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Abstract. In this paper, we develop and study a new class of rapidly convergent proximal-like algorithms CRIPGA
for solving structured non-smooth and convex minimization problems in a real Hilbert space framework. It can
be regarded as a discrete counterpart of some recently discussed continuous Newton-like dynamical system with
remarkable convergence properties. This new numerical scheme incorporates a correction term, besides the typical
momentum term (arising in acceleration techniques introduced by Nesterov). As a special case of the parameters,
we recover the very recently investigated method RIGPA (with no occurrence of correction term), for which inter-
esting convergence properties were first established in the context of non-smooth minimization. A main specificity
of both these latter processes is that they generate sequences that not only converge (towards equilibria) with some
property of fast decaying subgradients (well-known as an uncommon efficient stability phenomenon), but also that
minimize the function values at the rate o(n~2) (as for the most famous related methods). However, our algo-
rithm provides us some additional degree of freedom (through the correction term) that considerably influences
its convergence properties. Numerical experiments are furthermore performed so as to illustrate the efficiency of
CRIPGA compared with both classical and recently studied methods.
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1. INTRODUCTION

The purpose of this work is to propose and discuss a numerical approach to structured and
(possibly) non-smooth minimization problems, by means of rapidly convergent proximal meth-
ods, in the context of real Hilbert spaces. Throughout this paper, H is a real Hilbert space

endowed with inner product and induced norm denoted by (.,.) and || . ||, respectively. Our
attention here will be focused on solving the structured convex programming problem:
min{®(x) := f(x)+g(x): xe€H}, (1.1)
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where f and g satisfy the conditions below:

g H — (—o0,00] is convex, proper and lower semi-continuous, (1.2)

f+ H — (—o0,00) is convex and continuously differentiable,
with L-Lipschitz continuous gradient V f

S 1= argming ® # 0. (1.4)

(1.3)

This problem has been intensively studied in the last decades due to its applications in numer-
ous real-life fields, such as for instance, image processing, computer vision, machine learning
or signal processing. It also encompasses other important issues such as variational inequalities.
As an example developed in this paper, the considered problem occurs in image reconstruction
with g(x) = ||x — b1 (b being the input image to be processed (see, e.g., [12, 28]])), which acts
as a data fidelity term.

Remark 1.1. The proximal mapping of g with index pt > 01is defined for x € H by prox,, g(x) =
argmin,p; (¢(v) + (2u)~'[lx—y||*). This is nothing but the resolvent operator J, 5, := (I +
udg)~!, where dg : H — 2 is the Fenchel subdifferential of g. It is well-known to be single-
valued and everywhere defined (see, e.g., [9, 13, [17]).

In order to approximate some solution to (1.1)-(1.4)), we consider the sequences {x,,y,} C
H generated by the following Corrected and Relaxed Inertial Proximal Gradient Algorithm
(CRIPGA, for short).

General form of CRIPGA :
o> Initialization: take {z_1,x0,y0} C H.
> Updates : given {z,_1,x,,v,} C H, we compute the updates by

Zn:xn_en(yn_xn)_rln(xn_zn—l)7 (1.5)
Xn+1 :Juag(zn —,va(Zn)), (1.6)
Yn+1 = (1 - K))’n + KXy, (L.7)

where {x,u} C (0,00), (1,) C [0, 1), while (6,) C (0,0) is defined, for some additional param-
eters e, > 0 and (v,,) C (0,0), by :
6y = YU Wuir, (1.8)

ex+Vpti

The parameters v, and 1, are intended (for some constant € € [0, 1)) to be such that
V’(,—:‘—H, V,—o and N,—€ (asn— o). (1.9)

The form of this method was recently suggested by Maingé-Weng-Law [21] as a discrete coun-
terpart of a continuous dynamical system (see Section[2.2)). The simple form of CRIPGA gener-
alizes some interesting convergence features of Newton-like methods for convex minimization.

Remark 1.2. Let us stress that CRIPGA (1.5)-(1.8) can be equivalently written as the algo-
rithm CRIPGA-B (1.10)-(1.13)) below whose formulation is more familiar to the optimization
community (see Proposition [2.1)).
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CRIPGA-B (as an alternative form of CRIPGA):
> For n > 1, given {z,—2,Y»—1,Yn }, we compute the updates by

n—1 :yn+an—l<)’n_yn—l)+nn(zn—2_yn—l)7 (1.10)
Xn :proxug(zn_l —UuVf(za-1)), (1.1D)
Yn+1 = (1_K)yn+me (1.12)

where the momentum coefficient (o) C (0, x~!) is defined by
=k '(1+6,-n,) —1. (1.13)

It can be seen that the algorithm CRIPGA-B includes a relaxation term (1 — K)yj,, an extrap-
olation parameter @, along with a correction term 7,(z,—2 — y,—1). Pioneering approaches to
accelerated proximal methods only combining relaxation and inertia were discussed for instance
by Attouch-Cabot [2] (using varying parameters (k) and (i) instead of the constant values
K and [.L) and Iutzeler-Hendrickx [[15] (relative to averaged operators). It can be noticed that,
as in these previous schemes, the extrapolation coefficient @, usually belongs to [0, 1], while,
for CRIPGA-B, it satisfies o, — (1 — 8)1('_1 (so that, when k € (0, 1), o, can be greater than 1
under the assumptions in ) Let us mention that a similar correction term as in CRIPGA-B
was incorporated in proximal-like methods (even relative to more general structured inclusion
problems (see Labarre [16], Maingé-Weng-Law [22], Tran-Dinh [31])) in which the correction
coefficient satisfies 11, — 1, while for CRIPGA-B, 7, is set to be such that n, — € € [0,1) (as
n — o).

A new class of algorithms given by (I.5)-(L.8) is proposed for solving non-smooth convex
structured minimization problems. This new class recovers the recently studied method RIGPA
(see Maingé-Labarre [20]) when 1, = 0, for which interesting convergence properties were
stated even in the context of non-smooth optimization. Convergence results are established for
(L.5)-(T.8) in the setting of either general parameters (Theorem [5.1)) or particular ones (Corol-
lary [5.2) with v, = n+ vy (for some positive constant vp). Our approach relies on Lyapunov
properties of some energy-like sequence E,(s,q) (defined in for s > 0 and g € §) asso-
ciated with our process. Specifically, as for the methods Accelerated Forward-Backward (AFB
- see Attouch-Peypouquet [6]) and RIGPA, we prove under appropriate conditions (including
the ranges of parameters k € (0,2) and e, > 21(*1) that — also generates (weakly)
convergent sequences (x,) that achieve a complexity result of o(n™=) for minimizing the func-
tion values. Moreover, by exploiting the first-order formulation of —, we successfully
set out (even in the non-smooth setting) the existence of subgradients & € d@(x,) that obey
Y, n%||E||> < eo. This estimate corresponds to the stability phenomenon known as the property
of fast decaying subgradients obtained for RIGPA (see also, Shi-Du-Jordan-Su [29], Attouch-
Chbani-Fadili-Riahi [3]).

Our new class of algorithms provides us with an additional degree of freedom (compared
with RIGPA) through the correction coefficient 1), that considerably influences the convergence
of the method particularly in the range € € (0, 1).

An outline of this paper is as follows. In Section [2] we show connections between CRIPGA
(I.5)-(T.8) and the state of the art, but we also prove the equivalency between CRIPGA and
CRIPGA-B (I.10)-(T.13). In Section 3] an important inequality is stated in view of a Lyapunov
analysis of the method. In Section[d] we then conduct a preliminary convergence analysis of the
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proposed algorithm. Section [3]is devoted to the main estimates and convergence results related
to CRIPGA. Numerical experiments are performed in Section[6]so as to illustrate the efficiency
of the considered method.

Remark 1.3. From now on, for the sake of legibility, we use the following notations:

- Given any sequence (u,), we denote u, = u, — u,_ (but we sometimes write [u,]o = u, —
u,_1 instead) and i, = u, — 1, 1.

- For any real 7, we denote (1) = max{0,¢}.

2. CONNECTION OF THE CONSIDERED METHOD WITH THE STATE OF THE ART AND
CONTINUOUS DYNAMICAL SYSTEMS

2.1. Some reminder regarding existing algorithms. Let us underline that the proposed al-
gorithm CRIPGA (I.5)-(1.8) can be regarded as an enhanced version of other proximal-type
algorithms studied in the literature.

Indeed, in the special instance where k¥ = 1 and v,, = 1,, = 0, CRIPGA reduces to the well-
known Forward-Backward Algorithm (see, e.g. Lions-Mercier [18]], Passty [27]), which con-
siders the sequence (x,) generated by the following process

Xnt1 = Proxy, o (Xn — UV f(xn)). (2.1)
For a function f such that Vf is L-Lipschitz continuous, and for indexes (u,) C (0,L71),
(2.1) was shown to generate weakly convergent sequences (x,) that satisfy the (sub-linear) rate
O(x,) —infy ® = O(n~ 1) (see [10]).
In the special case when k =1, 7, =0, v, =n—1 and e, = a — 1, CRIPGA reduces to the
algorithm below proposed by Chambolle-Dossal [[11] (also see Attouch-Peypouquet [S])

Zn =Xn+ nﬂ%(xn —Xp—1);,  Xn+1 = ProX;,(zn — 1V f(zn)), (2.2)
where u € (O,L_l) and o > 0. For o > 3, the authors successfully proved (see [3]) that
generates (weakly) convergent sequences (x,) that minimize the function values with a con-
vergence rate @(x,) —infy ® = o(n~2). This algorithm can be seen as an improved variant of
FISTA (Fast Iterative Soft Thresholding Algorithm) discussed by Beck-Teboulle [8] (also see
[32]). Recall that FISTA, which incorporates the acceleration techniques introduced by Giiler
[14] and Nesterov [23] 24, 25]], was shown to generate iterates (x,) that satisfy the convergence
rate ©(x,) — infy ® = O(n~2) but whose convergence has not been proved.

In absence of correction term (namely 1, = 0), CRIPGA (through its formulation CRIPGA-
B) reduces to the algorithm RIGPA investigated by Maingé-Labarre [20] for which the property
of fast vanishing subgradients was established (also see, e.g., Attouch-Peypouquet-Redont [7],
Shi-Du-Jordan-Su [29]), besides the convergence rate ®(x,) — infy ® = o(n2).

It is worthwhile mentioning that a closely related corrected and relaxed inertial forward-
backward algorithm was recently investigated by Maingé-Weng-Law in [22] relative to the
more general framework of structured monotone inclusions (see also Tran-Dinh [31]] for a sim-
ilar approach). It consists of a modification of the classical forward-backward algorithm, that
incorporates a correction term besides the classical momentum term, combined with a constant
relaxation factor and a preconditioning process. The authors successfully proved the weak con-
vergence to equilibria of the iterates (x,) with worst-case convergence rates of o(n~!) for both
the discrete velocity and the fixed point residual.
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2.2. Links with continuous dynamical systems. It is interesting to recall that the proposed
method (1.5))-(1.8)) can be regarded as a discrete counterpart of the following second-order dif-
ferential system (see Maingé-Weng-Law [21] (Paragraph 5.2)) :

E(t) € Af(x(r)), 2.3)
() +0(EO) P (@) + a)x(t) + B(1) (6 (Ve V(1) +b(1) (1)) =0, (24)

where {o(-),B(-),b(-),0(+)} are conveniently chosen positive functions, with a(-), B(-), and
b(-) expressed in terms of some auxiliary parameters 0(-) and @(-) (see [21}, Paragraph 5.2]).

This system was inspired by the Minty representation of maximally monotone operators and
the approach due to Attouch-Chbani-Fadili-Riahi [3]. The term (x(-) +G(~)§(-))(2) (t) acts
as a singular perturbation of the possibly degenerated classical Newton continuous dynamical
system in which a time scaling parameter ¢ (-) is incorporated. In addition, system —
embeds some geometric damping (through the terms .{f(-)), coupled with an isotropic damping
carried by the coefficient ¢(+) that can be intended to vanish asymptotically. This system was
considered with a particular choice of parameters {6(-),c(-), ®(-)} taken such that

o(r) = S0,

t 1
o (1) = ope’ o viie s,
v 13}
o) = (k=73 200~ s
where 6 is a nonnegative constant, {e,,0p} are positive constants and {v(-),3(-)} are positive
mappings of class C'. This model has been thoroughly studied in [21] through a first-order
reformulation of (2.3)) as the following equivalent system:

§(t) € df(x(1)),

i(1) + 0 ()5 (1) +6(t) (6(t) —x(1) + (6(t) + o (1) w(1)) (1) = 0,

¥(£) +x(y(t) —x(¢)) = 0.
It was shown to produce dynamics (x,&) : [0,00) — H? that satisfy the weak convergence of x
toward equilibrium together with the strong convergence to zero of both £ and &, with fast de-
caying properties. The authors also established remarkable convergence rates (including linear

rate) with appropriate settings of parameters. Therefore, it can reasonably be conjectured that
the proposed algorithm can inherit some of those interesting convergence properties.

2.3. Equivalency between CRIPGA and CRIPGA-B. The following result shows us that
the algorithms CRIPGA (1.5)-(1.8) and CRIPGA-B (1.10)-(1.13) are equivalent.

Proposition 2.1. We have the following two statements:

(1) If {xn, Zn, yn } C H is generated, from {z_1,x0,y0}, by (I.5)-(1.8), then, forn>1, {xn,zn,yn}
satisfies (I.10)-(1.13).

(i2) If {xu,zn,yn} C H is generated, from {z_1,x9,v0}, by @) then, for n > 1,
{Xn,2n,yn} satisfies (1.5)-(L.8).

Proof. For the sake of simplicity we denote y, =y, — y,—1 and u,, =y, — x,,. Let us prove (il).
Observe that, for n > 1, (1.5)) gives us

Zn—1 =Xp—1— Op_1up_1 + Mn—1Up—1 — nnfl(ynfl _Zn72)-
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Note also that x,,_1 can be simply rewritten as x,_; =y, — u,—1 — Y, Which by the previous
formulation of z,_; yields

in—1=Yn— (l + 9n—1 - nn—l)un—l _yn - nn—l(yn—l _Zn—Z)-
Hence, by u,,_| = —Kﬁlyn (from ), we obtain

Zn—1=Yn+ (K_l(l + anl - nnfl) - 1>yn - nnfl(ynfl _anZ)
=Yn+0_1Yn— nnfl(ynfl - Zn72)7

where o, = k(14 6, —n,) — 1. This amounts to . Equalities and (1.12) are
obvious from (I.6) and (1.7)), respectively.

Let us prove (i2). For n > 0, by (1.12), we have y,.| = k(x, — y,), that is, (L.7), while
the definition of x,, in @ gives us X1 = Jy94(z0 — UV f(24)), that is, . Moreover, by
definition of z, in (I.10) and noticing that y, ;| can be simply rewritten as y, 1 = X, +ty +Yn+1,
we have

Zn = Yn+1 + CYnr1 + Ma(Zn—1 = Yn) = Xn +tn + (1 + 0)Yn+1 — Mn(Xn—1 = Zn—1) — Naltn-
Then, by y,+1 = —ku, (from (I.12))), we obtain

Zn+ M (X0 — z2n—1) = Xn+ ty + (1 4 04) (— Kuty) — Nty = X + (1 —x(l+ay)— nn)u,,.
Thus, noticing that 6, = —1 + k(1 + ¢,) + 1, we deduce O

3. INTRODUCING A GENERAL FRAMEWORK FOR THE STUDY OF THE METHOD

In this section, we set out general conditions on the parameters that guarantee the existence
of a discrete-like energy sequence in connection with the sequences {x,,y,,z,} generated by
the proposed algorithm (I.5)-(1.8). This approach will be crucial for a Lyapunov analysis of
the model. As recurrent quantities involved in our computations, we introduce the sequences
(Pn)n>0 and (7,),>0 defined by

Po=1—(1—K)"E, T = et Vay1. 3.1)
Our methodology requires that there exists some integer N such that :
(Vn)n>n is non-decreasing, (3.2)
(1-x)" <1 forn>N. (3.3)
We also suppose for some A € [0,1) and (S3,),>n C [0,0) that, forn > N :
M < 1—eputy, |, (3.4)
M1 SATT, (3.5)
[0, 172 (1= 1M)]o < (1= A)BuTy. (3.6)
As a last condition on 1, we assume for some € € [0, 1) that :
,}Eﬁ, N, = €. (3.7)

Remark 3.1. Observe that condition (3.3) ensures that (p,),>y (given by (3.1)) is a positive
sequence.
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3.1. A general result for a Lyapunov analysis. Let us recall that L denotes a Lipschitz con-
stant of the gradient of f (from condition (I.3)) and that S stands for the set of minimizers of
the objective ® := f 4 g. As a well-known trick for evaluating sub-gradient values in proximal
processes relative to structured optimization (see, for instance, [2,16]), we introduce the operator
M, (.) defined for z € H by

Mu(e) =17 (2= dusee~ 091 2) ) 9)

We recall that M, (z) = 0 is equivalent to z € S.
In connection with the sequences {x,,yn,z,} produced by (1.5)-(1.8), under conditions

(1.2)-(1.4) and (3.2)-(3.6), we introduce the following sequences (7,(s)),>0 and (E,(s,q))n>0
defined for (s,q) € [0,00) x S, & € [0,1] and for n > 0 by

‘ 2

Tn(s) = %(1 - K)pnvnvn-H ‘yn —Xp+ gin - %;j) Xn+1

(3.9
+3(ee—9) ((ex+2Vup1)p,  +s(p " = 1)) [l |1,
En(5,9) = 5l15(g = x0) + Va0 — 20) > + 35(ex — 5) |1 — g
+Sl~l77n(€*+\’n+1)<Mu(Zn 1) Xn — Q> (3'10)

+1 (e + vy)? (pnill(l —Mn—1) — e*“fvn) (©(x,) — min®)
+ 3Py (ex 4 Vag1)* (8(1 = M) + ML) || UMy (z0—1) ||

We focus here on establishing Lyapunov properties for E,(s,g). The form of this energy
functional is well-known in the literature when A = O (see, for instance, [, 4, (11}, 30]).
For the sake of legibility, we introduce the set of conditions below :

Let (1.2)-(1.4) hold (for some L > 0), let {x,e., i, v,} C (0,00) and 1, € [0, 1) for
(CP) : | nlarge enough.
Let (3.2)-(3.6) hold for some (N,A) € IN x [0,1) and (f3,) C [0,00).

An important preliminary result regarding the discrete-like energy sequence (E,(s,q)) is given
below.

Lemma 3.2. Suppose that the set of conditions (CP) is satisfied. Assume in addition that
{Xn,yn:2n} C H are generated by (I.5)-(1.8). Then, for any & € [0,1], (s,q) € [0,es] x S and
n > N, we have

Eny (s

,(I) ( ) (S - Bn) (6* + Vn—i—l)(@(xn) — m1n®)
+3(1—

5)u Pr V22| My (zn) — 1My (zn—1) |1 (3.11)
—|—2[.L (e* +Vn+l)2a).l,nHM,u(Zn>H2 < —Tn(S>,

where T,(s) and E,(s,q) are given by (3.9) and (3.10), respectively, while @ , is defined by
@10 =Py (8(1 =) — L) — Nay1py ) (S022)2(5(1 = 1) +uL). (B.12)

This result will be proved in the next section.

3.2. Proof of Lemma 3.2} In order to prove Lemma[3.2] we first show that (I.5)-(I.8) fits into
an abstract model for which estimations were established in [20, Proposition 3.2]. Next, we
state other preliminary results regarding the objective values and the considered parameters.
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Finally, estimations on our numerical method will be derived as a special case of the abstract
model.

3.2.1. A key equality for an abstract model. Estimates on the sequences produced by (1.5)-(1.8)
can be obtained through the wider framework of sequences {x,,y,,d,} C H verifying

en — Vn_(l—K)VrH-l , xn+1 +dn _|_ en(yn __xn> — 0, yl’l+1 = —K(yn —_Xn), (3.13)

(e*+vn+l)

where {K,e.,V,} are positive parameters. To this aim, we recall the next proposition that was
established in [20, Proposition 3.2].

Proposition 3.3. Let N € IN, {e.,k,v,} C (0,00), let {x,,yn,dy} C H, and suppose for n > N
that and hold. Then, for (s,q) € [0,00) x H and for n > N, we have

Gnr1(5,9) + 3P ' (s + Vi) [t + 60 (v — xa) |* + T (s)

+s(ex + Vay1){dn, Xnr1 —q) + (pr;1 - se*+£/,,+1> (ex+ Vs 1)*(dnyXns1) =0,
(3.14)
where p, and T,(s) are given by and (3.9), respectively, while G,(s,q) is defined by
Gn(5,q) = 3[15(q —xn) + VY —2x0)|I* + 35 (e —5) n — g (3.15)

3.2.2. Link between the method and the abstract model. The next results are intended to prove
that (1.5)-(T.8) fits into the abstract model with some particular sequence (d,,). We begin
by giving some elementary facts that are set up as classical results regarding the (proximal)
formulation (I.6). The proof is given below for the sake of completeness.

Proposition 3.4. For any sequences {x,,yn,7,} generated by the scheme —(@) with pa-
rameters {K,e., L, V,} C (0,00) and (n,) C [0,1), we have, for n >0,
in —Xn+l = .LLM/J (Zn)a (3.16)
My (zn) € 9g(Xn11) + VI (2n)- (3.17)

Proof. Using the definition of My, (given in (3.8)) together with (1.6) yields
UMy (zn) = 20— Juag (2n — MV f(2n)) = 20— X1, that is, (3.16).
Furthermore, writes x,41 = ([ + pndg) " (za — UV f(zn)). Thus, we get z, — UV f(z,) —

Xpt1 € WAg(xpy1), or alternatively z, —x,41 € U (dg(xp+1) + Vf(z4)), which in light of (3.16)
leads us to (3.17]). O

Now, we are able to claim the following result.

Proposition 3.5. For any {x,,yn,z,} C H generated by ({.5)-(1.8) with parameters {x,e., |1, V,}
C (0,00) and (n,) C [0,1), we have, forn > 1,

Xnt1+ On(yn _xn) + ‘I.LM“ (Zn) - .unnMu (anl) =0. (3.18)
Proof. For n > 1, we have x,; 1 —z, = — My (z,) (according to (3.16)), hence replacing z, in
the left side of this last equality with its formulation in (namely z,, = x, — 6, (yn —xn) +
Nn(2Zn—1 —Xn)) yields
Fnt1+ On(Yn —Xn) = Mulzn—1 —Xn) = —uMy (zn),
which, by z, 1 —x, = UMy (z,—1) (using again (3.16)), amounts to (3.18). O
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Remark 3.6. As a straightforward consequence of Proposition we infer that the discrete
model (1.5))-(1.8)) fits into the special instance of the abstract model (3.13]) with the particular
term d,, defined by

= UMy (2n) — My (21 ). (3.19)
3.2.3. Intermediate estimates from the model and the convex part of the problem. For the sake

of simplicity and convenience of the reader (regarding our forthcoming computations), we in-
troduce the following notations:

Eni=UMy(2n-1), Twi=extVayl, Cai=p, Ty, Gu(s)=1-s2 (3.20)

Up = (&nxa—q) and  Wy(s) =p,zlr,%<1—nn—sl’i—2)‘ (-2

Several useful estimates and inequalities are established, through the following parts (A1), (A2)
and (A3) :

(A1) An intermediate equality from the general model. To get estimations, we begin by ap-
plying Proposition [3.3]to the special framework of sequences {x,,y,} generated by (I.5)-(L.8).

Proposition 3.7. For any {x,,yn,z,} C H generated by ({I.3)-(1.8) with parameters {x,e.,1L,V,} C
(0,00) and (n,) C [0,1), we have, for n > 0,

(Grs1(8,q) + sMnt1 Tt 1Unt1]o + %Cn”xn—kl + 6 (Yn — Xn) ”2 (3.22)
+Ry + NMncn(Cni1,%n11) = —Tu(s),

where Ry, is defined by
R, = (STn - nn+157n+1)Un+1 +Cn(l§n(s) - nn)<€n+1 sXnt1)- (3.23)

Proof. As afore-mentioned through Remark [3.6] we know that numerical scheme (I.5)-(L.8)
fits into abstract model (3.13), along with d,, = &,11 — N,&,. Then, given (s,q) € [0,e.] X S, by
Proposition 3.3|and noticing that (p,),>n is a positive sequence (from Remark , we get (for
n>N)

Gy (s,q) + %ConnH + 6 (Y — Xn) ||2 +Tu(s) +0n =0, (3.24)
where Q) is defined by

On = 5T (dn, xpnt1— q) + cnOu(s)(dn, Xn11)- (3.25)
Let us proceed by estimating the quantity Q, defined above. For simplification purposes, we
also set P, := (& 1,%5+1) and Z,, = (&,11,%,+1). On the one hand, by d,, := &,11 — N,&, we
have (dn, Xn+1—q) = (Snt1,Xn+1 — @) — Mn(Ens Xnt1 — q), namely
<dn7xn+1 - Cl) =Upy1— rhz((éruxn - Q> - <$n+laxn+1> + <én+17xn+1>)
= Un+1— nnUn + TlnPn - nan
On the other hand, using again the above formulation of d,, we have
<dﬂ7xn+1> - <§n+l 7xn+1> - nn<§n7xn+l>
=Zn— nn(@n - §n+1=xn+l> + <§n+17xn+l>) = (1 - nn)Zn + Nk
So, by the definition of Q) (given in (3.23)) along with the previous two equalities, we infer that

On =57y (Un+l - nnUn + nnPn - nnZn) + Cnﬁn(s) ((1 - nn)Zn + nnpn)

3.26
= 8T Upi1 — NusTUy +t1,nZn +t2,nPn; ( )
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where 11, := (1 — M) CnOn(s) — sM, T, and ton =" (s‘cn + cnﬁn(s)). Let us simplify the for-
mulation of the parameters #1 , and 7, ,. Concerning #; ,, we easily notice that
5Ty + ¢ O (s) = ¢, (according to the definition of B, (s) given by (3.20)), (3.27)

hence, by definition of 7, ,, we obtain

tin = CnOn(s) — M (cnBn(s) +5Ty) = c,,( a0 (5) — M) (3.28)
Concerning 1, ,, by its definition and using again equality (3.27) we simply get
2.0 = N (5Tn + € Bu(s)) = Nca- (3.29)

As a result, from (3.26) in light of (3.28) and (3.29), we deduce

On = stU, n+1— nnSTnU +Cn( ( ) nn)Z +nncn
_nn+157n+1Un+1 NnSTUn +(an nn-l—lSTn—i—l)UrH-l (3.30)
+¢n(On(s ) nn)Z + NPy
Therefore, by (3.24), together with and denoting E) ,(s,q) := Gu(s,q) + s, TuUy, we
obtain

—Tu(s) — %C{«Hxnﬂ + 00 (Yn — Xn)

— G_n+1 (S7 Q) + Qn
:El,n+1(57Q)+ (an_nn+lsrn+l)Un+l+cn< ( ) nn)Z +nncn

This leads us to (3.22))-(3.23). O

(A2) Additional estimates from the convex properties of the objective. As a classical re-
sult used in optimization theory, we recall some important inequality (relative to the objective
function @ arising in (T.T) and the operator My, introduced in (3.8))) through the next proposition.
Its proof can be found in [6} 20]] and is given here for the sake of completeness.

I?

Proposition 3.8. Let u be any positive constant and suppose that conditions ([I.2))-(1.4) hold.
Then for any (x,z) € H?, we have

O(z— 1My (2)) < O() + (My(2),z — ) — (1 ——) IMa@IP. (33D

Proof. Given (x,z) € H?, we sety =z — UM}, (z) and v =y — z. Applying the Taylor expansion
formula yields

F0) = 12) = (V1(@y=2) + [ (=294 w) ~ V(e))ah

Hence, by L-Lipschitz continuity of V f and noticing that ||y —z|| = ||v|| = u||My(z)||, we readily
deduce

1)~ ) < (VF)y— + L M)

Furthermore using the convex inequality simply gives us f(z) — f(x) < (Vf(z),z—x). So adding
the previous two inequalities, we obtain
FO) = fx) <{VF(2),y =) + 3L | My (2)]*. (3.32)

Now, we recall that My (z) = u~! (z — Pprox,,(z— uVf (z))> . It is a classical matter to see that

this formulation, in light of y = z — uM, (z), can be rewritten as M, (z) — Vf(z) € dg(y). Then
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setting § := M, (z) — Vf(z) (hence { € dg(y)) and again using the convex inequality we clearly
deduce that g(y) — g(x) < ({,y —x), together with y —x = z—x— uM,,(z). As a consequence,
we also obtain

8(y) —8(x) < (My(2),y —x) = (Vf(2),y —x) = (Mu(2),.2—x) — [ Mu (2)|* = (V£ (2),y — ).
(3.33)
Adding (3.32) and (3.33)) amounts immediately to the desired inequality. 0J

As straightforward consequences of the above proposition, we deduce the next useful esti-
mations.

Proposition 3.9. Let g € H. Suppose that (I.2)-(I.4) hold and that {x,,z,} are generated by
(1.3)-({1.8) with {x,e., 1, v, } C (0,00) and (n,) C [0,00). Then, for n > 1, we have

(My(2n), Xns1 — @) = O(xur1) — O(q) — LU || My (2) ||, (3.34)
(My(2n) Jn1) = O(xg1) — O(xn) — L2 | My (20) ||, (3.35)
(My(zn) = M (zn-1)3n1) = = 5L (1Mp (@) P + 1M (za-1)I1P). (3.36)

Proof. Let us denote &, := uM,,(z,—1). By applying (3.31) to the respective couples (z = z,,x =
q) and (z = z,,x = x,,), we get

Oz~ &) O+ 1 Gz —a) — ' (1- %) &l 33D
Oz~ &ur1) < OC) + 1~ Gtz —xa) =1 (1= ) 102 (3.38)
These inequalities together with x,,. 1 = z, — &,+1 (from (3.16))) can be rewritten as

O(xn+1) < O(q) +.U71 (Cnt1,Xnp1 —q) + %L||§n+1 ||27
Oxnr1) < On) + 1 (1, X1 = Xn) + 3 L[ Gnr |-
It immediately follows (3.34) and (3.35)), respectively. It remains to prove item (3.36). Using
(3.31) for z =z, and x = x,,41, while noticing that x,, = z,_1 — &,, we get
O() <O 1)+ Gz =) — 1 (1= 4) &2

hence, by z,_1 = x, + &, we obtain —u (&, %,41) > O(x,) — O(x,11) — %Hgnﬂz, which can
be alternatively written as

1
— (Mu(zn-1)dnr1) > = (O(xnt1) — O(xn)) — ELNZHMu (z-1)I> (3.39)
Consequently, summing inequalities (3.35]) and (3.39)) amounts to (3.36). O

Remark 3.10. Two helpful observations are given below:
(r1) It is of importance to notice that {z,,x,,y, } generated by (1.5)-(1.8)) verify

Xnt1 —Zn = —UMy(zn), (forn>0). (3.40)

(r2) It can be checked (see, for instance, [2, Lemma B1]), when V f is L-Lipschitz continu-
ous (hence V f is L™ !-cocoercive) that for u € (0,2L‘1), the operator M), is 6-cocoercive with

o—u(1-5)
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(A3) Some classical inequalities. Basic but useful inequalities are also set up through the
following proposition.

Proposition 3.11. For any (a,b) € H* and t € [0,) we have
la+tb||* < (1+1)]lall* +2(1+1)[16]%, (3.41)
la—1b]* > (1 =1)llal® —1(1—1)||b]|*. (3.42)
Proof. Indeed, we classically have
la+1b]> = [lal|> + ][5> + 2t (a, ),
la —b]]* = [lal|* + |5 — 2t (a, b),
In addition, Young’s inequality gives us 2(a,b) < ||a||*>+ ||b||>. Consequently, we readily deduce
la-+1b]* < [lall* +22[16]% +1lal® +2[16]|> = (1 +1)|lal® + (e + ) || ]|,
la—1b]]* = [lall* +22[16]* —tllal® — t]|6]|* = (1 = 1) ||al* + (> — 1) | 6]|?,

which leads to and (3.42). O

3.2.4. Proving Lemma We keep on using the notations in (3.20)). According to Proposition
we know that, for {x,,y,,z,} generated by (1.5)-(1.8), and for n > 0, we have

E1n1(5,9) + 5CnllXns1 + 00 (vn —xn)||* + Ru + Mucn(Eni1,%ns1) = —T(s), (3.43)
where E} , := G, +s1,7,Uy,, and R, is defined by
Ry = (STn — 71n+ISTn+1)Un+1 +Cn(l§n(s) — nn) (Eni1,Xng1). (3.44)
For simplifications, given s € [0,e,] and A € [0, 1), we set
an(s) == (T — Tus1Mnt1), (3.45)
Bu(5) = alBr(5) ) = (152 -, (.46

Observe that W, (s) (introduced in (3.21)) can be rewritten as
W, (s) = p, 122 <1 — N — sl%) =c,(1=1,) = Ast, = (1 —A)sT, 4 bu(s), (3.47)

n

which, recalling that 7, > 0 (from condition (3.2)) entails

Wou(s) = [cn(1 = Mn)]o — Astn < [cn(1—Mn)]o (3.48)

Let us recall that the assumption (3.4)-(3.6) on parameters writes :
1 —e.ppT, —l—nnzo (= bu(s) = bules) >0), (3.49)
M1 < ATaT, (= an(s) > s(1-21)7), (3.50)

a1 =)o < (1= )BT (= Wals) < (1~ D)7, (from B28)).  (3.51)
Clearly, the above conditions ensure that a,(s) and b, (s) are nonnegative sequences. The rest
of the proof can be divided into the following steps (b1) and (b2):

(b1) Set ® := ® — min® and let us prove that the quantity R, (given by (3.44)) satisfies

pIR, > [Wn(s)(:)(anrl)]o + ((1 —A)sTy _Wn(s))(:)(xn) - (an(s) +b”(s)> (%LHél’H-l ||2)
(3.52)
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Indeed, by definition of R, (given by (3.44))), we have

1 Ry = an(s) My (20), Xns 1 — q) + bu(8) (Mu (20, %ng1)- (3.53)

In addition, by inequalities ([3.34) and (3.35) of Proposition 3.9, we have
(My(zn),Xn1 =) = O0nr1) = 5L[1Gnrn |, (3.54)
<M,u (zn)%n41) = C:)(anrl) - C:)(xn) - %Lnén—kl ||2 (3.55)

Then, for n > N, combining (3.53), (3.54) and (3.53), in light of a,,(s) > 0 and b,(s) > 0, yields
) ) _ _ 1

Ry (5)000n11) + 5s6) (O05111) = O(sn)  (anls) +6,(5) 5L ) . 3:56)

Consequently, by a,(s) > s(1—21)7, (from (3.50)) and W, (s) = s(1—A) T, +bx(s) (from (3.47)),

we obtain _ _
an($)O(Xn+1) + bn(5) (O(xn+1) — G)>( Xn)

> $(1=2)80n11) + by (5) By 1) — On)

=5(1=2)%00xnp1) —s(1 - 24)7, ( (n1) = ©(xn)) (3.57)
(51— 2) Tt ba(s)) (Bn1) — O () |

= 5(1— A)5,0(x) + Wa(s) (®x ) —0(xy))

= [Wa($)@ns1)], + (s(1 = 2) % — Wals)) O(x).

Then (3.56)) in light of (3.57) amounts to (3.52).
(b2) Finally, we are in position to establish (3.11). It is easily noticed from (3.18)) and

dyp = Epi1 — Mu&n that ||, 1 + 6,(yn — Xn)||> = ||da||?, hence equality (3.22)) can be reduced to
_Tn(s) = El,n+1 (57Q) +R,+ %CannH2 + nncn<én+laxn+l>7 (3.58)
where R, is defined by (3.44). In addition, setting ® := ® — min ®, by inequality (3.52) together
with W,,(s) < (1 —A)B,7, (from (3.51)) we readily have
Ry > W)@ (k1)) + (1 —A)rn(s—ﬁn) ‘( - 1uL<an< ) ba(s)) |t |2 (3.59)
Thus, denoting Es , := Ey , + UW,—1(5)O(xp), by , we deduce
_Tn(s)'_nncn<§n+laxn+l>
= El,n+1(saQ> + Ry + %Cnudnnz
> El,n—iil(saCI)+“[Wn(s)®(xn+l)} + (1= 2) T (5 — Ba) O(x)
_ —zuL(an(S)ern(S))HénHH2+_26‘n||d 12
=Eynt1(s,9) +u(1-21)7, (5 - ﬁn)®<xn) + %CannHz - %IJL(an(s) +bn(s)) [Ens1 ”2
(3.60)
It can be also noticed that
an(s) +bn(s) =Cnp—STy+1Mn+1 — CnMn = (1 - nn)cn —STp+1Mn+1 < (1 - nn)cna (3.61)

which by (3.60) amounts to

—Tu(s) — nncn<£n+l ing1) > By (s,q) +1(1 = 24)1, (S - ﬁn) (xn)
h 21 2 (3.62)
+26nlldnl|* = LT = M)l Gnia |17
We estimate the third term in the right side of the previous inequality. Let us recall that 1, €
[0,1). Then, from d, = &, — N,&, (according to the definition of d,) and using Proposition
3.11| we simply get

||dn||2: ||5n+l_nn§n||2 (1_nn)||€n+l||2_nn(1_nn)HénHz' (3.63)
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Moreover, by (3.36) (from Proposition [3.9)), we have
. 1
(B het) = M) ~ M) ) = =L i P+ ||a§n||2) 66

Hence, taking any & € [0, 1] and denoting § = 1 — &, by combining ( - 3.63)) and (3.64) we
obtain

—Ta(s) -

n+1(5,9) = ( l)fn(s—ﬁn) (%n) ‘
2% cnd|ldy* + 5 8cnlldall* — 3L —Ma)enl|Eait |7 + M (Gt A1)
> 3¢ 5Hd H2+25cn(( nn)|!€n+1!|2—nn(1—nn)Hé‘nHz)
—3HL(1 nn)cn\|§n+1\|2—%nncn(/»tLHénﬂllz+/~1L||€n|!2) (3.65)

zcn5lld 1P+ 5¢n(8(1 =1a) = (1 = M) L — MuptL) | &t ||
| —_‘Cn(5rln(1_nn)‘f'nnNL)HénHz
= zcn5||dn||2 +¢n||én+1”2 - WnHénHza

where ¢, and y,, are defined by

On = %%(5(1 — M) — .UL)a (3.60)
W i= 5cnTn (8(1— M) + UL). (3.67)

Thus, noticing that E, := E , + W, ||&,||* (according to (3.10)), (3.65) leads us to

—Tu(s) —pu(1— )Tn(s_ﬁn) (Xn) L
> Epni1(8,9) + 0nll&nir 1> — llfn|!€n||2+zCn5Hdn||2 .
—E2n+1( Q)+Wn+1’|€n+1’| —ll’nﬂﬁnHng(¢n—V/n+1)“§n+1H2+%Cn5\|dn“2

201 (8:9) + (00— Y1) [Gn1 |2+ 506l
(3.68)

Let us now estimate the coefficient ¢, — y;,4-1 occurring in the right side of the above inequality.

Cntl Pniiy

Remembering that ¢, = p,, ! (hence p—lﬂ) , by (3.66)-(3.67), we readily obtain
n+1tn

(pn —VYnt1 = %Cn((s(l - nn) —IJL) - %Cn+lnn+l (5(1 - nn+1) +.UL)

L@ ) G ) g
— Jan (801 =)~ L) =0 25 (51~ ) 4 )

Combining (3.68) with the above inequality (3.69) leads to the desired result (3.11)), which
completes the proof. 0

4. PRELIMINARY CONVERGENCE ANALYSIS IN A GENERAL FRAMEWORK

In this section, we conduct a Lyapunov analysis by means of Lemma based upon the
discrete-like energy sequence (E,) associated with the method —. This methodology
will allow us to derive convergence rates and estimations regarding the sequences generated by
the proposed algorithm.
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4.1. Intermediate results for a convergence analysis. We state in this section important rates
and estimations that stand as an intermediary step towards our main results. For convenience
of the reader, given 6 € [0,1] and A € [0, 1) being the constant arising in conditions (3.5)-(3.6),
we recall or introduce the definitions of the parameters ®; , and §; ,(s) (fori=1,2):

@10 =Py (81— 1n) — 1L) = Ms1pyly ()7 (8(1 = Ma1) + L), (4.1)
Dy =1—08+(1—x)(1+22), 4.2)
Cia(s) = p, (1 =11) — 22, (4.3)
Con(s) =py ' (8(1 = 1) +uL) —sulz, . (4.4)

The next proposition deals with a preliminary set of estimations regarding the algorithm
under consideration within a general setting of parameters.

Lemma 4.1. Suppose that the set of conditions (CP) is satisfied. Assume furthermore for
some 8 € (0,1) that, forn > N :

e — P, >0, 4.5)
Win >0, Cinles) >0 (fori=1,2). (4.6)

Then, for any sequences {xp,yn,zn} C H generated by — and for q € S,
(En(ex,q))n>N is non-increasing and convergent. Furthermore, the following estimates are

reached :

ex(q —xn) + Vu(yn — xn) is bounded, 4.7)
(exMaVn+ Cin(e)V?) (O(x,) —min®) < u~'Ey(es,q), 4.8)
Gon(e) VilluMyu(zn-1)|I* < 2En(es,q), (4.9)
(1=2) Lozn (€x = B) v (O(xn) —min®) < pu~'En(es,q), (4.10)
Yuon P @2 nVE My (20) — MaMp (20—1)|1* < 21 2En(ex.q), (4.11)
Yooy O1aVe My (za)|I* < 2u2En(es,q), (4.12)
Yoo P @2 VE | ns1 + 60 (vn — xa) | < 2En(en,q). (4.13)

4.1.1. Proof of Lemma The proof can be divided into the following steps (a) and (b):

(a) Estimation for the energy sequence. The next result will be useful to set up sufficient
conditions on the parameters that ensure the nonnegativity of (Ej,(e«,q))n>n-

Proposition 4.2. Suppose that the set of conditions (CP) is satisfied. Assume in addition that

{Xn,yn:zn} C H are generated by (1.5)-(1.8). Then, for any & € [0,1], (s,q) € [0,e.] x S and
n>N,

En(5,q) 2 5lls(q —xn) + Va(yn —x0) 1> + 35(es = 5) [lxa - qlll2
i (5T T + Cin(ex) T3y ) (©(n) — min®) + 31,73 8o (e) [,

where ) ,(s) and & ,,(s) are given by and (#.4), respectively.

(4.14)



16 ANDRE WENG-LAW, PAUL-EMILE MAINGE

Proof. Set T, := ey + Vuy1, & = UMy (z,—1) and ® := ® —min®. Using the definitions of
E,(.,.) (given by (3.10)) and G,(.,.) (given by (3.15)) entails

En(s,9) = Gu(s,q) + M0 T (En, Xn — q) + 1T §1.a(5)O(x) .
+3MaPy T (8(1 = M) +BL) [ &al® '

It can be noticed that §j ,(s) > &) x(ex) (since s € [0,e,]), while (3.34) gives us

_ ~ 1
H 1<émxn_‘]> Z®(Xn>_§LH§n“2-
So, (@.15) in light of the previous two arguments and 7, > 0 entails

E,(s,q9) — Gu(s,q)
= SUN Tt (En X0 — )+HC1.,n(S)T,$ O(xn) + 3Mn Pn (5(1—77n)+liL)||5nH2
> sUM T (O(xn) — 3|1l )+#C1,n(e*)f (Xn)+277npn 2 (8(1 =) +uL)[|&]1?

:u<snnrn+c1,n<e*>r31>®<xn>+%nnrn( N(8(1— ) + uL) — suLt; )nénuz.

This leads us to the desired inequality. 0

(b) Proving Lemma[4.1| The proof is mainly based upon Lemma For simplification
purposes we denote T, := e, + Vi1, Eup1 = UMy (z,) and dy, := &1 — N,&,. Clearly, noticing
that 6, = 7*p, and V’\’,—:' =1+ v’;—:‘ readily gives us
2

PnVnVn+1 Tn ~1.2 Vin+1 ~1,2 Vit1

——— = PuVaV. = — 1
67 Pn¥n nH( npn) — P ( Vn > Pr < " Vn )
Then, by T,,(e.) = 5(1 — )M 16, (¥ — Xn) +%n41]|> (from the definition of T;,), along with
Gni1+ 60y (yn —xn) = —dy (from (3-18)), we readily obtain

1 _ Vsl
Tu(es) = 5(1=K)p 1o (14 =) |, (4.16)
n

Hence, for n > N, by Lemma [3.2] with s = e, together with the equality (3.18) while using
the notation 6 = 1 — & and setting I := E,, 11 (ex,q) + (1 — 1)1t (e — Bn) 7O (x,) where © :=
® — min®, we infer that

Lyt 6and 12+ 1(e*+vn+1) (e, (4.17)
which by (4.16) yields
—I > %Scn|’dn||2+Tn(e*) ‘f’%frgwl,n”&rzﬂ s
= J8culldall2+ 5 (1= )P, 52 (14 %25 ) |y |2+ 2 (4.18)

= %P;l - +%T361,n||§n+1||2a

where @ , and @, are defined by (4.1)) and (4.2), respectively. Clearly, inequality (#.18) in
light of e, — B, > 0 (from (4.3)), @y, > 0 and @, , > 0 (from (4.6))) implies that the sequence
(En(ex,q)),>y is non-increasing, which, by Proposition 4.2| entails that for any n > N

EN(e*7Q) > En(e*ch) > %He*(q_xi’l)—’_vn(yn_xﬂ)”z | (4 19)
i (eattnTa + C1n(e) T 1) O(xn) + 373 Canles) 16l

where §j,(.) and & ,(.) are defined in (4.3) and (4.4), respectively. So, by {j.(es) >0
and {, ,(es) > 0 (under condition (4.6)), we obviously deduce from (4.19) that the sequence
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(En(ex,q))n>n is nonnegative. Therefore, (E,(es,q)),>n , as a non-increasing and nonnegative
sequence, is convergent. It is also immediately seen that the three terms in the right side of
(4.19) are nonnegative, hence each of them is bounded by En(es,q) which leads us to (4.7),
and (in light of v, < 1,,). Furthermore, summing inequality between N and
n—1> N classically yields

3 YinPe @2 ulldi? + 53 Tiy B0 il Gt | < Enfenq).

Noticing that the four terms in the left side of the previous inequality are nonnegative, we deduce

that each of them is bounded by Ey (e,q) which amounts to items (4.10), (4.11) and (4.12) (in
light of v,, < 17,,). Item (4.13)) follows straightforwardly from (4.11]) and (3.18]. 0J

4.2. Convergence analysis. A key result of this section is given by the next lemma.

Lemma 4.3. Suppose that the set of conditions (CP) is satisfied. Assume furthermore that
{Xn,¥n,2n} C H are generated by (1.5)-(1.8) with positive parameters satisfying the following
conditions:

(Vi)n>N C [V Vigl  (with constants v, > 0 and v, > 0), (4.21)
ex > sup,~y B, (4.22)
inf,>n Gin(es) > & (for i = 1,2 and for some positive constants &),  (4.23)
O, >0, inf,>y @, > O, (for some positive constants ), (4.24)

where (1, &, @1, and @, are defined by —. Then, for q € S, the energy-like
sequence (En(ex,q)),>y (given in ) is non-increasing. In addition, (x,) and (y,) con-
verge weakly to some element 7 € S and the following properties are reached :

Y, n(0(x;) —min®) < e, O(x,) —min® = o(n_z), (4.25)
Yonllial? <o [kal| =o(n1), (4.26)
Yoanllyull? <o |yull =o(n™1), (4.27)
3 €90() st L, Er|P < oo (4.28)

4.2.1. Proof of Lemma The proof can be divided into the next steps (A1), (A2), (A3) :

(A1) A useful inequality. The next result was implicitly established in [20] and its proof
is given for the sake of completeness.

Proposition 4.4. Let (1.2)-(1.4) hold (for some L > 0), let {K,e.,[1,Vy} C (0,00) and (1) C
0,1). Then, for any sequences {xu,yn,zn} C H generated by (I.3)-(1.8), there exists & €
d0(x,) such that

1&rii 17 < (L Lp)? [ My z) |1 (4.29)

Proof. In light of (3.16), we have z, —x,41 = i (x| + Vf(zn)) (for some x7, | € Ig(x41)),
while the triangular inequality together with the L-Lipschitz continuity of V f (from condition

(1.3)) gives us
1+ VI G ) < e + Vi (20) |+ Lllzn = X -
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Combining the last two results, we obtain |x;, ; 4+ Vf(x,1)|| < (1+Lu)lx; +VF(za)l,
which, in light of My, (z,) = x;, | + V f(z,) (from (3.17)), leads us to

et + V) [P < (14 L) [ My (z) -
Therefore, denoting & = x; + Vf(x,) (hence &F € 0O (x,)) gives us (4.29). O

(A2) Asymptotic properties of the parameters. Let us make the following remark.

Remark 4.5. Some basic properties regarding the parameters v,, p,, and 6, are established.
We begin by underlining that (4.21) obviously ensures that, as n — oo

Vo —oo, V,=0(n) and v, '=0(n""). (4.30)
In addition, by V;,v, ! < Vv, ' =1 < Vv, ! forn > N (according to @ and the obvious
equality V, (v, ' = v, v, | — 1), and recalling that p, = 1 — (1 — K) V41 V,, 1 (from ) and
that 8, = V,p,(ex + V1)~ ! (from ), we easily deduce that

limy, oo 25 =1, 1iMy 0Py = K, 1imy e 6, = K. (4.31)

(A3) Proving Lemma4.3] The proof will be divided into the following steps (b0) to (b3) :

(b0) Let us show that the following intermediate results are reached:

Y| My (2n) = MMy (2n—1)||> < o, (4.32)
Y121 + O (v — xa) |2 < oo, (4.33)
Y, n0O(x,) < oo, (4.34)
Y [My (z20) |17 < oo, (4.35)
3y € 90(xy) s.t. Loy ]| |1 < oo (4.36)

Indeed, Lemma gives us the set of estimates —, which in light of v, ! = O(1/n)
(from ), lim, 0 p, = K (from (#.31)), e, > sup,~y B, (from condition {#.22)), @, > 0
and @, > @, > 0 (from condition (4.24)) immediately gives us (4.32)-(4.35). The last item
is a straightforward consequence of and Proposition 4.4

(b1) Now, we denote u, =y, — x, and B =Supj>y B (hence B < e, (from )), and
we show under assumptions that the properties below hold:

(E,(s,q))n is convergent, for any (s,q) € [B,e) X S, (4.37)
Y nfla|* < oo, (4.38)
Lnllunl® < oo, (4.39)
. 2 o _ 1 _ 1 _

lim n (®(x,) —min®) r}l_I)IgonHunH ,}I_IEOHHM“ (zn—1)[| = 0. (4.40)

Indeed, taking (s,q) € (0,e.] x S, and using Lemma [3.2]in light of (4.21) together with (3.18)),
we deduce that, for n > N (N arising in the set of conditions (3.2)-(3.6))

Env1(s,q)+ (1 _I)L).u (5 = Bn) O (xn) )
3T @1l | WMy (20) [P+ 5 (1= 8)py T3 s 1+ Butan]
1

< —Tu(s) < %(K_ 1) PnVa Vi1 || un + (e_n - i;;j)xn-l—le

—3(ex—s) ((e«+2vur)py (o' = 1)) [nsa 1%,

(4.41)
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where ® := ® —min®, T, (s) is given by ( . and 0 ;, 1s defined in 1i Let us estimate the
first term in the right side of (4.41). Recalling that 6, = * (hence Bt =pu v, 172), and
using the Young inequality, we classically obtain

PV Va1 || tn + <9Ln - ii;:) dnp1 > = (p V")Vn+1||9 Un +Xni1— Bn 5y o $p g1 ||
<2(% ) Vo [t Bt 2 2 —)2py Y L
= 2% p 12 L,y + B2+ 2(es — 5) Pn_lv”“Hanr 1.
Hence, inequality entails that
Ent1(s,9)+ (1 - 2)u (S—Bn)fn_(xn)+éTzﬁfl,n\liﬂ‘/fu(zn)H2
< (k= 1) 229y 122 i1 + Byt 2
3 (ee =) (e 2vie)py (o = 1) =20k = 1 (ex =)oy 12520 ) [
= lylldn1 + Gt |* — 5 (€ — 5)hn(5) n-1 ]|,

(4.42)

where [, and A, (noticing that p, ! =1+ w ) are defined by
b= (k—1)4 2p g2, (4.43)
hn(s) = (€ +2Vni1) (1 + “‘v’,j}):"“) +sUlst 9(e, —5)(k— 1),y 1 Y2l (4.44)

Clearly, by the above definitions of , and h,(.), along with v, — eo, YL — 1 (from (4
pn — & and v, = O(n) (from (4.30)), we easily deduce that for s € (0, e*] (as n — =)
hn(s) ~ ZV,i1 (hence hy(s) = O(n)), (4.45)
I, =0(n?). (4.46)
Consider now 8 = sup > Bj (introduced in ) Since B < e (by ) we can choose

so € [B,ex). It is readily seen by ¥, n?||%,, 1 + 9 oy ||2 < oo (from ( -) along with [, = O(n?)

(from (4.46)) that
an Hxn—H +0 un”2 < oo, (447)

Furthermore, (4.45) implies that for n large enough hy(s) > 0, which by (4.42) yields

EnJrl(SaCI) +(1=2) 1 (s = Bn) T O(xn) @)1 < Lallns1 + Buan]|*. (4.48)

Therefore, using inequality (4.48) with s = 5o together with (#.47), while recalling that so —
B >0 and E, (so,q) >0 (from Proposition in light of {j ,(ex) > 0 and {; ,(es) > 0
under condition ), classically yields that (E,(so,q)), is convergent, which proves (4.37).
Furthermore, summing between N and n— 1 > N, in light of E,, 11 (s0,q) > 0 yields

T (e —50) X0 n he(50) %1 1> < En(50,q) + Xhew Il [%es 1 + O] (4.49)

Then, using (#.47) and /,(s) = O(n) (from (#.43)) leads us to ¥, n||%,|> < oo, namely (4.38).
To prove (4.39), we notice that using the Young inequality entails
1| @pitn||? = 1| Opttn + Fins1 — Ens1 ||* < 20| 6ty + Knp1||* + 20| st |- (4.50)
Thus, by ¥, 7||6utty + % i1 > < oo (from (4.33)) and ¥, n|[%,+1]|> < oo (from (4.3 ), we get
Y, 71||Ouitn||> < oo. Recalling that li_r>n 6, = x (from (4.31)) we deduce that
n—oo

Yanllua|* < oo (thatis (4.39)). (4.51)
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It remains to prove (4.40). From the definition of E,(s,q) given by (3.10) with s = 0, we have
forn >N

En(0,9) = 3|Vaun|? + n72_ 1o, (1= 0m1)®(xn)

: (4.52)
A, 122 (8(1— 1) + L) | My (1) |

Moreover, passing to the limit as s — 0™ in inequality (4.42) yields
= 1
En41(0,9) = En(0,9) < b1 + Opttal|* + (1= ) uBTaO () = S euhtn (0) ]| (4.53)

This, by /14(0) ~ 2,11 (as n — o) (from 4.45)), ¥, 7,0 (x) < o (from (4.34)) and 7, = O(n)
(from (4.30))), along with ¥, 1, |11 4 61t |* < oo (from (4.47))), classically entails that
(E»(0,q)) is convergent as n — co. (4.54)

Next, multiplying equality (4.52) by n~! yields

nilEn(()?q) = %nil ||Vn1/tn||2 +nun711’-;%71pnifll(l - nnfl)@(xn) (455)
g Napy oy (8(1—1p) + UL) || My (z-1) |-

We will now prove that ¥,,n 'E,(0,q) < o by estimating each term in the right side of the

above inequality. From v,, = O(n) and ¥, n||u,||*> < oo (from (4.39)), we get

Zn*IHVnunHz:anlv,fHunHz < oo, (4.56)
n n

Furthermore, by 7, = O(n), n, € [0,1) and p, ~ K as n — o (from (4.31)) we deduce that
n~122 p! (1-n,-1) = O(n), which together with ¥, n®(x,) < o (from 1b ensures that

Y n 0, (1= 10m1)O(x) < oo (4.57)

In addition, again using (4.31) entails that n='p, 172 = O(n), which by ¥, n*||My(z,)||> < e
(from (@.35))) readily yields
Y a1 (81— 1) + ML) [[My (20 1) ||* < eo. (4.58)
n

Combining inequality (#.55) with the previous results (4.56), (4.57) and (4.58) yields that

Y, n 'E,(0,q) < . As a consequence, recalling that E,(0,q) is convergent (as n — ) (from
(4.54)) and noticing that ¥,,n~! = oo, we deduce that lim, .. E,(0,¢) = 0. Now, using Propo-
sition 4.2l with s = 0 entails

1 - 1
E(0,q) > EHVn”nHZ + 1 81n(en) Ty 1 O(x,) + anCz,n(e*)Tfl|5n||2~ (4.59)

Note that the three terms in the right side of the previous inequality are nonnegative. There-
fore, each of them converges to zero (as n — o) (since lim,_,. E,(0,g) = 0). This, combined
with 1, = O(n) and p, — K (as n — oo) (from (4.30) and (4.31)) together with the conditions
inf, §; , > @ > 0 (fori=1,2) (from @[}), immediately leads us to (]4&[)

(b2) Now we are in position to prove the estimates of Lemma The first parts of
items and are nothing but (4.34) and @.38)), respectively, while is ex-

actly (4.36). Furthermore, inequality (4.39) along with y,,; = —Ku, (according to ((1.7))
leads us to ¥, 7||yn||? < oo (namely the first estimate of item (4.27)). Moreover, (4.40) gives

us lim, .. n*@(x,,) = 0 (that is, the second estimate of (4.25)). We also have lim,, e, 72||1t,|| = O
(again from ), which together with y, | = —ku,, (from (I.7)) yields ||y,|| = o(n~!) (that
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is the second estimate of ). Finally, we recall that, as n — oo, n||x,11 + O,u,|| — 0 (ac-
cording to (4.33)), while n||u,|| — 0 (from (#.40)). It readily follows from the boundedness of
(6,) that n|[%,+1|| — O (as n — o), which proves the second estimate of item (4.26).

(b3) It remains to prove that any sequences (x,) and (y,) generated by (1.3)-(1.8) converge
weakly (as n — o) to some element of S. This can be shown by means of the classical Opial’s
lemma [26]. From the definition of (E,(s,q)),>0 given in we have

En(5,q) = 515(q —2%n) + Va(yn = xa) |? + 35(esc = 5) 1 — gl i
AU T My (2n-1), %0 — q) + T2y (0, (1 =10 1) = 22-)O(xa)  (4.60)
+%nnprflf,f(5(1 — M) + .LLL) ||.UMM(Zn71)||27
where ® := ® —min®. Let us estimate separately the third, fourth and fifth terms in the right

side of inequality (4.60). To that end, we first note that, by (4.40) along with v, = O(n),
T, = 0(n), N, € 10,1) and p, ~ K (as n — o) (from (4.31))), we have

lim V,||yn — xa]| =0, (4.61)
n—yoo
lim 730, ,0(xs) = lim 7|y (2a-1)[|* = 0. (4.62)

By we also know that e, (g — x,) + Vu(y, — X,) is bounded, which in light of entails
that (x,) is also bounded. Concerning the third term in the right side of , the Cauchy-
Schwarz inequality yields
Ml (M (2150 — )] < MM () [0l
So, by limy, e T, ||My (z5—1)]| = O (from (#.62)) and boundedness of (x,) and (7,), we get
NMnTn(My(2n—1),Xn —q) — 0 as n — oo,
Concerning the fourth and fifth terms in the right side of (4.60), we observe that the quantities
o, (1 =11) — Tsn—’}l and n,p, ' (6(1 —1n,) + L) are bounded. Hence, by (4.62), we readily
see that the last two terms in the right side of (4.60) tend to O (as n — ). We now take
s € [B,es). By we know that (E,(s,q)) is convergent as n — oo, Therefore, passing to the
limit in (4.60) as n — oo, in light of the previous arguments, immediately yields that

im0 Ep(5,9) = <% + Js(es — s)) lim,, o0 ||, — gl|%.
Thus we deduce that ||x, — ¢|| is convergent. Furthermore, it can be also noticed that
ensures that @(x,) — 0 as n — . So, given any subsequence (x,,) of (x,) such that (x,,)
converges weakly to some x, € H, by invoking the weak lower semi-continuity of ® we obtain

0 = liminfy_,e (O (x, ) — O(q)) > (O(x4) —BO(g)) > 0. (4.63)
This entails that @(x,) = O(q), namely x, € S. Therefore, any weak-cluster point of (x,) be-
longs to S. Applying Opial’s lemma [26] we conclude that the whole sequence (x,) converges

weakly to some element Z € S. So does (y,) in light of (4.61)). This ends the proof. U

5. MAIN CONVERGENCE RESULTS AND ESTIMATES

5.1. The general case of correction parameters. We are now in position to claim the main
result of this section.
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Theorem 5.1. Let ({I.2))-(1.4) hold (for some L > 0), let {k,ex, L, V,} C (0,00) be such that

k € (0,2) and (n,) C [0,1) satisfy (3-2)-(3.7) for some (N,A) € IN x [0,1) and (B,) C [0,0).
Assume furthermore that {x,,yn,z2,} C H are generated by —@ with parameters sat-
isfying the following conditions:

(Vi)usN C [V Vgl (with constants v, > 0 and v, > 0), (5.1

ex > sup,y B, (5.2)
1— 2

L< %min{lﬂ—x}, (5.3)

Then, (x,) and (y,) converge weakly to some element 7 € S and the following properties are
reached:

Y, (0(x,) —min®) < oo, O(x,) —min® = o(n"?), (5.4)
Yo n|%a |7 < oo, ||%n]l = 0o(n™1), (5.5)
Luntl[yall* < oo, [[yull = o(n™1), (5.6)
3EF € d0(x,) st L,n?||EF? < oo (5.7)

Proof. Indeed, observe that condition (5.3) can be reformulated as ,uL(l]f:)2 < min{l,2 — k}.
Hence, we can choose 6 € (0,1) N (0,2 — k) such that

,uL(llj;)z < 8 <min{1,2 - k}. (5.8)
Let us now consider the parameters introduced in (involved in Lemma.1)) along with this
particular value of 6. For convenience of the reader, we recall that these parameters write

@1 =Py (81 =) — 1L) — Mas1pyy (1) (8(1 = M) + L), (5.9)
B =5+ (1—x)(1+22), (5.10)
Cinler) = p, s (1=n 1) = €5, Gale) = py (81 =Ma) +UL) —ewptLz, ' (5.11)
Passing to the limit as n — oo in the above equalities, in light of (4.30) and (#.3T]), readily yields
lim @, = K (8(1—€e)—pL—e(8(1—¢e)+uL)) =k "(§(1—&)*—(1+€)uL), (5.12)

liinwz7n:1—5+l—K:2—5—K, (5.13)
Jggogl,n(e*) = K_l(l _8)7 nlLIIOlOCZ,n(e*) =k (6(1 _8) +.LLL)- (5.14)

It is obviously checked from (5.8)) that the above limits are positive, which readily implies the
existence of an integer N, such that n > N, yields the following results

inf,>n, Gin(es) > Q_‘i (for i = 1,2 and for some positive constants 5,-), (5.15)
O, >0, inf,>y, @, > @, (for some positive constants @>). (5.16)
Consequently, the desired conclusion immediately follows from Lemma4.3 UJ

5.2. Convergence results in particular cases of the correction parameter. In this section,
we discuss through the following corollary the convergence of ([1.5)-(1.8) relative to special in-
stances of parameters 1), and V;,.
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Corollary 5.2. Let (I.2)-(1.4) hold (for some L > 0), let {x, e, Vo, L} be positive parameters
such that x € (0,2), and let 51 € [0,e,) and € € [0,1). Assume in addition that

e, >2x L. (5.17)

Let {xn,yn,2n} C H be generated by (I.5)-(1.8) with parameters (v,) and (n,) defined by
V,i=n+ v, (5.18)
=g (1- 2= (1= (- %)), (5.19)

Suppose furthermore that the following condition holds :
(1-¢)?
1+¢
Then, (x,) and (yn) converge weakly to some element 7 € S and the properties (5.4)-(5.7) are

reached.

UL < min{1,2 — k}. (5.20)

Remark 5.3. Note that the above corollary covers the special case when 1, is constant (by
setting s1 = 0).

Proof. The results are derived from Theorem Indeed, let us prove that the assumptions of
this theorem hold It is obvious from the definition of (v,) and (n,) given in (5.18))-(5.19) that
the conditions (3.2) and (3.3)) are verified and that we have

lim, My =€ (thatis (3.7)). (5.21)
Concerning now conditions |||| we set for simplification p, =1 — (1 — 1<)V’\’,—:1 and 7, =
esx + Vu+1, and we introduce the sequence (f3,) defined for n > 0 by

1 2 (k—1)4 ) es1p, ! ( T, ))
= () (g ) 2P (k1 .
2 (( 1 1)<pn PP 1V Va1 P G L vy

1—¢
(5.22)
We easily deduce from (4.30)), (4.31)) and (5.21)) that
lim (1 +e.put, ') =€ <1, (5.23)

which guarantees that condition (3.4) is verified. Furthermore, by (5.18) and (5.21)) we readily
infer that limy e 1,1 “ = €, which ensures that condition (3.5) holds for some A € (g, 1).
Let us now prove that is satisfied for the sequence (f3,) defined by (5.22). We have

[p;l 2( =)o = (1=Ma-1)[oy ' T3lo + P ' %1 (5.24)
By an easy computation while noticing that 7,,_; = 7, — 1 we get
12 G T ] 1 1\ .2
[ ]O_pn_foll_p_(T _Tn 1)+<P_n_Pn—1>T"*1
-1—P 2 Pn—1—P 2 (525)
- ITn(zT" —1+ ( PP 1n> Tn—l S5t ( S;pn—ln) Tn-1-

In addition, we readily have
pn—l_pn_(K_l)( Vi _vn+1>: k=1 _ (k=1 (5.26)

PnPn—1 PrnPn—1 \ Vn—1 Vn PnPn—1VnVn—1  PnPn—1VnVn—1
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Hence, by combining (5.25)) and (5.26) in light of 7,, > 1, (from (3.2))) , we obtain
2 Kk—1
[pn_] 2]0 < <_ + ifn) Tn. (527)

Pn PnPrn—1VnVn—1
Furthermore, we can see that 1, can be rewritten as 1, = € (1 — i—‘pn) Therefore, as v, 1| =

o+ 1,v,-1=Vv,—1land 7,1 = 7, + 1 we have
o= —est (2 =221 ) = =0 (p,(5,— 1) — a1 %)

= 22 (lpa—pa1) =) =~z (1= )T (32— %) —p)  (528)
= 2 (- R)g, b)) — e (g, 4 (k= 1) 55 ).

Equality (5.24) together with (5.27) and (5.28) entails

(o 7 (1= 1w)]o = [0 ' Talo (1 = Mu1) + Py ' 70

< (24l ) (1= + 2B (g4 (- 1) 8 ).
:(l—&‘)ﬁ((%—l—ﬁ%)(l—nn—l) gslp" (Pn (K 1)\/,,\1/':,1))1'"
= (1—¢)Bun.

(5.29)
Furthermore, an easy computation using the definition of f, (given in (5.22)) together with
#.30), 4.31) and (5.21) gives us B, — 2k~! as n — oo, which guarantees that for n large
enough, f, > 0. Inequality along with the previous observation ensures that condition
is satisfied.

Let us now prove that the set of conditions (5.1)-(5.3) holds. Condition (5.1)) is a straight-
forward consequence of v, = n+ Vvg. Finally, by B, — 2k~! as n — oo, along with e, > 2k~!
(from assumption ), we infer that is satisfied. Therefore, the desired result immedi-
ately follows from Theorem 5.1} U

6. NUMERICAL EXPERIMENTS

In this section, we conduct some numerical experiments by implementing algorithm (1.3)-
(1.8) so as to solve different problems in various Banach spaces. Our aim is to illustrate the
behaviour of the proposed method as well as the influence of some parameters on its perfor-
mance. We also intend to compare the converging rates with that of recently studied methods.
In the sequel we denote by ||.||; and ||.||2 the L;-norm and the Lp-norm of R, respectively.

6.1. Application to a machine learning problem. We start by addressing a classical machine
learning problem, which consists in performing a binary classification of a diabetes dataset
(available at http://networkrepository.com/pima-indians-diabetes.php), by solving the following
minimization problem:

mings {O(x) 1= £(3) + (1)}, 6.1
where g(x) = A||x||; (for some A > 0) and f(x) = & LV, fi(x), for some given integer N and
functions f;(x) = log (1 +e*bi<x’“i>> with training label data (a;,b;) € RY x {+1,—1},
1,...,N. This problem has been numerically investigated with the algorithm RIGPA in [20].

It can be checked that a Lipschitz constant of Vf; is given by L; = ||a;||>/4. So a Lipschitz
constant for the function f is L = ]%, Zﬁvzl L;. For computational reasons, the data vectors a; were
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normalized, so that L = 1 /4. The other parameters are d = 8, N = 768 and A = 1/768 while s;
(which has to be in [0, e.) for convergence of the method) is chosen as 5. The starting points
are xo = yo = (0,0,0,0,0,0,0,0). On all the figures, ®(x,) — min® is set to 10~!3 whenever it
is less than 10713,

6.1.1. Influence of parameters k and e,. Figure [I]illustrates the influence of Kk on the trajec-
tories for various fixed values of e,. It can be seen that increasing the value of k considerably
improves the convergence, while higher values of e, seem to reduce the oscillations visible on

the trajectories.

——-r=03
————— £=0.7
— k=1

rx=1.9

- -k=0.3
————— £=0.7
r=1

K=1.9

1014 14
0 500 1000 1500 2000 2500 3000 4 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000

FIGURE 1. Evolution of ®(x,) —min® with € = 0.014 for several values of x for
CRIPGA, for e, =7 (left), e. = 15 (center) and e, = 30 (right). The other parameters

€x

are 4 =0.35, v, =n+ vy with vo = 144 and 5 = 5.

6.1.2. Influence of parameter € - comparison with RIGPA. Figure [2]illustrates the influence of
parameter € on the trajectories, for various fixed values of e,. It appears that the correction
term € has a damping effect on the oscillations generated by CRIPGA, especially for low values
of e,. Increasing e, leads to a significant reduction of these oscillations, therefore reducing
the incidence of the correction term. Finally, the best results in terms of convergence rate are
obtained for e, = 5 and € between 0.01 and 0.015 (it is worthwhile remembering that for € = 0,
CRIPGA reduces to RIGPA which has been studied in [20]).

1ot
100 200 300 400 500 600 700 800 900 1000 0

4
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000

FIGURE 2. Evolution of ®(x,) —min® for CRIPGA for k¥ = 1.9 and various values of
parameter €, with e, = 2 (left), e, = 5 (center) and e, = 7 (right). The other parameters
are unchanged from Figure ]

6.2. Application to image processing. We now consider the classical inverse problem of
image deblurring (deconvolution) and denoising.
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6.2.1. The minimization problem. We consider the case of grayscale images, represented as
elements of RMN (namely the set of M x N matrices with real coefficients), and we aim at
computing a restored image u from an altered image b € RMVN. A classical approach consists
in computing a solution of the total variation denoising and deconvolution model (see, e.g.,
[12,119]) :

min O(u) := ||Vull; + A||lu—b|2, (6.2)

ucRMN
where £ : RMN — RMN i a known blurring operator, V is the discrete gradient operator on RMY
(V is a linear function from RMY to R?™N) and A is a trade-off parameter between data fidelity
and smoothness. [|V(.)||; is the classical total variation operator introduced by Rudin-Osher-

Fatemi in their seminal paper [28] and defined by

[Vulli = X [|(Vu)ijll2  (since at any pixel (i, ), (Vu); ; is a R%-vector). (6.3)
Minimizing the total variation is known to reduce the noise while preserving edges. This prob-
lem has been considered in [22] through a saddle point reformulation. However, it could hardly
be solved with our method since the non-smooth function [|V(.)||; does not have an easy-to-
compute proximal mapping.

To overcome this difficulty, we are led to consider a variant of the problem, which also
presents operational advantages. Indeed, Total Variation methods for image denoising tend to
artificially create flat areas in the restored image. This is called the staircasing problem (see
[12]] for more details on that subject). A classical technique to avoid this unwanted effect is to
replace the L' norm in by the Huber-norm defined for some positive (and small) parameter

a by Jo (Vi) = i ; Wa ([[(Vu)i jll2) ,

. |x| if |x| > a
where Yy (R — R) is defined by yy(x) = K2 | a )
5 + 75 otherwise

This variant has also the advantage of smoothing the total variation term, which otherwise is not
differentiable in any image having pixels with a null discrete gradient. The other modification
of model (6.2) that we will consider consists in replacing the L? norm by the L! norm in the
data term. This variant offers some advantages since it is contrast invariant and it is well known
to be more effective against noise containing strong outliers, like for instance, salt and pepper
noise. Thus, the problem we propose to solve becomes

min O(u) := Jo (Vi) + A||fu—b];. (6.4)

u€RMN
It can be easily checked that the total variation term Jy(Vu) is convex and continuously dif-
ferentiable, with %E—Lipschitz continuous gradient, while the data term A ||fu — b||; is convex,
proper and lower semi-continuous, but not smooth. Therefore, (6.4) can be cast into problem

by setting f(u) = Jo(Vu) and g(u) = A||fu— b||;.

6.2.2. Simulations for CRIPGA. We aim at illustrating the performance of CRIPGA to solve
problem (6.4}, and highlighting the influence of the parameters involved in our algorithm. The
experiments concern a denoising case (¢ = Iy), with the parameter A = 1.15. The results are
shown on Figure

Next, we focus on the influence on the convergence to zero of O(x,) = ©(x,) — min® of
parameters {e,,Vo} (Figure ) and {x,e} (Figure[5). The influence of € is again visible in
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FIGURE 3. Application to total variation based image denoising with /; fitting term.
Original image (left), noisy input image (center), restored image (right) using A = 1.15.

this example. In particular, it can be seen on Figure [5] that CRIPGA with adequate values of
€ outperforms RIGPA (which corresponds to € = 0). Moreover, the convergence is faster for
low values of e, Vg between 50 and 100, and € close to 0.01. Concerning k, condition @
enforces an implicit relation between x and u, which acts as a time step. Therefore, when
illustrating the influence of k, it is relevant to also adjust u to a value close to its upper bound

allowed by (5.20). Then, the best performance seems to be reached for x around 1.

__________ X
- of S

1014
400 600 800 1000

FIGURE 4. Evolution of (®(x,) — min®)/(®(xp) — min®) for CRIPGA with v, =
n+ vy, for vo = 50 and several values of e, (left figure) and for e, = 5 and different
values of vy (right figure). The other parameters are k = 1, 4 =4.8¢e —4, s; = 2.5 and

€ =0.01.

12
o 200

FIGURE 5. Evolution of (®(x,) — min®)/(®(xy) — min®) for CRIPGA with v, =
n+ Vv, for € = 0.01 and several values of k and u (left figure) and different values of
€ along with Kk =1 and p = 4.25¢ — 4 (right figure). The other parameters are e, =5,

ST = 2.5 and Vo = 50.

6.3. Comparing CRIPGA with some other well-suited algorithms. In this section, we com-
pare the performances of our proposed algorithm with that of other classical methods, namely
the Forward-Backward Algorithm (FBA) and FISTA. On Figure[6] we compare the trajectories
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of the iterates (x;) given by CRIPGA, FBA and FISTA, through the convergence to zero of the
value (®(x,;) —min®)/(O(xp) — min®) (O being the objective function in (6.4)). It is clearly
observed that CRIPGA outperforms the other algorithms on the considered example.

- FISTA
108 £ CRIPGA

o 50 100 150 200

FIGURE 6. Profiles (in semi-logarithmic scale) of the quantity ®(x,)/|®(xo)| given
by CRIPGA (with ex =5, 51 =2.5, v, =n+50, k=1, € =0.01 and u =4.8¢ — 04),
FBA (with 4 =4.95¢ —04), and FISTA (with o¢ = 3.1 and u = 4.95¢ — 04).
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