ai < akn . Therefore akn−2 ≤ akn for all n. Now since {ak}
is unbounded, we conclude that akn → ∞ as n→ ∞. �

For a sequence {xk} in H, we denote the strong convergence of {xk} to x ∈ H by xk → x,
and the weak convergence by xk ⇀ x. Let H be a real Hilbert space and K ⊂ H be a nonempty,
closed and convex set. We now introduce the conditions on the bifunction f : K×K→R that we
will need for studying the convergence analysis of the generated sequence in the next section.

A1: f (·,x) : K→ R is upper semicontinuous for all x ∈ K.
A2: f (x, ·) : K→ R is convex and lower semicontinuous for all x ∈ K
A3: f is Lipschitz-type continuous, i.e. there exist two positive constants c1 and c2 such that

f (x,y)+ f (y,z)≥ f (x,z)− c1‖x− y‖2− c2‖y− z‖2, ∀x,y,z ∈ K.

Remark 2.5. Note that A3 implies that f (x,x) ≥ 0 for all x ∈ K. Also, it can be easily shown
that if f (x,x)≥ 0 for all x ∈ K and f satisfies A1 and A2, then SD( f ,K)⊆ S( f ,K).

3. MAIN RESULTS

Let H be a real Hilbert space, K⊂H be a nonempty, closed and convex set, and f : K×K→R
be a bifunction. In this section, we prove the strong convergence of the sequence generated by
the following proximal-type algorithm to a solution of the equilibrium problem by assuming
A1−A3.

Algorithm 1 The Proximal-type Algorithm

Initialization: Let x0,x−1,y−1 ∈ K, B0 = K, λ0,λ−1 > 0 and µ ∈ (0, 1
2).

Iterative Steps: Given xk and yk, compute

yk+1 = Argmin
{

f (yk,y)+
1

2λk
‖y− xk‖2, y ∈ K

}
, (3.1)

xk+1 = PBk+1(x0), (3.2)
where

Bk+1 =
{

x ∈ Bk :
1

λk−1
〈yk+1− yk,xk−1− yk〉+

1
λk
〈x− yk+1,xk− yk+1〉

≤ µ

2λk+1
(‖yk− yk−1‖2 +‖yk+1− yk‖2)

}
and

λk+1 :=

{
λk, if f (yk−1,yk+1)− f (yk−1,yk)− f (yk,yk+1)≤ 0,

min
{

µ(‖yk−yk−1‖2+‖yk+1−yk‖2)
2( f (yk−1,yk+1)− f (yk−1,yk)− f (yk,yk+1))

,λk
}
, otherwise.

(3.3)
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We divide the proof of the main theorem into several lemmas and propositions. In particular,
we will show that the sequences {xk} and {yk} are well defined.

Lemma 3.1. Suppose that the stepsize {λk} is generated by Algorithm 1. Then limk→∞ λk exists
and min

{
λ0,

µ

2max{c1,c2}

}
≤ λk ≤ λ0.

Proof. Since the bifunction f is Lipschitz-type continuous by A3, we have

f (yk−1,yk+1)− f (yk−1,yk)− f (yk,yk+1)≤ c1‖yk− yk−1‖2 + c2‖yk+1− yk‖2

≤max{c1,c2}(‖yk− yk−1‖2 +‖yk+1− yk‖2).

Therefore if f (yk−1,yk+1)− f (yk−1,yk)− f (yk,yk+1)> 0, we have

‖yk− yk−1‖2 +‖yk+1− yk‖2

f (yk−1,yk+1)− f (yk−1,yk)− f (yk,yk+1)
≥ 1

max{c1,c2}
. (3.4)

Using (3.3), we obtain that the lower bound of the sequence {λk} is min{λ0,
µ

2max{c1,c2}}, and
its upper bound is λ0. Since λk+1 ≤ λk, then limk→∞ λk exists and is different from zero. �

Proposition 3.2. Suppose that f is a bifunction satisfying A2. Then the sequence {yk} is well
defined.

Proof. Define g : H→ R∪{+∞} as

g(y) =

{
f (yk,y)+ 1

2λk
‖y− xk‖2 y ∈ K,

+∞ y 6∈ K.
(3.5)

By A2, it is clear that the function g is proper, convex and lower semicontinuous. Also, g is
coercive. Hence g has a minimizer yk+1. Therefore the sequence {yk} is well defined. �

Proposition 3.3. Assume that f is a bifunction satisfying A2. Let x,u ∈ K and λ > 0. If

z = Argmin
{

f (u,y)+
1

2λ
‖y− x‖2, y ∈ K

}
, (3.6)

then
〈y− z,x− z〉 ≤ λ

(
f (u,y)− f (u,z)

)
, ∀y ∈ K.

Proof. Let y ∈ K be arbitrary and w = tz+(1− t)y where t ∈ [0,1). Since z solves the mini-
mization problem (3.6), we have

f (u,z)+
1

2λ
‖z− x‖2 ≤ f (u,w)+

1
2λ
‖w− x‖2

= f (u, tz+(1− t)y)+
1

2λ
‖tz+(1− t)y− x‖2

≤ t f (u,z)+(1− t) f (u,y)

+
1

2λ

(
t‖x− z‖2 +(1− t)‖x− y‖2− t(1− t)‖y− z‖2

)
,

which implies that
1

2λ

(
(1− t)‖x− z‖2− (1− t)‖x− y‖2 + t(1− t)‖y− z‖2

)
≤ (1− t) f (u,y)− (1− t) f (u,z).
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Dividing this inequality by (1− t) and taking the limit as t→ 1−, we get

1
2λ

(
‖x− z‖2−‖x− y‖2 +‖y− z‖2

)
≤ f (u,y)− f (u,z), (3.7)

which shows that
〈y− z,x− z〉 ≤ λ

(
f (u,y)− f (u,z)

)
. (3.8)

�

Corollary 3.4. Assume that f is a bifunction satisfying A2. Let xk,yk ∈ K and λk > 0. If

yk+1 = Argmin
{

f (yk,y)+
1

2λk
‖y− xk‖2, y ∈ K

}
,

then
〈y− yk+1,xk− yk+1〉 ≤ λk( f (yk,y)− f (yk,yk+1)), ∀y ∈ K. (3.9)

Proof. It is a direct consequence of Proposition 3.3. �

Lemma 3.5. If SD( f ,K) 6= /0 and the sequences {xk}, {yk} and {λk} are generated by Algorithm
1, then

1
λk−1
〈yk+1− yk,xk−1− yk〉+

1
λk
〈x∗− yk+1,xk− yk+1〉 ≤

µ

2λk+1
(‖yk− yk−1‖2 +‖yk+1− yk‖2)

(3.10)
for every x∗ ∈ SD( f ,K).

Proof. By Corollary 3.4, we have

1
λk
〈y− yk+1,xk− yk+1〉 ≤ f (yk,y)− f (yk,yk+1) (3.11)

and
1

λk−1
〈y− yk,xk−1− yk〉 ≤ f (yk−1,y)− f (yk−1,yk), (3.12)

for every y ∈ K. Let x∗ ∈ SD( f ,K). Then we have f (yk,x∗) ≤ 0. Taking y = x∗ in (3.11) and
y = yk+1 in (3.12), we obtain respectively

1
λk
〈x∗− yk+1,xk− yk+1〉 ≤ − f (yk,yk+1), (3.13)

and
1

λk−1
〈yk+1− yk,xk−1− yk〉 ≤ f (yk−1,yk+1)− f (yk−1,yk). (3.14)

By adding (3.13) and (3.14), we get

1
λk−1
〈yk+1− yk,xk−1− yk〉+

1
λk
〈x∗− yk+1,xk− yk+1〉

≤ f (yk−1,yk+1)− f (yk−1,yk)− f (yk,yk+1).
(3.15)

Now if f (yk−1,yk+1)− f (yk−1,yk)− f (yk,yk+1)> 0, by using (3.3), we have

λk+1 ≤
µ(‖yk− yk−1‖2 +‖yk+1− yk‖2)

2( f (yk−1,yk+1)− f (yk−1,yk)− f (yk,yk+1))
, (3.16)
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which implies that

f (yk−1,yk+1)− f (yk−1,yk)− f (yk,yk+1)≤
µ

2λk+1
(‖yk− yk−1‖2 +‖yk+1− yk‖2). (3.17)

From (3.15) and (3.17), it follows that
1

λk−1
〈yk+1− yk,xk−1− yk〉+

1
λk
〈x∗− yk+1,xk− yk+1〉

≤ µ

2λk+1
(‖yk− yk−1‖2 +‖yk+1− yk‖2).

(3.18)

Also, note that if
f (yk−1,yk+1)− f (yk−1,yk)− f (yk,yk+1)≤ 0,

then (3.15) shows that (3.18) still holds.
�

Lemma 3.6. Assume that f is a bifunction satisfying A1−A3 and the sequence {xk} is generated
by Algorithm 1. Then we have
(i) SD( f ,K)⊆

⋂
∞
k=0 Bk.

(ii) If
⋂

∞
k=0 Bk 6= /0, then the sequence {xk} is bounded.

(iii) If the sequence {xk} is bounded, then each weak limit point of {xk} belongs to ∩∞
k=0Bk.

Proof. (i) If x̄∈ SD( f ,K), then Lemma 3.5 shows that x̄∈Bk for all k≥ 0. Therefore SD( f ,K)⊆⋂
∞
k=0 Bk.
(ii) Let

⋂
∞
k=0 Bk 6= /0. It is clear that Bk is closed and convex for all k ≥ 0, hence

⋂
∞
k=0 Bk is

closed and convex. Let x∗ = P∩∞
k=0Bk(x0). Since x∗ ∈

⋂
∞
k=0 Bk, using (3.2), we get

〈x∗− xk+1,x0− xk+1〉 ≤ 0,

which implies that

‖x∗− xk+1‖2 +‖xk+1− x0‖2 ≤ ‖x∗− x0‖2, for all k ≥ 0. (3.19)

This shows that the sequence {xk} is bounded.
(iii) Assume that the sequence {xk} is bounded. Let n ≥ 0. Since xk ∈ Bn for all k ≥ n, and

Bn is closed and convex, then any weak limit point p of the sequence {xk} belongs to Bn. Since
n≥ 0 is arbitrary, p ∈ ∩∞

k=0Bk.
�

Proposition 3.7. Assume that f is a bifunction satisfying A1−A3 and the sequence {xk} is
generated by Algorithm 1. If SD( f ,K) 6= /0 or the sequence {xk} is bounded, then {xk} converges
strongly to x∗ = P∩∞

k=0Bk(x0).

Proof. Lemma 3.6 shows that {xk} is bounded and each weak limit point of {xk} belongs to
∩∞

k=0Bk. We first show that xk ⇀ x∗. Since x∗ ∈ ∩∞
k=0Bk and xk = PBk(x0), we have

〈x∗− xk,x0− xk〉 ≤ 0,

which implies that

‖x∗− xk‖2 +‖xk− x0‖2 ≤ ‖x∗− x0‖2, for all k ≥ 0. (3.20)

Therefore we have
‖xk− x0‖2 ≤ ‖x∗− x0‖2, for all k ≥ 0. (3.21)
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Let {xk j} be any weakly convergent subsequence of {xk} to some point p. Replacing k by k j, it
follows from (3.21) that

‖p− x0‖2 ≤ liminf
j→∞

‖xk j − x0‖2 ≤ limsup
j→∞

‖xk j − x0‖2 ≤ ‖x∗− x0‖2. (3.22)

Since x∗= P∩∞
k=0Bk(x0) and by Lemma 3.6, p∈∩∞

k=0Bk, we have ‖p−x0‖2 = ‖x∗−x0‖2. There-
fore p = x∗. This shows that xk ⇀ x∗. Now we prove xk→ x∗. Using (3.21), we get

‖x∗− x0‖2 ≤ liminf
k→∞

‖xk− x0‖2 ≤ limsup
k→∞

‖xk− x0‖2 ≤ ‖x∗− x0‖2, (3.23)

which implies that limk→∞ ‖xk−x0‖2 = ‖x∗−x0‖2, and hence limk→∞ ‖xk‖2 = ‖x∗‖2. Therefore
by Kadec-Klee property, xk→ x∗ = P∩∞

k=0Bk(x0).
�

Theorem 3.8. Assume that f is a bifunction satisfying A1−A3 and the sequence {xk} is gen-
erated by Algorithm 1. If SD( f ,K) 6= /0 or the sequence {xk} is bounded, then {xk} converges
strongly to x∗ ∈ S( f ,K).

Proof. If SD( f ,K) 6= /0 or the sequence {xk} is bounded, then Proposition 3.7 shows that {xk}
converges strongly to x∗= P∩∞

k=0Bk(x0). Therefore we only need to show that x∗ ∈ S( f ,K). Since
x∗ ∈

⋂
∞
k=0 Bk, we obtain from the definition of Bk that

1
λk−1
〈yk+1− yk,xk−1− yk〉+

1
λk
〈x∗− yk+1,xk− yk+1〉

≤ µ

2λk+1
(‖yk− yk−1‖2 +‖yk+1− yk‖2),

(3.24)

which implies that

1
2λk−1

(‖yk− xk−1‖2 +‖yk+1− yk‖2−‖yk+1− xk−1‖2)

+
1

2λk
(‖x∗− yk+1‖2 +‖yk+1− xk‖2−‖x∗− xk‖2)

≤ µ

2λk+1
(‖yk− yk−1‖2 +‖yk+1− yk‖2).

Rearranging the terms, we get( 1
2λk−1

− µ

2λk+1

)
‖yk+1− yk‖2 +

( 1
2λk
‖yk+1− xk‖2− 1

2λk−1
‖yk+1− xk−1‖2

)
+

1
2λk−1

‖yk− xk−1‖2 +
1

2λk
(‖x∗− yk+1‖2−‖x∗− xk‖2)

≤ µ

2λk+1
‖yk− yk−1‖2. (3.25)
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From (3.25) we get( 1
2λk−1

− µ

2λk+1

)
‖yk+1− yk‖2 +

( 1
2λk

(‖yk+1‖−‖xk‖)2− 1
2λk−1

(‖yk+1‖+‖xk−1‖)2
)

+
1

2λk−1
(‖yk‖−‖xk−1‖)2 +

1
2λk

((‖x∗‖−‖yk+1‖)2−‖x∗− xk‖2)

≤ µ

2λk+1
(‖yk‖+‖yk−1‖)2. (3.26)

Lemma 3.1 shows that limk→∞ λk = λ > 0. Since µ ∈ (0, 1
2), for large enough k, we have(

1
2λk−1

− µ

2λk+1

)
‖yk+1− yk‖2 ≥ 0. Therefore rearranging the terms in (3.26), we get

(
1

2λk
− 1

2λk−1
)‖yk+1‖2 +

1
2λk

(−2‖yk+1‖‖xk‖+‖xk‖2)− 1
2λk−1

(2‖yk+1‖‖xk−1‖+‖xk−1‖2)

+
1

2λk−1
(‖yk‖−‖xk−1‖)2 +

1
2λk

((‖x∗‖−‖yk+1‖)2−‖x∗− xk‖2)

≤ µ

2λk+1
(‖yk‖+‖yk−1‖)2 (3.27)

We claim that the sequence {yk} is bounded. By contradiction, if {yk} is unbounded, then
Lemma 2.4 shows that there exists a subsequence {ykn} of {yk} such that ‖ykn−1‖ ≤ ‖ykn+1‖
and ‖ykn+1‖ → ∞ as n→ ∞. Replacing k by kn in (3.27), since ‖ykn−1‖ ≤ ‖ykn+1‖, we get for
large enough n,

(
1

2λkn

− 1
2λkn−1

)‖ykn+1‖2 +
1

2λkn

(−2‖ykn+1‖‖xkn‖+‖xkn‖
2)

− 1
2λkn−1

(2‖ykn+1‖‖xkn−1‖+‖xkn−1‖2)

+
1

2λkn−1
(‖ykn‖−‖xkn−1‖)2 +

1
2λkn

((‖x∗‖−‖ykn+1‖)2−‖x∗− xkn‖
2)

≤ µ

2λkn+1
(‖ykn‖+‖ykn+1‖)2

≤ µ

2λkn+1
(2‖ykn‖

2 +2‖ykn+1‖2) (3.28)

Rearranging the terms in (3.28), we get

(
1

λkn

− 1
2λkn−1

− µ

λkn+1
)‖ykn+1‖2 +

1
2λkn

(−2‖ykn+1‖‖xkn‖+‖xkn‖
2)

− 1
2λkn−1

(2‖ykn+1‖‖xkn−1‖+‖xkn−1‖2)+(
1

2λkn−1
− µ

λkn+1
)‖ykn‖

2

+
1

2λkn−1
(−2‖ykn‖‖xkn−1‖+‖xkn−1‖2)+

1
2λkn

(‖x∗‖2−2‖x∗‖‖ykn+1‖−‖x∗− xkn‖
2)

≤ 0. (3.29)

Since limk→∞ λk = λ > 0, µ ∈ (0, 1
2), xk → x∗, and the sequence {ykn+1} is unbounded, we

reach a contradiction by taking limsup as n→ ∞ on the left hand side of (3.29). Therefore {yk}
is bounded.
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Suppose that limsupk→∞ ‖yk+1− yk‖2 = c≥ 0. It is easily seen that

lim
k→∞

( 1
2λk
‖yk+1− xk‖2− 1

2λk−1
‖yk+1− xk−1‖2

)
= 0. (3.30)

Therefore by taking limsup as k→ ∞ in (3.25), we get(1−µ

2λ

)
c+

1
2λ

liminf
k→∞

‖yk− xk−1‖2 +
1

2λ
liminf

k→∞
‖x∗− yk+1‖2 ≤ µ

2λ
c. (3.31)

Since µ ∈ (0, 1
2), (3.31) shows that c = 0, hence

lim
k→∞
‖yk+1− yk‖2 = 0 (3.32)

and
liminf

k→∞
‖yk− xk−1‖2 = liminf

k→∞
‖x∗− yk+1‖2 = 0. (3.33)

Adding (3.11) and (3.14), we have

1
λk−1
〈yk+1− yk,xk−1− yk〉+

1
λk
〈y− yk+1,xk− yk+1〉

≤ f (yk,y)+ f (yk−1,yk+1)− f (yk−1,yk)− f (yk,yk+1). (3.34)

If f (yk−1,yk+1)− f (yk−1,yk)− f (yk,yk+1)> 0, by using (3.3), we have

λk+1 ≤
µ(‖yk− yk−1‖2 +‖yk+1− yk‖2)

2( f (yk−1,yk+1)− f (yk−1,yk)− f (yk,yk+1))
(3.35)

which implies that

f (yk−1,yk+1)− f (yk−1,yk)− f (yk,yk+1)≤
µ

2λk+1
(‖yk− yk−1‖2 +‖yk+1− yk‖2) (3.36)

Therefore by using (3.34) and (3.36), we obtain

1
λk−1
〈yk+1− yk,xk−1− yk〉+

1
λk
〈y− yk+1,xk− yk+1〉

≤ f (yk,y)+
µ

2λk+1
(‖yk− yk−1‖2 +‖yk+1− yk‖2).

(3.37)

On the other hand, if f (yk−1,yk+1)− f (yk−1,yk)− f (yk,yk+1) ≤ 0, then by using (3.34), it
is clear that (3.37) still holds. Since xk→ x∗, by using (3.32) and (3.33), we deduce that there
exists a subsequence {yk j} of {yk} such that yk j → x∗ as j→ ∞, and

lim
k→∞
‖yk j − xk j−1‖= lim

k→∞
‖xk j − yk j+1‖= 0. (3.38)

Since {yk} is bounded and limk→∞ ‖yk+1− yk‖2 = 0, replacing k by k j and then taking limsup
as j→ ∞ in (3.37), we deduce that limsup j→∞ f (yk j ,y) ≥ 0. Since yk j → x∗, by using A1, we
get f (x∗,y)≥ 0 for all y ∈ K, i.e., x∗ ∈ S( f ,K). �

We end this section by providing some examples of the equilibrium problems where our main
result can be applied.
Example 3.1. Assume that H = Rn and K =

{
(ξ1,ξ2, · · · ,ξn) ∈ Rn : ξi ≥ 0

}
. Let A : Rn→ Rn
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be a Lipschitz continuous operator with Lipschitz constant L. Let the bifunction f : K×K→R
be defined by f (x,y) = 〈A(x),y− x〉. Note that

f (x,y)+ f (y,z)− f (x,z) = 〈A(x),y− x〉+ 〈A(y),z− y〉−〈A(x),z− x〉
= 〈A(x),y− z〉+ 〈A(y),z− y〉
= 〈A(x)−A(y),y− z〉
≥ −‖A(x)−A(y)‖‖y− z‖
≥ −L‖x− y‖‖y− z‖

≥ −L
2

(‖x− y‖2 +‖y− z‖2) (3.39)

which shows that A3 is satisfied. Clearly, A1 and A2 are also satisfied. If 〈A(x),x〉 ≥ 0 for all
x ∈ K or the sequence {xk} generated by Algorithm 1 is bounded, then Theorem 3.8 implies
that {xk} converges to a solution of the equilibrium problem. Moreover if we replace K by Rn,
it is clear that the sequence {xk} generated by Algorithm 1 converges to a zero of the operator
A.
Example 3.2. Assume that H = `2 =

{
ζ = (ζ1,ζ2,ζ3, · · ·) :

(
∑

∞
i=1 |ζi|2

) 1
2 < ∞

}
and K :=

{
ζ =

(ζ1,ζ2,ζ3, · · ·) ∈ `2 : ζi ≥ 0,∀i ∈ N
}

. Let f : K×K→ R be defined as f (x,y) = 〈2x,y− x〉+
‖y‖−‖x‖. Note that

f (x,y)+ f (y,z)− f (x,z) = 〈2x,y− x〉+‖y‖−‖x‖+ 〈2y,z− y〉+‖z‖−‖y‖
− (〈2x,z− x〉+‖z‖−‖x‖)
= 〈2x−2y,y− z〉
≥ −2‖x− y‖‖y− z‖

≥ −‖x− y‖2−‖y− z‖2 (3.40)

which shows that A3 is satisfied. Clearly, A1 and A2 are also satisfied. Since 0 ∈ SD( f ,K), the
conditions of Theorem 3.8 hold. If {xk} is the sequence generated by Algorithm 1, then {xk}
converges strongly to a solution of the equilibrium problem.

Example 3.3. Let H = L2([0,1]) with the inner product

〈x,y〉 :=
∫ 1

0
x(t)y(t)dt, ∀ x,y ∈ L2([0,1])

and the induced norm

‖x‖ :=
(∫ 1

0
|x(t)|2dt

) 1
2
, ∀ x ∈ L2([0,1]).

Suppose that K :=
{

x(t) ∈ L2([0,1]) : ‖x(t)‖ ≤ 1
2

}
, and ϕ : K → R is defined by ϕ(x) =

cos(2π‖x‖+ π

2 ). It is clear that ϕ is convex and continuous, hence it is weakly lower semi-
continuous. We define the bifunction f : K×K→ R as f (x,y) = ϕ(y)−ϕ(x). It is easy to see
that the assumptions A1−A3 are satisfied. Note that any function x(t) ∈ K satisfying ‖x‖ = 1

4
belongs to SD( f ,K). Therefore the conditions of Theorem 3.8 hold. If {xk} is the sequence
generated by Algorithm 1, then {xk} converges strongly to a solution of the problem.
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[5] H. Brézis, L. Nirenberg, S. Stampacchia, A remark on Ky Fan minimax principle, Boll. Un. Mat. Ital. 6

(1972) 293–300.
[6] O. Chadli, Z. Chbani, H. Riahi, Equilibrium problems with generalized monotone bifunctions and applica-

tions to variational inequalities, J. Optim. Theory Appl. 105 (2000) 299–323.
[7] P.L. Combettes, S.A. Hirstoaga, Equilibrium programming in Hilbert spaces, J. Nonlinear Convex Anal. 6

(2005) 117–136.
[8] B. Djafari Rouhani, V. Mohebbi, Extragradient methods for quasi-equilibrium problems in Banach spaces, J.

Aust. Math. Soc. 112 (2022) 90–114.
[9] B. Djafari Rouhani, V. Mohebbi, Proximal point method for quasi-equilibrium problems in Banach spaces,

Numer. Funct. Anal. Optim. 41 (2020) 1007–1026.
[10] K. Fan, A Minimax inequality and applications, In: Inequality III, O. Shisha, (ed.), pp. 103-113, Academic

Press, New York, 1972.
[11] P.T. Hoai, N.T. Thuong, N.T. Vinh, The Golden ratio algorithms for solving equilibrium problems in Hilbert

spaces, J. Nonlinear Var. Anal. 5 (2021) 493–518.
[12] A.N. Iusem, G. Kassay, W. Sosa, On certain conditions for the existence of solutions of equilibrium problems,

Math. Program. 116 (2009) 259–273.
[13] A.N. Iusem, V. Mohebbi, Extragradient methods for nonsmooth equilibrium problems in Banach spaces,

Optimization 69 (2020) 2383–2403.
[14] M.I. Kadec’, On the connection between weak and strong convergence, (Ukrainian) Dopovidi Akad. Nauk

Ukraı̈n. RSR 1959 (1959) 949–952.
[15] G.M. Korpelevich, The extragradient method for finding saddle points and other problems, Ekonom. i Mat.

Metody 12 (1976) 747–756.
[16] H. Khatibzadeh, V. Mohebbi, On the proximal point method for an infinite family of equilibrium problems in

Banach spaces, Bull. Korean Math. Soc. 56 (2019) 757–777.
[17] H. Khatibzadeh, V. Mohebbi, Proximal point algorithm for infinite pseudo-monotone bifunctions, Optimiza-

tion 65 (2016) 1629–1639.
[18] B. Martinet, Régularisation d’inéquations Variationnelles par Approximations Successives, Rev. Française

Informat. Recherche Opérationnelle 3 (1970) 154–158.
[19] O.T. Mewomo, E.C. Godwin, T.O. Alakoya, An Inertial scheme for approximating the solutions of pseudo-

monotone equilibrium and common fixed point problems in Banach spaces, Appl. Set-Valued Anal. Optim.
7 (2025) 223-249.

[20] A. Moudafi, Proximal point algorithm extended to equilibrium problems, J. Nat. Geom. 15 (1999) 91–100.
[21] T.D. Quoc, L.D. Muu, V.H. Nguyen, Extragradient methods extended to equilibrium problems, Optimization,

57 (2008) 749–776.
[22] R.T. Rockafellar, On the maximal monotonicity of subdifferential mappings, Pacific J. Math. 33 (1970) 209–

216.
[23] Y. Shi, Z. Zhu, A new hybrid Halpern-based extragradient algorithm for a pseudomonotone equilibrium

problem and a fixed point problem of nonexpansive mappings in Banach spaces, J. Appl. Numer. Optim. 6
(2024) 71-82.


	1. Introduction
	2. Preliminaries
	3. Main Results
	References

