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1. INTRODUCTION

The study of the existence and the structure of solutions of variational problems, optimal con-
trol problems and dynamic games defined on infinite intervals and on sufficiently large intervals
has been a rapidly growing area of research [2, 3, 8, 9, 14, 17, 19, 20, 22, 33, 35, 36, 41, 54,
56, 57, 58, 59] which has various applications in engineering [14, 54], in models of economic
growth [1, 13, 14, 18, 23, 31, 32, 34, 38, 40, 46, 50, 52, 54], in infinite discrete models of solid-
state physics related to dislocations in one-dimensional crystals [4, 53], in model predictive con-
trol [16, 25] and in the theory of thermodynamical equilibrium for materials [15, 39, 43, 44, 45].
Discrete-time problems optimal control problems were considered in [2, 5, 6, 12, 21, 29],
finite-dimensional continuous-time problems were analyzed in [8, 10, 11, 38, 42], infinite-
dimensional optimal control was studied in [14, 26, 27, 47, 48, 51, 58] while solutions of
dynamic games were discussed in [7, 24, 28, 30, 37, 49].

In this paper we study the turnpike phenomenon for discrete-time optimal control problems
in compact metric spaces. To have the turnpike property means, roughly speaking, that the
approximate solutions of the problems are determined mainly by the objective function and
are essentially independent of the choice of interval and endpoint conditions, except in regions
close to the endpoints.

The turnpike property was discovered by P. Samuelson in 1948 when he showed that an effi-
cient expanding economy would spend most of the time in the vicinity of a balanced equilibrium
path (also called a von Neumann path). It is well known in the economic literature, where it
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was studied for various models of economic growth. Usually for these models a turnpike is a
singleton.

Now it is well-known that the turnpike property is a general phenomenon which holds for
large classes of variational and optimal control problems. In our research, using the Baire
category (generic) approach, it was shown that the turnpike property holds for a generic (typical)
variational problem [54] and for a generic optimal control problem [55].

In this paper we are interested in individual (non-generic) turnpike results for an optimal
control problem with a finite number of turnpikes. In this case the description of the structure
of approximate optimal solutions is obtained. For this optimal control problem we extend the
results obtained in [60] for its particular case arising in model of economic dynamics.

2. PRELIMINARIES

Assume that (X ,ρX), (Y,ρY ) are compact metric spaces, X ×Y is equipped with the product
metric ρX×Y , where

ρX×Y ((x1,y1),(x2,y2)) = ρX(x1,x2)+ρY (y1,y2), (xi,yi) ∈ X×Y, i = 1,2,

U : X → 2X , graph(U ) = {(x,y) : x ∈ X , y ∈U (x)} is a nonempty and closed set,

F : graph(F)→ 2X \{ /0},

M = graph(F ){(x,y,z) : x ∈ X , y ∈U (x), z ∈ F(x,y)} (2.1)

is a closed set. For each x ∈ X , each y ∈ Y and each r > 0 set B(x,r) = {z ∈ X : ρX(x,z) ≤ r}
and B(y,r) = {z ∈ Y : ρY (z,y) ≤ r}. Here we use for simplicity the same notation for balls in
the both spaces X and Y .

We suppose that the sum over empty set is zero and that the infimum over empty set is infinity.
For each x ∈ X and each set A ⊂ X , put ρX(x,A) = inf{ρX(x,a) : a ∈ A} and for each x ∈ Y
and each set A⊂Y , put ρY (x,A) = inf{ρY (x,a) : a ∈ A}. For each (x1,x2) ∈ X×Y and each set
A⊂ X×Y , put

ρX×Y ((x1,x2),A) = inf{ρX×Y ((x1,x2),(a1,a2)) : (a1,a2) ∈ A}.

Denote by Card(A) the cardinality of a set A. Assume l is a natural number and x∗i ∈ X , i =
1, . . . , l satisfy

xi1 6= xi2 (2.2)

for each i1, i2 ∈ {1, . . . , l} such that i1 6= i2 and that for each i ∈ {1, . . . , l} there exists u∗i ∈ Y
satisfying

(x∗i ,u
∗
i ,x
∗
i ) ∈M . (2.3)

Assume that for each i1, i2 ∈ {1, . . . , l} such that i1 6= i2 we have

xi2 6∈ F(xi1 ,ui1). (2.4)

Let T2 > T1 be integers. A sequence ({xt}T2
t=T1

,{ut}T2−1
t=T1

) is called a trajectory-control pair if

(xt ,ut ,xt+1) ∈M (2.5)
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for all t = T1, . . . ,T2− 1. A sequence ({xt}∞
t=T1

,{ut}∞
t=T1

) is called a trajectory-control pair if
(2.5) holds for all integers t ≥ T1. As usual in optimal control theory we consider the minimiza-
tion of some objective functions over sets of trajectory-control pairs. Note that in Chapter 2 we
consider a partial case of the optimal control problems considered here for which

ut = xt+1, t = T1, . . . ,T2−1.

Proposition 2.1. Let i1, i2 ∈ {1, . . . , l} satisfy i1 6= i2. Then there exists γ > 0 such that for each
(x,u) ∈ X×Y satisfying ρX×Y (((x∗i1,u

∗
i1),(x,u))≤ γ , ρX(x∗i2 ,F(x,u))≥ γ holds.

Proof. Assume the contrary. Then for each integer k ≥ 1 there exists (xk,uk) ∈ X ×Y such that
ρX(x∗i1,xk), ρY (u∗i1,uk) ≤ 1/k and ρX(x∗i2,F(xk,uk)) ≤ k−1. This implies that for each integer
k ≥ 1 there exists zk ∈ F(xk,uk) such that ρX(x∗i2 ,zk) ≤ 2/k. Since the graph of F is closed we
obtain xi2 ∈ F(x∗i1,u

∗
i1), a contradiction. The contradiction we have reached completes the proof

of Proposition 2.1. �

Proposition 2.1 implies the following result.

Proposition 2.2. There exists γ > 0 such that for each i1, i2 ∈ {1, . . . , l} satisfying i1 6= i2 and
each (x,u) ∈ X×Y satisfying ρX×Y (((x∗i1,u

∗
i1),(x,u))≤ γ , ρX((x∗i2,F(x,u))≥ γ holds.

Assume that L : graph(U)→ [0,∞) is a lower semicontinuous function such that

{(x∗i ,u∗i ) : i ∈ {1, . . . , l}}= {(x,y) ∈ graph(U ) : L(x,y) = 0}, (2.6)

ā > 0, µ ∈ R1 and that π : X → R1 is a bounded function satisfying

|π(x)| ≤ ā, x ∈ X . (2.7)

Define for all (x,u,z) ∈M ,

v(x,u,z) = L(x,u)+µ +π(x)−π(z) (2.8)

which is our objective function. Infinite horizon optimal control problems with such objective
functions are often considered in the literature [14, 25, 56]. They correspond to certain models
of economic dynamics.

The next result easily follows from (2.8).

Proposition 2.3. Let T2 > T1 be integers and ({xt}T2
t=T1

,{ut}T2−1
t=T1

) be a trajectory-control pair.
Then

T2−1

∑
t=T1

v(xt ,ut ,xt+1) =
T2−1

∑
t=T1

L(xt ,ut)+µ(T2−T1)+π(xT1)−π(xT2).

Proposition 2.4. Assume that ({xt}∞
t=0,{ut}∞

t=0) is a trajectory-control pair. Then either the
sequence {∑T−1

t=0 v(xt ,ut ,xt+1)− µ}∞
T=1 is bounded or it tends to infinity. It is bounded if and

only is ∑
∞
t=0 L(xt ,ut) < ∞ and in this case the sequence {(xt ,ut)}∞

t=0 converges to one of the
points of the set {(x∗i ,u∗i ) : i = 1, . . . , l}.

Proof. Assume that ∑
∞
t=0 L(xt ,ut)< ∞. In order to to prove the theorem it is sufficient to show

that the sequence {(xt ,ut)}∞
t=0 converges to one of the points of the set {(x∗i ,u∗i ) : i = 1, . . . , l}.

Clearly, limt→∞ L(xt ,ut) = 0. This implies that the following property holds:
(a) all limit points of the sequence {(xt ,ut)}∞

t=0 belongs to the set {(x∗i ,u∗i ) : i = 1, . . . , l}.
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Let ε ∈ (0,1) be such that
ρ(x∗i1,x

∗
i2)> 2ε (2.9)

for each pair of integer i1, i2 ∈ {1, . . . , l} satisfying i1 6= i2. Proposition 2.2 implies that there
exists ε0 ∈ (0,ε/4) such that the following property holds:

(b) for each i1, i2 ∈ {1, . . . , l} satisfying i1 6= i2 and each (x,u) ∈ X×Y satisfying

ρX×Y ((x∗i1,u
∗
i1),(x,u))≤ ε0,

the inequality ρX(x∗i2 ,F(x,u))≥ ε0 holds.
Property (a) implies that there exists a natural number n0 such that for each integer n≥ n0,

min{ρX×Y ((xn,un),(x∗i ,u
∗
i )) : i = 1, . . . , l}< ε/4. (2.10)

Let n≥ n0 be an integer. By (2.10), there exists in ∈ {1, . . . , l} such that

ρX×Y ((xn,un),(x∗in ,u
∗
in))< ε0/4. (2.11)

We we show that such in ∈ {1, . . . , l} satisfying (2.11) is unique. Assume that j ∈ {1, . . . , l} and

ρX×Y ((xn,un),(x∗j ,u
∗
j))< ε0/4.

Together with (2.11) this implies that ρX×Y ((x∗j ,u
∗
j),(x

∗
in,u
∗
in)) < ε0/2 and in view of (2.9),

in = j. Thus for each integer n≥ n0 there exists a unique in ∈ {1, . . . , l} such that (2.11) holds.
Let n≥ n0 be an integer. Equation (2.11) implies that

ρX×Y ((xn,un),(x∗in ,u
∗
in))< ε0/4,

ρX×Y ((xn+1,un+1),(x∗in+1
,u∗in+1

))< ε0/4,

ρX(xn+1,x∗in+1
)< ε0/4. (2.12)

Let in 6= in+1. Property (b) and (2.11) imply that ρX(x∗in+1
,F(xn,un))≥ ε0/2 and ρX(xn+1,x∗in+1

)≥
ε0. This contradicts (2.12). Therefore in = in+1 for each integer n≥ n0. This implies that in = in0

for each integer n ≥ n0 and that for each integer n ≥ n0, ρX(xn,x∗in0
), ρY (un,u∗in0

) < ε0/4. This
implies that any limit point (z,u) of the sequence {(xi,ui)}∞

i=0 satisfies

ρX×Y ((z,u),(x∗in0
,x∗in0

))≤ ε0/4.

Together with property (a) and (2.9), this implies that limn→∞(xn,un) = (x∗in0
,u∗in0

). Proposition
2.4 is proved. �

Let M be a natural number. Denote by A (M) the set of all x ∈ X for which there exists a
trajectory-control pair ({xt}T

t=0,{ut}T−1
t=0 ) such that x0 = x, T ∈ {1, . . . ,M},

T−1

∑
t=0

v(xt ,ut ,xt+1)≤M, xT ∈ {x∗i : i = 1, . . . , l}.

For each integer T > 0 and each x ∈ X set

U(T,x) = inf{
T−1

∑
t=0

v(xt ,ut ,xt+1) : ({xt}T
t=0,{ut}T−1

t=0 ) is a trajectory and x0 = x}.

Proposition 2.5. Let M be a natural number and x ∈ A (M). Then, for each integer T > M,
U(T,x)≤M+µT + |µ|M.
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Proof. By the definition of A (M), there exists a trajectory-control pair ({xt}S
t=0,{ut}S−1

t=0 ) such
that x0 = x, S∈ {1, . . . ,M} and ∑

S−1
t=0 v(xt ,ut ,xt+1)≤M, xS = xp

i , where p∈ {1, . . . , l}. For each
integer t > S, set ut = u∗p, xt+1 = x∗p. Clearly, ({xt}∞

t=0,{ut}∞
t=0) is a trajectory-control pair. It is

not difficult to see that for each integer T > M,

U(T,x)≤
T−1

∑
t=0

v(xt ,ut ,xt+1) =
S−1

∑
t=0

v(xt ,ut ,xt+1)+
T−1

∑
t=S

v(xt ,ut ,xt+1)

≤M+(T −S)µ ≤M+µT + |µ|M.

Proposition 2.5 is proved. �

3. A FIRST WEAK TURNPIKE RESULT

In this section, we prove our first turnpike result. It shows that for approximate solutions
({xt}T

t=0,{ut}T
t=0) of our optimal control problem on an interval [0,T ], where T is sufficiently

large, cardinality of all points t ∈{0, . . . ,T} such that (xt ,ut) does not belong to an ε-neighborhood
of the set {(x∗i ,u∗i ) : i = 1, . . . , l} does not exceed a constant Q which depends on ε and does
not depend on T . In the literature this property is known as the weak turnpike property.

Theorem 3.1. Let M0 be a natural number, M1 > 0 and ε ∈ (0,1). Then there exists a nat-
ural number Q such that for each natural number T > Q and each trajectory-control pair
({xt}T

t=0,{ut}T−1
t=0 ) which satisfies x0 ∈A (M0) and ∑

T−1
t=0 v(xt ,ut ,xt+1) ≤U(T,x0)+M1, there

exists a finite strictly increasing sequence of nonnegative integers t1 < · · · < tk where k ≤ Q is
a natural number such that t1 = 0, tk = T and for each integer p ∈ {1, . . . ,k} \ {k} satisfying
tp+1− tp ≥ 2 there exists ip ∈ {1, . . . , l} such that

ρX(xt ,x∗ip
), ρY (ut ,u∗ip

)≤ ε, t = tp +1, . . . , tp+1−1.

Proof. We may assume without loss of generality that

ρ(x∗i1 ,x
∗
i2)> 4ε (3.1)

for each pair of integers i1, i2 ∈ {1, . . . , l2} satisfying i1 6= i2. Proposition 2.2 implies that there
exists ε0 ∈ (0,ε/4) such that the following property holds:

(a) for each i1, i2 ∈ {1, . . . , l} satisfying i1 6= i2 and each (x,u) ∈ X×Y satisfying

ρX×Y ((x∗i1,u
∗
i1),(x,u))≤ ε0,

the inequality ρX(x∗i2,F(x,u))≥ ε0 holds. There exists δ ∈ (0,ε0) such that the following prop-
erty holds:

(b) for each (x,y) ∈Ω satisfying L(x,y)≤ δ , we have ρX×Y ((x,u),{(x∗i ,u∗i ) : i = 1, . . . , l})<
ε/4. Choose a natural number

Q > δ
−1(M1 +2ā+M0(|µ|+1))+2. (3.2)

Assume that T > Q is a natural number and that a trajectory-control pair ({xt}T
t=0,{ut}T−1

t=0 )
satisfies

x0 ∈A (M0) (3.3)
and

T−1

∑
t=0

v(xt ,ut ,xt+1)≤U(x0,T )+M1. (3.4)
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Proposition 2.5 and equations (3.3) and (3.4) imply that

T−1

∑
t=0

v(xt ,ut ,xt+1)≤M1 +M0(|µ|+1)+µT. (3.5)

By (2.7) and (2.8),

T−1

∑
t=0

v(xt ,ut ,xt+1) =
T−1

∑
t=0

(µ +L(xt ,ut)+π(xt)−π(xt+1))

≥ T µ +
T−1

∑
t=0

L(xt ,ut)+π(x0)−π(xT )≥ T µ +
T−1

∑
t=0

L(xt ,ut)−2ā. (3.6)

It follows from (3.2), (3.5) and (3.6) implies that

T−1

∑
t=0

L(xt ,ut)+T µ−2ā≤M1 +µT +(|µ|+1)M0,

M1 +M0(|µ|+1)+2ā≥
T−1

∑
t=0

L(xt ,ut)

≥ δCard({t ∈ {0, . . . ,T −1} : L(xt ,ut)≥ δ})
and

Card({t ∈ {0, . . . ,T −1} : L(xt ,xt+1)≥ δ})

≤ δ
−1(M1 +(|µ|+1)M0 +2ā)< Q−2. (3.7)

Inequality (3.7) implies that there exists a finite strictly increasing sequence of nonnegative
integers t1 < · · ·< tk where k ≤ Q is a natural number such that

t1 = 0, tk = T (3.8)

and that for each integer p ∈ {1, . . . ,k}\{k} satisfying tp+1− tp ≥ 2 we have

L(xt ,ut)≤ δ , t = tp +1, . . . , tp+1−1. (3.9)

Assume that p ∈ {1, . . . ,k}\{k} satisfies tp+1− tp ≥ 2. Let t ∈ {tp +1, . . . , tp+1−1}. Property
(b) and (3.9) imply that there exists it ∈ {1, . . . , l} such that

ρX×Y ((xt ,ut),(x∗it ,u
∗
it ))≤ ε0/2. (3.10)

We show that it is a unique element of {1, . . . , l} such that (3.10) holds. Let j ∈ {1, . . . , l} satisfy

ρX×Y ((xt ,ut),(x∗j ,u
∗
j))≤ ε0/2.

Together with (3.10), this implies that ρX(x∗j ,x
∗
it ) ≤ ε0 < ε. In view of (3.1), we have j = it .

Thus it is a unique element of {1, . . . , l} such that (3.10) holds.
Assume that t, t +1 ∈ {tp +1, . . . , tp+1−1}. It follows from (3.10) that

ρX×Y ((xt ,ut),(x∗it ,u
∗
it ))< ε0/2

and that
ρX×Y ((xt+1,ut+1),(x∗it+1

,u∗it+1
))< ε0/2. (3.11)



MULTIPLE TURNPIKES 7

We show that it = it+1. Assume that it 6= it+1. Property (a) and (3.10) imply ρX(x∗it+1
,F(xt ,ut))≥

ε0 and ρX(x∗it+1
,xt+1) ≥ ε0. This contradicts (3.11). The contradiction we have reached proves

that it = it+1 for each t ∈ {tp +1, . . . , tp+1−1}\{tp+1−1},

ii = itp+1, t = tp +1, . . . , tp+1−1

and
ρX×Y ((xt ,ut),(x∗tp+1,u

∗
tp+1))< ε, t ∈ {tp +1, . . . , tp+1−1}.

Theorem 3.1 is proved. �

4. A GENERAL PROBLEM

Now we begin to study a general optimal control problem which contains as a particular case
the model considered in the previous sections. We will not assumed any more that the objective
function v has a special form which was assumed before. On the other hand the mapping F
(here G) is single-valued.

Assume that (X ,ρX), (Y,ρY ) be compact metric spaces, X ×Y is equipped with the product
metric ρX×Y , where

ρX×Y ((x1,y1),(x2,y2)) = ρX(x1,x2)+ρY (y1,y2), (xi,yi) ∈ X×Y, i = 1,2,

U : X → 2Y is a point to set mapping with a graph

M = graph(U = {(x,y) : x ∈ X , y ∈U (x)}

which is is a nonempty and closed set.
Assume that G : M → X , f : M → R1 the graph graph(G) is a closed set and the func-

tion f is bounded from below and lower semicontinuos. Let T2 > T1 be integers. We denote
by X(T1,T2,M ,G) the set of all finite sequences ({xt}T2

t=T1
,{ut}T2−1

t=T1
) which are called as a

trajectory-control pair such that for each t ∈ {T1, . . . ,T2−1},

xt ∈ X , ,ut ∈U (xt), xt+1 = G(xt ,ut).

For simplicity, we use the notation X(T1,T2) = X(T1,T2,M ,G). Let T1 be an integer. De-
note by X(T1,∞,M ,G) (or X(T1,∞), if the pair (M ,G) is understood) the set of all sequences
({xt}∞

t=T1
,{ut}∞

t=T1
) which are called as a trajectory-control pair such that for each integer

T2 > T1, we have ({xt}T2
t=T1

,{ut}T2−1
t=T1

) ∈ X(T1,T2,M ,G). Let 0 ≤ T1 < T2 be integers. A se-
quence {xt}T2

t=T1
⊂ X ({xt}∞

t=T1
⊂ X respectively) is called a trajectory if there exists a sequence

{ut}T2−1
t=T1
⊂ Y ({ut}∞

t=T1
⊂ Y respectively) such that

({xt}T2
t=T1

,{ut}T2−1
t=T1

) ∈ X(T1,T2,M ,G), (({xt}∞
t=T1

,{ut}∞
T1
) ∈ X(T1,∞,M ,G)

respectively).
For each pair of integers T2 > T1 and each y,z ∈ X define

U(T1,T2,y,z) = inf{
T2−1

∑
t=T1

f (xt ,ut) :

({xt}T2
t=T1

,{ut}T2−1
t=T1

) ∈ X(T1,T2), xT1 = y, xT2 = z} (4.1)
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and

U(T1,T2,y) = inf{
T2−1

∑
t=T1

f (xt ,ut) :

({xt}T2
t=T1

,{ut}T2−1
t=T1

) ∈ X(T1,T2), xT1 = y}. (4.2)

Assume l is a natural number and x∗i ∈ X , i = 1, . . . , l satisfy

xi1 6= xi2 (4.3)

for each i1, i2 ∈ {1, . . . , l} such that i1 6= i2 and that for each i1 ∈ {1, . . . , l} there exists u∗i ∈ Y
satisfying

(x∗i ,u
∗
i ) ∈M , x∗i = G(x∗i ,u

∗
i ) (4.4)

and f is continuous at (x∗i ,u
∗
i ) on M .

Assume that the following property holds:
(a) for each ε > 0 there exists δ > 0 such that for each i ∈ {1, . . . , l} and each x ∈ B(x∗i ,δ )

there exist u ∈ Y satisfying

(x,u) ∈M , ρY (u,u∗i )≤ ε, G(x,u) = x∗i

and v ∈ B(u∗i ,ε) such that (x∗i ,v) ∈M , G(x∗i ,v) = x.

Proposition 4.1. Let i1, i2 ∈ {1, . . . , l} satisfy i1 6= i2. Then there exists γ > 0 such that for each
(x,u) ∈M satisfying ρX×Y ((x∗i1 ,u

∗
i1),(x,u))≤ γ , the inequality ρX(x∗i2,G(x,u))≥ γ holds.

Proof. Assume the contrary. Then, for each integer k ≥ 1 there exists (xk,uk) ∈ X ×Y such
that uk ∈U (xk), ρX((x∗i1,xk), ρY (u∗i1,uk))≤ 1/k, and ρX(x∗i2,G(xk,uk))≤ k−1. Since the graph
of G is closed, we obtain xi2 = G(x∗i ,u

∗
i ), a contradiction. The contradiction we have reached

completes the proof of Proposition 4.1. �

Assume that µ = f (x∗1,u
∗
1), i = 1, . . . , l. We suppose that the following assumption holds.

(A1) There exists c̄ > 0 such that for each pair of integers T2 > T1 and each trajectory-control
pair ({xt}T2

t=T1
,{ut}T2−1

t=T1
) ∈ X(T1,T2), ∑

T2−1
t=T1

f (xt ,ut)≥ (T2−T1)µ− c̄ holds.
Assumption (A1) implies the following result.

Proposition 4.2. Assume that ({xt}∞
t=0,{ut}∞

t=0)∈X(0,∞). Then either {∑T−1
t=0 f (xt ,ut)−T µ}∞

T=1
is bounded or limT→∞ ∑

T−1
t=0 ( f (xt ,ut)−µ) = ∞.

Proof. By (A1), we see that {∑T−1
t=0 f (xt ,ut)−T µ}∞

T=1 is bounded from below. Assume that it
is not bounded. Let M > 0. Then there exists a natural number TM such that ∑

TM−1
t=0 f (xt ,ut)−

TMµ > M+ c̄. It follows from this inequality and assumption (A1) that for each integer T > TM,
T−1

∑
t=0

f (xt ,ut)−T µ ≥
TM−1

∑
t=0

f (xt ,ut)−TMµ +
T−1

∑
t=TM

f (xt ,ut)− (T −TM)µ ≥M+ c̄− c̄ = M.

Since M is any positive number, this implies limT→∞ ∑
T−1
t=0 ( f (xt ,ut)−µ) = ∞. Proposition 4.2

is proved. �

A trajectory-control pair ({xt}∞
t=0,{ut}∞

t=0) ∈ X(0,∞) is called good if {∑T−1
t=0 f (xt ,ut)−

µ}∞
T=1 is bounded.
We suppose that the following asymptotic turnpike property ((ATP), for short) holds.
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(ATP) For each good trajectory-control pair ({xt}∞
t=0,{ut}∞

t=0) ∈ X(0,∞), we have

lim
t→∞

ρX×Y ((xt ,ut),{(x∗i ,u∗i ) : i = 1, . . . , l}) = 0.

Note that (ATP) holds for models of economic dynamics [56] and for optimal control prob-
lems considered in the previous section.

Theorem 4.3. Assume that a trajectory-control pair ({xt}∞
t=0,{ut}∞

t=0)∈ X(0,∞) is good. Then
there exists i ∈ {1, . . . , l} such that limt→∞ ρX×Y ((xt ,uu),(x∗i ,u

∗
i )) = 0.

Proof. Let ε ∈ (0,1). Proposition 4.1 implies that there exists ε0 ∈ (0,ε/4) such that the fol-
lowing property holds:

(i) for each i1, i2 ∈ {1, . . . , l} satisfying i1 6= i2, we have ρX(x∗i1 ,u
∗
i1)> 2ε0 and for each (x,u)∈

M satisfying ρX×Y ((x∗i1,u
∗
i1),(x,u))≤ ε0, the inequality ρX(x∗i2,G(x,u))≥ ε0 holds.

By (A2), there exists a natural number n0 such that for each integer n≥ n0,

ρX×Y ((xn,un),{(x∗i ,u∗i ) : i = 1, . . . , l})< ε0/4. (4.5)

Let n≥ n0 be an integer. By (4.5), there exists in ∈ {1, . . . , l} such that

ρX×Y ((xn,un),(x∗in,u
∗
in))< ε/4. (4.6)

We we show that such in ∈ {1, . . . , l} satisfying (4.6) is unique. Assume that j ∈ {1, . . . , l} and

ρX×Y ((xn,un),(x∗j ,u
∗
j))< ε0/4.

Together with (4.6), this implies ρX(x j,x∗in) < ε0/2. In view of property (i), in = j. Thus, for
each integer n≥ n0, there exists a unique integer in ∈ {1, . . . , l} such that (4.6) holds.

Let n≥ n0 be an integer. Then (4.6) holds and

ρX×Y ((xn+1,un+1),(x∗in+1
,u∗in+1

))< ε0/4. (4.7)

We show that in = in+1. Assume that in 6= in+1. Property (i) and (4.6) imply ρX×Y (G(xn,un),x∗in+1
)≥

ε0 and ρX(xn+1,x∗in+1
) > ε0. This contradicts (4.7). The contradiction we have reached proves

that in = in+1 for each integer n ≥ n0. This implies that any limit point (x,u) of the sequence
({xi}∞

i=0,{ui}∞
i=0) satisfies ρX×Y ((x,u),(x∗in0

,u∗in0
)) ≤ ε0 and combined with (A2) and property

(i) this implies that (x,u) = (x∗in0
,u∗in0

). Therefore, limn→∞(xn,un) = (x∗in0
,u∗in0

). Theorem 4.3 is
proved. �

5. AUXILIARY RESULTS

The following two results follow from the lower semicontinuity of the function f and the
closedness of the

graph(G) := {(x,u,G(x,u)) : (x,u) ∈M }.

Proposition 5.1. Let T2 > T1 be integers and let x,y ∈ X satisfy U(T1,T2,x,y) < ∞. Then
there exists ({xt}T2

t=T1
,{ut}T2−1

t=T1
) ∈ X(T1,T2) such that xT1 = x, xT2 = y and ∑

T2−1
t=T1

f (xt ,ut) =

U(T1,T2,x,y).

Proposition 5.2. Let T2 > T1 be integers and let x∈ X satisfy U(T1,T2,x)< ∞. Then there exists
({xt}T2

t=T1
,{ut}T2−1

t=T1
) ∈ X(T1,T2) such that xT1 = x and ∑

T2−1
t=T1

f (xt ,ut) =U(T1,T2,x).
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Proposition 5.3. Let T be a natural number and j ∈ {1, . . . , l}. Then

U(0,T,x∗j ,x
∗
j) = T µ (5.1)

and ({xt}T
t=0,{ut}T−1

t=0 )∈X(0,T ) satisfies x0 = x∗j , xT = x∗j , and ∑
T−1
t=0 f (xt ,ut) = T µ if and only

if xt = x∗j , ut = u∗j , t = 0, . . . ,T.

Proof. Assume that ({xt}T
t=0,{ut}T−1

t=0 )∈ X(0,T ) satisfies x0 = x∗j , xT = x∗j . Clearly, there exists
({xt}∞

t=0,{ut}∞
t=0) ∈ X(0,∞) such that for all integers t ≥ 0,

xt+T = xt , ut+T = ut . (5.2)

Clearly, if ∑
T−1
t=0 f (xt ,xt+1)< T µ, then liminfS→∞(∑

S−1
t=0 f (xt ,ut)−Sµ) =−∞ and this contra-

dicts Proposition 3.8. Thus ∑
T−1
t=0 f (xt ,ut)≥ T µ. This inequality implies (5.1).

Assume that
T−1

∑
t=0

f (xt ,ut) = T µ. (5.3)

It follows from (5.3) and Proposition 4.2 that ({xt}∞
t=0,{ut}∞

t=0) is a good trajectory-control pair
and in view of Theorem 4.3, it converges to (xi,

∗ ,u∗i ) where i ∈ {1, . . . , l}. By (5.2), i = j.
Proposition 5.3 is proved. �

6. THE FIRST BASIC LEMMA

Lemma 6.1. Let ε ∈ (0,1). Then there exists a number δ > 0 such that for each natural number
T ≥ 2, each p ∈ {1, . . . , l} and each ({xt}T

t=0,{ut}T−1
t=0 ) ∈ X(0,T ) which satisfies

ρX(x0,x∗p), ρX(xT ,x∗p)≤ δ ,

∑
T−1
t=0 f (xt ,ut) ≤U(0,T,x0,xT )+δ , the inequalities, ρX(xt ,x∗p), ρY (ut ,u∗p) ≤ ε hold for all in-

tegers t = 0, . . . ,T −1.

Proof. Let k ≥ 1 be an integer. Since f is continuous at (x∗i ,u
∗
i ), i = 1, . . . , l there exists a

number
εk ∈ (0,4−k−1) (6.1)

such that, for each integer p∈ {1, . . . , l} and each (x,u)∈M satisfying ρX×Y ((x,u),(x∗p,u
∗
p))≤

4εk, we have
| f (x,u)− f (x∗p,u

∗
p)| ≤ 4−k−1. (6.2)

Property (a) implies that here exists

δk ∈ (0,2−1
εk)] (6.3)

such that the following property holds:
(i) for each p ∈ {1, . . . , l} and each x ∈ B(x∗p,δk), there exist u,v ∈ B(u∗p,εk) such that (x,u) ∈

M , G(x,u) = x∗p and (x∗p,v) ∈M , G(x∗p,v) = x.
Assume that the lemma does not hold. Then for each integer k ≥ 2 there exist a natural

number Tk ≥ 2, an integer pk ∈ {1, . . . , l} and a trajectory-control pair

({x(k)t }
Tk
t=0,{u

(k)
t }

Tk−1
t=0 ) ∈ X(0,Tk)

such that
ρX(x

(k)
0 ,x∗pk

), ρX(x
(k)
Tk
,x∗pk

)≤ δk, (6.4)
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Tk−1

∑
t=0

f (x(k)t ,u(k)t )≤U(0,Tk,x
(k)
0 ,x(k)Tk

)+δk, (6.5)

max{ρX(x
(k)
t ,x∗pk

)+ρY (u
(k)
t ,u∗pk

) : t = 0, . . . ,Tk}> ε. (6.6)
Extracting a subsequence and re-indexing if necessary we may assume without loss of general-
ity that

pk = p1, k = 1,2, . . . . (6.7)
For simplicity, set p1 = p. Let k ≥ 1 be an integer. Define

y0 = x(k)0 , yTk = x(k)Tk
,

ut = u∗p, t ∈ {1, . . . ,Tk−1}\{Tk−1},
yt = x∗p, t ∈ {1, . . . ,Tk−1}. (6.8)

By property (i) and (6.4), there exist

u0 ∈ B(u∗p,εk), uTk−1 ∈ B(u∗p,εk) (6.9)

such that
(y0,u0) ∈M , G(y0,u0) = x∗p,

(x∗p,uTk−1) ∈M , G(x∗p,uTk−1) = x(k)Tk
. (6.10)

Clearly, ({yt}Tk
t=0,{ut}Tk−1

t=0 ) ∈ X(0,Tk). Equations (6.5) and (6.8) imply that
Tk−1

∑
t=0

f (x(k)t ,u(k)t )≤
Tk−1

∑
t=0

f (yt ,ut)+δk = f (x(k)0 ,u0)+ f (x∗p,uTk−1)+ f (x∗p,u
∗
p)(Tk−2)+δk.

(6.11)
It follows from (6.2), (6.4), (6.9) and (6.10) that

| f (x(k)0 ,u0)− f (x∗p,u
∗
p)|, | f (x∗p,uTk−1)− f (x∗p,u

∗
p)| ≤ 4−k−1. (6.12)

By (6.11) and (6.12),
Tk−1

∑
t=0

f (x(k)t ,u(k)t )≤ Tk f (x∗p,u
∗
p)+δk +2 ·4−k−1. (6.13)

Set
x̃(k)0 = x∗p, x̃(k)t = x(k)t−1, t = 1, . . . ,Tk +1, x̃(k)Tk+2 = x∗p (6.14)

and
ũ(k)t = u(k)t−1, t = 1, . . . ,Tk. (6.15)

Property (a) and equations (6.4), (6.14), (6.15) imply that there exist

ũ(k)0 ∈ B(u∗p,εk) (6.16)

such that
(x∗p, ũ

(k)
0 ) ∈M , G(x∗p, ũ

(k)
0 ) = x(k)0 (6.17)

and
ũ(k)Tk+1 ∈ B(u∗p,εk) (6.18)

such that
(x(k)Tk

, ũ(k)Tk+1) ∈M , G(x(k)Tk
, ũ(k)Tk+1) = x∗p. (6.19)
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Equations (6.14), (6.15), (6.17) and (6.19) imply that

{(x̃(k)t }
Tk+2
t=0 ,(ũ(k)t }

Tk+1
t=0 ) ∈ X(0,Tk +2).

By (6.14) and (6.15), we have

Tk+1

∑
t=0

f (x̃(k)t , ũ(k)t ) = f (x̃(k)0 , ũ(k)0 )+
Tk

∑
t=1

f (x̃(k)t , ũ(k)t )+ f (x̃(k)Tk+1, ũ
(k)
Tk+1)

= f (x̃(k)0 , ũ(k)0 )+
Tk−1

∑
t=0

f (x(k)t ,u(k)t )+ f (x∗p, ũ
(k)
Tk+1). (6.20)

It follows from (6.2), (6.14), (6.16) and (6.18) that

| f (x̃(k)0 , ũ0)− f (x∗p,u
∗
p)| ≤ 4−l−1, | f (x̃(k)Tk+1, ũTk+1)− f (x∗p,u

∗
p)| ≤ 4−k−1.

Together with (6.13) and (6.20) this implies that

Tk+1

∑
t=0

f (x̃(k)t , ũ(k)t )≤ Tkµ +δk +2 ·4−k−1 +2µ +2 ·4−k−1

≤ (Tk +2)µ +5 ·4−k−1. (6.21)

Now we construct a concatenation of all the trajectories ({x̃(k)t }
Tk+2
t=0 ,{ũ(k)t }

Tk+1
t=0 ) ∈ X(0,Tk +2),

k = 1,2, . . . . Set S1 = T1 +2 and for each integer k ≥ 2 set Sk+1 = Sk +Tk +2. Put

xt = x̃(1)t , t = 0, . . . ,T1 +2,

ut = ũ(1)t , t = 0, . . . ,T1 +1

and for each integer k ≥ 2, define

xt+Sk = x̃(k)t , t = 1, . . . ,Tk+1 +2,

ut+Sk = ũ(k)t , t = 0, . . . ,Tk+1 +1. (6.22)

By the definition above, (6.11) and (6.21), ({xt}∞
t=0,{ut}∞

t=0) ∈ X(0,∞) and for each natural
number k,

Sk−1

∑
t=0

f (xt ,ut) =
k

∑
p=1

Tp+1

∑
t=0

f (x̃(p)
t , ũ(p)

t )≤
k

∑
p=1

((Tp +2)µ +5 ·4−k−1)≤ Skµ +2.

Thus ({xt}∞
t=0,{ut}∞

t=0) is a good trajectory-control pair satisfying liminft→∞ ρX(xt ,x∗p)= 0. To-
gether with Theorem 4.3, this relation implies that limt→∞(xt ,ut) = (x∗p,u

∗
p). On the other hand,

it follows from our construction, (6.16) and (6.22) that limsupt→∞(ρX(xt ,x∗p)+ρY (ut ,u∗p))≥ ε.
The contradiction we have reached proves Lemma 6.1. �
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7. THE SECOND BASIC LEMMA

Lemma 7.1. Let ε ∈ (0,1) M > 0 and L0 be a natural number. Then there exists an integer
L1 > L0 such that for each ({xt}L1

t=0,{ut}L1−1
t=0 ) ∈ X(0,L1) which satisfies ∑

T−1
t=0 f (xt ,ut+1) ≤

L1µ +M, there are τ ∈ {0, . . . ,L1−L0} and p ∈ {1, . . . , l} such that

ρX(xt ,x∗p)≤ ε, t = τ, . . . ,τ +L0,

ρY (ut ,u∗p)≤ ε, t = τ, . . . ,τ +L0−1.

Proof. Assume the contrary. Then for each integer T > L0 there exists ({x(T )t }T
t=0,{u

(T )
t }T−1

t=0 )∈
X(0,T ) such that

T−1

∑
t=0

f (x(T )t ,u(T )t )≤ T µ +M (7.1)

and for each τ ∈ {0, . . . ,T −L0} and each p ∈ {1, . . . , l} we have

max{max{ρX(x
(T )
t ,x∗p) : t ∈ {τ, . . . ,τ +L0}},

max{ρY (u
(T )
t ,u∗p) : t ∈ {τ, . . . ,τ +L0−1}}}> ε. (7.2)

Let S be a natural number. By (A1) and (7.1), for each integer T > L0 satisfying T ≥ S,
S−1

∑
t=0

f (x(T )t ,u(T )t ) =
T−1

∑
t=0

f (x(T )t ,u(T )t )−∑{ f (x(T )t ,u(T )t ) : t ∈ {S, . . . ,T}\{T}}

≤ T µ +M− (µ(T −S)− c̄)≤ Sµ +M+ c̄.
Extracting subsequences and using the diagonalization process we obtain that there exists a
strictly increasing sequence of natural numbers {Tk}∞

k=1 such that for each nonnegative integer
t there exists a limit

(xt ,ut) = lim
k→∞

(x(Tk)
t ,u(Tk)

t ). (7.3)

Since the graph of the map G is closed we have ({xt}∞
t=0,{ut}∞

t=0) ∈ X(0,∞) and by (7.2) for
each integer S≥ 1,

S−1

∑
t=0

f (xt ,ut)≤ liminf
k→∞

S−1

∑
t=0

f (x(k)t ,u(k)t )≤ Sµ +M+ c̄.

Thus ({xt}∞
t=0,{ut}∞

t=0) is a good trajectory-control pair. Theorem 4.3 implies that there exists
p ∈ {1, . . . , l} such that limt→∞(xt ,ut) = (x∗p,u

∗
p) in X×Y . Thus there exists a natural number τ

such that for each integer t ≥ τ ,

ρX(xt ,x∗p)≤ ε/4, ρY (ut ,u∗p)≤ ε/4. (7.4)

It follows from (7.3) that there exists a natural number k such that Tk > τ +2L0 +2 and

ρ(xt ,x
(k)
t )≤ ε/4, t = 0, . . . ,τ +2L0 +2, (7.5)

ρ(ut ,u
(k)
t )≤ ε/4, t = 0, . . . ,τ +2L0 +2. (7.6)

By (7.4)-(7.6), for each t ∈ {τ, . . . ,τ +L0},

ρX(x
(Tk)
t ,x∗p)≤ ρX(x

(Tk)
t ,xt)+ρ(xt ,x∗p)≤ ε/2,

ρY (u
(Tk)
t ,u∗p)≤ ρY (u

(Tk)
t ,ut)+ρ(ut ,u∗p)≤ ε/2.
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This contradicts (7.2). The contradiction we have reached proves Lemma 7.1. �

8. THE SECOND TURNPIKE RESULT

We continue to study our general optimal control problem.
Now we state and prove our main turnpike result which give the full description of the struc-

ture of approximate optimal trajectory-control pairs ({xt}T
t=0,{ut}T−1

t=0 ) ∈ X(0,T ) where T is
sufficiently large. It is shown that there are mutually disjoint subintervals Ei, i = 1, . . . ,q of
[0,T ] where q≤ l and an injective mapping p : {1, . . . ,q}→ {1, . . . , l} such that the cardinality
of the complement {0, . . . ,T} \∪q

i=1Ei does not exceed a constant which does not depend on
T and for each i ∈ {1, . . . ,q} the set {(xt ,ut) : t ∈ Ei} is contained in a small neighborhood of
(x∗p(i),u

∗
p(i)).

Theorem 8.1. Let L0 be a natural number, M > 0 and ε ∈ (0,1). Then there exist a natu-
ral number L1 > L0 and δ ∈ (0,ε) such that for each natural number T > 2L1 + 8 and each
trajectory-control pair ({xt}T

t=0,{ut}T−1
t=0 ) ∈ X(0,T ) which satisfies

T−1

∑
t=0

f (xt ,ut)≤min{U(0,T,x0,xT )+δ , T µ +M}

there exist a natural number Q ≤ l and nonnegative integers Si,1 < Si,2, i = 1, . . . ,Q from the
interval [0,T ] such that

Si,2 < Si+1,1, i ∈ {1, . . . ,Q}\{Q},

0≤ S1,1 ≤ L1−L0,

Si,2−Si,1 ≥ L0, i ∈ {1, . . . ,Q},

Si+1,1−Si,2 ≤ L1, i ∈ {1, . . . ,Q}\{Q},

SQ,2 ≥ T −L1−1

and that for each i ∈ {1, . . . ,Q} there exists p̃i ∈ {1, . . . , l} such that

ρX(xSi,1,x
∗
p̃i
), ρX(xSi,2,x

∗
p̃i
)≤ δ ,

ρX(xt ,x∗p̃i
)≤ ε, t = Si,1, . . . ,Si,2

ρY (ut ,u∗p̃i
)≤ ε, t = Si,1, . . . ,Si,2−1

and that p̃i1 6= p̃i2 for each i1.i2 ∈ {1, . . . ,Q} satisfying i1 6= i2.

Proof. Lemma 6.1 implies that there exists a number δ ∈ (0,ε) such that the following property
holds:

(i) for each pair of integers T2,T1 satisfying T2≥T1+2, each p∈{1, . . . , l} and each trajectory-
control pair ({xt}T2

t=T1
,{ut}T2−1

t=T1
) ∈ X(T1,T2) which satisfies

ρX(xT1,x
∗
p), ρX(xT2 ,x

∗
p)≤ δ ,

T2−1

∑
t=T1

f (xt ,ut)≤U(T1,T2,xT1,xT2)+δ ,

the inequalities ρX(xt ,x∗p), ρY (ut ,u∗p) ≤ ε holds for all integers t = T1, . . . ,T2− 1. Lemma 7.1
implies that there exists an integer L1 > L0 such that the following property holds:
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(ii) for each trajectory-control pair ({xt}L1
t=0,{ut}L1−1

t=0 ) ∈ X(0,L1) which satisfies

L1−1

∑
t=0

f (xt ,ut)≤ L1µ +M+2c̄

there are τ ∈ {0, . . . ,L1−L0} and p ∈ {1, . . . , l} such that

ρX(xt ,x∗p)≤ δ , t = τ, . . . ,τ +L0

and
ρY (ut ,u∗p)≤ δ , t = τ, . . . ,τ +L0−1.

Assume that T > 2L1 +8 is a natural number and that ({xt}T
t=0,{ut}T−1

t=0 ) ∈ X(0,T ) satisfies

T−1

∑
t=0

f (xt ,ut)≤ T µ +M (8.1)

and
T−1

∑
t=0

f (xt ,ut)≤U(0,T,x0,xT )+δ . (8.2)

Assumption (A1) and (8.1) imply that for each pair of integers S1,S2 ∈ [0,T ] satisfying S1 < S2
we have

S2−1

∑
t=S1

f (xt ,ut) =
T−1

∑
t=0

f (xt ,ut)−∑{ f (xt ,ut) : t ∈ {0, . . . ,S1}\{S1}}

−∑{ f (xt ,ut) : t ∈ {S2, . . . ,T}\{T}}
≤ T µ +M− (µS1− c̄)− (µ(T −S2)− c̄) = µ(S2−S1)+M+2c̄. (8.3)

Property (ii) and (8.34) imply that the following property holds:
(iii) for each integer S ∈ {0, . . . ,T −L1} there are τ ∈ {S, . . . ,S+L1−L0} and p ∈ {1, . . . , l}

such that
ρX(xt ,x∗p)≤ δ , ρY (ut ,u∗p)≤ δ , t = τ, . . . ,τ +L0.

Now we apply property (iii) by induction. Property (iii) implies that there exist

τ1 ∈ {0, . . . ,L1−L0}, p1 ∈ {1, . . . , l}

such that
ρX(xt ,x∗p1

)≤ δ , t = τ1, . . . ,τ1 +L0, (8.4)

ρY (ut ,u∗p1
)≤ δ , t = τ1, . . . ,τ1 +L0, (8.5)

If τ1 +1+L0 +L1 > T, then our construction is completed. Assume that

τ1 +1+L0 +L1 ≤ T. (8.6)

By property (iii) and (8.6), there exist

τ2 ∈ {τ1 +1+L0, . . . ,τ1 +1+L1}, p2 ∈ {1, . . . , l}

such that
ρX(xt ,x∗p2

)≤ δ , t = τ2, . . . ,τ2 +L0,

ρY (ut ,u∗p2
)≤ δ , t = τ2, . . . ,τ2 +L0−1.
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Assume that k ≥ 2 is an integer and we already defined a finite strictly increasing sequence
of nonnegative integers τ1, . . . ,τk from the interval [0,T ] and p1, . . . , pk ∈ {1, . . . , l} such that

0≤ τ1 ≤ L1−L0, (8.7)

(8.4) and (8.5) hold and that for each integer j ∈ {2, . . . ,k},

τ j ∈ {τ j−1 +1+L0, . . . ,τ j−1 +1+L1}, (8.8)

ρX(xt ,x∗p j
)≤ δ , t = τ j, . . . ,τ j +L0, (8.9)

ρY (ut ,u∗p j
)≤ δ , t = τ j, . . . ,τ j +L0−1, (8.10)

τk +L0 ≤ T. (8.11)
(Note that for k = 2 our assumption holds.) If τk + 1+L0 +L1 > T, then our construction is
completed. Assume that

τk +1+L0 +L1 ≤ T. (8.12)
By (8.12) and property (iii) applied with S = τk +1+L0, there exist

τk+1 ∈ {τk +1+L0, . . . ,τk +1+L1}, pk+1 ∈ {1, . . . , l}

such that
ρX(xt ,x∗pk+1

)≤ δ , t = τk+1, . . . ,τk+1 +L0,

ρY (ut ,u∗pk+1
)≤ δ , t = τk+1, . . . ,τk+1 +L0−1

and our assumption holds for k+1 too. Clearly, our construction is completed in a finite number
of steps which is denoted by q. Therefore there exist integers τ1, . . . ,τq ∈ [0,T ] and

p1, . . . , pq ∈ {1, . . . , l}

such that (8.4), (8.7) hold, for each j ∈ {2, . . . ,q} relation (8.8)-(8.10) are true and

τq +L0 ≤ T < τq +L0 +L1 +1. (8.13)

In view of (8.7) and (8.13), we have q≥ 2.
Now we construct another finite sequence which is a subsequence of the sequence {τi}q

i=1.
Set

S1,1 = τ1, p̃1 = p1. (8.14)
If, for each i ∈ {1, . . . ,q}\{1}, we have pi 6= p1, then S1,2 = τ1 +L0, S2,1 = τ2. If pi = p1 for
some i ∈ {1, . . . ,q}\{1}, then we define

t(1) = max{i ∈ {1, . . . ,q}\{1} : pi = p1},

S1,2 = τt(1)+L0,

and if t(1) < q, then S2,1 = τt(1)+1. Then for each integer i satisfying q ≥ i > t(1), we have
pi 6= p1,

ρX(xS1,1,x
∗
p1
), ρY (xS1,2,x

∗
p1
)≤ δ .

In view (8.2), we have

U(S1,1,S1,2,xS1,1,xS1,2)+δ ≥
S1,2−1

∑
t=S1,1

f (xt ,ut).

Together with property (i), this implies ρX(xt ,x∗p1
), ρY (ut ,u∗p1

)≤ ε, t = S1,1, . . . ,S1,2−1.
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Assume that k < q is a natural number. We defined, for each i ∈ {1, . . . ,k},

Si,1 ∈ {τ1, . . . ,τq}, Si,2 ∈ {τ1 +L0, . . . ,τq +L0} (8.15)

and an integer p̃i such that

Si,1 +L0 ≤ Si,2, (8.16)

if i < k, then Si,2 < Si+1,1 < Si,2 +L1, (8.17)

p̃i ∈ {p1, . . . , pq},

ρX(xSi,1,x
∗
p̃i
), ρX(xSi,2,x

∗
p̃i
)≤ δ , (8.18)

ρX(xt ,x∗p̃i
), ρY (ut ,u∗p̃i

)≤ ε, t = Si,1, . . . ,Si,2−1 (8.19)

and if j ∈ {1, . . . ,q} satisfies τ j > Si,2 we have

p̃i 6= p j. (8.20)

(Clearly, our assumption holds for k = 1.)
If Sk,2 = τq + L0, then the construction is completed. Assume that Sk,2 < τq + L0. Then

there exists j ∈ {1, . . . ,q} such that Sk,2 = τ j−1 + L0. Set Sk+1,1 = τ j. In view of (8.8), we
have Sk+1,1− Sk,2 ≤ L1. If for each integer i > j satisfying i ≤ q, we have pi 6= p j, then set
Sk+1,2 = τ j +L0, p̃k+1 = p j. If there exists a natural number i satisfying j < i≤ q and pi = p j,
then we set tk = max{i ∈ {1, . . . ,q} : k < i, pi = p j} and Sk+1,2 = τt(k)+L0. In view of (8.2),
(8.9), (810) and property (i), we have

ρX(xt ,x∗p̃k+1
), ρY (ut ,u∗p̃k+1

)≤ ε, t = Sk+1,1, . . . ,Sk+1,2−1.

Now it is not difficult to see that our assumption holds for k+1 too. Clearly, our construction is
completed in a finite number of steps which is denoted by Q. Therefore our assumption above
holds for k = Q, Since p̃i ∈ {1, . . . , l}, i = 1, . . . , l satisfy p̃i1 6= p̃i2 for each i1.i2 ∈ {1, . . . ,Q}
satisfying i1 6= i2, we have Q ≤ l. Since our assumption above holds for k = Q we have that
(8.14) is true, (8.15)-(8.20) hold for each i∈ {1, . . . ,Q}, for each j ∈ {1, . . . ,Q} satisfying j > i,
p̃ j 6= p̃i, SQ,2 = τq +L0, for each i ∈ {1, . . . ,Q},

ρX(xt ,x∗p̃i
), ρY (ut ,u∗p̃i

)≤ ε, t = Si,1, . . . ,Si,2−1.

Theorem 8.1 is proved. �

9. EXTENSIONS OF THEOREM 8.1

Let M be a natural number and p∈ {1, . . .}. Denote by A (p,M) the set of all x∈ X for which
there exist a natural number T ≤M and a trajectory-control pair ({xt}T

t=0,{ut}T−1
t=0 ) ∈ X(0,T )

such that x0 = x, ∑
T−1
t=0 f (xt ,ut) ≤ M, xT = x∗p and by ¯A (p,M) the set of all x ∈ X for which

there exist a natural number T ≤M and a trajectory-control pair ({xt}T
t=0,{ut}T−1

t=0 ) ∈ X(0,T )
such that

T−1

∑
t=0

f (xt ,ut)≤M, x0 = x∗p, xT = x.
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Proposition 9.1. 1. Let L≥ 1 be an integer, p∈{1, . . . , l} and T ≥ 2L be an integer, y∈A (p,L)
and z ∈ ¯A (p,M). Then

U(0,T,y,z)≤ µ(T )+2L(|µ|+1).
2. Let L≥ 1 be an integer, p ∈ {1, . . . , l} and T ≥ L be an integer and y ∈A (p,L). Then

U(0,T,y)≤ µ(T )+L(|µ|+1).

Proof. Let us prove assertion 1. By definition, there exists ({xt}T
t=0,{ut}T−1

t=0 ) ∈ X(0,T ) and
integers L1,L2 ∈ [1,L] such that x0 = y, xL1 = x∗p, ∑

L1−1
t=0 f (xt ,ut) ≤ L, xT = z, xT−L2 = x∗p,

∑
T−1
t=T−L2

f (xt ,ut)≤ L and
xt = x∗p, t = L1, . . . ,T −L2,

ut = u∗p, t = L1, . . . ,T −L2−1.
The relations above imply that

U(0,T,y,z)≤
T−1

∑
t=0

f (xt ,ut)≤ 2L+{ f (xt ,ut) : t ∈ {L1, . . . ,T −L2−1}}

≤ (T −L1−L2)µ +2L≤ µT +2L(|µ|+1).
Assertion 1 is proved.

Let us prove assertion 2. By definition, there exists ({xt}T
t=0,{ut}T−1

t=0 ) ∈ X(0,T ) and an
integer L1 ∈ [1,L] such that x0 = y, xL1 = x∗p, ∑

L1−1
t=0 f (xt ,ut)≤ L, and

xt = x∗p, t = L1, . . . ,T,

ut = u∗p, t = L1, . . . ,T −1.
Clearly,

U(0,T,y)≤
T−1

∑
t=0

f (xt ,ut)≤ L+(T −L1)µ ≤ µT +L(|µ|+1).

Assertion 2 is proved. This completes the proof of Proposition 9.1. �

Theorem 8.1 and Proposition 9.1 imply the following result.

Theorem 9.2. Let L0,M be natural numbers and ε ∈ (0,1). Then there exist a natural number
L1 > L0 and δ ∈ (0,ε) such that for each natural number T > 2L1 + 8 and each trajectory-
control pair ({xt}T

t=0,{ut}T−1
t=0 ) ∈ X(0,T ) which satisfies at least one of the conditions below:

T−1

∑
t=0

f (xt ,ut)≤U(0,T,x0,xT )+δ , x0 ∈A (p,M), xT ∈ ¯A (p,M);

T−1

∑
t=0

f (xt ,ut)≤U(0,T,x0)+δ , x0 ∈A (p,M)

where p ∈ {1, . . . , l} there exist a natural number Q ≤ l and nonnegative integers Si,1 < Si,2,
i = 1, . . . ,Q from the interval [0,T ] such that

Si,2 < Si+1,1, i ∈ {1, . . . ,Q}\{Q},
0≤ S1,1 ≤ L1−L0,

Si,2−Si,1 ≥ L0, i ∈ {1, . . . ,Q},
Si+1,1−Si,2 ≤ L1, i ∈ {1, . . . ,Q}\{Q},
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SQ,2 ≥ T −L1−1

and that for each i ∈ {1, . . . ,Q} there exists p̃i ∈ {1, . . . , l} such that

ρX(xSi,1 ,x
∗
p̃i
), ρX(xSi,2,x

∗
p̃i
)≤ δ ,

ρX(xt ,x∗p̃i
), ρY (yt ,u∗p̃i

)≤ ε, t = Si,1, . . . ,Si,2−1

and that p̃i1 6= p̃i2 for each i1.i2 ∈ {1, . . . ,Q} satisfying i1 6= i2.

10. THE THIRD TURNPIKE RESULT

Theorem 8.1 describes the structure of M-approximate solutions ({xt}T
t=0,{ut}T−1

t=0 ) of our
optimal control problems on an interval [0,T ] where T is sufficiently large natural number
and M > 0 is sufficiently small. Our next result is related to the case when M is fixed but
not necessarily small. It is shown that there are mutually disjoint subintervals Ei, i = 1, . . . ,q
of {0, . . . ,T} where q does not exceed a constant which does not depend on T and a mapping
p : {1, . . . ,q}→{1, . . . , l} (not necessarily injective) such that the cardinality of the complement
{0, . . . ,T} \∪q

i=1Ei does not exceed a constant which does not depend on T and for each i ∈
{1, . . . ,q} the set {(xt ,ut) : t ∈ Ei} is contained in a small neighborhood of (x∗p(i),u

∗
p(i)).

Theorem 10.1. Let L0,M0 be a natural numbers and ε ∈ (0,1). Then there exist natural num-
bers L1 > L0, q1 and δ ∈ (0,ε) such that for each natural number T > L1 and each trajectory-
control pair ({xt}T

t=0,{ut}T−1
t=0 ) ∈ X(0,T ), which satisfies ∑

T−1
t=0 f (xt ,ut)≤ T µ +M0, there exist

a natural number q≤ q1 and integers ai,bi ∈ [0,T ], i = 1, . . . ,q such that

ai < bi, i = 1, . . . ,q,

bi < ai+1, i ∈ {1, . . . ,q}\{q},

Card({0, . . . ,T}\∪q
j=1{a j, . . . ,b j}} ≤ (2L1 +11)q1

and for each j ∈ {1, . . . ,q} satisfying b j−a j > 2L1 +10 there exist a natural number Q( j) ≤ l
and and nonnegative integers S( j)

i,1 ,S
( j)
i,2 ∈ [a j,b j], i = 1, . . . ,Q( j) such that

S( j)
i,1 ≤ S( j)

i,2 , i = 1, . . . ,Q( j),

S( j)
i,2 < S( j)

i+1,1 ≤ S( j)
i,2 +L1, i ∈ {1, . . . ,Q( j)}\{Q( j)},

a j ≤ S( j)
1,1 ≤ a j +L1−L0,

S( j)
i,2 −S( j)

i,1 ≥ L0, i ∈ {1, . . . ,Q( j)},

SQ( j),2 ≥ b j−L1−1

and that for each i ∈ {1, . . . ,Q( j)} there exists p̃i ∈ {1, . . . , l} such that

ρX(xt ,x∗p̃i
)≤ ε, t = S( j)

i,1 , . . . ,S
( j)
i,2

ρY (uxt ,u∗p̃i
)≤ ε, t = S( j)

i,1 , . . . ,S
( j)
i,2 −1

and that p̃i1 6= p̃i2 for each i1.i2 ∈ {1, . . . ,Q( j)} satisfying i1 6= i2.
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Proof. Let δ ∈ (0,ε) and an integer L1 > L0 be as guaranteed by Theorem 8.1 with M =M0+2c̄
and let a natural number

q1 > 2+δ
−1(M0 + c̄). (10.1)

Assume that an integer T > L1 and that a trajectory-control pair ({xt}T
t=0,{ut}T−1

t=0 ) ∈ X(0,T )
satisfies

T−1

∑
t=0

f (xt ,ut)≤ T µ +M0. (10.2)

Let integers τ1,τ2 satisfy 0≤ τ1 < τ2 ≤ T. Assumption (A1) and (10.2) imply that
τ2

∑
t=τ1

f (xt ,ut) =
T−1

∑
t=0

f (xt ,ut)−{ f (xt ,ut) : t ∈ {0, . . . ,τ1}\{τ1}}

−{ f (xt ,ut) : t ∈ {τ2, . . . ,T}\{T}}
≤ T µ +M0− (τ1µ− c̄)− ((T − τ2)µ− c̄) = (τ2− τ1)µ +M0 +2c̄.

Thus we showed that the following property holds:
(i) for each pair of integers τ1,τ2 with 0≤ τ1 < τ2 ≤ T , we have

τ2−1

∑
t=τ1

f (xt ,ut)≤ (τ2− τ1)µ +M0 +2c̄.

Set t0 = 0. If f (x0,u0)>U(0,1,x0,x1)+δ , then set t1 = 1. Assume that

f (x0,u0)≤U(0,1,x0,x1)+δ .

If ∑
T−1
t=0 f (xt ,ut)≤U(0,T,x0,xT )+δ , then we set t1 = T and our construction is completed and

if ∑
T−1
t=0 f (xt ,ut)>U(0,T,x0,xT )+δ , then we define

t1 = min{p is a natural number such that
p−1

∑
t=0

f (xt ,ut)>U(0, p,x0,xp)+δ}.

Let k ≥ 1 be an integer and we defined a finite strictly increasing sequence of integers

t1 < .. . ,< tk
belonging to the interval [0,T ] such that for each integer j ∈ {0, . . . ,k−1} the following condi-
tions hold: if

f (xt j ,ut j)>U(t j, t j +1,xt j ,xt j+1)+δ , (10.3)
then t j+1 = t j +1;

if
T−1

∑
t=t j

f (xt ,ut)≤U(t j,T,xt j ,xT )+δ , (10.4)

then k = j+1, t j+1 = T ;
if

T−1

∑
t=t j

f (xt ,ut)>U(t j,T,xt j ,xT )+δ , (10.5)

then

t j+1 = min{p > t j is a natural number such that
p−1

∑
t=t j

f (xt ,ut)>U(t j, p,xt j ,xp)+δ}. (10.6)
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(Clearly, our assumption holds for k = 1.) If tk = T , then our construction is completed. Assume
that tk < T. If f (xtk ,utk)>U(tk, tk +1,xtk ,xtk+1)+δ , then tk+1 = tk +1. Assume that

f (xtk ,utk)≤U(tk, tk +1,xtk ,xtk+1)+δ .

If ∑
T−1
t=tk f (xt ,ut) ≤U(tk,T,xtk ,xT )+ δ , then tk+1 = T and our construction is completed. As-

sume that ∑
T−1
t=tk f (xt ,xt+1)>U(tk,T,xtk ,xT )+δ . Then we define

tk+1 = min{p > tk is a natural number such that
p−1

∑
t=tk

f (xt ,ut)>U(tk, p,xtk ,xp)+δ}.

Clearly, our assumption made for k holds for k+ 1 too. It is easy to see that our construction
is completed after a finite number of steps which is denoted by Q. In view of the construction,
tQ = T and the assumption made above holds for k = Q. It is easy to see that there exists a
trajectory-control pair ({yt}T

t=0,{vt}T−1
t=0 ) ∈ X(0,T ) such that

yti = xti, i = 0, . . . ,Q (10.7)

and that for each i ∈ {0, . . . ,Q−1},
ti+1−1

∑
t=ti

f (yt ,vt+1) =U(ti, ti+1,xti,xti+1). (10.8)

Assumption (A1) and equations (10.2), (10.3), (10.7) and (10.8) imply that

T µ +M0− (T µ− c̄)≥
T−1

∑
t=0

f (xt ,ut)−
T−1

∑
t=0

f (yt ,vt)≥ δ (Q−2)

and
Q≤ 2+δ

−1(M0 + c̄). (10.9)

Set
E = {ti : i ∈ {0, . . . ,Q−1} : ti+1− ti ≥ 2L1 +10}. (10.10)

Clearly,
E = {ti1, . . . , tiq} where i1, . . . , iq ∈ {0, . . . ,Q−1}, (10.11)

tis < tis+1, s ∈ {1, . . . ,q}\{q}. (10.12)

Set
as = tis, bs = tis+1−1, s = 1, . . . ,q. (10.13)

It follows from (10.1) and (10.9)-(10.13) that q≤Q≤ 2+δ−1(M0+ c̄)< q1. Let s∈ {1, . . . ,q}.
It follows from (10.6), (10.10) and (10.13) that

bs−as = tis+1− tis−1≥ 2L1 +8 (10.14)

and
bs−1

∑
t=as

f (xt ,ut)≤U(as,bs,xas,xbs)+δ . (10.15)

Equations (10.1) and (10.1) imply that

Card({0, . . . ,T}\∪q
j=1{a j, . . . ,b j}})≤ (2L1 +11)Q≤ q1(2L1 +11).
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In view of equations (10.14), (10.15), for each j ∈ {1, . . . ,q}, the assertion of the theorem
follows from the choice of L1,δ and Theorem 8.1 applied with M = M0 +2c̄. Theorem 10.1 is
proved. �

Theorem 10.1 and Proposition 9.1 imply the following result.

Theorem 10.2. Let L0,M be a natural numbers and ε ∈ (0,1). Then there exist natural numbers
L1 > L0, q1 and δ ∈ (0,ε) such that for each natural number T > L1 and trajectory-control pair

({xt}T
t=0,{ut}T−1

t=0 ) ∈ X(0,T )

which satisfies at least one of the following conditions:

T−1

∑
t=0

f (xt ,ut+1)≤U(0,T,x0,xT )+M,

and

x0 ∈A (p,M), xT ∈ ¯A (p,M),

where, p∈ {1, . . . , l}, ∑
T−1
t=0 f (xt ,ut)≤U(0,T,x0)+δ , and x0 ∈A (p,M), where p∈ {1, . . . , l},

there exist a natural number q≤ q1 and integers ai,bi ∈ [0,T ], i = 1, . . . ,q such that

ai ≤ bi, i = 1, . . . ,q,

bi < ai+1, i ∈ {1, . . . ,q}\{q},

Card({0, . . . ,T}\∪q
j=1{a j,b j}} ≤ (2L1 +11)q1

and for each j ∈ {1, . . . ,q} satisfying b j−a j > 2L1 +10, there exist a natural number Q( j) ≤ l
and and nonnegative integers S( j)

i,1 ,S
( j)
i,2 ∈ [a j,b j], i = 1, . . . ,Q( j) such that

S( j)
i,1 ≤ S( j)

i,2 , i = 1, . . . ,Q( j),

S( j)
i,2 < S( j)

i+1,1, i ∈ {1, . . . ,Q( j)}\{Q( j)},

a j ≤ S( j)
1,1 ≤ a j +L1−L0,

S( j)
i,2 −S( j)

i,1 ≥ L0, i ∈ {1, . . . ,Q( j)},

S( j)
i+1,1−S( j)

i,2 ≤ L1, i ∈ {1, . . . ,Q( j)}\{Q( j)},

SQ( j),2 ≥ b j−L1−1

and that for each i ∈ {1, . . . ,Q( j)}, there exists p̃i ∈ {1, . . . , l} such that

ρX(xt ,x∗p̃i
)≤ ε, t = S( j)

i,1 , . . . ,S
( j)
i,2 , ρY (ut ,u∗p̃i

)≤ ε, t = S( j)
i,1 , . . . ,S

( j)
i,2 −1

and that p̃i1 6= p̃i2 for each i1.i2 ∈ {1, . . . ,Q( j)} satisfying i1 6= i2.
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