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Abstract. This paper is devoted to the well-posedness analysis of a nonstationary Stokes hemivariational inequal-
ity for an incompressible fluid flow described by the Stokes equations subject to a nonsmooth boundary condition
of friction type described by the Clarke subdifferential. In a recent paper [19], well-posedness of the nonstationary
Stokes hemivariational inequality is studied for both the velocity and pressure fields. The solution existence is
shown through a limiting procedure based on temporally semi-discrete approximations for both the velocity and
pressure fields. In this paper, a refined well-posedness analysis is provided on the nonstationary Stokes hemivari-
ational inequality under more natural assumptions on the problem data. The solution existence is first shown for
the velocity field through a limiting procedure based on temporally semi-discrete approximations of a reduced
problem and then the pressure field is recovered with the help of an inf-sup property. In this way, assumptions on
the source term and the initial velocity needed in [19] are weakened, and a compatibility condition on initial values
of the data is dropped. Moreover, several hemivariational inequalities are introduced for the mathematical model
and their equivalence is explored.
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1. INTRODUCTION

Since the pioneering work of Panagiotopoulos ([29]), there has been extensive research on
modeling, analysis, numerical solution and applications of hemivariational inequalities and
the more general variational-hemivariational inequalities. Several research monographs are
available for detailed expositions of mathematical theories and applications of variational–
hemivariational inequalities, e.g., just to mention a few recent ones, [3, 14, 26, 27, 31]. In most
references in the area, abstract surjectivity results on pseudomonotone operators are needed
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to investigate the well-posedness of variational-hemivariational inequalities. For an approach
without the need of the notion and results of pseudomonotone operators, the reader is re-
ferred to the book [14] for an accessible coverage of the mathematical theory for variational-
hemivariational inequalities, based on the techniques developed in [12, 13]. Since there are
no analytic solution formulas for variational-hemivariational inequalities from applications, nu-
merical methods are needed to solve the problems. An early comprehensive reference on the fi-
nite element method for solving hemivariational inequalities is [20]. There has been substantial
progress on numerical analysis of variational-hemivariational inequalities in the recent years,
and the reader is referred to the two survey papers [16, 18] and the references therein. See also
the survey paper [15] for an elementary level overview of mathematical theory and numerical
analysis of stationary variational-hemivariational inequalities for beginners of the area.

Nonstationary Stokes variational inequalities are used to describe incompressible fluid flow
problems involving a non-leak nonsmooth monotone slip condition of friction type. They have
been studied in a number of papers, e.g., [7, 10, 23]. When a relevant superpotential function
in these papers is no longer assumed to be convex, a hemivariational inequality arises. This
paper is devoted to the study of a nonstationary Stokes hemivariational inequality, i.e., a hemi-
variational inequality of the time-dependent Stokes equations for an incompressible fluid flow
subject to a non-leak nonsmooth non-monotone slip condition of friction type. In the recent
paper [19], the well-posedness of the nonstationary Stokes hemivariational inequality is proved
under a compatibility condition on initial values of the data. The solution existence is shown
through a limiting procedure based on temporally semi-discrete approximations for both the
velocity and pressure fields. In this paper, the solution existence is first shown for the velocity
field through a limiting procedure based on temporally semi-discrete approximations of a re-
duced problem and then the pressure field is recovered with the help of an inf-sup property. In
this way, the compatibility condition on initial values of the data needed in [19] is dropped. We
note in passing that in [19], numerical analysis is extended to the nonstationary Stokes hemi-
variational inequality. The Rothe method has been used in studying a variety of time-dependent
problems; see, e.g, [2, 22, 30, 34]. Numerical methods have been studied in a number of papers
for solving stationary mixed hemivariational inequalities in fluid mechanics, e.g., [9, 24] for a
stationary Stokes hemivariational inequality, [17] for a stationary Navier-Stokes hemivariational
inequality.

The organization of this paper is as follows. In Section 2 we present some definitions and
auxiliary material. Several formulations of the problem are introduced and their equivalence is
explored in Section 3; assumptions on the data are also stated in the section. In Section 4, re-
duced formulations of the problem for the velocity variable are presented in which the pressure
variable is eliminated. In Section 5, the existence and uniqueness of the velocity variable are in-
vestigated for the reduced formulations. In Section 6, the pressure component of the solution for
the problem is recovered. In Section 7, Lipschitz continuous dependence of the velocity solu-
tion on the source function and the initial value is shown. In Section 8, we provide a concluding
remark on the main contribution of this paper.
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2. PRELIMINARIES

Let V be a Banach space with the norm ‖ · ‖V . Denote by V ∗ its topological dual, and by
〈·, ·〉V ∗×V the duality pairing between V ∗ and V . Weak convergence will be indicated by the
symbol ⇀. The symbol 2V ∗ represents the set of all subsets of V ∗.

We first recall the notions of the generalized directional derivative and the generalized subdif-
ferential of a locally Lipschitz function. These notions are needed in expressing hemivariational
inequalities. Let Ψ : V → R be a locally Lipschitz function. Then the generalized directional
derivative (in the sense of Clarke) of Ψ at u ∈V in the direction v ∈V is defined by

Ψ
0(u;v) = limsup

w→u,λ→0

Ψ(w+λv)−Ψ(w)
λ

,

and the generalized subdifferential (in the sense of Clarke) of Ψ at u is defined by

∂Ψ(u) = {ξ ∈V ∗ |Ψ0(u;v)≥ 〈ξ ,v〉V ∗×V ∀v ∈V}.

For properties and detailed discussions of the generalized directional derivative and the general-
ized subdifferential of a locally Lipschitz function, the reader is referred to [5, 6] or [26, Section
3.2].

Given a finite time interval I = (0,T ), for 1≤ p≤∞, we will use the Bochner space Lp(I;V ).
For 1 ≤ q < ∞, we denote by BV q(I;V ) the space of functions of bounded total variation on I
of exponent q. This space consists of functions v : I→V such that

‖v‖q
BV q(I;V )

= sup
π∈P

n(π)

∑
i=1
‖v(ai)− v(ai−1)‖q

V < ∞,

where P is the set of all finite partitions π of I = [0,T ]: 0 = a0 < a1 < · · · < an(π) = T , n(π)
being a positive integer.

Given Banach spaces V1 and V2 such that V1⊂V2, define Mp,q(I;V1,V2)=Lp(I;V1)∩BV q(I;V2),
which is a Banach space for 1≤ p,q < ∞ with the norm given by ‖ · ‖Lp(I;V1)+‖ · ‖BV q(I;V2).

The following important result is proved in [22].

Theorem 2.1. Let 1≤ p,q<∞. Let V1⊂V2⊂V3 be real Banach spaces such that V1 is reflexive,
the embedding V1 ⊂ V2 is compact and the embedding V2 ⊂ V3 is continuous. Then a bounded
subset of Mp,q(I;V1,V3) is relatively compact in Lp(I;V2).

We will apply the modified Cauchy-Schwarz inequality on several occasions in Section 5,
with a proper choice of ε > 0,

ab≤ ε a2 + cεb2 ∀a,b ∈ R, ε > 0, cε = 1/(4ε). (2.1)

The following version of Aubin-Cellina convergence theorem ([1, p. 60]) will be used.

Theorem 2.2. Let F : X → 2Y be a set-valued function between two Banach spaces X and Y .
Assume F is upper semicontinuous from X into Yw and the values of F are nonempty, closed
and convex subsets of Y . Let xn : (0,T )→ X, yn : (0,T )→ Y , n ∈ N, be measurable functions
such that xn converges almost everywhere on (0,T ) to a function x : (0,T )→X and yn converges
weakly in L1(0,T ;Y ) to y : (0,T )→Y . If yn(t)∈ F(xn(t)) for all n∈N and almost all t ∈ (0,T ),
then y(t) ∈ F(x(t)) for a.e. t ∈ (0,T ).
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3. MATHEMATICAL MODEL

Let d = 2 or 3 be the dimension of the spatial domain for the problem under consideration.
Denote the Euclidean norm in Rd by | · |. Denote by Sd the space of symmetric tensors on Rd ,
or equivalently, the space of symmetric matrices of order d.

Let Ω⊂Rd be a Lipschitz domain. Its boundary Γ is split into two non-trivial non-overlapping
parts: Γ = ΓD∪ΓS with ΓD relatively closed and ΓS relatively open. Let [0,T ] be the time in-
terval for a given T > 0. Since the boundary is Lipschitz continuous, the unit outward normal
vector ν = (ν1, · · · ,νd)

T exists a.e. on Γ. For a vector v, we denote by vν = v · ν its normal
component and vτ = v− vνν its tangential component on Γ.

We consider the motion of an incompressible fluid flow in Ω, modeled by the Stokes equa-
tions. The unknown variables are the velocity field u and the pressure field p of the fluid.
Denote by µ > 0 the viscosity of the fluid, by f the density of the volume force applied to the
fluid, and by u0 : Ω→ Rd be the initial velocity. The stress tensor is σ = 2 µ ε(u)− pI, where
ε(u) = (∇u+(∇u)T )/2 and I is the identity tensor. The normal and tangential components of
the stress on the boundary are σν = (σν) · ν and σ τ = σν −σνν . We impose the homoge-
neous Dirichlet boundary condition on ΓD and a non-smooth, possibly non-monotone, friction
condition with a potential function ψ on ΓS. The potential function ψ is assumed to be locally
Lipschitz continuous. The classical pointwise formulation of the problem is the following:

u′−2µ divε(u)+∇p = f in (0,T )×Ω, (3.1)

divu = 0 in (0,T )×Ω, (3.2)

u = 0 on (0,T )×ΓD, (3.3)

uν = 0, −σ τ ∈ ∂ψ(uτ) on (0,T )×ΓS, (3.4)

u|t=0 = u0 in Ω. (3.5)

In (3.4), ∂ψ denotes the generalized subdifferential of ψ in the sense of Clarke.
The problem (3.1)–(3.5) will be studied in weak forms. For this purpose, we Introduce the

function spaces

V =
{

v ∈ H1(Ω)d | v = 0 on ΓD, vν = 0 on ΓS

}
, (3.6)

Q = L2
0(Ω) =

{
q ∈ L2(Ω) | (q,1)L2(Ω) = 0

}
, (3.7)

H = L2(Ω)d, (3.8)

where (·, ·)L2(Ω) is the canonical inner product in L2(Ω), and

V = L2(0,T ;V ), (3.9)

W =
{

v ∈ V | v′ ∈ V ∗
}
, (3.10)

Q = L2(0,T ;Q), (3.11)

H = L2(0,T ;H). (3.12)

Since |ΓD|> 0, Korn’s inequality holds: there exists a constant c > 0, depending only on Ω and
ΓD, such that ‖v‖H1(Ω)d ≤ c‖ε(v)‖L2(Ω)d×d , for all v ∈V ; see, e.g., [28, p. 79] for a proof of this
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inequality. Consequently, V is a Hilbert space with the inner product

(u,v)V :=
∫

Ω

ε(u) : ε(v)dx ∀u,v ∈V ,

and the induced norm ‖v‖V = (v,v)1/2
V is equivalent to the standard H1(Ω)d-norm over V . The

spaces Q, H, V , W , Q and H are all Hilbert spaces with their standard inner products. We
will also need the following subspace of V :

V 0 := H1
0 (Ω)d. (3.13)

We have the trace inequality

‖vτ‖L2(ΓS)d ≤ λ
−1/2
τ ‖v‖V ∀v ∈V , (3.14)

where λτ > 0 is the smallest eigenvalue of the eigenvalue problem

u ∈V , (u,v)V = λ (uτ ,vτ)L2(ΓS)d ∀v ∈V .

Define the bilinear forms

a(u,v) = 2 µ

∫
Ω

ε(u) : ε(v)dx ∀u,v ∈V , (3.15)

b(v,q) =
∫

Ω

qdivvdx ∀v ∈V , q ∈ Q. (3.16)

Obviously, the bilinear form a(·, ·) : V ×V → R is symmetric, continuous, and V -elliptic:

|a(u,v)| ≤ 2 µ ‖u‖V‖v‖V ∀u,v ∈V ,

a(v,v) = 2 µ ‖v‖2
V ∀v ∈V .

The bilinear form b(·, ·) : V × Q→ R is continuous: for a constant cb > 0,

|b(v,q)| ≤ cb‖v‖V‖q‖Q ∀v ∈V , q ∈ Q.

Moreover, we have the inf-sup property ([11, 21, 32]): for a positive constant αb > 0,

sup
06=v∈V 0

b(v,q)
‖v‖V

≥ αb‖q‖Q ∀q ∈ Q. (3.17)

Define operators A : V →V ∗ and B : V → Q∗ by

〈Au,v〉V ∗×V = a(u,v) ∀u,v ∈V ,

〈Bv,q〉Q∗×Q = b(v,q) ∀v ∈V , q ∈ Q.

Then A ∈L (V ;V ∗) is self-adjoint and 〈Av,v〉V ∗×V = 2 µ ‖v‖2
V for all v ∈V .

Concerning the data, we assume

f ∈ V ∗, u0 ∈ H, (3.18)

and
H(ψ): ψ : ΓS× (0,T )×Rd → R is such that

(i) ψ(·, ·,ξ ) is measurable on ΓS× (0,T ) for all ξ ∈ Rd and there exists ξ 0 ∈ L2(ΓS)
d such

that ψ(·, t,ξ 0(·)) ∈ L1(ΓS) for a.e. t ∈ (0,T );
(ii) ψ(x, t, ·) is locally Lipschitz on Rd for a.e. (x, t) ∈ ΓS× (0,T );
(iii) |η | ≤ c0(1+ |ξ |) for all ξ ∈ Rd , η ∈ ∂ψ(x, t,ξ ), a.e. (x, t) ∈ ΓS× (0,T ) with c0 > 0;
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(iv) (η1−η2)(ξ 1− ξ 2) ≥ −αψ |ξ 1− ξ 2|2 for all η i ∈ ∂ψ(x, t,ξ i), ξ i ∈ Rd , i = 1,2, a.e.
(x, t) ∈ ΓS× (0,T ) with a constant αψ > 0.

For simplicity in writing, we will use the notation IΓS(z) for the integral of a function z over
ΓS.

The following result holds ([19, Lemma 3.1]).

Lemma 3.1. Assume H(ψ). Then,

IΓS(ψ
0(v1,τ ;v2,τ − v1,τ)+ψ

0(v2,τ ;v1,τ − v2,τ))≤ αψλ
−1
τ ‖v1− v2‖2

V ∀v1,v2 ∈V .

Through a standard procedure, we get the following weak formulation of the problem (3.1)–
(3.5).

Problem 3.2. Find u ∈W and p ∈Q such that for a.e. t ∈ (0,T ),

〈u′(t),v〉V ∗×V +a(u(t),v)−b(v, p(t))+ IΓS(ψ
0(uτ(t);vτ))≥ 〈 f (t),v〉V ∗×V ∀v ∈V , (3.19)

b(u(t),q) = 0 ∀q ∈ Q, (3.20)

and
u(0) = u0. (3.21)

Note that since W ⊂C([0,T ];H), the initial condition (3.21) is well-defined.
By allowing v and q to depend on t and integrating (3.19) and (3.20) with respect to t, we

obtain another weak formulation of the problem (3.1)–(3.5).

Problem 3.3. Find u ∈W and p ∈Q such that∫ T

0

[
〈u′(t),v(t)〉V ∗×V +a(u(t),v(t))−b(v(t), p(t))+ IΓS(ψ

0(uτ(t);vτ(t)))
]

dt

≥
∫ T

0
〈 f (t),v(t)〉V ∗×V dt ∀v ∈ V , (3.22)∫ T

0
b(u(t),q(t))dt = 0 ∀q ∈Q, (3.23)

and
u(0) = u0. (3.24)

It turns out that the above two problems are equivalent in the sense that a pair of functions
(u, p) ∈ W ×Q is a solution of one problem if and only if it is a solution of the other ([19,
Proposition 3.4]).

Proposition 3.4. Problem 3.2 and Problem 3.3 are equivalent.

To proceed further, we need function spaces on ΓS:

S = L2(ΓS)
d, (3.25)

S = L2(0,T ;S). (3.26)

Define a functional
Ψ(z) = IΓS(ψ(z)), z ∈ S. (3.27)
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Denote by γ : v 7→ vτ a trace operator over V . Note that γ ∈ L (V ;S) is compact. Since (cf.
[26, Theorem 3.47 (iv)]) Ψ0(γv1;γv2) ≤ IΓS(ψ

0(γv1;γv2)) for all v1,v2 ∈ V , we deduce from
Lemma 3.1 that

Ψ
0(γv1;γv2− γv1)+Ψ

0(γv2;γv1− γv2)≤ αψλ
−1
τ ‖v1− v2‖2

V ∀v1,v2 ∈V . (3.28)

Now introduce an auxiliary problem:

Problem 3.5. Find u ∈W and p ∈Q such that for a.e. t ∈ (0,T ),

〈u′(t),v〉V ∗×V +a(u(t),v)−b(v, p(t))+Ψ
0(γu(t);γv))≥ 〈 f (t),v〉V ∗×V ∀v ∈V , (3.29)

b(u(t),q) = 0 ∀q ∈ Q, (3.30)

and
u(0) = u0. (3.31)

Similar to Problem 3.3, we have a global version of Problem 3.5.

Problem 3.6. Find u ∈W and p ∈Q such that∫ T

0

[
〈u′(t),v(t)〉V ∗×V +a(u(t),v(t))−b(v(t), p(t))+Ψ

0(γu(t);γv(t))
]

dt

≥
∫ T

0
〈 f (t),v(t)〉V ∗×V dt ∀v ∈ V , (3.32)∫ T

0
b(u(t),q(t))dt = 0 ∀q ∈Q, (3.33)

and
u(0) = u0. (3.34)

By adapting the proof of Proposition 3.4 in [19], we can show the next result.

Proposition 3.7. Problem 3.5 and Problem 3.6 are equivalent.

A relation between the two pairs of problems, Problems 3.2 and 3.3 vs. Problems 3.5 and 3.6,
is the following.

Proposition 3.8. Any solution of Problem 3.5 is a solution of Problem 3.2. If Problem 3.5 has
a solution and a solution of Problem 3.2 is unique, then both problems admit a unique solution
and the solution is the same to the two problems.

Proof. The first statement follows from Ψ0(γu(t);γv)) ≤ IΓS(ψ
0(γu(t);γv(t))). The second

statement is obvious. �

Starting with Problem 3.5, we consider the next inclusion problem.

Problem 3.9. Find u ∈W and p ∈Q such that for a.e. t ∈ (0,T ),

u′(t)+Au(t)−B∗p(t)+ γ
∗
∂Ψ(γu(t)) 3 f (t), (3.35)

Bu(t) = 0, (3.36)

and
u(0) = u0. (3.37)

This problem can be equivalently rewritten as the following.
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Problem 3.10. Find u ∈W , p ∈Q and ξ ∈S ∗ such that for a.e. t ∈ (0,T ),

u′(t)+Au(t)−B∗p(t)+ γ
∗
ξ (t) = f (t), (3.38)

ξ (t) ∈ ∂Ψ(γu(t)), (3.39)

Bu(t) = 0, (3.40)

and
u(0) = u0. (3.41)

We have the next result.

Proposition 3.11. If (u, p)∈W ×Q is a solution of Problem 3.9, or if (u, p,ξ )∈W ×Q×S ∗

is a solution of Problem 3.10, then (u, p) ∈W ×Q is a solution of Problem 3.5.

Proof. Note that for all ξ (t) ∈ ∂Ψ(γu(t)), we have 〈γ∗ξ (t),v〉V ∗×V ≤ Ψ0(γu(t);γv) for all
v ∈V . Hence, (3.35) implies (3.29). �

4. REDUCED FORMULATIONS FOR THE VELOCITY FIELD

In this section, we consider reduced forms of the problems from last section by eliminating
the pressure variable p. For this purpose, we introduce the following subspaces of V , V and W :

V div = {v ∈V | divv = 0 in Ω} , (4.1)

V div = L2(0,T ;V div), (4.2)

W div =
{

v ∈ V div | v′ ∈ V ∗div
}
. (4.3)

Endowed by the inner products and norms in V , V and W , these subspaces are themselves
Hilbert spaces. Since V div ⊂ V , we have V ∗ ⊂ V ∗div and the duality pairing 〈·, ·〉V ∗×V is auto-
matically extended to V ∗div×V div with the property

〈g,v〉V ∗div×V div = 〈g,v〉V ∗×V ∀g ∈V ∗, v ∈V div. (4.4)

A similar comment holds regarding the duality pairing on V ∗div×V div. For g∈V ∗ and v∈V div,

since ‖g‖V ∗div
≤ ‖g‖V ∗ and ‖v‖V div = ‖v‖V , we have

∣∣∣〈g,v〉V ∗div×V div

∣∣∣ ≤ ‖g‖V ∗‖v‖V . Denote by
γdiv the restriction of γ ∈L (V ;S) on V div: γdiv ∈L (V div;S). The reduced forms of Problem
3.5 and Problem 3.6 are the following.

Problem 4.1. Find u ∈W div such that, for a.e. t ∈ (0,T ),

〈u′(t),v〉V ∗div×V div +a(u(t),v)+Ψ
0(γdivu(t);γdivv)≥ 〈 f (t),v〉V ∗div×V div ∀v ∈V div, (4.5)

and
u(0) = u0. (4.6)

Problem 4.2. Find u ∈W div such that∫ T

0

[
〈u′(t),v(t)〉V ∗div×V div +a(u(t),v(t))+Ψ

0(γdivu(t);γdivv(t))
]

dt

≥
∫ T

0
〈 f (t),v(t)〉V ∗div×V divdt ∀v ∈ V div (4.7)

and
u(0) = u0. (4.8)
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Similar to Proposition 3.7, we can show that Problem 4.1 and Problem 4.2 are equivalent.
The counterpart of Problem 3.9 is

Problem 4.3. Find u ∈W div such that for a.e. t ∈ (0,T ),

u′(t)+Au(t)+ γ
∗
div∂Ψ(γdivu(t)) 3 f (t), (4.9)

and
u(0) = u0. (4.10)

This problem is interpreted as

Problem 4.4. Find u ∈W div and ξ ∈S ∗ such that for a.e. t ∈ (0,T ),

u′(t)+Au(t)+ γ
∗
divξ (t) = f (t) in V ∗div, (4.11)

ξ (t) ∈ ∂Ψ(γdivu(t)), (4.12)

and
u(0) = u0. (4.13)

Similar to Proposition 3.11, we claim that if (u,ξ )∈W div×S ∗ is a solution of Problem 4.4,
then u is a solution of Problem 4.1.

5. EXISTENCE AND UNIQUENESS FOR THE VELOCITY FIELD

In this section, we investigate the existence and uniqueness of a solution to Problem 4.4.
The main effort is on the existence. For this purpose, we consider a temporally semi-discrete
approximation of Problem 4.4 based on the backward Euler difference for the time derivative. In
the literature, such an approximation is known as the Rothe method. For a fixed positive integer
N ∈ N, define the time step-size k = T/N. Denote the nodes tn = nk, 0≤ n≤ N. Introduce the
piecewise constant interpolant of f by f k

n =
1
k
∫ tn

tn−1
f (t)dt, 1≤ n≤ N. It is easy to verify that

‖ f k
n‖2

V ∗ ≤
1
k

∫ tn

tn−1

‖ f (t)‖2
V ∗dt, 1≤ n≤ N,

and consequently,

k
n

∑
j=1
‖ f k

n‖2
V ∗ ≤

∫ tn

0
‖ f (t)‖2

V ∗dt ≤ ‖ f‖2
V ∗ , 1≤ n≤ N. (5.1)

The initial value u0 ∈ H can be approximated by a sequence {uk,0} ⊂ V such that uk,0→ u0

in H and ‖uk,0‖V ≤ ck−1/2 for some constant c > 0, cf. [30, Theorem 8.9].
Then, the semi-discrete approximation of Problem 4.4 is the following.

Problem 5.1. Find uk := {uk
n}N

n=0 ⊂V div and ξ
k := {ξ k

n}N
n=1 ⊂ S∗ such that for n = 1, . . . ,N,

1
k
(uk

n−uk
n−1)+Auk

n + γ
∗
divξ

k
n = f k

n, (5.2)

ξ
k
n ∈ ∂Ψ(γdivuk

n), (5.3)

and
uk

0 = uk,0. (5.4)
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We assume

m := 2µ−αψλ
−1
τ > 0. (5.5)

This is called a smallness condition in the literature since the condition sets an upper bound on
the value αψ which reflects the strength of the non-convexity of ψ .

The problem (5.2)–(5.3) is equivalent to

1
k
〈uk

n−uk
n−1,v〉V ∗div×V div +a(uk

n,v)+Ψ
0(γdivuk

n;γdivv)≥ 〈 f k
n,v〉V ∗div×V div ∀v ∈V div. (5.6)

The equivalence is due to the facts that Ψ0(γdivuk
n;γdivv) ≥ 〈ξ k

n,γdivv〉S∗×S, ∀v ∈ V div, for all
ξ

k
n ∈ ∂Ψ(γdivuk

n), and given z ∈ S,

Ψ
0(γdivuk

n;z) = max{〈ζ ,z〉S∗×S | ζ ∈ ∂Ψ(γdivuk
n)}= 〈ξ

k
n,z〉S∗×S

for one element ξ
k
n ∈ ∂Ψ(γdivuk

n). Then, Ψ0(γdivuk
n;γdivv) = 〈ξ k

n,γdivv〉S∗×S for all v ∈ V div.
Rewrite (5.6) as

〈uk
n,v〉V ∗div×V div + k a(uk

n,v)+ k Ψ
0(γdivuk

n;γdivv)≥ 〈 f̃ k
n,v〉V ∗div×V div ∀v ∈V div. (5.7)

where f̃ k
n = k f k

n +uk
n−1. By [14, Theorem 5.30], if

αψλ
−1
τ k < 1+2 µ k, (5.8)

then (5.7) has a unique solution uk
n ∈V div, which is the minimizer of the functional

1
2
‖v‖2

H + k µ ‖v‖2
V + k Ψ(γdivv)−〈 f̃ k

n,v〉V ∗div×V div

over V div. Condition (5.8) is guaranteed by the assumption (5.5); alternatively, it is guaranteed
if k < λτ/αψ without the assumption (5.5).

Summarizing, we have the following result on Problem 5.1.

Theorem 5.2. Assume (3.18), H(ψ) and (5.5). Then, Problem 5.1 has a solution (uk,ξ k) ⊂
V div×S∗ and uk is unique.

Remark 5.3. On uniqueness of ξ
k: The equation (5.2) implies that γ∗divξ

k
n is unique, i.e., the

value 〈ξ k
n,γdivv〉S∗×S = 〈ξ k

n,vτ〉S∗×S is uniquely defined with respect to vτ for v ∈V div. In other
words, the normal component of ξ

k
n does not matter in (5.2) and in terms of the tangential

component of ξ
k
n, it is unique. Alternatively, we can choose ξ

k
n such that its normal component

vanishes, or equivalently, choose ξ
k
n to be the minimal-norm element of the second solution

component among all solutions (uk
n,ξ

k
n) of the problem (5.2)–(5.3).

Then, we turn to a derivation of upper bounds on the semi-discrete solutions.
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Lemma 5.4. Assume (3.18), H(ψ) and (5.5). Then, there is a constant c > 0 such that

max
0≤n≤N

‖uk
n‖H ≤ c, (5.9)

N

∑
n=1
‖uk

n−uk
n−1‖2

H ≤ c, (5.10)

k
N

∑
n=1
‖uk

n‖2
V ≤ c, (5.11)

‖ξ k
n‖S∗ ≤ c

(
1+‖uk

n‖V
)
. (5.12)

Proof. Apply (5.2) to v = uk
n:

1
k
(uk

n−uk
n−1,u

k
n)H +a(uk

n,u
k
n)+ 〈ξ

k
n,γdivuk

n〉S∗×S = 〈 f k
n,u

k
n〉V ∗div×V div . (5.13)

For the first term on the left hand side,

(uk
n−uk

n−1,u
k
n)H = ‖uk

n‖2
H−‖uk

n−1‖2
H +‖uk

n−uk
n−1‖2

H .

For the third term on the left hand side, using (5.3), (3.28) and H(ψ),

〈ξ k
n,γdivuk

n〉S∗×S =−〈ξ k
n,−γdivuk

n〉S∗×S

≥−Ψ
0(γdivuk

n;−γdivuk
n)

=−
[
Ψ

0(γdivuk
n;−γdivuk

n)+Ψ
0(0;γdivuk

n)
]
+Ψ

0(0;γdivuk
n)

≥−αψλ
−1
τ ‖uk

n‖2
V − c1− c2‖uk

n‖V .

Then apply the modified Cauchy-Schwarz inequality (2.1) to bound the term c2‖uk
n‖V to find

that for any ε > 0, there is an ε-dependent constant c3 such that

〈ξ k
n,γdivuk

n〉S∗×S ≥−
(
αψλ

−1
τ + ε

)
‖uk

n‖2
V − c3.

For the right hand side of (5.13), 〈 f k
n,u

k
n〉V ∗div×V div ≤ ‖ f k

n‖V ∗‖uk
n‖V , and then apply the modified

Cauchy-Schwarz inequality to get an ε-dependent constant c such that

〈 f k
n,u

k
n〉V ∗div×V div ≤ ε ‖uk

n‖2
V + c‖ f k

n‖2
V ∗.

Choose ε = m/4 for m defined in (5.5). Then, we derive from (5.13) that
1

2k

(
‖uk

n‖2
H−‖uk

n−1‖2
H +‖uk

n−uk
n−1‖2

H

)
+

m
2
‖uk

n‖2
V ≤

c4

2

(
1+‖ f k

n‖2
V ∗

)
,

or
‖uk

n‖2
H−‖uk

n−1‖2
H +‖uk

n−uk
n−1‖2

H +mk‖uk
n‖2

V ≤ c4k
(

1+‖ f k
n‖2

V ∗

)
.

Change n to j in the above inequality and add the inequality for j from 1 to n:

‖uk
n‖2

H +
n

∑
j=1
‖uk

j−uk
j−1‖2

H +mk
n

∑
j=1
‖uk

j‖2
V ≤ ‖uk,0‖2

H + c4nk+ c4k
n

∑
j=1
‖ f k

j‖2
V ∗.

Recall that uk,0 → u0 in H, implying the uniform boundedness of ‖uk,0‖H with respect to k.
Note that nk ≤ T for any 1 ≤ n ≤ N. By (5.1), the third term on the right side of the above
inequality is also uniformly bounded with respect to k. Hence, (5.9), (5.10) and (5.11) hold.
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From (5.3) and assumptions on Ψ, ‖ξ k
n‖S∗ ≤ c

(
1+‖γdivuk

n‖S
)
≤ c
(
1+‖uk

n‖V
)
. Hence, (5.12)

holds. �

We turn to a convergence analysis of the Rothe method. Define a continuous piecewise
linear function uk : [0,T ] → V div and three piecewise constant functions uk : [0,T ] → V div,
ξ k : [0,T ]→ S∗, and f k : [0,T ]→V ∗ by

uk(t) = uk
n +
( t

k
−n
)
(uk

n−uk
n−1), uk(t) = uk

n, ξ k(t) = ξ
k
n, f k(t) = f k

n

for t ∈ (tn−1, tn] if 2≤ n≤ N, and for t ∈ [0, t1] if n = 1. By (5.1), we have

‖ f k‖V ∗ ≤ ‖ f‖V ∗. (5.14)

Also, the following convergence holds ([4]):

f k→ f in V ∗. (5.15)

Rewrite (5.2) and (5.3) as, a.e. t ∈ (0,T ),

u′k(t)+Auk(t)+ γ
∗
divξ k(t) = f k(t), (5.16)

ξ k(t) ∈ ∂Ψ(γdivuk(t)). (5.17)

Define Nemytskii operators A : V div→ V ∗div and γ̃ : V div→S by

(A v)(t) = Av(t),

(γ̃v)(t) = γdivv(t).

Then, A ∈ L (V div;V ∗div), γ̃ ∈ L (V div;S ). We derive from (5.16)–(5.17) that for a.e. t ∈
(0,T ),

(u′k(t),v)H + 〈Auk(t),v〉V ∗div×V div + 〈ξ k(t),γdivv〉S∗×S = 〈 f k(t),v〉V ∗div×V div ∀v ∈V div,

ξ k(t) ∈ ∂Ψ(γdivuk(t)),

or

(u′k,v)H + 〈A uk,v〉V ∗div×Vdiv + 〈ξ k, γ̃v〉S ∗×S = 〈 f k,v〉V ∗div×Vdiv ∀v ∈ V div, (5.18)

ξ k(t) ∈ ∂Ψ(γdivuk(t)), a.e. t ∈ (0,T ). (5.19)

Let us establish some bounds on {uk}, {uk}, and {ξ k} next.

Lemma 5.5. Under the assumptions (3.18), H(ψ) and (5.5), there exists a constant c > 0 such
that

‖uk‖L∞(0,T ;H) ≤ c, (5.20)

‖uk‖V ≤ c, (5.21)

‖uk‖M2,2(0,T ;V ,V ∗) ≤ c, (5.22)

‖uk‖C([0,T ];H) ≤ c, (5.23)

‖uk‖V ≤ c, (5.24)

‖u′k‖V ∗ ≤ c, (5.25)

‖ξ k‖S ∗ ≤ c. (5.26)
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Proof. The bound (5.20) is a direct consequence of (5.9). The bound (5.21) follows from (5.11):

‖uk‖2
V =

N

∑
n=1
‖uk

n‖2
V k ≤ c.

For any t ∈ (tn−1, tn] if 2≤ n≤ N, or for any t ∈ [0, t1] if n = 1, by (5.9),

‖uk(t)‖H ≤max
{
‖uk

n‖H ,‖uk
n−1‖H

}
≤ c.

Notice that uk(t) is continuous in t. So (5.23) holds.
The bound (5.24) is established from

‖uk‖2
V =

∫ T

0
‖uk(t)‖2

V dt =
N

∑
n=1

∫ tn

tn−1

∥∥∥uk
n +
( t

k
−n
)
(uk

n−uk
n−1)

∥∥∥2

V
dt ≤ c

N

∑
n=0

k‖uk
n‖2

V

which is uniformly bounded with respect to k by (5.11).
By (5.12),

‖ξ k‖2
S∗ =

N

∑
n=1

k‖ξ k
n‖2

S∗ ≤ ck
N

∑
n=1

(
1+‖uk

n‖2
V

)
≤ c+ ck

N

∑
n=1
‖uk

n‖2
V .

Then, applying (5.11), we derive (5.26). From (5.16), u′k(t) = f k(t)−Auk(t)−γ∗divξ k(t) a.e. t ∈
(0,T ). Then,

‖u′k(t)‖V ∗ ≤ ‖ f k(t)‖V ∗+‖A‖‖uk(t)‖V +‖γ∗div‖‖ξ k(t)‖2
S∗ a.e. t ∈ (0,T ).

Consequently, for some constant c > 0,

‖u′k‖V ∗ ≤ c
[
‖ f k‖V ∗+‖uk‖V +‖ξ k‖S ∗

]
,

which is bounded by a constant c due to (5.14), (5.21) and (5.26). Thus, (5.25) holds.
Finally, we derive the bound (5.22). By definition,

‖uk‖2
BV 2(0,T ;V ∗) = sup

0=s0<s1<···<si0=T

i0

∑
i=1
‖uk(si)−uk(si−1)‖2

V ∗ ,

where the supremum is taken with respect to all partitions of [0,T ]. For a particular partition
0 = s0 < s1 < · · · < si0 = T , we have positive integers m1 ≤ m2 ≤ ·· · ≤ mi0 = N such that
si ∈ ((mi−1)k,mik], 1≤ i≤ i0. Then, uk(si)−uk(si−1) = uk

mi
−uk

mi−1
. By the triangle inequality,

‖uk(si)−uk(si−1)‖V ∗ = ‖uk
mi
−uk

mi−1
‖V ∗ ≤

mi

∑
j=mi−1+1

‖uk
j−uk

j−1‖V ∗

and so,

‖uk(si)−uk(si−1)‖2
V ∗ ≤ (mi−mi−1)

mi

∑
j=mi−1+1

‖uk
j−uk

j−1‖2
V ∗ ≤ (mi−mi−1)

N

∑
j=1
‖uk

j−uk
j−1‖2

V ∗.
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As a result,
i0

∑
i=1
‖uk(si)−uk(si−1)‖2

V ∗ ≤
i0

∑
i=1

(mi−mi−1)
N

∑
j=1
‖uk

j−uk
j−1‖2

V ∗

= N
N

∑
j=1
‖uk

j−uk
j−1‖2

V ∗

= T k
N

∑
j=1
‖uk

j−uk
j−1‖2

V ∗

= T ‖u′k‖2
V ∗

which is uniformly bounded with respect to k by (5.25). Thus,

‖uk‖M2,2(0,T ;V ,V ∗) = ‖uk‖V +‖uk‖BV 2(0,T ;V ∗) ≤ c,

i.e., (5.22) holds. �

Lemma 5.6. Assume (3.18), H(ψ) and (5.5). For a subsequence {k}, we have, as k→ 0,

uk ⇀ u in V div, (5.27)

uk→ u in H , (5.28)

uk,τ → uτ in S (5.29)

uk ⇀ u in V div, (5.30)

u′k ⇀ u′ in V ∗, (5.31)

ξ k ⇀ ξ in S ∗, (5.32)

and (u,ξ ) solves Problem 4.4.

Proof. From the bounds in Lemma 5.5, we can assume that, passing to a subsequence if neces-
sary, there exist u ∈ Vdiv∩L∞(0,T ;H), u ∈ Vdiv∩L∞(0,T ;H), ũ ∈ V ∗, and ξ ∈S ∗ such that
as k→ 0,

uk ⇀ u in V and uk ⇀
∗ u in L∞(0,T ;H), (5.33)

uk ⇀ u in V and uk ⇀
∗ u in L∞(0,T ;H), (5.34)

u′k ⇀ ũ in V ∗, (5.35)

ξ k ⇀ ξ in S ∗. (5.36)

First we show that u = u. From

‖uk−uk‖2
V ∗ =

N

∑
i=1

∫ ik

(i−1)k
(ik− t)2

∥∥∥uk,i−uk,i−1

k

∥∥∥2

V ∗
dt =

k2

3
‖u′k‖2

V ∗,

we know that uk−uk→ 0 in V ∗ as k→ 0. On the other hand, by (5.33) and (5.34), uk−uk ⇀
u−u in V . Since the embedding V ⊂ V ∗ is continuous, we also have uk−uk ⇀ u−u in V ∗.
Hence, u− u = 0, i.e. u = u. Since uk ⇀ u in V and u′k ⇀ ũ in V ∗, we conclude (cf. [33,
Proposition 23.19]) that ũ = u′. Thus, for all v ∈ Vdiv, we obtain

(u′k,v)H = 〈u′k,v〉V ∗div×Vdiv → 〈u
′,v〉V ∗div×Vdiv . (5.37)
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Since A : Vdiv→ V ∗div is linear and continuous, it is weakly continuous. Thus, uk ⇀ u in Vdiv
implies that

〈A uk,v〉V ∗div×Vdiv → 〈A u,v〉V ∗div×Vdiv. (5.38)
From (5.36) we get

〈ξ k, γ̃v〉S ∗×S → 〈ξ , γ̃v〉S ∗×S . (5.39)
It follows from (5.15) that f k→ f in V ∗. Thus,

〈 f k,v〉V ∗div×Vdiv → 〈 f ,v〉V ∗div×Vdiv. (5.40)

Using (5.37)–(5.40), we can pass to the limit k→ 0 in (5.18) and obtain

〈u′,v〉V ∗div×Vdiv + 〈A u,v〉V ∗div×Vdiv + 〈ξ , γ̃v〉S ∗×S = 〈 f ,v〉V ∗div×Vdiv ∀v ∈ Vdiv. (5.41)

From this, we deduce (4.11) in V ∗div for a.e. t ∈ (0,T ).
Recall the bound (5.22). Applying Theorem 2.1 and Sobolev embedding theorems, we know

that, up to a further subsequence if necessary, uk → u in L2(0,T ;Hδ (Ω)d) for some number
δ ∈ (1/2,1). Since γ : Hδ (Ω)d → S is compact, for a further subsequence if needed, we have
γdivuk(t)→ γdivu(t) in S for a.e. t ∈ (0,T ). Since ∂ψ : S→ 2S∗ has nonempty, closed and convex
values and is upper semicontinuous from S endowed with strong topology into S∗ endowed with
weak topology (cf. [8, Proposition 5.6.10]), we deduce from (5.36), (5.19) and Theorem 2.2 that

ξ (t) ∈ ∂ψ(γdivu(t)) a.e. t ∈ (0,T ). (5.42)

Finally, we pass to the limit with the initial conditions on the function uk. Since uk ⇀ u in V ,
u′k ⇀ u′ in V ∗, we have uk(t)⇀ u(t) in H for all t ∈ [0,T ] (cf. [25, Lemma 4 (b)]). Therefore,
uk,0 = uk(0)⇀ u(0) in H. Since uk,0→ u0 in H, we have u(0) = u0.

In conclusion, (u,ξ ) is a solution of Problem 4.4. �

Summarizing, we have the next two results.

Theorem 5.7. Assume (3.18), H(ψ) and (5.5). Then, Problem 4.4 has a solution (u,ξ ) ∈
W div×S ∗ and the solution component u is unique.

Proof. Existence of a solution to Problem 4.4 follows from Lemma 5.6.
Let us show the uniqueness of the solution component u. Suppose both (u1,ξ 1),(u2,ξ 2) ∈

W div×S ∗ are solutions of Problem 4.4. Then for a.e. t ∈ (0,T ),

〈u′1(t),v〉V ∗div×V div +a(u1(t),v)+ 〈ξ 1(t),γdivv〉S∗×S = 〈 f (t),v〉V ∗div×V div ∀v ∈V div, (5.43)

ξ 1(t) ∈ ∂Ψ(γdivu1(t)), (5.44)

〈u′2(t),v〉V ∗div×V div +a(u2(t),v)+ 〈ξ 2(t),γdivv〉S∗×S = 〈 f (t),v〉V ∗div×V div ∀v ∈V div, (5.45)

ξ 2(t) ∈ ∂Ψ(γdivu2(t)), (5.46)

and
u1(0) = u2(0) = u0. (5.47)

Take v = u2(t)− u1(t) in (5.43), v = u1(t)− u2(t) in (5.45), and add the two inequalities to
obtain

1
2

d
dt
‖u1(t)−u2(t)‖2

H +a(u1(t)−u2(t),u1(t)−u2(t))

+ 〈ξ 1(t)−ξ 2(t),γdivu1(t)− γdivu2(t)〉S∗×S = 0 (5.48)
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for a.e. t ∈ (0,T ). Then, with m = 2 µ−αψλ−1
τ defined in (5.5),

1
2

d
dt
‖u1(t)−u2(t)‖2

H +m‖u1(t)−u2(t)‖2
V ≤ 0, a.e. t ∈ (0,T ). (5.49)

Integrate the inequality from 0 to t ∈ (0,T ) to obtain

1
2
‖u1(t)−u2(t)‖2

H +m
∫ t

0
‖u1(s)−u2(s)‖2

V ds≤ 0, t ∈ (0,T ).

Since m > 0 by assumption, we deduce from the above inequality that u1(t)− u2(t) = 0 for
t ∈ (0,T ). Therefore, we have the uniqueness of u. �

Theorem 5.8. Assume (3.18), H(ψ) and (5.5). Then, Problem 4.1 has a unique solution u ∈
W div.

Proof. Theorem 5.7 guarantees the existence of a solution u ∈W div for Problem 4.1.
For the uniqueness, assume u1,u2 ∈W div are two solutions of Problem 4.1. Then, similar to

(5.48), we have
1
2

d
dt
‖u1(t)−u2(t)‖2

H +a(u1(t)−u2(t),u1(t)−u2(t))

≤Ψ
0(γdivu1(t);γdivu2(t)− γdivu1(t))+Ψ

0(γdivu2(t);γdivu1(t)− γdivu2(t))

for a.e. t ∈ (0,T ). We again have the inequality (5.49) from which, the uniqueness follows. �

6. EXISTENCE AND UNIQUENESS OF THE PRESSURE FIELD

We have already shown in Theorem 5.8 that Problem 4.1 has a unique solution u ∈ W div.
Since Ψ0(γdivu(t);γdivv)≤ IΓS(ψ

0(γdivu(t);γdivv)), we apply Theorem 5.8 to know that there is
an element u ∈W div such that for a.e. t ∈ (0,T ),

〈u′(t),v〉V ∗div×V div +a(u(t),v)+ IΓS(ψ
0(γdivu(t);γdivv))≥ 〈 f (t),v〉V ∗div×V div ∀v ∈V div.

Moreover, similar to the proof of Theorem 5.8, we can show that the element u∈W div is unique.
From Lemma 5.6, we know that u′ ∈ V ∗. Moreover, A u is an element in V ∗ since u ∈ V .

Also, for a.e. t ∈ [0,T ], γ∗divξ (t) can be viewed an element in V ∗ through the formula

〈γ∗divξ (t),v〉= 〈ξ (t),γv〉 ∀v ∈V .

In addition, by assumption (3.18), f (t) ∈V ∗ for a.e. t ∈ (0,T ). Therefore, there exists a unique
solution u ∈W div to the following problem.

Problem 6.1. Find u ∈W div such that for a.e. t ∈ (0,T ),

〈u′(t),v〉V ∗×V +a(u(t),v)+ IΓS(ψ
0(γu(t);γv))≥ 〈 f (t),v〉V ∗×V ∀v ∈V div, (6.1)

and
u(0) = u0. (6.2)

We deduce from (6.1) that

〈u′(t),v〉V ∗×V +a(u(t),v) = 〈 f (t),v〉V ∗×V ∀v ∈V 0,div :=V 0∩V div. (6.3)

Thanks to the inf-sup property (3.17), there exists a function p(t) ∈ Q such that

〈u′(t),v〉V ∗×V +a(u(t),v)−b(v, p(t)) = 〈 f (t),v〉V ∗×V ∀v ∈V 0. (6.4)
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Thus b(v, p(t)) = 〈u′(t),v〉V ∗×V +a(u(t),v)−〈 f (t),v〉V ∗×V for all v ∈V 0, leading to

b(v, p(t))≤
(
‖u′(t)‖V ∗+2 µ ‖u(t)‖V +‖ f (t)‖V ∗

)
‖v‖V ∀v ∈V 0.

Hence, with an application of the inf-sup property (3.17),

αb‖p(t)‖Q ≤ ‖u′(t)‖V ∗+2 µ ‖u(t)‖V +‖ f (t)‖V ∗.

Consequently, p ∈Q. For an arbitrary v ∈ V , by the inf-sup property, there exists a function
v1 ∈V 0 such that

b(v1,q) = b(v,q) ∀q ∈ Q. (6.5)

Define v2 = v− v1. Then v2 ∈V and b(v2,q) = 0 for all q ∈ Q. Hence, v2 ∈V div. By (6.1),

〈u′(t),v2〉V ∗×V +a(u(t),v2)+ IΓS(ψ
0(γu(t);γv2))≥ 〈 f (t),v2〉V ∗×V ,

i.e., 〈u′(t),v−v1〉V ∗×V +a(u(t),v−v1)+ IΓS(ψ
0(γu(t);γ(v−v1)))≥ 〈 f (t),v−v1〉V ∗×V . Note

that v1 ∈V 0 and so γv1 = 0 on ΓS. As a result,

〈u′(t),v− v1〉V ∗×V +a(u(t),v− v1)+ IΓS(ψ
0(γu(t);γv))≥ 〈 f (t),v− v1〉V ∗×V .

By (6.4), one has 〈u′(t),v1〉V ∗×V +a(u(t),v1)−b(v1, p(t)) = 〈 f (t),v1〉V ∗×V . By (6.5), one sees
that b(v1, p(t)) = b(v, p(t)). Thus,

〈u′(t),v〉V ∗×V +a(u(t),v)−b(v, p(t))+ IΓS(ψ
0(γu(t);γv))≥ 〈 f (t),v〉V ∗×V .

Therefore, (u, p) is a solution of Problem 3.2.
We already know that the solution component u is unique. To show the uniqueness of p,

assume (u, p1) and (u, p2) are two solutions of Problem 3.2. By (6.4), for all v ∈V 0,

〈u′(t),v〉V ∗×V +a(u(t),v)−b(v, p1(t)) = 〈 f (t),v〉V ∗×V , (6.6)

〈u′(t),v〉V ∗×V +a(u(t),v)−b(v, p2(t)) = 〈 f (t),v〉V ∗×V . (6.7)

Subtract (6.7) from (6.6) to get b(v, p1(t)− p2(t)) = 0 for all v ∈ V 0. Applying the inf-sup
property (3.17), we have

αb‖p1(t)− p2(t)‖Q ≤ sup
v∈V 0

b(v, p1(t)− p2(t))
‖v‖V

= 0.

Hence, p1(t)− p2(t) = 0 and the solution component p is unique.
In conclusion, we have proved the following existence and uniqueness result.

Theorem 6.2. Assume (3.18), H(ψ) and (5.5). Then, Problem 3.2 has a unique solution (u, p)∈
W ×Q.

7. LIPSCHITZ CONTINUOUS DEPENDENCE ON DATA

In this section, we explore the Lipschitz continuous dependence of the solution u on the
source function f and the initial value u0.

Theorem 7.1. Assume (3.18), H(ψ) and (5.5), and let (u, p) ∈W ×Q be the solution of Prob-
lem 3.2. Then, the mapping ( f ,u0) 7→ u is Lipschitz continuous from V ∗×H to V ∩C(0,T ;H).
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Proof. For i= 1,2, let ( f i,ui,0)∈V ∗×H and let (ui, pi)∈W ×Q be the corresponding solution
of Problem 3.2. From the definition of the problem, for i = 1,2 and for a.e. t ∈ (0,T ),

〈u′i(t),v〉V ∗×V +a(ui(t),v)−b(v, pi(t))+ IΓS(ψ
0(ui,τ(t);vτ))≥ 〈 f i(t),v〉V ∗×V ∀v ∈V ,

(7.1)

b(ui(t),q) = 0 ∀q ∈ Q, (7.2)

and
ui(0) = ui,0. (7.3)

Take v = u2(t)− u1(t) in (7.1) for i = 1, take v = u1(t)− u2(t) in (7.1) for i = 2, and add the
two inequalities to obtain, for a.e. t ∈ (0,T ),

〈u′1(t)−u′2(t),u1(t)−u2(t)〉V ∗×V +a(u1(t)−u2(t),u1(t)−u2(t))

≤ IΓS(ψ
0(u1,τ(t),u2,τ(t)−u1,τ(t))+ψ

0(u2,τ(t),u1,τ(t)−u2,τ(t)))

+b(u1(t)−u2(t), p1(t)− p2(t))+ 〈 f 1(t)− f 2(t),u1(t)−u2(t)〉V ∗×V .

It follows from (7.2) that b(u1(t)−u2(t), p1(t)− p2(t)) = 0. Note that

〈u′1(t)−u′2(t),u1(t)−u2(t)〉V ∗×V =
1
2

d
dt
‖u1(t)−u2(t)‖2

H ,

a(u1(t)−u2(t),u1(t)−u2(t)) = 2µ ‖u1(t)−u2(t)‖2
V ,

IΓS(ψ
0(u1,τ(t),u2,τ(t)−u1,τ(t))+ψ

0(u2,τ(t),u1,τ(t)−u2,τ(t)))≤ αψλ
−1
τ ‖u1(t)−u2(t)‖2

V ,

〈 f 1(t)− f 2(t),u1(t)−u2(t)〉V ∗×V ≤ ‖ f 1(t)− f 2(t)‖V ∗‖u1(t)−u2(t)‖V .

Hence,

1
2

d
dt
‖u1(t)−u2(t)‖2

H +m‖u1(t)−u2(t)‖2
V ≤ ‖ f 1(t)− f 2(t)‖V ∗‖u1(t)−u2(t)‖V ,

where m is defined in (5.5). Applying the inequality

‖ f 1(t)− f 2(t)‖V ∗‖u1(t)−u2(t)‖V ≤
m
2
‖u1(t)−u2(t)‖2

V +
1

2m
‖ f 1(t)− f 2(t)‖2

V ∗,

we further derive that for a.e. t ∈ (0,T ),

d
dt
‖u1(t)−u2(t)‖2

H +m‖u1(t)−u2(t)‖2
V ≤

1
m
‖ f 1(t)− f 2(t)‖2

V ∗.

Integrating the inequality from 0 to t, we get that for any t ∈ [0,T ],

‖u1(t)−u2(t)‖2
H +m

∫ t

0
‖u1(s)−u2(s)‖2

V ds≤ ‖u1,0−u2,0‖2
H +

1
m

∫ t

0
‖ f 1(s)− f 2(s)‖2

V ∗ds.

(7.4)
The stated Lipschitz continuous dependence follows from the inequality (7.4). �

8. CONCLUDING REMARK

To the best of our knowledge, the reference [19] is the first paper that provides an existence
and uniqueness result for both the velocity and pressure fields of a nonstationary Stokes hemi-
variational inequality for an incompressible fluid flow subject to a nonsmooth non-monotone
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boundary condition of friction type. The well-posedness analysis in [19] is carried out under
the following assumptions on the data

u0 ∈V , divu0 = 0 in Ω, f ∈ H1(0,T ;V ∗) (8.1)

together with a compatibility condition on initial values of the data. This paper provides a
different approach for the well-posedness analysis of the nonstationary Stokes hemivariational
inequality so that the assumptions (8.1) are replaced by the more natural ones:

u0 ∈ H, f ∈ L2(0,T ;V ∗);

moreover, the compatibility condition on initial values of the data is dropped.
We also comment that the analysis in [19] on a fully discrete scheme for solving the non-

stationary Stokes hemivariational inequality is still valid without the compatibility condition on
initial values of the data and the condition divu0 = 0 in Ω.
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