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1. INTRODUCTION

The study of the existence and the structure of solutions of variational problems, optimal con-
trol problems and dynamic games defined on infinite intervals and on sufficiently large intervals
has been a rapidly growing area of research [2, 3, 8, 9, 14, 17, 19, 20, 22, 33, 35, 36, 41, 54,
56, 57, 58, 59] which has various applications in engineering [14, 54], in models of economic
growth [1, 13, 14, 18, 23, 31, 32, 34, 38, 40, 46, 50, 52, 54], in infinite discrete models of solid-
state physics related to dislocations in one-dimensional crystals [4, 53], in model predictive con-
trol [ 16, 25] and in the theory of thermodynamical equilibrium for materials [15, 39, 43, 44, 45].
Discrete-time problems optimal control problems were considered in [2, 5, 6, 12, 21, 29],
finite-dimensional continuous-time problems were analyzed in [8, 10, 11, 38, 42], infinite-
dimensional optimal control was studied in [14, 26, 27, 47, 48, 51, 58] while solutions of
dynamic games were discussed in [7, 24, 28, 30, 37, 49].

In this paper we study the turnpike phenomenon for discrete-time optimal control problems
in compact metric spaces. To have the turnpike property means, roughly speaking, that the
approximate solutions of the problems are determined mainly by the objective function and
are essentially independent of the choice of interval and endpoint conditions, except in regions
close to the endpoints.

The turnpike property was discovered by P. Samuelson in 1948 when he showed that an effi-
cient expanding economy would spend most of the time in the vicinity of a balanced equilibrium
path (also called a von Neumann path). It is well known in the economic literature, where it
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was studied for various models of economic growth. Usually for these models a turnpike is a
singleton.

Now it is well-known that the turnpike property is a general phenomenon which holds for
large classes of variational and optimal control problems. In our research, using the Baire
category (generic) approach, it was shown that the turnpike property holds for a generic (typical)
variational problem [54] and for a generic optimal control problem [55].

In this paper we are interested in individual (non-generic) turnpike results for an optimal
control problem with a finite number of turnpikes. In this case the description of the structure
of approximate optimal solutions is obtained. For this optimal control problem we extend the
results obtained in [60] for its particular case arising in model of economic dynamics.

2. PRELIMINARIES

Assume that (X, px), (Y, py) are compact metric spaces, X X Y is equipped with the product
metric Py xy, where

Pxxy (x1,1), (¥2,72)) = px (x1,x2) + Py (y1,52), (xi,yi) €X XY, i=1,2,
U : X — 2% graph(%) = {(x,y): x€X,y € % (x)} is a nonempty and closed set,
F : graph(F) — 2%\ {0},

M = graph(F){(x,y,z) : x€X,y€ U (x), z€ F(x,y)} (2.1)

is a closed set. For each x € X, each y € Y and each r > 0 set B(x,r) = {z € X : px(x,z) <r}
and B(y,r) ={z €Y : py(z,y) <r}. Here we use for simplicity the same notation for balls in
the both spaces X and Y.

We suppose that the sum over empty set is zero and that the infimum over empty set is infinity.
For each x € X and each set A C X, put px(x,A) = inf{px(x,a) : a € A} and for each x € Y
and each set A C Y, put py (x,A) = inf{py(x,a) : a € A}. For each (x;,x;) € X xY and each set
ACX XY, put

pXXy((xl,)Q),A) = inf{pXXy((xl,xz),(al,az)) : (al,az) EA}.

Denote by Card(A) the cardinality of a set A. Assume / is a natural number and x} € X, i =
1,...,[ satisfy

Xi 75 Xiyp (2'2)

for each iy,ip € {1,...,1} such that i; # i and that for each i € {1,...,l} there exists u] € Y
satisfying

(xF,u,x7) € M. (2.3)
Assume that for each ij,i € {1,...,1} such that i; # i; we have
Xiy €F<xi17ui1)' (24)

Let T, > T; be integers. A sequence ({xt}tTiTl : {ut}fi}ll) is called a trajectory-control pair if

(xt,ut,x,+1) € % (25)
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forallt =Ti,...,T» — 1. A sequence ({x;};2z,,{u};2z,) is called a trajectory-control pair if
(2.5) holds for all integers # > Tj. As usual in optimal control theory we consider the minimiza-
tion of some objective functions over sets of trajectory-control pairs. Note that in Chapter 2 we
consider a partial case of the optimal control problems considered here for which

l/l[:.xt+],t:T],...,T2—1.

Proposition 2.1. Let iy,iy € {1,...,1} satisfy iy # ir. Then there exists Y > 0 such that for each
(x,u) € X XY satisfying pxxy (((x7,,u}, ), (x,u)) < v, px (x;,, F(x,u)) > v holds.

11’7

Proof. Assume the contrary. Then for each integer k > 1 there exists (xi,u;) € X x Y such that
px (x7,xk), Py (uf,u) < 1/k and px (x7,, F (xg,uy)) < k=!. This implies that for each integer
k > 1 there exists z; € F(xy,u;) such that px (x;';,zk) < 2/k. Since the graph of F is closed we
obtain x;, € F (x?‘1 N7 ), a contradiction. The contradiction we have reached completes the proof
of Proposition 2.1. U

Proposition 2.1 implies the following result.

Proposition 2.2. There exists v > 0 such that for each iy,ir € {1,...,1} satisfying i} # iy and
each (x,u) € X xY satisfying pxxy (((x7,u’ ), (x,u)) < v, px((x},F(x,u)) > v holds.

11’71 7’

Assume that L : graph(U) — [0, ) is a lower semicontinuous function such that

{(5u7) - ie{l,....1}} ={(x,y) € graph(%) : L(x,y) =0}, (2.6)
a >0, u € R and that 7 : X — R! is a bounded function satisfying
|m(x)| <a,xeX. (2.7)

Define for all (x,u,z) € 4,
v(x,u,z) = L(x,u) + 1+ 7 (x) — 7(2) (2.8)

which is our objective function. Infinite horizon optimal control problems with such objective
functions are often considered in the literature [14, 25, 56]. They correspond to certain models
of economic dynamics.

The next result easily follows from (2.8).

Proposition 2.3. Let T, > T be integers and ({xt}tTiT1 : {u,}[Ti_Tll) be a trajectory-control pair.

Then
-1 -1

Y v unxi1) = Y, Lx,u) +u(T—T1) + m(xr) — (xp).
t=T, =T

Proposition 2.4. Assume that ({x;}7> o, {u:};2) is a trajectory-control pair. Then either the
sequence {ZtT;Ol V(g g, X 1) — UT_ s bounded or it tends to infinity. It is bounded if and
only is Y2 o L(x;,u;) < oo and in this case the sequence {(x;,u;)};>, converges to one of the
points of the set {(x,uf): i=1,...,1}

177

Proof. Assume that ) ;> L(x;,u;) < co. In order to to prove the theorem it is sufficient to show
that the sequence {(x;,u)};>, converges to one of the points of the set {(x,u}): i=1,...,1}.
Clearly, lim; o L(x;,u;) = 0. This implies that the following property holds:

(a) all limit points of the sequence {(x;,u;)};>, belongs to the set {(x},u}): i=1,...,1}.

1771
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Let € € (0,1) be such that
p(x;,,x;,) > 2€ (2.9)
for each pair of integer i,i € {1,...,1} satisfying i; # ip. Proposition 2.2 implies that there
exists & € (0,€&/4) such that the following property holds:
(b) for each iy,i; € {1,...,1} satisfying i} # i, and each (x,u) € X x Y satisfying

pXXY((x;'klau;'kl)? ()C,l/t)) < €0,
the inequality px (x} , F (x,u)) > & holds.

)
Property (a) implies that there exists a natural number ng such that for each integer n > ny,

min{pxxy ((Xn,un), (X7, u7)) s i=1,...,1} < g/4. (2.10)
Let n > ng be an integer. By (2.10), there exists i, € {1,...,I} such that
prY((xnaun),<xzﬂu;;)) <80/4- (2'11)

We we show that such i, € {1,...,1} satisfying (2.11) is unique. Assume that j € {1,...,/} and

prY((xnyun)a (xj,uj)) < 80/4‘

Together with (2.11) this implies that px«y ((x7,u}), (x] ,u;)) < &/2 and in view of (2.9),
in = j. Thus for each integer n > ng there exists a unique i, € {1,...,/} such that (2.11) holds.
Let n > ng be an integer. Equation (2.11) implies that

PXxY((xnaun), (xifﬂu:;)) < 80/47
pXXY((er-laun—H)a (x;';_._lau;';_,'_])) < 80/47

Px (Xnt1,X; ) < €/4. (2.12)
Let i, # i, 1. Property (b) and (2.11) imply that px ()c;kn+1 JF (x,un)) > € /2 and px (X141 ,x;."nﬂ) >

€. This contradicts (2.12). Therefore i,, = i, for each integer n > ng. This implies that i,, = iy,
for each integer n > ng and that for each integer n > ng, px (xn,xj‘no), py (uy, “?:10) < g /4. This
implies that any limit point (z,u) of the sequence {(x;,u;) };, satisfies

pXXY(<Z7u)a (x;'ilo?x;;o)) < 80/4'

Together with property (a) and (2.9), this implies that lim,_,co (X, 1) = (xF ,u} . ). Proposition

inO ’ i}’l
2.4 is proved. 0
Let M be a natural number. Denote by .7 (M) the set of all x € X for which there exists a
trajectory-control pair ({x,}7_, {u;}7"') such that xo =x, T € {1,...,M},
T—1
Z V(xtauhxl-i-l) S M7 Xr € {x;k A 1771}
=0
For each integer T > 0 and each x € X set
T—1
U(T,x) = inf{ Z v, xi1) s ({0 Yo, {ur} 2y is a trajectory and xo = x}.
t=0
Proposition 2.5. Let M be a natural number and x € o/ (M). Then, for each integer T > M,
U(T,x) <M+uT+|u|M.
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Proof. By the definition of o7 (M), there exists a trajectory-control pair ({x,}5_,, {u}?—, ) such
that xo =x, S€ {1,...,M} and ZtS:_OI V(o ur,x41) <M, xg =xV, where p € {1,...,1}. For each
integer ¢ > S, set u; = uj,, x+1 = x,,. Clearly, ({x}72, {u };2) is a trajectory-control pair. It is
not difficult to see that for each integer T > M,

T—1 S—1 T—1
U(T,x) < Z V(X g Xy 1) = Z V(X g, Xp 1) + Z V(X U, Xr41)
1=0 =0 =S
<M+ (T—-S)u<M+uT+|u|M.
Proposition 2.5 is proved. ]

3. A FIRST WEAK TURNPIKE RESULT

In this section, we prove our first turnpike result. It shows that for approximate solutions
({x 3, {us}_)) of our optimal control problem on an interval [0, 7], where T is sufficiently
large, cardinality of all points ¢ € {0, ..., T} such that (x;, u;) does not belong to an €-neighborhood
of the set {(x},u}): i=1,...,1} does not exceed a constant Q which depends on € and does
not depend on 7. In the literature this property is known as the weak turnpike property.

Theorem 3.1. Let My be a natural number, My > 0 and € € (0,1). Then there exists a nat-
ural number Q such that for each natural number T > Q and each trajectory-control pair
({xe} g, {u Y1) which satisfies xo € o7 (Mo) and L3 v(xe,ue,%001) < U(T,x0) + My, there
exists a finite strictly increasing sequence of nonnegative integers t; < --- < ty where k < Q is
a natural number such that t| = 0, ty = T and for each integer p € {1,...,k}\ {k} satisfying
tp1 —tp > 2 there exists i, € {1,...,1} such that

*

pX(-xtax;(p% pY(ulauip) < gt :tp+ 17~--7tp+1 - L

Proof. We may assume without loss of generality that
for each pair of integers i1,i € {1,...,l,} satisfying i; # i». Proposition 2.2 implies that there

exists & € (0,&/4) such that the following property holds:
(a) for each iy, i € {1,...,1} satisfying i; # i and each (x,u) € X x Y satisfying

PXxY((x; ’ u;'k] )7 (X, I/t)) S €0,
the inequality px (x7,, F'(x,u)) > & holds. There exists 6 € (0,€&) such that the following prop-
erty holds:
(b) for each (x,y) € Q satisfying L(x,y) < 8, we have pxy ((x,u),{(x/,u’): i=1,...,1}) <
€/4. Choose a natural number

0> 6 "My +2a+My(lu|+1))+2. (3.2)

Assume that 7 > Q is a natural number and that a trajectory-control pair ({x;}"_, {u,}lT:_Ol)
satisfies
xo0 € o (M) (3.3)

and
T-1
Z v(xg, g, x41) < U(xo,T) + M. (3.4)
=0
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Proposition 2.5 and equations (3.3) and (3.4) imply that

T-1
Y v ur 1) < Mi+Mo(|u]+1) + uT. (3.5)
=0
By (2.7) and (2.8),
T—1 -
Y v, u,xip1) = Z WA L(xe,ur) + 70(x) — (% 41))
=0 t=0
r—1 T—1
>Tu+ Z L(xp,uy) +7(xo) —mw(xp) > T+ Z L(x;,u;) —2a. (3.6)
=0 =0

It follows from (3.2), (3.5) and (3.6) implies that

T—-1
Y L(x,u) + T —2a < My +puT + (|| + 1)Mo,
t=0

T-1
My +Mo(|pu|+1)+2a> Y L(x,u)
=0
> oCard({r € {0,..., T — 1} : L(xt,us) > 8})

and
Card({r € {0,..., T —1}: L(x;,x:41) > 0})

<& MMy (|Ju] + )Mo +2a) < Q2. (3.7)

Inequality (3.7) implies that there exists a finite strictly increasing sequence of nonnegative
integers | < --- < f; where k < Q is a natural number such that

H=0,t,=T (3.8)
and that for each integer p € {1,...,k} \ {k} satisfying 7,1 —1, > 2 we have
L(xt,ut)§5,t:tp+l,...,tp+1—l. (39)

Assume that p € {1,...,k}\ {k} satisfies 1,1 —1, > 2. Lett € {t,+1,...,1,41 — 1}. Property
(b) and (3.9) imply that there exists i, € {1,...,1} such that

pXXY(<xt7ut)7(xZ7uZ)) S80/2' (310)
We show that i; is a unique element of {1,...,/} such that (3.10) holds. Let j € {1,...,1} satisfy
pXXY((xt7ut)> (x;kﬂ/t)]k)) S 80/2'
Together with (3.10), this implies that py (x}xi*t) < g < €. In view of (3.1), we have j = i;.
Thus i; is a unique element of {1,...,/} such that (3.10) holds.
Assume that 7, r+1 € {r,+1,...,1,41 — 1}. It follows from (3.10) that
pXXY((-xlaul‘) (xlﬂu )) < 80/2
and that
Px sy (e 1, ue41), (X7 up ) < €0/2. (3.11)
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We show that i; = i; 1 1. Assume that i; # i, |. Property (a) and (3.10) imply px (x;-“t+1 JF (X up)) >

& and pyx <xi*,+1 ,Xr+1) > &. This contradicts (3.11). The contradiction we have reached proves
that i; =i,y foreachr € {r,+1,...,1)01 — 1} \ {tp41 — 1},
i =g t, E =ty 1ty — 1
and
Pxcy (s ue), (g g1y, 1)) < & 1 €{tp+ 1, tpp1 — 1}

Theorem 3.1 is proved. 0

4. A GENERAL PROBLEM

Now we begin to study a general optimal control problem which contains as a particular case
the model considered in the previous sections. We will not assumed any more that the objective
function v has a special form which was assumed before. On the other hand the mapping F
(here G) is single-valued.

Assume that (X, px), (Y, py) be compact metric spaces, X X Y is equipped with the product
metric Py xy, where

pxxy ((x1,51); (x2,¥2)) = px (x1,%2) + pr (y1,¥2), (xi,3:) €X XY, i=1,2,
% : X — 2¥ is a point to set mapping with a graph
M = graph(% ={(x,y): xeX,ye % (x)}

which is is a nonempty and closed set.

Assume that G : .# — X, f: .# — R the graph graph(G) is a closed set and the func-
tion f is bounded from below and lower semicontinuos. Let 75 > T; be integers. We denote
by X(T1,T»,.#,G) the set of all finite sequences ({xt}ITiTl,{ut}[Ti}ll) which are called as a
trajectory-control pair such that for eacht € {Ty,...,T» — 1},

X €X, u €U (Xe)y X1 = G(xs,uy).

For simplicity, we use the notation X(71,T») = X(T1,T»,.#,G). Let T; be an integer. De-
note by X (7j,e0,.# ,G) (or X(Tj,0), if the pair (.#,G) is understood) the set of all sequences
({xt}7=7,,{ue };27,) which are called as a trajectory-control pair such that for each integer

T, > Ty, we have ({x,}tTiTl,{ut}tTi_Tll) €X(T,Tr,#,G). Let 0 < T} < T be integers. A se-
quence {x,}lTiT1 C X ({x};27; C X respectively) is called a trajectory if there exists a sequence
{ut}tTi}ll CY ({u};2g, CY respectively) such that

T: -1 o oo
(b 2wt 2y) €X(N, To, A, G), ({x iy, {uety,) € X(Th,00,. 4, G)
respectively).
For each pair of integers 7> > T and each y,z € X define

-1

U(T17T27y7z) :lnf{ Z f(xhul‘) :
t=T

({xl‘};riTl ) {ut};ri}ll) € X(T17T2)7 X =Y, X1, = Z} (41>
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and
-1
U(Ti,To,y) =inf{ Y f(x,u):
t=T
~1
(i} i2gy {w20)) € X (T Ta), xry = ) (4.2)
Assume [ is a natural number and xj € X, i =1,...,[ satisfy
Xi 7& Xiyp (4-3)

for each iy,ip € {1,...,1} such that i; # i, and that for each i; € {1,...,/} there exists u} € Y
satisfying
(xfuf) e A, xF = G(x7,u)) (4.4)
and f is continuous at (x},u}) on .Z .
Assume that the following property holds:
(a) for each € > 0 there exists § > 0 such that for each i € {1,...,l} and each x € B(x}, )
there exist u € Y satisfying

(xau> € %7 pY(l"?u;’k) <€, G(X,M) :x;'k
and v € B(u?,€) such that (x7,v) € A4, G(x},v) = x.

Proposition 4.1. Let iy,ip € {1,...,1} satisfy iy # ip. Then there exists v > 0 such that for each
(x,u) € A satisfying pxxy((x],u} ), (x,u)) <7, the inequality px (x} ,G(x,u)) > y holds.

i1 % i’
Proof. Assume the contrary. Then, for each integer k > 1 there exists (xi,ux) € X X Y such
that uy € % (x1), px (7, xx), Py (uj,ux)) < 1/k, and px (x},, G(xy, ux)) < k~!. Since the graph
of G is closed, we obtain x;, = G(x},u), a contradiction. The contradiction we have reached
completes the proof of Proposition 4.1. 0J

*

Assume that u = f(x7,u}), i =1,...,]. We suppose that the following assumption holds.
(A1) There exists ¢ > 0 such that for each pair of integers 7> > T} and each trajectory-control

pair ({x} 27 {w}27)) € X (T, To), £/27 f(x1,u) > (To — Ti)u — € holds.

Assumption (A1) implies the following result.
Proposition 4.2. Assume that ({x;}32 o, {u: }72.) € X (0,00). Then either {1 f(x¢,ur) —Tu}5_,
is bounded or imy_se. ZIT:_OI (f (xpyup) — 1) = oo.

Proof. By (A1), we see that {ZIT;OI f(xs,u;) — T}y, is bounded from below. Assume that it

is not bounded. Let M > 0. Then there exists a natural number 7), such that Zleo_ ! o u) —
Ty > M +¢. It follows from this inequality and assumption (A1) that for each integer T > Ty,

T—-1 Ty—1 T—-1
Zf(xmut)—Tll > Z SO ue) — Tyt + Z fnu)—=(T—Ty)u>M~+c—c=M.
=0 =0 =Ty

Since M is any positive number, this implies lim7_,c ZtT:_Ol (f(x;,u;) — [) = oo. Proposition 4.2
is proved. 0J

A trajectory-control pair ({x;}72 o, {ur}72) € X(0,0) is called good if {¥'/ ' f(xz,ur) —
p}7_, is bounded.
We suppose that the following asymptotic turnpike property ((ATP), for short) holds.
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(ATP) For each good trajectory-control pair ({x;};>, {u;};>) € X(0,20), we have
}LH.}OPXXY((xtaut)a {(-x;'(?’/l;k) S 17 s 7l}> =

Note that (ATP) holds for models of economic dynamics [56] and for optimal control prob-
lems considered in the previous section.

Theorem 4.3. Assume that a trajectory-control pair ({x;};> o, {u; }7> ) € X(0,00) is good. Then
there exists i € {1,...,1} such that limy_se Px xy ((X¢, 1), (xF,uf)) = 0.

2%

Proof. Let € € (0,1). Proposition 4.1 implies that there exists & € (0,€/4) such that the fol-
lowing property holds:

(i) foreach iy, i, € {1,...,1} satisfying i| # i, we have px (x} 11’ u; ) > 2¢& and for each (x,u) €
A satisfying px <y ((x7,,u;, ), (x,u)) < &, the inequality px (x;,, G(x,u)) > & holds.

By (A2), there exists a natural number ng such that for each integer n > ny,

Px sy (), { (x5 uf) s i=1,...,1}) < &/4. (4.5)
Let n > ng be an integer. By (4.5), there exists i, € {1,...,l} such that
Pxxy ((xn, ), (x7 ,u7,)) < €/4. (4.6)

We we show that such i, € {1,...,1} satisfying (4.6) is unique. Assume that j € {1,...,/} and

prY((xmun) ( Xjs j>)<80/4

Together with (4.6), this implies px (x;,x ) < &/2. In view of property (i), i, = j. Thus, for
each integer n > ny, there exists a unique 1nteger in € {1,...,1} such that (4.6) holds.
Let n > ng be an integer. Then (4.6) holds and

prY((xn+1>un+l)a( ln+1’ ln+l)) <£0/4 (47>
We show that i,, = i, 1. Assume that i,, # i, 1. Property (i) and (4.6) imply px xy (G (xpn, 1), x5 ) >

1 X,
g and px (xp+1 ,xj-;m) > &. This contradicts (4.7). The contradiction we have reached provgls
that i, = i, for each integer n > ng. This implies that any limit point (x,u) of the sequence
({xi}32, {ui} ) satisfies px sy ((x,u), (x} O,M;"no)) < & and combined with (A2) and property
(i) this implies that (x,u) = (x;ko, : ) Therefore, limy,_yeo (X, ) = (x}"no,u;‘no). Theorem 4.3 is

proved. U

5. AUXILIARY RESULTS

The following two results follow from the lower semicontinuity of the function f and the
closedness of the

graph(G) := {(x,u,G(x,u)) : (x,u) € A}.

Proposition 5.1. Let T» > T\ be integers and let x,y € X satisfy U(Ty,Tr,x,y) < o. Then
there exists ({xt}t T {ut}T2 1) € X(T1,T») such that xp, = x, xp, =y and Z[Ti}llf(xt,u,) =
U<Tla TZ,X y)

Proposition 5.2. Let T, > T be integers and let x € X satisfy U (T}, Ts,x) < . Then there exists
({x,}[ T {u,}lTi}ll) € X(T1,T») such that xr, = x and Z;Ti}ll fxu) =U(Th, Ta,x).
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Proposition 5.3. Let T be a natural number and j € {1,...,1}. Then
U(0,T,x},xj) =Tu (5.1)

and ({x.}_o, {u: }-)") € X(0,T) satisfies xq =X}, Xp =X}, and YLV f (xe,ur) = T if and only
ifx,:x}k-, u,:u;‘-, t—O,...,T.

Proof. Assume that ({x;}7_o, {u;}")}) € X(0,T) satisfies xo = x7, xr = x7;. Clearly, there exists
({xe )20, {we}72) € X(0,00) such that for all integers ¢ > 0,

Xe+T = Xty U4 T = Uz (5-2>
Clearly, if Z,T:_o] f(x,x41) < T, then liminfg_ (Z,S:_Ol f(xs,u;) —Sp) = —oo and this contra-

dicts Proposition 3.8. Thus ZtT;Ol f(xt,u;) > T . This inequality implies (5.1).
Assume that

T-1
Y, fx,u) =Tu. (5.3)
t=0

It follows from (5.3) and Proposition 4.2 that ({x; }77 , {u: };2) is a good trajectory-control pair
and in view of Theorem 4.3, it converges to (x;,*,u) where i € {1,...,l}. By (5.2), i = j.

l

Proposition 5.3 is proved. H

6. THE FIRST BASIC LEMMA

Lemma 6.1. Let € € (0, 1). Then there exists a number 0 > 0 such that for each natural number
T >2, each p € {1,...,1} and each ({x;}"_o, {u:}'"") € X(0,T) which satisfies

pX(XOax;)7 pX(xT7x;) < 67

Yo f (e ue) <U(O, T, x0,x7) + 8, the inequalities, px (x¢,x), Py (ur,uy,) < € hold for all in-
tegerst =0,...,T — 1.

Proof. Let k > 1 be an integer. Since f is continuous at (x},u’), i = 1,...,] there exists a
number
g € (0,471 (6.1)
such that, for each integer p € {1,...,/} and each (x,u) € .# satistying pxy ((x,u), (x},,u})) <
4€;,, we have
| (xu) = f g up)| <470 (6.2)
Property (a) implies that here exists
& € (0,271 g)] (6.3)
such that the following property holds:
(i) foreach p € {1,...,1} and each x € B(x},, &), there exist u,v € B(u},, &) such that (x,u) €
M, G(x,u) =x), and (x),,v) € A, G(x},,v) = x.
Assume that the lemma does not hold. Then for each integer £k > 2 there exist a natural
number 7}, > 2, an integer py € {1,...,1} and a trajectory-control pair

(DT 3y € X (0,1)

such that

px (g2, Px (25,) < B, (64)
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T —1
Z fxt U <U(O Tkax(())7x§{<))+6k

max{px(x,(k), pk)—i—py(u,(k), W) 1=0,..., T} > e

11

(6.5)

(6.6)

Extracting a subsequence and re-indexing if necessary we may assume without loss of general-

ity that
Pr = P1, k= 1,2,....
For simplicity, set p; = p. Let kK > 1 be an integer. Define

k k
yO :x(() )7 ka :xg‘k)7

up =y, t €{1,... ., T — 1}\{Tx — 1},
Vi =X, t € {1,...,Tk— 1}.
By property (i) and (6.4), there exist
U EB(u;,é‘k) Ur.—1 EB(M 8k)
such that
(vo,uo) € A , G(yo,up) = x),,
* % k
(xXp,un—1) € A, G(x,,un—1) zx(Tk).
Clearly, ({)’t}, 0 {u,}T" 1Y € X(0,Ty). Equations (6.5) and (6.8) imply that
T—1 T—1

Z fxt U < Z fytvul‘ +3k f(x(()k)7u0)+f(x;;7uTk*1)+f(x;’u;)(Tk_

t=0

It follows from (6.2), (6.4), (6.9) and (6.10) that

|f(x(()k),uo)—f(x W), |f (e ug—1) — fh,ub)| <4751
By (6.11) and (6.12),

T—1
fo, ) < Tif () + 84247,
Set
)?(()k) :.X';7 -fz(k) :ngli)h = 17"‘7Tk+ 17 X%LZ :x;
and

70 — ,® t=1,....T.

t t]a

Property (a) and equations (6.4), (6.14), (6.15) 1mply that there exist
ﬂ(()k) € B(u;,sk)

such that
(s, s ) € oty Gy =
and
u¥( )+1 € B(u JEk)
such that

k) ~(k k) ~(k *
(x(Tk),u(Tkll) e, G(x(Tk),u(TkLI) =X,

(6.7)

(6.10)

2) + .

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)
(6.17)
(6.18)

(6.19)
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Equations (6.14), (6.15), (6.17) and (6.19) imply that
(k _(k
{ENE @O € X0, +2).
By (6.14) and (6.15), we have

Ti+1

Ti
Z f )C[ yUu f()z(()k)7ﬂg)k))+ Zf(xt(k)7 i ))+f(ka+l’ug"/]i)+l)

=1
L)+ Z fl + £ ). (6.20)
It follows from (6.2), (6.14), (6.16) and (6.18) that
\f(i(()k),ﬁo) — [y, up,)| < 4-1-1, !f(f%lpﬁrm) — fxu)| < g—k=1

Together with (6.13) and (6.20) this implies that

T +1
fot AN < TS24 pop 2.4kt

< (Te+2)u+5-47+%1 (6.21)

Now we construct a concatenation of all the trajectories ({)E,(k) tT 562, {it,(k) Tk+1) € X(0,T;+2),
k=1,2,....Set S1 = T +2 and for each integer k > 2 set Sy = Sx + T + 2. Put

=i t=0,....11+2,
w=a, t=0,... T +1
and for each integer k > 2, define
(k
XH_Sk:Xlg),tzl,...,Tk+1—|—2,
u — g% =0 T;
t+8, = U 1 =0,..., 1+ 1. (622)

By the definition above, (6.11) and (6.21), ({x:};>,{u/};>) € X(0,0) and for each natural
number k,

Si—1 k Tp+l k
Y o) = Y Y SE87) < Y (T4 2u+5-47 ) <sw2
t=0 p=1 t=0 p=

Thus ({x: };2 g, {ur }7=¢) is a good trajectory-control pair satisfying liminf; e px (x;, x;,) = 0. To-
gether with Theorem 4.3, this relation implies that lim; e (x;, 4;) = (x},,5,). On the other hand,
it follows from our construction, (6.16) and (6.22) that limsup,_, ., (px (x,, p) +py (us,u p)) > €.
The contradiction we have reached proves Lemma 6.1. UJ
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7. THE SECOND BASIC LEMMA

Lemma 7.1. Let € € (0,1) M > 0 and Ly be a natural number. Then there exists an integer
Ly > Ly such that for each ({x,}t 0,{ut}L‘ 1) € X(0,Ly) which satisfies ):tT;OIf(xt,u[H) <
Liu+M, there are T € {0, .. — Lo} and p € {1,...,1} such that
px(x,,x;;) <e t=71,...,T+Ly,
py(u,u,) <€, t=71,...,T+Ly— 1.

Proof. Assume the contrary. Then for each integer T > L there exists ({xt }l O,{ , tT 01) €

X(0,T) such that

Z flx, )<Tu+M (7.1)
and for each 7 € {0,...,T7 — Lo} and each p € {1,...,1} we have
max{max{px(x,(T), x,):ted{r,...,T+Lo}},
max{py (" ,u5) : t € {2,..., 7+ Lo—1}}} > &. (7.2)
Let S be a natural number. By (A1) and (7.1), for each integer T" > L satisfying 7' > S,
RGN SN
Y ra ™y = Y red” ™) - il cred{S,... . TI\{T}}
=0 =0

<Tu+M—(u(T—-S)—¢)<Su+M+2é.
Extracting subsequences and using the diagonalization process we obtain that there exists a
strictly increasing sequence of natural numbers {7} };>_, such that for each nonnegative integer

t there exists a limit
T; T;
(¢, ur) = hm(xt( B Ty, (7.3)

Since the graph of the map G is closed we have ({x;};>, {u:};2) € X(0,%0) and by (7.2) for
each integer S > 1,

fo,,ut <hm1anf )<Su+M+c
Thus ({x;}77, {u,},zo) is a good trajectory-control pair. Theorem 4.3 implies that there exists
p€{l,...,1} such that lim/ e (x;, 1) = (x5, u},) in X X Y. Thus there exists a natural number 7
such that for each integer ¢ > 7,
px (xi,x,) < €/4, py(ur,u,) < e/4. (7.4)
It follows from (7.3) that there exists a natural number & such that 7;, > 7+ 2Ly + 2 and
pax ¥y <eja t=0,...,14+2Ly+2, (7.5)
plur,u™y < e/, 1=0,...,1+2Ly+2. (7.6)

By (7.4)-(7.6), foreach r € {7,..., 7+ Lo},
px (™ ) < px (™ x) + ) < /2,
pr (™ ) < py (™ ) + p s, 0y) < /2.
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This contradicts (7.2). The contradiction we have reached proves Lemma 7.1. ]

8. THE SECOND TURNPIKE RESULT

We continue to study our general optimal control problem.

Now we state and prove our main turnpike result which give the full description of the struc-
ture of approximate optimal trajectory-control pairs ({x;}"_o, {u;}")}) € X(0,T) where T is
sufficiently large. It is shown that there are mutually disjoint subintervals E;, i = 1,...,q of
[0,T] where ¢ <[ and an injective mapping p : {1,...,q} — {1,...,1} such that the cardinality
of the complement {0,...,7}\ U?zlEi does not exceed a constant which does not depend on
T and for each i € {1,...,q} the set {(x;,u;) : t € E;} is contained in a small neighborhood of

Theorem 8.1. Let Ly be a natural number, M > 0 and € € (0,1). Then there exist a natu-
ral number Ly > Ly and & € (0,€) such that for each natural number T > 2L\ + 8 and each
trajectory-control pair ({x;}"_,,{u:} ') € X(0,T) which satisfies

T-1
Y f(xi,u;) <min{U(0,T,x0,x7) + 8, T+ M}
t=0

there exist a natural number Q < | and nonnegative integers S;1 < S;2, i = 1,...,Q from the
interval [0, T] such that

Sio <Sit11,i€{l,...,0}\ {0},
0<811 <Li—Ly,
Sio—Si1>Lo,ie{l,...,0},
Sivi1—Si2 <Ly, ie{l,...,01\{0},
So>T—L;1—1
and that for each i € {1,...,0} there exists p; € {1,...,1} such that
Px (xs;,:Xp5,), Px (Xs,,,%p,) < 6,
Px (%, X5,) <€ t=Si1,...,Si2
py(u,uz) <€ t=3S8;1,...,8i2—1
and that p;, # pi, for each iy.ip € {1,...,Q} satisfying iy # i>.

Proof. Lemma 6.1 implies that there exists a number & € (0, €) such that the following property
holds:
(i) for each pair of integers 75, T} satisfying 7> > Ty +2, each p € {1,...,1} and each trajectory-

control pair ({xt}tTiTl , {u,}tTi_Tll) € X (T, T») which satisfies

-1
pX(-le ax;)v pX('prx;) S 57 Z f(-xla ut) S U(T17T27-xT1 axTz) + 57
t=T
the inequalities px (x;,x},), py (ur,u},) < € holds for all integers t = T1,...,T, — 1. Lemma 7.1
implies that there exists an integer L; > L such that the following property holds:
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(ii) for each trajectory-control pair ({xt}f;(), {u,}gal) € X(0,L;) which satisfies

L—1

Z fx,u) <Lijp+M+2¢
t=0

there are 7 € {0,...,L; — Lo} and p € {1,...,[} such that
px (xr,x,) <6, t=1,...,T+Lo
and
py(u,u,) <6, t=1,...,7+Lo— 1.
Assume that 7 > 2L; + 8 is a natural number and that ({x;}/_, {u,}1_') € X(0,T) satisfies

T-1

Y flo,u) <Tu+M (8.1)
t=0
and
T-1
Y fx,u) <U(O,T,x0,x7) 4 6. (8.2)
t=0

Assumption (A1) and (8.1) imply that for each pair of integers Sy, S, € [0, 7] satisfying S} < S»

we have
S,—1

T-1
Y fluu) = ;)f(xn“t)—Z{f(xta”t): 1€{0,....Si}\{S1}}

=5,
Y A fCour) s 1€ {82, , TI\{T}}
<Tu+M—(uS)—¢)— (T —S2) —¢) = u(S2—S1) + M +2¢. (8.3)
Property (ii) and (8.34) imply that the following property holds:
(iii) for each integer S € {0,...,T — L} there are T € {S,...,S+L; — Lo} and p € {1,...,I}
such that
px (xe,x,) < 8, py(ur,u,) <6,t=1,...,7+Ly.
Now we apply property (iii) by induction. Property (iii) implies that there exist
7 €{0,....L1 — Lo}, p1 €{1,...,1}
such that
px (xr,x, ) <8, t=11,...,71 + Lo, (8.4)
py (ur,u, ) <8, t=11,...,71+ Lo,
If 11+ 1+ Lo+ Ly > T, then our construction is completed. Assume that
T1+1+Lo+L; <T. (8.6)
By property (iii) and (8.6), there exist
ne{n+1+Ly,....,11+1+L1}, ppe{l,....01}
such that
pX(xt,x;‘,z) <6,t="1,...,7n+ Ly,

pY(ulauzz) SS? I="7,....,0a+Lo— L
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Assume that k£ > 2 is an integer and we already defined a finite strictly increasing sequence

of nonnegative integers 7i, ..., T; from the interval [0,7] and py,...,py € {1,...,1} such that
0< 1 <Li— Lo, (8.7)
(8.4) and (8.5) hold and that for each integer j € {2,...,k},
Tie{ti-1+1+4+Lo,...,Ti1+1+L1}, (8.8)
pX(xt,x;j) <6,t=1j,...,7j+Lo, (8.9)
py(ut,u;j)gé,t:rj,...,rj+Lo—l, (8.10)
w+Ly<T. (8.11)

(Note that for k = 2 our assumption holds.) If 7, + 14 Lo+ L; > T, then our construction is
completed. Assume that
T+ 1+Lo+L <T. (8.12)

By (8.12) and property (iii) applied with S = 7, + 1 4 L, there exist
1 €{t+1+Lo,..., 5+ 1+ L1}, prq €{1,...,1}
such that
Px (X, Xp, ) <8, = Tq1s- o, Ter1 + Lo,
py(ut,u;kﬂ) <6, t=Ti1,---, k1 +Lo— 1

and our assumption holds for k+ 1 too. Clearly, our construction is completed in a finite number
of steps which is denoted by g. Therefore there exist integers 71,...,7, € [0,7] and

Pl,---sPq € {1,...,1}
such that (8.4), (8.7) hold, for each j € {2,...,q} relation (8.8)-(8.10) are true and
Ty+Lo<T <7ty+Lo+Li+1. (8.13)

In view of (8.7) and (8.13), we have g > 2.
Now we construct another finite sequence which is a subsequence of the sequence {Ti}?zl.
Set

Si1=1, pr=p1. (8.14)
If, foreach i € {1,...,q} \ {1}, we have p; # p1, then S12 = 71 + Lo, S2.1 = ». If p; = p; for
some i€ {1,...,q}\ {1}, then we define

t(1)=max{i e {1,...,q}\{1}: pi=p1},
S1,2 = (1) + Lo,
and if #(1) < g, then Sy | = 7(;)41. Then for each integer i satisfying g > i > #(1), we have
pi 7 p1,
pX(xSlJ?x;;l)? pY(xSl,zasz;l) <.
In view (8.2), we have

S1p—1
U(Sl,bSl,Z?xS]’]?-xSlﬁz)+5 Z Z f(xl‘aul)'

t:S]‘l

Together with property (i), this implies py (x,,xj{,I ), PY(Mz,M}k,I) <et=811,...,512—1.
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Assume that k < g is a natural number. We defined, for each i € {1,..., k},

Siied{r,....5}, Size{n+Lo,...,74+Lo} (8.15)
and an integer p; such that
Si1+Lo < Si2, (8.16)
if i < k,then Sj5 < Sis11 < Sia+Li, (8.17)
pi€{p1,--,Pq}s

px (x5, 63, Px(¥s,0,5) < 8, (8.18)
px (xe,x5,), Py (ur,up) <€ t=S8;1,...,8i2—1 (8.19)

and if j € {1,...,q} satisfies ; > S;» we have
pi# pj. (8.20)

(Clearly, our assumption holds for k = 1.)

If Sx» = 74+ Lo, then the construction is completed. Assume that Sy > < 7, + Lo. Then
there exists j € {1,...,q} such that Sy > = 7;_1 + Lo. Set Sg;11 = 7;. In view of (8.8), we
have Sp411 —Sk2 < Ly. If for each integer i > j satisfying i < g, we have p; # p;, then set
Sk+1,2 = Tj+ Lo, Prr1 = pj. If there exists a natural number i satisfying j <i < g and p; = pj,
then we set p = max{i € {1,...,q}: k <i, pi=p;} and Sg112 = T + Lo In view of (8.2),
(8.9), (810) and property (i), we have

* *
pX(X[,XﬁkH), py(ut,uﬁkﬂ) <Egt= Sk+171,...,Sk+1,2 — 1.

Now it is not difficult to see that our assumption holds for £+ 1 too. Clearly, our construction is
completed in a finite number of steps which is denoted by Q. Therefore our assumption above
holds for k = Q, Since p; € {1,...,1}, i = 1 satisty p;, # pj, for each ij.ip € {1,...,0}
satisfying i; # iy, we have Q < [. Since our assumptlon above holds for k = Q we have that
(8.14) is true, (8.15)-(8.20) hold for each i € {1,...,0}, foreach j € {1,...,Q} satisfying j > i,
Pj# Pi» So2 =14+ Lo, foreachi e {1,...,0},

pX(xl‘axp,> pY(uh )<8 = Si,la"'vsi,Z_l'
Theorem 8.1 is proved. ]

9. EXTENSIONS OF THEOREM &.1

Let M be a natural number and p € {1,...}. Denote by <7 (p, M) the set of all x € X for which
there exist a natural number T < M and a trajectory-control pair ({x;}"_,, {u;}.-)}) € X(0,T)
such that xo = x, Y f(xi,u) < M, x = xy, and by a/ (p,M) the set of all x € X for which
there exist a natural number T < M and a trajectory-control pair ({x}"_,, {u;}.")}) € X(0,T)
such that

T-1
Z S u) <M, xo = x,,, x7 = x.
=0
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Proposition 9.1. 1. Let L > 1 be an integer, p € {1,...,1} and T > 2L be an integer, y € </ (p,L)
and 7 € o/ (p,M). Then
U(0,T,y,2) < u(T)+2L(|u[+1).
2. Let L> 1 be an integer, p € {1,...,1} and T > L be an integer and y € </ (p,L). Then

U(0,T,y) < u(T)+L(|u|+1).

Proof. Let us prove assertion 1. By definition, there exists ({x;}"_,,{u:}/ ') € X(0,T) and
integers Ly,L, € [1,L] such that xo =y, x1, = x},, Zf:‘alf(x,,u,) <L, xr =2z, Xr-1, = X,
Y/ g, f(,u) < Land
Xt :x;, t=1Ly,...,T — Ly,
Uy :u;’;, t=Ly,....,T—Lr,—1.
The relations above imply that

T-1

U(O,T,y,z) S Z f(xt7ut) SzL—I—{f(xlaut): re {L177T_L2_1}}
t=0

<(T—Ly—Ly)u+2L < uT+2L(|pu|+1).
Assertion 1 is proved.
Let us prove assertion 2. By definition, there exists ({x;},_,{u:},_, ) € X(0,7) and an
integer Ly € [1,L] such that xo =y, x1, = xJ,, Z[LZIEI f(xpu) <L, and

X =X, t=Ly,...,T,
up =y, t =Ly,....T—1.
Clearly,
T—1
UO,7,) < ¥ () <L (T~ Lo < uT+L(|| +1).
t=0
Assertion 2 is proved. This completes the proof of Proposition 9.1. 0

Theorem 8.1 and Proposition 9.1 imply the following result.

Theorem 9.2. Let Ly, M be natural numbers and € € (0, 1). Then there exist a natural number

Ly > Ly and 8 € (0,¢€) such that for each natural number T > 2L, + 8 and each trajectory-

control pair ({x;}_o, {us}[=') € X(0,T) which satisfies at least one of the conditions below:
T—1

Z f(xtaul) < U(()?TaanxT) +57 Xp € VQ{(]LM)a Xr € %(va)’

t=0

T—1

Z f(xtvul) < U(()?Tva) +65 X0 € d(p7M)

t=0
where p € {1,...,1} there exist a natural number Q < | and nonnegative integers S;1 < S; 2,
i=1,...,0 from the interval [0,T| such that

Sip <Siy1,1, i€ 4{1,...,0}\ {0},
0<S811 <L— Ly,
Sip—Si1>Lo, i€{1,...,0},
Sivi1—Si2 <Ly, ie{l,...,0}\{0},
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Spo22>T—Li1—1
and that for each i € {1,...,0} there exists p; € {1,...,1} such that
pX(xSi,l 7xp,) pX<x512’ Xpi ) <9,

PX(xmxpl) PY()’I, p) < E 1 _Si,h"';Si,Z_l
and that p;, # pi, for each iy.ip € {1,...,Q} satisfying iy # i>.

10. THE THIRD TURNPIKE RESULT

Theorem 8.1 describes the structure of M-approximate solutions ({x,}"_,, {u;}!-;') of our
optimal control problems on an interval [0,7] where T is sufficiently large natural number
and M > 0O is sufficiently small. Our next result is related to the case when M is fixed but
not necessarily small. It is shown that there are mutually disjoint subintervals E;, i = 1,...,¢q
of {0,...,T} where ¢ does not exceed a constant which does not depend on 7' and a mapping
p:{l,...,q} = {1,...,1} (not necessarily injective) such that the cardinality of the complement
{0,...,T}\ UL E; does not exceed a constant which does not depend on 7" and for each i €
{1,...,q} the set {(x;,u;) : t € E;} is contained in a small neighborhood of (x;(l.),u;(i)).

Theorem 10.1. Let Ly, My be a natural numbers and € € (0,1). Then there exist natural num-
bers L1 > Ly, q1 and & € (0,€) such that for each natural number T > Ly and each trajectory-
control pair ({x;}_,, {ut}tT:j)l) € X(0,T), which satisfies ):tT:*Ol f(xyup) < T+ Mo, there exist
a natural number q < q and integers a;,b; € [0,T], i =1,...,q such that

ai <bi7 = 17"'3Q7
bi < qj+1, S {177Q}\{q}7
Card({O T}\Uq._ {aj,... b}} < (2L1 + 11)(]1
and for each j € {1,...,q} satisfying b; —a; >2L; + 10 there exist a natural number QU)
and and nonnegative integers s Sl(jz) €laj,bjli=1,. .., 0Y) such that

i1
s <sifli=1,..09,
s <SS L ie{l..,.00 (o),
aJSSE{% Saj—f-Ll—L(),
s =il = Lo ie {1,001,
SQJ)2>b —Li—1
and that for each i € {1,...,0Y there exists p; € {1,...,1} such that
PX(Xt, )<8 t—S() S(])
Py (ux;, u; )<8 t—Sl(’JP,...,SE’];—l

and that p;, # pi, for each iy.ip € {1,...,0 } satisfying iy # iy.
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Proof. Let 6 € (0,€) and an integer L; > Ly be as guaranteed by Theorem 8.1 with M = M+ 2¢
and let a natural number

q1>2+8 1 (My+¢). (10.1)
Assume that an integer 7 > L; and that a trajectory-control pair ({x}"_,, {u;}")}) € X(0,T)

satisfies
T-1

Y fCxu) < T+ M. (10.2)
t=0
Let integers 71, 7 satisfy 0 < 71 < 7p < T. Assumption (A1) and (10.2) imply that

7 T-1
Y flnu) = ;)f(xt»“t) —{fGxru) 1 €{0,...,u\{n}}

=T
—{f(x,u) s t €{m,....,T}\{T}}
STu+Mo—(tip—¢)— (T —m)u—20) = (1 — 7)1 + Mo +2¢.
Thus we showed that the following property holds:
(1) for each pair of integers 71,7, with 0 < 71 < 7, < T, we have

TH—1

Y, flxu) < (72— )+ Mo+ 26

=1
Set tg = 0. If f(xq,u0) > U(0,1,xp,x1)+ 6, then set 7; = 1. Assume that
f(x(),u()) < U(O, 1,X(),X1) + 0.
If ):tT:’OI f(xe,u) <U(0,T,x0,x7)+ 0, then we set 1; = T and our construction is completed and
it Y1) f(x,ur) > U(0,T,x0,x7) + 8, then we define

p—1
t1 = min{p is a natural number such that Y_ f(x;,u;) > U(0, p,x0,xp) + 8}
t=0

Let k > 1 be an integer and we defined a finite strictly increasing sequence of integers
h<..<t

belonging to the interval [0, 7’| such that for each integer j € {0,...,k— 1} the following condi-
tions hold: if

S (apur) > Uty 5+ 1,5, %,41) + 6, (10.3)
thent; 1 =1t;+1;
if
T-1
Zf(-xhul) SU(tj7T,th,XT)+5, (104)
1=t;
thenk=j+1,1;.1=T;
if
T-1
Zf(xtaut) >U(t),T,x;,xr) + 0, (10.5)
1=t
then
p—1

tj+1 = min{p > ¢; is a natural number such that Z f(e,u) > Uty p,xe;,xp) + 6} (10.6)
1=t;
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(Clearly, our assumption holds for k = 1.) If #x = T, then our construction is completed. Assume
thatty < T.If f(x;,us) > U(te,tx + 1,%,, % 41) + 6, then t5 | =t + 1. Assume that

f(xtkautk) S U(tkvtk+ l7xtk7xlk+l> + 6

If Z;T:_;kl fx,u) <U(t,,T,x;,x7) + 0, then fr; = T and our construction is completed. As-

sume that Z,T:_,kl f(xe,x41) > U(t, T, xy,x7) + 0. Then we define

p—1

fr+1 = min{p > 1 is a natural number such that Z [ u) > U(t, pyxe,,xp) + 0}

=ty
Clearly, our assumption made for k holds for £+ 1 too. It is easy to see that our construction
is completed after a finite number of steps which is denoted by Q. In view of the construction,
to = T and the assumption made above holds for k = Q. It is easy to see that there exists a
trajectory-control pair ({y}"_o, {v:}=,') € X(0,T) such that

yli:xli7 izO,-..,Q (107)
and that for eachi € {0,...,Q0 — 1},
fir1—1
Z f(yf7vt+1) = U(ti7ti+17x[[7xli+1)' (108)
t=t;

Assumption (A1) and equations (10.2), (10.3), (10.7) and (10.8) imply that

T-1 T-1
T,LL—FM()—(T‘U,—E) > Z f(xt7ul)_ Z f(yt7vl) > 6(Q_2)
t=0

=0

and
Q<2+8 1 (My+2o). (10.9)

Set
E={ti:ie€{0,...,0—1}: tiy; —t; > 2L, +10}. (10.10)

Clearly,

E={t;,...,t;,} where iy,...,i; €{0,...,0—1}, (10.11)
ti, <ti,, s€{l,....q}\ {q}. (10.12)

Set
asztis,bszti5+1—1,SZI,...,q. (10.13)

It follows from (10.1) and (10.9)-(10.13) that g < Q <2+ 81 (Mo +¢) < q1. Let s € {1,...,q}.
It follows from (10.6), (10.10) and (10.13) that

by—a;=t; 41 —t;, —1>2L; +8 (10.14)

and
bs—1

Z fxe,u) <Ul(ag,bg,xa,,%p,) + 0. (10.15)

t=ay

Equations (10.1) and (10.1) imply that
Card({O,. --7T}\U;I':1{aj7~ ,bj}}) < (2L1 + 11)Q < ql(ZLl + 11)
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In view of equations (10.14), (10.15), for each j € {1,...,q}, the assertion of the theorem
follows from the choice of Li, 6 and Theorem 8.1 applied with M = My + 2¢. Theorem 10.1 is

proved. U
Theorem 10.1 and Proposition 9.1 imply the following result.

Theorem 10.2. Let Ly, M be a natural numbers and € € (0, 1). Then there exist natural numbers
Ly > Lo, q1 and 6 € (0,¢€) such that for each natural number T > Ly and trajectory-control pair

({x 3o {us} ') € X(0,T)

which satisfies at least one of the following conditions:

T-1

Z f(xtvul—H) < U(O,T,Xo,XT> +M7
t=0

and
Xp € 'Q{<p7M)7 XT € 'KJ(puM)a

where, p € {1,...,1}, ZtT:_Ol fxu) <U(0,T,x0)+ 8, and xo € o/ (p,M), where p € {1,...,1},
there exist a natural number q < q1 and integers a;,b; € [0,T|, i = 1,...,q such that

aigbiv izlv"'aq7

bi < ait1; S {157Q}\{Q}’
Card({O, .. .,T}\U;I-Zl{aj,bj}} < (2L1 + 11>q1
and for each j € {1,...,q} satisfying bj —a; > 2Ly + 10, there exist a natural number o) <

and and nonnegative integers ngl) Sl(jz) €laj,bjli=1,..., 0Y) such that

0 <l im1.00

)

S <) ie{l,..., 001\ {QV},
a; < SE{% <aj+L;— Ly,
SE =8 > Lo, ie{1,....00},

S —SE <Ly ie{1,..., 093\ {oV},

i+1,1 "

S ()2 ij—Ll—l

0

and that for each i € {1,...,0V}, there exists p; € {1,...,1} such that
px (xr,x5,) < €, t:Sl(fll),...,S(Q, py (ur,u3,) < €, t:Sl(j),...,Sf’Q —1

L )

and that p;, # pi, for each iy.ip € {1,.. .,Q(j)} satisfying iy # iy.
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