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Abstract. In this paper, some innovative concepts regarding y-F G-contractive conditions are introduced by using
T-cyclic (a, B)-admissible mappings in metric-like spaces. In complete metric-like spaces, fixed point theorems
are established for the newly introduced mappings. The current findings are also helpful to obtain fixed point
theorems for cyclic mappings. Further, the consequences of the above results are described by several corollaries.
An application of these results is show-cased through the existence of a theorem for solutions to a specific system
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and support the current investigations.
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1. INTRODUCTION

In applied mathematics as well as in other domains, fixed-point theorems are essential for
developing methods to find the solutions of different problems. This has led to a number of
researchers focusing on this particular subject matter [1, 2, 3, 5, 6, 7, 8, 9, 10, 14, 15, 16, 18,
19, 22, 23, 24, 25]. The Banach contraction mapping principle has often been considered as the
foundation of metric fixed point theory. It stands as a cornerstone in the field. Samet et al. [24]
introduced several extensions of the Banach contraction principle. Wardowski [26] developed
the concept of F-contraction mappings, which expanded the scope of fixed point theory for such
mappings. Wardowski and Dung [27], Parvateesam et al. [21] as well as Piri and Kumam [22]
established various fixed point and common fixed point theorems. They also summarized the
ideas of F-contractions. The concept of metric-like (dislocated) spaces was introduced by Seda
and Hitzler [11], that serves as a generalization of metric spaces. Recently Kumar et al. [17]
presented some new ideas about Y — F G-contractive mappings of T-cyclic (o, )-type. Further,
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Sastry [25] developed the concept of TAC- contractions and established some results on it in
complete b—metric like spaces.

Building upon these research works, this study aims to introduce the y-F G-contractive condi-
tions for T-cyclic (o, B)-type mappings. For this class of mappings, corresponding fixed point
theorems are established in complete metric like spaces. Further, these results are applied to
the functionals involved in dynamic programming. In addition, suitable examples are given to
verify the new findings.

2. PRELIMINARIES

Throughout this paper, ]Rar and N are denoted as the set of non-negative real numbers and
positive integers, respectively.

Definition 2.1. [4] Let .# # ¢. Forall a,b,c € .#, amapping d_ 4 : M x M — Ry is defined
by:

(01) d_y(a,b) =0 implies a = b,

(02) d y(a,b) =d 4(b,a),

(03) d///(aac) < d///<a7b) +d<///(bac)'
Then (.# ,d ) is known as a metric-like space.

Example 2.2. Let .#/ = {a,b,c}, and let a mapping d 5 : # x .# — R be define by

7
d///(a,b):d,///(b,a):§ dj/(b,c):d%(c,b)zi,

1 1
d///(a,c):d///(c,a):§ d y(a,a) =0, dy(b,b) =2, d(//(c,c)zi.
Then d_, is a metric-like, but not a metric, as d_, (b,b) # 0 and also d_4(c,c) # 0.
Example 2.3. Let ./ = {1,2,3}, and define the mapping d 4 : A4 x .# — R by

Q=1 dy(22)=0,  dyG3=3  da(2)=de0 )=
7 4
d///(3,1):d///(1,3)=1—0, d///(3,2):d///(2,3):§.

Then d_, is a metric like, but not a metric as d_4(1,1) # 0, and also it is not a partial metric as
dy(1,1)>d4(2,1).

A topology 75 is generated by every metric-like d_, on . that base is the set of all open
d y-balls {By ,(a,p):ac . #,p >0}

Definition 2.4. [4] Let {a,} be any sequence in .# and a € .# . Consider a metric-like space
(A ,d ) with the following:

() {an} is convergent to a w.rt. 7y, if f lim, ed 4 (an,a) =d 4(a,a).
(ii) {a,} is a Cauchy sequence in (.#,d_y) if limy, ;e d_z (an,am) exists (it is finite).
(iii) (A ,d_y) is complete if every Cauchy sequence {a,} in .# converges to a point a € .#
such that

lim d y(an,am) = lim d 4 (an,a) =d 4(a,a). (2.1

n,m—o0 n—oo
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(iv) A functiong: (A ,d 4)— (A ,d_z) is continuous if, for any sequence {a, } in .# such
that d_y(an,a) — d_y(a,a) asn — oo, d 4 (gan,ga) — d_y(ga,ga) as n — co.

Lemma 2.5. [13] Let (.#,d y) be a metric-like space. Let {a,} be a sequence in A like
a, — a, where a € M and d_y(a,a) = 0. Then, forall b € #, lim,_,od_y(an,b) =d 4(a,b).

The idea about T-cyclic (a, B)-admissible mapping was given by Isik ef al. [12] and defined
below.

Definition 2.6. Consider the functions ¢g,7 : # — 4 and o, : A — Rar . A mapping g is
said to be T-cyclic (o, 8)-admissible if, for a € #,a(Ta) > 1 = B(ga) > 1 and B(Ta) >
1 = a(ga) > 1.

3. MAIN RESULTS

Here, some new concepts are introduced on y-FG- contractive mapping of T-cyclic (a, B)-
type. Again, several theorems on fixed point are to be introduced with metric-like space. Let us
consider the following symbols presented in Parvaneh et al. [20].

Az represent the set of every mapping .7 : [0,00) — (o0, 00) such that:

(A1) for every sequence {s,} C [0,00), limy_yeo 5, = 0 iff lim,, o0 - Z (5,,) = —oo.

(Az) Z is continuous and strictly non-decreasing;
Ag,y represent the set of all pairs (G, y), where y: [0,00) = [0,1) and G : [0,00) — (—o0,00) such
that:

(A3) for every sequence {s,} C R, limsuplim, . ¥(s,) = 1 = lgn sp=0;

n—oo
(A4) for every sequence {s,} C Ry, Yo G(V(sn)) = —oo;
(As) forevery sequence {s,} C [0,00), limsuplim,_,. G(s,) > 0if and only if lim suplim,, e s, >
1

Definition 3.1. Let (.#,d_, ) be a metric-like space. Let o, 3 : .# x .M — [0,00) and f: A —

# be mapping. Then f is said to be y-fG- contractive of T-cyclic (a, B)-type if there exists
(G,y) € Ag,yand . € Az such that, forall a,b € A,
o(Ta)B(Tb) > 1,d.4(fa, fb) >0
g . (3.1
= a(Ta)B(Th)F(d.4(fa,fb)) < F(M(a,b)) +G(y(A (a,b))),
where
d///(Taafa)ad//l(Tb7fb)ad///(Ta7 Tb)7
- d///(Tb7fa) +d//1(T(1,fb)
A (a,b) = max D) ’ : (3.2)
dy(Th,fb)[1+d 4 (Ta,fa)]
1+d 4(Ta,Th)
Theorem 3.2. Let (.#,d ;) be a complete metric-like space. Let T, f : .# — .# such that

fl CTAH, o,B: 4 — [0,). If a closed subset T.# of .4 which holds all the following
assertions:

(1) f is continuous;
(ii) o(Tu) > 1, B(Tv) > 1, whenever Tu = fu, Tv = fv;
(iii) f is a y-FG-contractive mapping of T-cyclic (o, B)-type.
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(iv) if a sequence {a,} in .# satisfies a, — a and for every n, B(a,) > 1 then B(a) > 1;
(v) there exists ag € .# such that o/(Tag) > 1 and B(Tap) > 1,

then 7 and f have a unique point of co-incidence in .#. Moreover, f and T have a unique
common fixed point, if f and T are weakly compatible.

Proof. Case-1. Take ag € .4 such that 1 < o(Tay), 1 < B(Tag). The sequences {a,} and {b,}
in . are defined by
an = fa, =Tay4+1, n € N. (3.3)

If a, = a,41, then a, is the point of co-incidence of 7 and f. Assume that a, # a,, for
all n € N. Since fis a y-FG-contractive mapping of T-cyclic (¢, B)-type, &t(Tap) > 1, then
B(fao) = B(Tap) > 1 = o(Tap) = a(fa;) > 1. In similar manner, we have 1 < o(Tay,) and
1 < B(Taz,+1), for all n € N. Equivalently, as fis a T-cyclic (a, B)-type admissible mapping
and 1 < B(Tagp), we get 1 < B(Tay,) and 1 < a(Taz,+1), Vn € N, that is, 1 < a(Ta,) and
1 < B(Ta,) ¥n € N. Similarly, a(Ta,)B(Tay+1) > 1, for all n € N. Therefore, by (3.1) and
(3.3), we have
F(d.g (fan,fan+1)) < &(Tan)B(Tan1)F (d g (fan, fani1))

F (M anrtins)) + G (A (i), G4

IN

Now, for all n € N, we have

( d%<Tan7 Tan—H )7d<///(Tan7fan)7d<//<Tan+1 7fan+1 ),
d//l(TamfanJrl) + d///<Tan+l 7fan)

d/l(Tan—H 7fan+1)2[1 +d(///(Tan7fan>]
\ d{%(Tan,Tan_i_])—'—l
( d///(anflyan)adt//(anfl7an>7d///(anaan+l)7 (35)
d(///(an—laan—b—]) +d///(an>an)
= max 2 ’
dg///(anaan+l)[1 +d///(an717an)]
d{/[(dn_l,an) + 1
< max {d///(anfl7an)7dL//(an7an+l)} .

M (an,ap41) = max

If A (an,ans1) = d_y(an,a,.1) then (3.3) gives that
F(d///(anyanJrl)) = F(d///(fan7fan+l)) < a(Tan)ﬁ(TanJrl)F(d//l(fanafanJrl))

< F(M (an,an1)) + G(Y(A (an,an+1))),

for some n € N. So, G(y(A# (an,an+1))) > 0= y(A (an,a,+1)) > 1, which gives a contradic-
tion. Hence, for all n € N, .# (ap,ay+1) = d_y(ay—1,a,). From (3.1), we have
F(d g4 (an,ani1)) =0(Tan)B(Tani1)F(d 4 (fan,fani1))

- 3.6
<F(d g(an—1,an)) +G(d 4 (A (an,an+1))), Vn € N. (5.6)

Consequently, we obtain that
F(d g(an,ant1)) < a(Tan)B(Tani1)F(d gy (fan, fani1))

< F(d.g(an-1,an)) + G(d 4 (A (an-1,a0))) + G(d//z(e///(vtn,an+1)))(-3 .
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Iteratively, we find that

n
F(d g (an,ant1)) < F(d 4(ao,a1)) + Y G(y(A (ai-1,a))). (3.3)
i=1
By taking n — oo, we deduce that li_r>n F(d 4(an,ans1)) = —oo. Since F € Ap and (G,7) € Agy,
we have

lim d_y (an, ang1 ) = 0. (3.9)
n—soo

We see that {a,} is a Cauchy sequence. Indeed, we can let {a,,(,)} and {a,(,)} be the subse-
quences of {a,} such that, for m(p) > n(p) > p, there exists & > 0 such that

d//l(am(p),an(p)) > & (3.10)

and n(p) is the smallest number which holds (3.10). d_z (@ (p),an(p)—1) < €. By (03) and (3.9)
we have

& < d///(am(p),an(p)) < d///(am(p)aan(p)—l) +d<//(an(p)—1 7an(p))

(3.11)
< &0+ d 4 (anp)-1:n(p))-
Taking the limit sup as p — o in above inequality, we see by (3.9) that
limsupd///(fam(p) ,fan(p)) = limsupd///(am(p),an(p)) =g, VN. (3.12)
By using (3.9), we have
limsupd_ (@ (p)—1,n(p)) = imSupd (A p), n(p)—1) = €0 (3.13)
and
limsupd%(am(p)_l,an(p)_l) = &. (3.14)
By using the condition of T-cyclic &, B, we have &(Ta,,(,))B(Ta,y)) > 1,
F(d///(fam(p)7fan(p))) < a<Tam(p)>ﬁ(Tan(p))F(d///(fam(p)7fan(p)>) (3.15)

< F('/Z(am(p)van(p))) + G(Y(%(am(p)aan(p)))%
where

d///(Tam(p)a Tan(p))vd///(Tam(p Jam (p) ) d///(Tan(p) 7fan(p))a )
d///(Tam(p) 7fa p)) +d (Ta ’fam(P)
2 )

d///(Tan(p) 7fan(p))[1 + d///(Tam(p) :fam(p))]
d<//(Tam(p)aTan(p)) +1

At (A p)—15n(p)=1) d///( m(p)—1>m(p))> d///( n(p)—15%n(p))s
At (@m(p)—1:n(p)) + At (An(p)—1:Am(p))
— max )

2
A1 (an(p)—15an(p)) (1 + st (@ p)—15Am(p))]
A4 (@(p)—1,an(p)-1) + 1

Vs
(3.16)
Taking lim sup as p — +o0in (3.14) and using (3.8), (3.11), (3.12), and (3.13), we have

//Z(am(P)van(p)) :max{8070 0, 0—580 0} =& (3.17)
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and
F(SO) < F(limsupd///(fam(p) 7fan(p))
< limsupF(//Z(am(p),an(p))) + limsup G(y(M(am(p),an(p)))) (3.18)
< F<80) +limsqu(}/(‘%(am(p)>an(p))))7

which implies that limsup G(Y(# (@ (), dn(p)))) = 0. This gives limsup }/(//Z(am(p),an(p))) >

1. Since y(s) < 1, for all s > 0, we obtain limsup Y(.# (G, ), @n(p))) = 1. Therefore,
limsup//i(am(p),an(p)) = 0,

which is a contradiction of (3.10) and (3.16). Therefore, {a,} is a Cauchy sequence. Since
(A ,d ) is complete, there exists u € .# such that

dy(uu) = ’}grgod%(an,u) = lim d 4 (ay,ay)=0. (3.19)

n,m—oo
From (3.3) and (3.19), we have
fa, — uand Ta, 1 — u. (3.20)

Since T./ is closed, by (3.20), u € T.# . Therefore, there exists ¢ € .# such that Tc = u. As
an —u, B(ay) =PB(Tay+1) > 1,Vn € Nand by (iii), B (u) = B(Tc) > 1. Hence, a(Ta,)B(Tc) >
1, Vn € N. If the continuity of f is applied, then it is deduced

lim d 4 (ant1.fu) = lim d 4 (Tan,fu) = d_ 4 (Tu,fu). (3.21)
n—oo n—oo
By (3.19) and Lemma 2.5,
lim d 4 (apy1,fu) = lim d_y (u,fu). (3.22)
n—oo n—oo

Comparing (3.21) and (3.22), we have d_;(Tu,fu) = d_;(u,fu). Now using (3.4), we get 1 <

o(Ta,)B(Tc), and then
F(d 4 (fan.f2)) < a(Tan) B(Tc)F(d.z (fan,fc)) (3.23)
< F(A (an,c)) + G(y(A (an,c))), '

where

~ d///(Tam TC)7d///(Tan7fan)ad///(chfC)a
M (an,c) =Maxq  d 4 (Tapfo)+d 4 (fanTe) [14d 4 (Tanfan)d 4 (feTc) ¢ -
2 ) 1+d 4 (Ta,,Tc)

Taking n — oo and using (3.19), we have

o dg(u,u),d g (u,u),d g (u.fc),
Jim 4 (an, ) = maX{ 4o}t ) [+ g (uald gGew) ¢ = (10,fe).

2 ’ 14+d  (u,u)
It follows that
F(d g4 (u.fc)) < a(Tan)B(Te)F(d 4 (fan,fc)) < F(d gz (u.fc)) + G(y(d 4 (u.fc))).

So, G(y(d_y(u,fc))) > 0, which gives that y(d 4 (u,fc)) > 1, a contradiction. Hence, fc = u and
u is the coincidence point of 7" and f.
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The uniqueness properties of coincidence point follows from conditions (3.1) and (3.2). Let
a,b be fixed points of f, such that a # b. Applying (3.4), we get a(a)B(b) > 1. In view of

F(d.z(fa,fb)) < o(Ta)B(Th)F(d.4 (fa,fb))

B . (3.24)
< F(A(a,b)) +G(y(A (a,D))),
where
~ d///<Ta7 Tb)ad///(Tavfa)ad//(Tbafb)a
M (a,b) = max { d 4 (Tafb)+d 4 (faTb) d,(.TH)1+d 4 (aTa)] ¢ =d.n(a,b),
2 J d 4 (Ta,Th)+1
we have

F(d.g(a,b)) <F(d.g(a;b)) +G(Y(d.z(a,D))).
So G(y(d 4(a,b))) > 0, which gives y(d_4(a,b)) > 1. This leads to a contradiction. Therefore,
a =b. T and fhave a unique common fixed point. Using weak compatibility of 7" and f, we get
fc =fTu = Tfu = Tc, which implies fc = Tc. By using the uniqueness properties, ¢ = fc = Tc.
T and fhave a unique common fixed point. U

Taking T =1 , in Theorem 3.2, we obtain the following result.

Corollary 3.3. Let (.#,d ) be a complete metric-like space. Suppose that the mappings
[ — A and a,f : A — R satisfy the following conditions

(1) f is continuous;

(2) ifag € 4, then a(ag) > 1 and B(ag) > 1;

(3) fu=vand fv=wusuchthat 1 <o(u), 1 <B(v);

(4) f is a y-F G-contractive mapping of (o, )-type;

(5) if a sequence {a,} in .# such thata, — a and 1 < fB(a,), then 1 < B(a).
Then f has a unique fixed point.

Remark 3.4. The results of [26, 27] are the particular cases of Theorem 3.2, for G(s) =
Ins, y(s) = g, where ¢ € (0,1) and 7 = —Ing.

Corollary 3.5. Let (A ,d y) be a complete metric-like space. Suppose that the mappings
o,B: M — [0,00) and £, T : M — M are such that f.# C T . Let T 4 be a closed subset
of M which satisfies the following conditions:

(1) ifag € A, then 1 < a(Tap) and 1 < B(Tayp);

(2) fis continuous;

(3) fu=Tu and fv =Tv such that 1 < a(Tu), 1 < B(Tv);

(4) fis a y-F G-contractive mapping of T-cyclic (o, B)-type;

(5) if a sequence {a,} in M such that a, — a and 1 < B(ay), then 1 < B(a).
Then T and t have a unique point of coincidence in .# . Furthermore, T and f have a unique
common fixed point provided that T and f are weakly compatible.

The following result can be obtained by taking o (7a)B(Tb) = 1, F(s) = G(s) = In(s), and
T =1, in Theorem 3.2.

Corollary 3.6. Let f: . # — # and o, B : M — [0,00) be functions. Suppose that the complete
metric-like space (M ,d_y) satisfies the following conditions

(1) ifap € A, then 1 < a(ag) and 1 < B(ap);
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(2) fis continuous,
(3) fu=v and fv = u such that 1 < o(u), 1 < B(v);
(4) If a sequence {ay,} in A such that a, — a and 1 < B(ay), then 1 < B(a);

(5) For M defined in (3.2), d_y(fa,fb) < y(.# (a,b)).# (a,b) and d_,(fa,fb) > 0,Va,b €
M.

Then f has a unique fixed point.

Taking G(t) = F(s) = In(s), o«(Ta)B(Th) =1, and T = I; in Theorem 3.2, we have the
result.

Corollary 3.7. Let (.#,d_ ;) be a metric-like space. Let o, 3 : € — [0,00) and f: .4 — ./ be
mappings such that

(1) fis continuous;

(2) ifag € # ,then 1 < ax(ap) and 1 < B(ap);

(3) fu=vandfy =usuchthat 1 < a(u), 1 <B(v);

(4) if a sequence {a,} in € such that a, — aand 1 < fB(a,), then 1 < B(a);

(5) For .4 defined in (3.2), d 4 (fa,fa) < y(.A (a,b)).# (a,b) and d_y (fa,fb) > 0, Ya,b €
M.

Then f has a unique fixed point.

Substituting a(Ta)B(Th) =1, G(s) = In(s), and F(s) = —\/ig into Theorem 3.2, we have the

result.

Corollary 3.8. Let (.#,d ;) be a metric-like space. Let f: . # — .4 and a,f : 4 — [0,)
be such that

(1) ifag € A, then a(ap) > 1 and B(ag) > 1;

(2) fis continuous;

(3) if a sequence {a,} in .# such thata, — aand 1 < B(a,), then 1 < B(a);

4) iffu=vandfy =u,then 1 < ax(u), 1 < B(v);

(5) for the same ./ defined in (3.2) and (Int,y) € Ag,y; for some d_ (fa,fb) >0, d 4 (fa,fb) <

_Mab) ,Va,be /.
1=~/ A (a,b) Iny(.A (a,b)))?

Then f has a unique fixed point.

Take y(s) = r and o(Ta)B(Th) = 1, where r € (0, 1), into Theorem 3.2, we have the follow-
ing result.

Corollary 3.9. Let (.#,d ;) be a metric-like space. Suppose that the mappings f: .# — A
and o, : A4 — [0,0). satisfy the following:

(1) ifag € 4, then 1 < ax(ap) and 1 < B(ap);

(2) fis continuous;

(3) for a sequence {a,} in .# such that a, — a and 1 < B(a,), 1 < B(a);
4) If fu=vand fv =u ,then 1 < a(u), 1 <B(v);

(5) for.4 defined in (3.2), d_y (fa,fb) < % Va,b € .# and some d_y (fa,fb) > 0.

Then f has a unique fixed point.
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Let us construct the following example for validation and give a proper strength to Theorem
3.2.

Example 3.10. Let . = R and the metric-like space (.#,d ), where d_, is defined by
d y(a,b) = a* +b*. Let T and fbe self mappings on R and y: RT — [0, 1) be given by

fo={ T e - & LY w5

¢, otherwise, 4=, otherwise 25

Note that (.#,d ;) is a complete metric-like space. The mappings o, f3 : .# — [0,c0) are
defined by

a 1

2, ae (o b) et ach0
a)) =] ¢, acl-0] aap@={ G o)

0, aeR" 7 '

Now, we can show that fis a T-cyclic (¢, 3)-admissible mapping. Taking a € .# such that
o(Ta) > 1, one sees that Ta € [—1,0] and hence a € [—3,0]. By the definitions of 8 and f, we
get fa € [—15,0], so B(fa) > 1. Similarly, we have to prove that if §(7a) > 1, then a(fa) > 1.
Hence, fis a T-cyclic (o, B)-admissible mapping.

Now, consider a sequence {a,} in .# such that B(a,) > 1 and a, — a as n € N. Again, the
conditions o (Tap) > 1 and B(Tap) > 1 holds with ap = %1. Hence, by the definition of 3,
we obtain a, € [—15,0], and a € [—15,0], which implies 8(a) > 1. Again, we can show that f
is a Y — F G-contractive mapping of T-cyclic (o, )-type which is defined in (3.1), with G, F :
[0,00) — (—o0,00) as F(s) = G(s) =Ins,, Vs € [0,00). Let a,b € .4 be such that o(Ta)B(Th) >
1. Then Ta € [—},0], Tb € [—15,0] and hence a € [—3,0], b € [—1,0]. Now,

dulfafh) < 5ola® + 1) < 3d (@) < Yol (a,))d o (ah) < (.4 (b)) (aD),
where

dy(Ta,fa),d 4(Th,fb),d ,(Ta,Th),
i dy(Th,fa)+d 4(Ta, fb)
A (a,b) = max 2 ’
dy(Tb,fb)[1+d 4(Ta,fa)]
1+d 4(Ta,Tb)

Hence, F(d(fa,fb)) < F (4 (a,b)) + G(y(.# (a,b))) and satisfy all the assertions of Theorem
3.2. Hence, a* = 0 is the unique fixed point of fand 7.

4. APPLICATION IN DYNAMIC PROGRAMMING

In [6], Bellman and Lee investigated solutions of functional equations and their systems in
dynamic programming by using a range of fixed point theorems. In this section, our aim is to
solve the functional equations that emerge in dynamic programming. Throughout this section,
R and § are considered as Banach spaces, with Z C R representing the state space and E C S the
decision space. By applying the results, the existence and uniqueness of the common solutions
to these functional equations are demonstrated

X = sup{p(a,b) +G(a,b,X(t(a,b)))}, a € Z (1)
beE
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and

Y =sup{q(a,b) +K(a,b,Y(1(a,b)))}, a€ Z, (4.2)

beE

where G,K: ZXEXR —-R,7:ZXE —Zand p,q:ZxE — R. It is well-established that
the equations of the forms (4.1) and (4.2) serve as valuable tools in computer programming,
mathematical optimization, and dynamic programming [6, 7]. Let us consider the space of all
bounded real-valued functions, denoted by D(Z) defined on R. Furthermore, D(Z) is a complete
metric-like space. d_y (h,k) = sup,cy |ha — ka|, for each h,k € D(Z) is a complete metric-like
space. Again, consider the self mappings 7 and T define on D(z) and given by:

fh(a) = Zlelg{p(a,b) +G(a,b,h(t(a,b)))},a € Z,he D(Z),

Th(a) = sup{q(a,b) + K(a,b,h(t(a,b)))},a € Z,h € D(Z).
beE

Suppose that the following condition holds:

(Cy) For every h € D(Z), there exists k € D(Z) such that fh(a) = Tk(a) Va € Z;

(C2) There exists h € D(Z), such that fh(a) = Th(a) = T fh(a) = fTh(a), Va € Z.

(C3) The functions p,q : Z X E — (o0, —) and G,K : Z X E X (o0, —0c0) — (00, —00) are

bounded;

(C4) There exists hy € D(Z) such that & (Thy).
(Cs) If the sequence {h,} converge to h* in D(Z) such that & (h,) > 0, then & (h*) > 0.
(Cg) There exist h € D(Z) such that §(Th) > 0, which implies & (fh) > 0.
(C7) Ifr€(0,1) if such that for i,k € D(Z) with &(Th) > 0and &(Tk) > 0, then |G(a,b,h(a)) —

G(a,b,k(a))| < r.# (h,k), for all (a,b) € Zx E, and t € Z, where

4. (Th(8), TK(©)). .y (TK(t), £k(0)). d_ (TH(E), FA(),
. 0.y (TH(), Fk(0))+ d g (TR PA(E))
. (L d g (Th(e), fh())]d.g (Tk(), K1)
[+ (Th(t), Tk()

Theorem 4.1. Let conditions (Cy) — (C7) hold and T (D(Z)) be a bounded and closed subspace
of D(Z). Then equations (4.1) and (4.2) have a unique common bounded solution in Z.

Proof. Let A > 0 be an arbitrary number, and let a € hy,hy € D(Z) such that §(Th;) > 0 and
E(Thy) > 0. Then there exist by, by € E such that

fhl(a) <p(a.bl)+G(a,b1,h1(’c(a,b1)))—I—?L, (4.3)
fhz(a) < p(a.bz) + G(a,bz,hz(f(a,bz))) +A, 4.4)
fhi(a) > p(a.ba) +G(a,ba,hi(t(a,by))), 4.5)
and
fhz(a) < p(a.bl) + G(a,bl,h2<f(a,b1))>. (4.6)

Next, by using (4.3) and (4.6), we get
fhi(a) — fhy(a) < G(a,by,hi(t(a,by))) — Gla,by,ha(t(a,by))) + A
<|G(a,b1,hi((a,b1))) — G(a,b1,ha(7(a,b1)))| + A (4.7)
<rdl (hy,h)+A.
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Similarly, by using equations (4.4) and (4.5), we have

fhy(a) — fhi(a) < rod (hy,hy) + A. (4.8)
From equation (4.7) and (4.8), we obtain
\fhi(a) — fhy(a)| < rodl (hy,hy) + 7. (4.9)

Since the above inequality is true for any a € Z, then d_y (fhi, fho) < r.#)(hy,ho) +A. As A >
0 is arbitrary, we deduce d 4 (fhi, fh) < r.# (hy,h;). Now the mappings &, : D(Z) — R}
are defined by

B [ 1, if&(h) > 0where h € D(Z),

a(h) = B(h) = { 0, otherwise

and also, define ¥ : [0,00] — [0,00] by y(t) = r, r € (0,1). Therefore, using inequality (4.9), we
have

dy(fhi, fh2)) < V(A (hyh2)) A (o, ho).
It is easy to verify that it satisfies all the conditions of Corollary 3.6. Hence, T and f have a
unique common fixed point, which implies that (4.1) and (4.2) have a unique bounded common
solution. 0

Remark 4.2. Theorem 4.1 also holds if we consider (C§) in place of (Cs), (C§) is |G(a,b,h(a))—
G(a,b,k(a))| <In(14+N(h,k)), where h,k € D(Z), E(Th) >0,E(TK) >0, (a,b) EZXE, t€Z
and

I4d 4 (Th(t),Tk(1))

5. CONCLUSION

1
R iy L

In metric-like spaces, T-cyclic (a, B)-admissible mappings were used to study the y-F G-
contractive conditions. For the new mappings in complete metric-like spaces, fixed point results
were proved. A fixed point theorem for cyclic mappings was established, and some corollaries
were also obtained. In addition, some functional equations in dynamic programming were
solved.

Acknowledgements
The authors thank the referees for their valuable comments and suggestions, which helped im-
prove the presentation of the paper.

REFERENCES

[1] A. Aghajani, M. Abbas, J.R. Roshan, Common fixed point of generalized weak contractive mappings in
partially ordered b-metric spaces, Math. Slovaca 64 (2014) 941-960.

[2] Y.I. Alber, Differential inequalities and dynamical systems for fixed point problems, Commun. Optim. Theory
2024 (2024) 1-33.

[3] S. Alizadeh, F. Moradlou, P. Salimi, Some fixed point results for (o — ) — (Y, ¢)-contractive mappings,
Filomat 28 (2014) 635-647.

[4] A. Amini-Harandi, Metric-like spaces, partial metric spaces and fixed points, Fixed Point Theory Appl. 2012
(2012) 1-10.

[5] D. Baleanu, S. Rezapour, M. Mohammadi, Some existence results on nonlinear fractional differential equa-
tions, Philos. Trans. Roy. Soc. A 371 (2013) 1-7.



12 B. MEHER, S.K. PADHAN, R.N. MOHAPATRA

[6] R. Bellman, E.S. Lee, Functional equations in dynamic programming, Aequationes Math. 17 (1978) 1-18.
[7] P.C. Bhakta, S. Mitra, Some existence theorems for functional equations arising in dynamic programming, J.
Math. Anal. Appl. 98 (1984) 348-362.
[8] M. Boriceanu, M. Bota, A. Petrusel, Mutivalued fractals in b-metric spaces, Cent. Eur. J. Math. 8 (2010)
367-377.
[9] L. Budhia, P. Kumam, J. Martinez-Moreno, D. Gopal, Extensions of almost-F and F-Suzuki contractions
with graph and some applications to fractional calculus, Fixed Point Theory Appl. 2016 (2016) 1-14.
[10] V.H. Pham, On a generalization of Petryshyn’s fixed point theorem, J. Nonlinear Funct. Anal. 2025 (2025)
30.
[11] P. Hitzler, A.K. Seda, Dislocated topologies, J. Electr. Eng. 51 (2000) 3-7.
[12] H.Isik, B. Samet, C. Vetro, Cyclic admissible contraction and applications to functional equations in dynamic
programming, Fixed point Theory Appl. 2015 (2015) 163.
[13] E. Karapinar, P. Salimi, Dislocated metric space to metric spaces with some fixed point theorems, Fixed Point
Theory Appl. 2013 (2013) 1-19.
[14] E. Karapinar, B. Samet, Generalized (o — ) contractive type mappings and related fixed point theorems
with applications, Abstr. Appl. Anal. 2012 (2012) 1-18.
[15] B. Khomdram, N. Priyobarta, Y. Rohen, Remarks on (¢, 8)-admmisible mapping and fixed points under
F-contraction mapping, J. Math. 2021 (2021) 1-10.
[16] W.A. Kirk, P.S. Srinivasan, P. Veeramani, Fixed points for mappings satisfying cyclical contractive condi-
tions, Fixed Point Theory 4 (2003) 79-89.
[17] S. Kumar, G.V.V. Jagannadha Rao, P. Sudheer Kumar, Existence of fixed points for y-FG-contractive condi-
tion via cyclic (¢, )-admissible mappings in b-metric like spaces, Int. J. Math. Appl. 12 (2024) 53-69.
[18] W.M. Kozlowski, A note on a fixed point theorem in modulated LTI-spaces, Appl. Set-Valued Anal. Optim.
6 (2024), 31-39.
[19] A.Latif, A.H. Alotaibi, M. Noorwali, Fixed point results via multivalued contractive type mappings involving
a generalized distance on metric type spaces, J. Nonlinear Var. Anal. 8 (2024), 787-798.
[20] V. Parvaneh, N. Hussain, Z. Kadalburg, Generalized wardowski type fixed point theorems via o-admissible
F G-contractions in b-metric spaces, Acta Math. Sci. 36 (2016) 1445-1456.
[21] M.P. Parvateesam, C.P. Dhuri, R. Ramaswamy, K.H. Khan, O.A. Abdelnaby, Common fixed point theorems
for mappings satisfying implicit relation in bipolar metric space, Eur. J. Pure Appl. Math. 18 (2025) 5982.
[22] H. Piri, P. Kumam, Some fixed point theorems concerning F-contraction in complete metric spaces, Fixed
Point Theory Appl. 2014 (2014) 1-11.
[23] S. Reich, A.J. Zaslavski, Fixed point theory for two classes of nonlinear mappings, Commun. Optim. Theory
2025 (2025) 1-12.
[24] B. Samet, C. Vetro, P. Vetro, Fixed point theorems for o — y-contactive type mappings, Nonlinear Anal. 75
(2012) 2154-2165.
[25] K.PR. Sastry, M.V.R. Kameswari, D.M.K. Kiran, Common fixed point theorems for generalized TAC con-
traction condition in b-metric spaces, Palest. J. Math. 9 (2020) 354-370.
[26] D. Wardowski, Fixed point theory of a new type of contractive mappings in complete metric spaces, Fixed
Point Theory Appl. 2012 (2012) 1-6.
[27] D. Wardowski, N.V. Dung, Fixed points of f-weak contractions on complete metric spaces, Demonstr. Math.
47 (2014) 146-155.



	1. Introduction
	2. Preliminaries
	3. Main Results
	4. Application in Dynamic Programming
	5. Conclusion
	References

