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Abstract. This paper examines the simplest case of total differential equations that appears in the theory of
foliation structures, without imposing the smoothness assumptions. This leads to a peculiar asymmetry in the
differentiability of solutions. To resolve this asymmetry, this paper focuses on the differentiability of the integral
manifold. When the system is locally Lipschitz, a solution is ensured to be only locally Lipschitz, but the integral
manifolds must be C'. When the system is C¥, we can only ensure the existence of a C* solution, but the integral
manifolds must be C¥*1, In addition, we see a counterexample in which the system is C ! but there is no C? solution.
Moreover, we characterize a minimizer of an optimization problem whose objective function is a quasi-convex
solution to a total differential equation. In this connection, we examine two necessary and sufficient conditions for
the system in which any solution is quasi-convex.
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1. INTRODUCTION

Consider the following total differential equation:
Vu(x) = A(x)g(x), (1.1)
where U C R" is open and g : U — R"\ {0} is given. It is well-known that if g is C*, then the

following two conditions are equivalent:

(1) For every x* € U, there exists an open neighborhood V C U of x*, a C* nondegenerate
function u : V — R, and a C* non-zero function A : V — R such that (1.1) holds for each
x € V. (We call this pair (u, 1) a local solution to (1.1) around x*.)

(2) The following Jacobi’s integrability condition holds for any x* € U and i, j,k € {1,...,n}:

2 98j _ 98k tg; 98Kk _ 98i tg 9si _98i\ _ (1.2)
' 8xk 8xj / 8xl~ axk k ax]' ax,’ . ’
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2 Y. HOSOYA

This result is called Frobenius’ theorem.

The problem treated in this paper arises when we drop the C* assumption of g. Consider the
case in which u : U — R is C? and nondegenerate. Define A = 1 and g = Vu. Then, (u,A) is a
local solution to (1.1), where g is C'. Conversely, suppose that g is a C! non-zero vector field
on U C R" that satisfies (1.2) at any point in U. Frobenius’ theorem can be extended to treat
this case, and thus for each x* € U, there exists a local solution (#,A) to (1.1) defined on some
open neighborhood V of x*. However, this  is not necessarily C>. Debreu [3] constructed the
following counterexample.

2

—2 1) ifxy>0
g(x1,x2) = (M’m) x >0,
(0,1) if x, < 0.

A solution (u,A) to (1.1) around (0,0) can be found, but this « is C'. We argue in the appendix
that there is no solution (v, ) to (1.1) around (0,0) such that v is C2.

This paper aims to solve this asymmetric result. Even in the above example, the integral
curve must be C2.! We focus on this feature, and show that, 1) for a locally Lipschitz function
g:U — R™"\ {0}, it satisfies (1.2) almost everywhere if and only if, for any x* € U, there exists
a solution (u#,A) to (1.1) around x* such that u is locally Lipschitz and any level set of u is an
n— 1 dimensional C! manifold, and 2) if g is C*, then g satisfies (1.2) everywhere if and only
if, for any x* € U, there exists a solution (1, A) around x* such that u is C¥ and any level set of
u is an n — 1-dimensional C¥*! manifold.

We additionally address an application of this result. That is, we characterize the condi-
tion for a point to be a minimizer of a solution « to (1.1) with convex restrictions, where u is
quasi-convex. If u is convex, then it is well-known that the Karush—Kuhn—Tucker condition is
necessary and sufficient for a solution to such a minimization problem. However, there exists
g such that any solution to (1.1) is quasi-convex, but there is no convex solution to (1.1).> Our
result is effective even in such a case. Together with this result, we provide two necessary and
sufficient conditions for g that ensure that any solution « to (1.1) is quasi-convex.

This paper is organized as follows. In Section 2, we present several mathematical notions
that are heavily used in this paper. In Section 3, the main result is presented. In Section 4, the
KKT property for minimization problems with quasi-convex solutions to (1.1) is treated.

2. PRELIMINARY

2.1. General symbols. Before arguing for the result, we define several notions related to (1.1).
Throughout this paper, we use the following notation: for x € RY and r > 0, B,(x) = {y €
R¥||ly —x|| < r} and B, = {y € R¥|||ly —x|| < r}. The symbol e; denotes the i-th unit vector.
The notation ]Rﬁ, Rﬂ . means the following set:

RY = {x € R"|x; >0 foralli€ {1,..,N}},
RY, = {xeR"x; >0forallic {1,..,N}}.

If N =1, we abbreviate this symbol, and simply write R ,R; . Moreover, for two vectors
x,y ERN, wewritex>yifx—yeRY, x>yifx—y e RY\ {0}, and x> yifx—y e RY .

I'A level set of a solution to (1.1) is sometimes called an integral manifold.
2See the appendix.
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A real-valued function f is said to be increasing (resp. decreasing) if f(x) > f(y) (resp.
f(x) < f(y)) for any x,y with x > y, and strictly increasing (resp. strictly decreasing) if

f(x) > f(y) (resp. f(x) < f(y)) for any x,y with x > y.

2.2. Lipschitz functions. Recall the Lipschitz assumption of functions. Consider a function
f:U — R" where U C R". We say that f is L-Lipschitz if the following inequality

1FCe) = FOI < Lilx =yl

holds for all x,y € U. If f is L-Lipschitz for some L > 0, then f is said to be Lipschitz. If a
restriction of f into C C U is Lipschitz, then we say that f is Lipschitz on C. When U is open,
we say that f is locally Lipschitz if f is Lipschitz on any compact subset of U.

It is well-known that any locally Lipschitz function defined on an open set is differentiable
almost everywhere. This result is called Rademacher’s theorem.

2.3. Differentiable manifolds. Recall the definition of differentiable manifolds. We use only
regular submanifolds of some Euclidean space, and thus we can use the definition of manifold
that appears in Milnor [13] or Guillemin and Pollack [6].% First, suppose that X € RY and
f:X — RM. We say that f is C if, for any x € X, there exists » > 0 and a CX mapping
F : B,(x) — RM such that if y € U N B,(x), then F(y) = f(y). A bijection f : X — Y is called a
Ck diffeomorphism if f and f~! are C¥, and two sets X,Y are said to be C* diffeomorphic if
there is a C* diffeomorphism f: X — Y. A set X C R" is called an n-dimensional C* manifold
if, for any x € X, there exists an open neighborhood V C X of x that is CX diffeomorphic to
some open set U in R”. The corresponding C* diffeomorphism ¢ : U — V is called a local
parametrization around x, and the inverse (])_1 is called a local coordinate. The dimension n
of X is denoted by dimX.

Suppose that X C RY is a n-dimensional C* manifold, x € X, ¢ : U — V is a local parametriza-
tion around x, and ¢ (u) = x. Let D@ (u) be the Jacobian matrix of ¢ at u. Define 7,(X) as the
range of D¢ (u). It is well-known that this linear space is n-dimensional and independent of the
choice of local parametrization ¢, and v € T(X) if and only if there exist an € > 0 and a C!
function ¢ : (—€,€) — X such that ¢(0) = x and v = ¢(0). T,(X) is called the tangent space of
X at x. A function g : X — R is called a normal vector field if g(x)-v = 0 for all x € X and
v e T(X).

Let X and Y be C! manifolds, and f:X—=Yhbe C!. For each x € X, choose v € T¢(X) and a
C! curve ¢(t) such that ¢(0) = x and ¢(0) = v. Then, d = focis a curve in ¥ such that d(0) = y.
We define df(v) = d(0). It is known that d f,(v) is independent of the choice of c(t), and the
mapping d fy is a linear mapping from 7,(X) into Ty, (Y). We call df; the derivative of f at x.
The usual chain rule d(f o g)x = d fy(y) 0 dgx can easily be verified.

In particular, suppose that dimX = dimY. It is known that d f, is a bijection if and only if
there exist an open neighborhood U of x and an open neighborhood V' of f(x) such that f is a
diffeomorphism from U onto V. This result is called the inverse function theorem.

This theorem can be extended in two different ways. Let X and ¥ be C! manifolds. First,
suppose that dimX < dimY, and dfy : T,(X) — Ty)(Y) is one-to-one. Choose any local
parametrization ¢ : U — V of X around x. Then, there exists a local parametrization v : U’ — V'
of Y around £ (x) such that (W' o fo@)(uy,...,ux) = (uy, ..., uy,0,....,0). This result is called the

3The proofs of facts treated in this subsection are found in Chapter 1 of Guillemin and Pollack [6].
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local immersion theorem. Second, suppose that dimX > dimY, and df; : Tx(X) — Ty (Y)
is onto. Choose any local parametrization y : U’ — V' of Y around f(x). Then, there exists a
local parametrization ¢ : U — V of X around x such that (y 1o fo @) (uy,...,ur) = (uy,...,up).
This result is called the local submersion theorem.

Let X,Y be C! manifolds, and f: X — Y be C!. A point y €Y is called a regular value
if, for each x € f~1(y), df; is onto. It is well-known that if y is a regular value and f~!(y) is
nonempty, then £~ !(y) is a C! manifold whose dimension is dim X —dimY. This result is called
the preimage theorem.

Finally, Let X,Y C R" be C! manifolds and Z = X NY. Suppose that Z # 0, and for each
2€Z,T,(X)+T,(Y) =RN. Then, X is said to be transversal to Y. If so, Z is a manifold whose
dimension is N —dimX —dimY.

2.4. Ordinary differential equations. Next, we mention basic knowledge on the solution
function of ordinary differential equations. Consider the following parametrized ordinary dif-
ferential equation:

x(t) = h(t,x(t),z), x(ty) = xo, (2.1)
where U C R x RN x RM is open and & : U — RY is continuous. A continuously differentiable
function x(z) is called a solution to (2.1) if it is defined on an interval I C R that includes f0.2
x(t) = h(t,x(t),z) forall r € I, and x(fy) = xo. If there are two solutions x(t),y(¢) to (2.1), x(¢) is
called an extension of y(7) if the domain of x(7) includes that of y(¢) and x(¢) = y(z) if both are
defined at 7. A solution x(¢) to (2.1) is called a nonextendable solution if there is no extension
of x(¢) except x(¢) itself. It is known that if / is locally Lipschitz, then for all (zy,x9,z) € U, there
uniquely exists a nonextendable solution x(¢;z,xp) to (2.1). The mapping (;z,x9) — x(¢;z,X0)
is called the solution function of (2.1). It is also well-known that if 4 is locally Lipschitz,
then the domain of the solution function is open, and the solution function is locally Lipschitz.
Moreover, if A is C¥, then x is also C¥.

2.5. Convex analysis. Recall the definition of convex functions. A nonempty set C C R" is
said to be convex if (1 —#)x+ty € C for all x,y € C and 7 € [0, 1]. Suppose that C is a convex
set, and let f : C — R. Then, f is said to be convex if the epigraph E = {(x,a)la > f(x)} is
convex. This condition is equivalent to the following: for any x,y € C and ¢ € [0, 1],

S =t)x+1y) < (1=1)f(x) +2f().
A function f : C — R is said to be concave if —f is convex. In other words, f is concave if and
only if, for any x,y € Cand ¢ € [0, 1],

F(A=t)x+1y) = (1=1)f(x) +1f().
Sometimes, a relaxed condition for convexity is useful. Suppose that C C R" is convex, and
let f:C — R. Then, f is said to be quasi-convex if, for any x € C, the lower contour set
L(x) ={y e C|f(y) < f(x)} is convex. This is equivalent to the following condition: for any
x,y€ Candt € |0,1],
F((A=1)x+1y) <max{f(x),f(y)}.

“We call a set I C R an interval if  is a convex subset of R that includes at least two different points.

3> Almost all assertions in this paragraph are proved in famous textbooks. See, for example, Pontryagin [15],
Hartman [7], or Coddington and Levinson [2]. Only the local Lipschitz property of x is a little hard to find a proof,
but it appears in Hosoya [10, Subsection 7.1].
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Because (1 —1)f(x)+2f(y) <max{f(x),f(y)}, any convex function is quasi-convex. However,
the converse is not true. For example, if C = Ri +» f(x) = —x1x2 is quasi-convex but not convex.

f is said to be quasi-concave if —f is quasi-convex. In other words, f is quasi-concave if
and only if, for any x,y € C and ¢ € [0,1],

F((L=t)x+1y) = min{f(x), f(»)}.

Suppose that U C R” is open and convex, and f : U — R is convex. For each x € U, define

If(x)={peR"\WyeU, f(y)—flx) >p-(y—x)}.

This set-valued function df is called the subdifferential of f. It is well-known that, if fi, f>
are two convex functions and f = f] + f», then d f(x) = dfi(x) + d f(x). See Rockafellar [16,
Chapter 23] for detailed arguments. Suppose that C;,C, C R" are convex sets and C; NC, = 0.
Then, there exists p € R"\ {0} such that

sup{p-xjx € C1} <inf{p-x|x € C1}.

This result is called the separating hyperplane theorem. See Rockafellar [16, Theorem 11.3].

In particular, suppose that C C R" is a closed convex set and x* is in the boundary of C.
Choose a sequence (x*) such that x* ¢ C and x* — x* as k — . Applying the separating
hyperplane theorem for the singleton {x*} and C, there exists p* # 0 such that p* - x > pk.xk
for all x € C. Without loss of generality, we can assume that ||p*|| = 1, and thus, taking a
subsequence, we can assume that p* — p* # 0 as k — oo. Then, p*-x > p* -x* for all x € C.
This result is called the supporting hyperplane theorem.

3. RESULTS

3.1. Normal solutions to the total differential equation. Recall the total differential equation
(1.1):
Vu(x) = A(x)g(x).

We assume that U C R" is open and g : U — R"\ {0} is locally Lipschitz. A functionu:V — R
is called a normal solution to (1.1) if 1) the domain V of u is open and included in U, 2) u is
locally Lipschitz, 3) any level set of u is an n — 1 dimensional C! manifold, 4) g is a normal
vector field of any level set of u, 5) u has no local maximum point and local minimum point,
and 6) if u is differentiable at x, then Vu(x) # 0. If u is a normal solution and V includes x* € U,
then u is also called a normal solution around x*.

NOTE. In the introduction, we treat a pair of functions («,A) as a solution to (1.1). In contrast,
in this subsection, we define a solution as a sole function u, and the function A is absent. How-
ever, the difference in these definitions is merely formal. Actually, we can show the following
result.

Proposition 3.1. Suppose that U C R" is open and g : U — R"\ {0} is locally Lipschitz. If
V CUisopenand u:V — R,A:V — R are a pair of a C' nondegenerate function and a
continuous non-zero function that satisfies the relationship (1.1) everywhere, then u is a normal
solution. Conversely, ifu:V — RisaC U normal solution, then there exists a continuous non-
zero function A : V — R such that the relationship (1.1) holds everywhere.
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Proof. Suppose that V C U is open and a pair of functions u : V — R,A : V — R satisfy all
requirements in this theorem, and choose any x € V. Define X = u~'(u(x)). Because u is
nondegenerate, u(x) is a regular value of u. By the preimage theorem, X is an n — 1 dimensional
C! manifold. Let v € T,(X), and choose a C! function ¢ : (—&,€) — X such that ¢(0) = x and
¢(0) = v. Then, u(c(t)) = u(x), and thus
Vu(x)-v= %u(c(t)) . =0.

Hence, Vu(x) is orthogonal to 7,(X ), and thus g(x) is also orthogonal to 7;(X). Therefore, g(x)
is a normal vector field of X, as desired. It is clear that # has no extremum point, and thus it is
a normal solution to (1.1).

Conversely, suppose that u : V — R is a C! normal solution to (1.1). Then, Vu(x) # 0 every-
where. As in the last paragraph, we can show that for X = u~!(u(x)), Vu(x) is orthogonal to
T,(X). Because both g(x) and Vu(x) are orthogonal to the n — 1 dimensional space Ty(X ), Vu(x)
is proportional to g(x), and thus there exists A (x) € R such that Vu(x) = A(x)g(x). Choose any
i such that g;(x) # 0 and g—;‘l(x) # 0. Then,

0
2 ()
Ax) = :
gi(x)
where the right-hand side is continuous and non-zero around x. Therefore, A is continuous and
non-zero, as desired. This completes the proof. 0

3.2. Key lemmas. In this subsection, we treat several important lemmas.

Lemma 3.2. Suppose that U C R" is open and g : U — R"\ {0} is locally Lipschitz. Moreover,
suppose that u : V — R is a normal solution to (1.1). Choose any x € V and v € R" such that
g(x)-v#0, and define cx(t) = u(x+1v). Then, the following results hold.

(1) If I is a compact interval such that O € I, ¢(t) is defined on I, and g(x+tv)-v # 0 for all
t € I, then c.(t) is monotone on 1.°

(2) In addition to the requirements in (1), suppose that c,(t) is increasing (resp. decreasing) on
I. Then, there exists an open neighborhood W of x such that cy(t) is defined and increasing
(resp. decreasing) on I for ally € W.

(3) In addition to the requirements in (1), suppose that 0 is not an endpoint of I, and c(t) is
increasing (resp. decreasing). If g(x) -w # 0, then the sign of g(x) - w is the same as that of
g(x)-vifand only if t — u(x+tw) is increasing (resp. decreasing) around O.

(4) If V is connected and g(x) -v # 0 for all x € V, then cx(t) is increasing around Q for some
x € V if and only if c,(t) is increasing around O for all x € V.

(5) If V is connected and there exists x € V such that t — u(x+1g(x)) is increasing around 0,
then for anyy € V, t — u(y+1g(y)) is also increasing around 0.

Proof. Without loss of generality, we assume that g(x)-v > 0. Because g(x+1v) -v is continuous
inz, g(x+1tv)-v>0forall r € I. Define x(t) = x + tv, and suppose that there exists 1,; € [
such that #; < t and c,(t1) = cx(t2). Then, there exists * € (¢1,;) such that ¢* is either a local
minimum point or a local maximum point of c,(¢). Let x* = x(t*), and define X = u~!(u(x*)).

®Tn this paper, a real-valued function f defined on an interval is said to be monotone if it is either increasing or
decreasing.
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Let ix : X — R” be the inclusion mapping: that is, ix(z) = z for all z € X. Applying the local
immersion theorem to this inclusion mapping, there exist an open neighborhood W of 0, an
open neighborhood Z of x*, and a C! diffeomorphism ¢ : W — Z such that ¢(0) = x* and for
allwe W, u(p(w)) = u(x*) if and only if w, = 0. Without loss of generality, we can assume
that W is convex.

Let y = ¢~ !. Choose any z € T+(X) and a C! curve c(s) such that ¢(0) = x* and ¢(0) = z.
Then, x,(c(s)) =0, and thus Dy,(x*)z = 0. Hence, Vy,(x*) is orthogonal to T,+(X). Be-
cause Dy (x*) is regular, Vy,(x*) is non-zero, and thus there exists a € R such that a # 0 and
V. (x*) = ag(x*). Without loss of generality, we assume that @ > 0. Then, Vy,,(x*)-v > 0, and
thus, there exists 8 > 0 such that ),(x(¢)) is increasing on [t* — &,1* + 8]. Therefore, there exist
13,14 € [t* — 8,t* + &] such that y,(t3) < 0 and x,(t4) > 0.

If t* is a local maximum point of ¢,(¢), then u(x(#3)) < u(x*) and u(x(t4)) < u(x*). Suppose
that there exists z € Z such that u(z) > u(x*). Then, define f;(s) = @((1 —s)x(z) +sx(x(%))).
Because W is convex, fi(s) is well-defined for i € {3,4}. If x,(z) <0, then f3(s) is a continuous
function and x,(f3(s)) <0on [0, 1], and thus u(f3(s)) # u(x*) for all s € [0, 1], which contradicts
the intermediate value theorem. If x,(z) > 0, then f4(s) is a continuous function and ), (f4(s)) >
0 on [0, 1], which also leads a contradiction by the same arguments. Therefore, x* is a local
maximum point of u, which is a contradiction. Symmetrically, if #* is a local minimum point
of ¢(t), then we can show that x* is a local minimum point of u, which is a contradiction.
Therefore, such #;,#; do not exist, and thus c,(7) must be monotone on the interval 7, and (1)
holds.

Next, suppose that c,(¢) is increasing on /. Because [ is compact, there exists an open neigh-
borhood W’ of x such that ¢,(¢) is defined on I and g(y) -v # 0 for all y € W’. Suppose that
there exists a sequence (y*) on W’ such that y* — x and for all &, cy(?) is decreasing on I. Then,
cx(t) = limy_,e0 ¢y (¢) is nonincreasing, which is a contradiction. Therefore, there exists an open
neighborhood W of x such that cy() is defined on / and increasing. Symmetrically, we can
show that if c,(¢) is decreasing on I, then there exists an open neighborhood W of x such that
cy(t) is defined on / and decreasing for any y € W. Hence, (2) holds.

Third, suppose that 0 is not an endpoint of I, and c,(¢) is increasing on /. If g(x) - w has the
same sign as g(x) - v, then define v(s) = (1 —s)v+sw. Then, g(x)-v(s) # 0 for all s € [0, 1]. Let
I, be the set of s € [0, 1] such that # — u(x+1v(s)) is increasing around 0. Then, O € I;. It can be
easily shown that /; and [0, 1]\ /; are closed, and because [0, 1] is connected, I; = [0, 1]. Hence,
t — u(x+tw) is increasing around 0. Conversely, if the sign of g(x) - w is different from that of
g(x) - v, define v(s) = (1 —s)(—v) +sw. Then, by the same arguments as above, we can show
that r — u(x+1v(s)) is decreasing around O for all s € [0, 1], and in particular, ¢ — u(x+tw) is
decreasing around 0. The case in which c,(¢) is decreasing can be treated symmetrically, and
thus the proof in such a case is omitted. Hence, (3) holds.

Fourth, suppose that V is connected and g(x)-v # 0 for all x € U. Let U be the set of all
x € V such that ¢,(¢) is increasing around 0. By the above arguments, we have that both U; and
V\ U, are open. Because V is connected, either U; =V or U; = 0, and (4) holds.

Finally, suppose again that V is connected and there exists x € V such that 7 — u(x+1g(x))
is increasing around 0. Let V| be the set of all y € V such that t — u(y+1g(y)) is increasing
around 0. By our previous arguments, we have that V; and V' \ V; are open. Because x € V| and
V is connected, we have that V =V, and (5) holds. This completes the proof. ]
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Suppose that u : V — R is a normal solution to (1.1). We say that « is a regular solution to
(1.1) if V is connected and for any x € V, t — u(x +1tg(x)) is increasing around 0. Note that,
by (5) of Lemma 3.2, for any normal solution u# defined on a connected set, either u or —u is
regular.

Next, we consider another problem related to (1.1). Let U C R” x R be open and convex, and
a function f : U — R" be locally Lipschitz. If f is differentiable at (x,y), define

a2f; o2f;
sij(x,y) = %(x,y) + a_J;(XJ)fj (x,y).

J

We say that f is integrable if s;;(x,y) = s;i(x,y) for almost all (x,y) € U. Note that, by
Rademacher’s theorem, f is differentiable almost everywhere.
The following lemma is quite important in this article.

Lemma 3.3. Suppose that U C R" X R is open and f : U — R" is locally Lipschitz. Suppose
that (x*,y*) € U and V is an open and star-convex set centered at x*.7 Consider the following
partial differential equation:

Vu(x) = f(x,u(x)), u(x") =", 3.1)
and the following ordinary differential equation:
¢(t) = f((1=t)x" +1x,c(r)) - (x = x7), c(0) =y". (3.2)

If f is integrable, then there exists a solution to (3.1) on V if and only if the domain of the
solution function c(t;x) of (3.2) includes [0,1] x V. Moreover, in this case, u(x) = c(1;x) is a
unique solution to (3.1).

In Theorem 10.9.4 of Dieudonne [4], the partial differential equation (3.1) was considered,
where U is a subset of two Banach spaces X,Y, and the value of f is a bounded linear operator
from X into Y. Hence, our (3.1) is a minor version of Dieudonne’s one. However, Dieudonne
assumed that £ is C!. In contrast, we only assume that f is locally Lipschitz. This extension was
proved in Hosoya [8, 9]. Hence, we omit the proof. Note that, if f is C¥, then by the bootstrap
argument, we can show that the solution u to (3.1) is Cck+1,

Next, recall Jacobi’s integrability condition (1.2):

(98  9gk (dgk g dgi dg;\ _
& (8_xk B 8_xj> +g] (8x,~ B &xk +gk 8xj B 8x,~ =0 (3.3)

We use the following lemmas.

Lemma 3.4. Suppose that U C R" is open and g : U — R"\ {0} is locally Lipschitz. Choose
any x € U such that g is differentiable at x and gi-(x) # 0. Then, the following conditions are
equivalent.

i) g satisfies (3.3) at x for any i, j, k € {1,...,n}.
ii) g satisfies (3.3) at x forany i, j,k € {1,....n} withi# j#k #i.
iii) g satisfies (3.3) at x for any i, j,k € {1,....,n} withi# j#k #iand k = k*.

"Recall that V is called a star-convex set centered at x* if for any x € V and t € [0,1], (1 —t)x* +tx € V.
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Proof. 1t is clear that i) implies ii) and ii) implies iii). Choose any i, j,k € {1,...,n}. If i = j,

then
dg; dgk dgr  dgi dgi g
§i (a—xk—a—xj T8\ ox " ax) T8\ oy, o
dgi  dgk dgr  0gi
8i (8xk 8)6,' "‘81 8x,~ axk ’
and thus (3.3) holds. By the same reason, (3.3) must hold if j = k or i = k. Therefore, ii) implies
1).

It suffices to show that iii) implies ii). Suppose that iii) holds, and let i # j # k #i. If
k* € {i, j,k}, then (3.3) holds by iii). Therefore, we assume that k* ¢ {i, j,k}. By iii),

(98 dgk dgr  9gi 9gi 98\ _
gl(axk*  Ox; T8 Ox;  Oxp + 8k dx; Ox; =0,
[ 9gr  dg dg  dg; dg; dgr\
gj(ﬁ_(?_xk + 8k TR + 8k o ox; =0,
dgi _dgk\ (98 _ dsk\ ., (98 98\ _

&k 8xk* 8x,~ 8i 8xk 8xk* Bk 8x,~ 8xk

Multiplying gy to the first line, g; to the second line, g; to the third line, and summing them up,
we obtain that

(98 Isk (dgk g dgi 9g;i\]
s {g’(a_xk‘a—x,.)ﬂf(a—m—axk el o, "o )] O

and because g;+(x) # 0, (3.3) holds for i, j, k. This completes the proof. O

We say that g satisfies Jacobi’s integrability condition if, for any i, j,k € {1,...,n}, (3.3)
holds almost everywhere.

Lemma 3.5. Suppose that U C R" is open and g : U — R"\ {0} is locally Lipschitz. Choose
x € U such that g is differentiable at x and g,(x) # 0, and for i € {1,...,n— 1}, define

‘ __gi(Y)
fiy) = gn(y)’

Then, g satisfies (3.3) for any i, j,k € {1,...,n} at x if and only if s;j(x) = s;i(x) for any i, j €
{1,..,n—1}.

Proof. Choose any i, j € {1,...,n— 1}. By direct calculation,

Iy
" dx;  Oxy J
agi ,&gn dg; dgn
I8 T 8iay | 3o8n—8igy g
== 2 + 2 X
8n 8n 8n
agn
o 1 agi 0 8gl~ gigjaxn

g

98n . _
2 gnaxj+g18xj +g]8xn

8
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Therefore,
Sij = Sji < 8ji—8ij =0
1 dgi 9gj dg; dgn dgn Igi
A} — 3. ' - ' — =0.
& [gn (3xj Ix; T ox,  0Jx; T8 dx; dxy
Hence, by Lemma 3.4, our claim is correct. This completes the proof. U

By Lemma 3.5, if g,(x) # 0 for any x € U, then g satisfies Jacobi’s integrability condition if

and only if f = —gg—" is integrable. This result is quite important for our main result.

The next lemma is needed to prove the next proposition.?

Lemma 3.6. Let U C R" be open and g : U — R"\ {0} be locally Lipschitz. Choose x* € U
such that g,(x*) # 0. Suppose that there exists a normal solution u:V — R to (1.1) around
x* such that u is increasing in x, around x*, and choose any € > 0 such that V' =]’ (x} —
€,xf +¢€) CV and gy(x) # 0 for any x € V'. Choose any & > 0 such that § < € and for any
eI (xf — 8,xF +8) and x, € (x — 8,x5+§),
u(X,x, — &) <u(x,x,) <u(Xx,+e).

Define W =TT"= ' (xf — 8,xF +8), I = (x; — 8,x;+ ), and W =W x I. Then, for each x, € I,
there uniquely exists a C' function E* : W — (x} — &,x* 4 €) such that u(%, E* (%)) = u(¥*,x,)

for any x € W'. Moreover, if we define f;(x) = —gi(();)), then

JE™n (z
X
8x,-
Furthermore, if g is differentiable at x*, then g satisfies (3.3) for any i, j,k € {1,...,n} at x*.

) = fi%E™ (X)), E*(X) = X, (3.4)

Proof. By Lemma 3.2, we have that u is increasing in x,, on V’. Therefore, the ‘uniqueness’
claim of this lemma is obvious.

Choose any x € W’. By the intermediate value theorem, there exists E* (%) € (x} — &,x} + €)
such that u(%, E* (X)) = u(%*, x,,). Define z = (%, E* (%)) and X = u~ ! (u(z)). By our assumption,
X is an n — 1 dimensional C! manifold. For each y € X NV’, define y(y) = 7. Then, x ! (w) =
(w, E¥*(w)) around X. Because y is a restriction of the linear mapping y +— ¥ from R” into R" !,
x is C*. Since g,(z) # 0 and g(z) is tangent to 7;(X), e, ¢ T;(X). Choose a basis v, ..., v,_1 of
T.(X). Suppose that ay,...,a,—1 € R and a7 + ... + a,—1V,—1 = 0. Then, there exists a, € R
such that

av1+ ... +an—1vp—1 = aney.
Because ¢, ¢ T;(X), a, = 0, and thus a; = ... = a,—; = 0. Therefore, ¥1,...,V,_| are linearly
independent, and dy; : T,(X) — R" ! is a bijection. By the inverse function theorem, we have
that y ~lis ¢! around %, and in particular, E* is C I around %.

Choose any ¥ € W and x,, € I, and let z = (%, E*(X)). Because ¢;(t) = (X +1&;, E™" (X +1¢;))
is a C! curve on X, we have that ¢;(0) € T,,(X), and thus ¢;(0) - g(y) = 0. Hence,

0+ 800 () =0,

8In the rest of this section, we use the following notation: if x € R”, then ¥ denotes (xj,...,x,—1) € R* ! In

: Sk * *
particular, £* = (x7,...,x}_,).



ON THE ORDER OF DIFFERENTIABILITY IN FROBENIUS’ THEOREM 11

and thus E*" satisfies (3.4).
If g is differentiable at x*, then E*» is twice differentiable at x*. By a simple calculation, we
have that
O2E™ O2E*
..*:—~*:—~*:"*.
Slj(x ) axj&x,- x 8x,~8xj (x ) S]l(x )

By Lemma 3.5, for each i, j,k € {1,...,n}, (3.3) holds at x*. This completes the proof. [
3.3. Invariance of the level sets. Using our Lemmas, we can show the following proposition.

Proposition 3.7. Suppose that U C R" is open and g : U — R"\ {0} is locally Lipschitz. If
up Vi — Rand uy : Vo — R are two normal solutions to (1.1) around x*, then there exists an
open neighborhood V3 C Vi NV, of x* such that uy is a monotone (increasing or decreasing)
transform of uy on Va. In particular, uy ' (ug (x*)) V3 = uy ' (2 (x*)) N V5.

Proof. Because g(x*) # 0, we can assume without loss of generality that g,(x*) # 0. First,
choose € > 0 such that V* =[], [x} —€,x7 + €] C V1NV, and g,(x) # O for any x € V*.
Replacing u; with —u; if necessary, we can assume without loss of generality that u; is increasing
in x, on V*.

By Lemma 3.6, g satisfies Jacobi’s integrability condition in the interior of V*. Define f; =
—%, and consider the following parametrized differential equation:

2(t) = fF(1=0)xF+15%,2(2)) - (X — %), 2(0) = xp. (3.5)
If x = x*, then z(7) = x; is a solution defined on R. Thus, there exists 8 > 0 such that 0 < €, the
solution function z(#;x) of (3.5) is defined on [0, 1] X [T, [x} — 6,x7 4+ 6], and [z(t;x) —x;| < €
forall # € [0,1] and x € [T}_[x} — 6,x} + &]. Without loss of generality, we can assume that,
forany x € [T}_[x7 — 6,x+ 6] and i € {1,2},

ui(%,x — €) < ui(¥,x,) < ui(%,x,+€).

Define W = H;f;ll (x5 —8,x7+6), I = (x;, — 6,x,+6), and W =W x I. Choose any x € W'.
By Lemma 3.6, for each i € {1,2}, there uniquely exists E;"(X) € (x}; — €,x;; + €) such that
wi(%,E;" (%)) = u;(¥*,x,). Moreover, each E;" is C!, and it is a solution to (3.4). In view of

Lemma 3.3, one has E;"(¥) = z(1;x), where the right-hand side is independent of i. Hence,
E{" =E5" on W. Let

n

Vs =[]0 — 8,05+ 8) Ny ({ug (8,30 [ € 1}).
=1

Then, V3 is an open neighborhood of x*. For any x € V3, there uniquely exists y(x) € (x) —
0,x 4+ 0) such that u; (x) = u; (¥*, y(x)), which implies that Eil’l(x) (%) = xp. Thus
u(x) = up (¥, w(x)).
Let ¢;(c) = u;(¥*,c). Then, for each x € V3,
ur(x) = g2 (W(x) = (9209 ) (01 (W (x))) = (d20 0 ) (w1 (x)),

and thus u; is a monotone transform of u; on V3, as desired. This completes the proof. [

When some additional requirements hold, then this result can be extended.



12 Y. HOSOYA

Corollary 3.8. Suppose that U C R" is open and g : U — R"\ {0} is locally Lipschitz. Suppose
also that uy and uy are two normal solutions to (1.1) defined on the same connected domain
V, and any level set of u; is connected. Then, uy is a monotone (increasing, or decreasing)
transform of uy on'V.

Proof. Without loss of generality, we can assume that each ; is regular. First, we show that for
any x €V, u; ' (u1(x)) = u5 ' (uz(x)). Let X = uy ' (u1(x)). Because u; is a normal solution to
(1.1), X is an n — 1 dimensional connected C! manifold. Note that, for a topological manifold,
connectedness is equivalent to path connectedness.” Hence, X is path connected. Choose any
y € X and let ¢ : [0,1] — X be a continuous function such that ¢(0) = x,¢(1) = y. Define
d(t) = uz(c(t)). Choose any t* € [0, 1] and define x* = x(¢*). By Proposition 3.7, d(¢) is locally
constant around 7*. Because " is arbitrary, we conclude that d is constant and d(1) = d(0),
which implies that uy(y) = up(x). Symmetrically, we can show that if uy(y) = us(x), then
ui (y) = ui (x), and thus X = u; ' (up(x)), as desired.

Let I = u1(V), and for each ¢ € I, define ¢(c) = up(u; ' (c)). Due to the above relationship,
the definition of ¢ has no ambiguity, and u, = ¢ ou;. Choose any ¢ € I and suppose that (cy)
is a sequence in / that converges to c. Choose any x € u; ' (c). Then, there exists () such that
tx — 0 and for any sufficiently large k, u; (x +#;g(x)) = ck. Therefore,

¢ (cr) = ua(x+1.8(x)) = uz(x) = ¢(c),

which implies that ¢ is continuous. Because of Proposition 3.7, we have that ¢(c) is locally
increasing. If ¢(c) > ¢(d) for some c,d € I with ¢ < d, then there exists an extremum of ¢
in (¢,d), which contradicts the above arguments. Therefore, ¢ is increasing, as desired. This
completes the proof. 0

Corollary 3.9. Suppose that I C R is an open interval, and let U =I" and g : U — R\ {0} is
locally Lipschitz. Then, any regular solution u to (1.1) defined on U is increasing, and any level
set of u is connected. In particular, if u; : U — R and uy : U — R are normal solutions to (1.1),
then uy is a monotone transform of u;.

Proof. Suppose that u is a regular solution to (1.1). Let v>> 0. Then, for any x € U, g(x)-v > 0.
By Lemma 3.2, we have that 7 — u(x+v) is increasing around 0. If y > x, then define c(t) =
u((1 —t)x+1ty). Then, c(t) is continuous and locally increasing on [0, 1], which implies that it
is globally increasing. Therefore, u(y) = c¢(1) > ¢(0) = u(x), and thus u is increasing.

Second, choose x,y € U such that x # y and u(x) = u(y), and let X = u~'(u(x)). Let z; =
min{x;,y;} and w; = max{x;,y;} + 1. Define

(0 (1—1)x+1z if0<r<1,
X =
2—t)z+(—1)y ifl1<r<2,

and v =w —z. Then, v > 0, and because u is increasing and continuous, for each ¢ € [0, 2],
there uniquely exists s(¢) € [0, 1] such that u(x(z) 4+ s(f)v) = u(x). By Berge’s theorem, we can
show that s(r) is continuous, and thus ¢(f) = x(¢) + s(¢)v is a continuous function from [0, 2]

%In general, path connectedness implies connectedness. To prove the converse, choose any y € X and define U,
as the set of all z such that there exists a continuous function ¢ : [0,1] — X with ¢(0) = y,¢(1) = z. Then, we can
easily show that U, is clopen whenever X is a topological manifold. Hence, if X is connected, then U; = X, as
desired.
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into X such that ¢(0) = x and ¢(2) =y, which implies that X is path connected, and thus it is
connected.

Hence, if uy, u; are two normal solutions to (1.1), then they satisfy the connectedness require-
ment of level sets in Corollary 3.8, and by this corollary, u, is a monotone transform of ;. This
completes the proof. U

3.4. Main result. The main result is as follows.

Theorem 3.10. Suppose that U C R" is open and g : U — R"\ {0} is locally Lipschitz. Then,
g satisfies Jacobi’s integrability condition if and only if, for any x* € U, there exists a normal
solution u:V — R to (1.1) around x*. Moreover, when g is CX, then it satisfies Jacobi’s inte-
grability condition if and only if, for any x* € U, there exists a C* normal solution u:V — R to
(1.1) around x* such that any level set of u is an n — 1 dimensional C**! manifold.

Proof. Recall that, if x € R”, then the symbol ¥ denotes (xy,...,Xx,—1).

Suppose that, for any x* € U, there exists a normal solution to (1.1) around x*. Then,
by Lemma 3.6, g satisfies Jacobi’s integrability condition. Therefore, it suffices to show the
converse. Suppose that g satisfies Jacobi’s integrability condition. Choose x* € U. Because
g(x*) # 0, we can assume without loss of generality that g,(x*) # 0. Define

8i(x)
(x) =— .
) gn(x)
By Lemma 3.5, f is defined whenever g,(x) # 0, and is integrable. Consider the following
differential equation:

(1) = f((1—0)F +17,¢(t)) - (F— 5, c(0) = z. (3.6)

Let ¢(t;%,z) be the solution function of (3.6). It is clear that ¢(z;%*,x}) = x}, which is defined
on R. Because the domain U* of the solution function c is open and includes [0, 1] x {x*}, there
exists € > 0 such that [0, 1] x [T, [x} — &,x] + €] C U*. Define

C={c(t:;x,2)[t € [0,1], |xi —x]| < &, |z—x,| <&}

Then, C is compact, and thus there exists a constant L > 0 such that f is L-Lipschitz on
17~ [x; — &,x} + €] x C and c is L-Lipschitz on [0, 1] x [T, [x} — &,x +¢€].

Because f is integrable, for each z € [x} — &, x} + €], E*(¥) = ¢(1; %, 7) is the unique C! solution
to the following differential equation:

% (8 = (2.E(), E() == 6)
Xi

defined on [T/~ (xf — &,xf +¢). If z > 7 and c(t;%,2) < c(t;%,7') for some ¢ € [0,1], then
by the intermediate value theorem, there exists t* € [0, 1] such that ¢(*;%,z) = ¢(t*;%,Z'). By
the uniqueness of the solution to (3.6), we have that z = ¢(0;%,z) = ¢(0;%,7') = 7/, which is a
contradiction. Therefore, ¢(;%,7) is increasing in z, and in particular, E(¥) is increasing in z.
Because the mapping c(t;%,z) is continuous, E*(X) is continuous in (z,%). Hence, there exists
8 > 0 such that § < € and for any ¥ € [T'~[x — §,x} + 8], ||[¥— || < i and

En8(f) <xi—8 <xi4+8 < EMHE(R).
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By the intermediate value theorem, if |x; —x}| < & foralli € {1,...,n}, then there uniquely exists
7" € (x; —&,x; +¢€) such that E¥ (X) = x,,. Define u(x) as such z*. Let V = [T, (x} — 8,x] +§),
and V =[T",[xf — 8,x" + &]. Then, foreachx € V,
u(x) =7* < E¥ (§) =x, © ¢(1:5,2°) = x,.

Therefore, X +— (%, E¥ (%)) is a C! local parametrization of u~'(z*) V. Hence, X = u~'(z*) is
an n — 1 dimensional C' manifold, and for v; = ¢; + fi(x)ep, {v1,...,v,_1} consists of the basis
of T,(X). However, v; - g(x) = gi(x) + fi(x)gn(x) = 0, which implies that g is a normal vector
field of X.

Next, we show that u is Lipschitz on V. To show this, we first show that u is Lipschitz in x, on
V. Suppose that & € [T'=] [x; — 8,x; + 8], and let &(¢) = (1 — )& +1%. If 2,7 € [x}; — &,x7 + €]
and 7 > z, then (¥(1),c(t:%,2)), (%(t),c(t:%,2')) € TT'=} [x} — €,x] + €] x C for any t € [0,1].
Moreover, ¢(t;%,7') > ¢(t;%,z) for all € [0, 1]. Thus,

c(1:%,7) —c(1;%,2)
1
=Z’—Z+/O (f(&(1),c(1:%,2)) = f(E(1),c(t:%,2))) - (F— %" )dt

1
zz’—z—/o 1% — 2| L(c(1:%,2) — c(t:%,2))dt

1
> E(ZI—Z)-
Therefore, if (%,x,), (%,x,) € V and x, > x,, then for z = u(%,x,) and 7 = u(%,x},), 7 > z and

7—z

2 Y

X —x, =c(1;%,7) —c(1;%,2) >

which implies that |u(%,x],) — u(%,x,)| < 2|x], — x,|, as desired.

Let x € V and define z = u(x). By definition, E*(X) = x, and VE*(X) = f(x). Therefore, there
exists 6’ > 0 such that if |h| < &, then foreachi € {1,...,n— 1}, x+he; €V and x,(h) = E*(¥+
hé;) € [xy — (|fi(x)] + DAl x0 + (|fi(x)] + 1)|A]]. Let x(h) = (¥ + hé;,x,(h)). By definition,
u(x(h)) = z. Because u is Lipschitz in x;,, there exists a constant L' > 0 such that for any x € V
and h € (—8',98'),

i+ heq) = ()| = u(x+her) = u(x(w)] < L'(max ()| + 1)l
y
which implies that u is Lipschitz on V. Because u is increasing in x,, it has no local mini-
mum/maximum point. Suppose that u is differentiable at x € V, and Vu(x) = 0. Then, there
exists & > 0 such that (£,x, +4) € V and 0 < u(#,x, + h) —u(x) < L~ 'h. Define z = u(x) and
z(h) = u(x,x, +h). Then,
h=x,+h—x,=c(1;%,2(h)) —c(1;%,z2) < L(z(h) —z) < h,

which is a contradiction. Therefore, Vu(x) # 0.

To summarize these results, we obtain a normal solution « : V — R to (1.1) around x*. There-
fore, the first assertion of this theorem holds. Now, suppose that g is C¥. Then, f is also CX. By

the bootstrap argument, we can show that E* is C*!. Therefore, for any z, u=!(z) is an n — 1
dimensional C¥*! manifold. Choose x € V. Then, for each z € (x} — &,x* +¢€),

u(x) =z c(1;%,2) = xp.
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By the above argument, ¢ is C* and ‘3—2(1;)?@) > 0, and by the implicit function theorem, we
have that u is CK. This completes the proof. 0

Suppose that g : U — R™\ {0} is C* and satisfies Jacobi’s integrability condition. By Theorem
3.10, there exists a C* normal solution to (1.1) that has a C¥*! level set. By Proposition 3.7, any
normal solution to (1.1) has a C¥*1 level set. However, as mentioned in the introduction, we
cannot show that there exists a C*t! normal solution to (1.1).

4. APPLICATIONS

Sometimes, we want to consider some optimization problem of a normal solution « to (1.1).
To solve some optimization problems, the convexity/concavity of the objective function is de-
sirable. However, the requirement “any normal solution u« to (1.1) is convex” is too strong. That
is,if ¢ : R — R is C! and ¢’(x) > O for any x, then for any normal solution u to (1.1), v= ¢ ou
is also a normal solution to (1.1). Although u is convex, v might be non-convex. Therefore, this
requirement is not effective for our purpose.

An alternative requirement is as follows: “any normal solution to (1.1) is quasi-convex”. In
general, if u is quasi-convex and ¢ is increasing, then v = ¢ o u is also quasi-convex, and thus
the above problem vanishes in this requirement.

However, of course, this relaxation of the requirement reduces the available techniques. For
example, since the usual subdifferential is not defined for quasi-convex functions, theorems like
the KKT theorem using subderivative conditions cannot be verified. Readers may consider that
the following requirement “there exists a convex normal solution to (1.1)” is more suitable.
However, this condition is a little stronger than our requirement. In the appendix, we see an
example of g in which any normal solution to (1.1) on U is quasi-convex, but there is no convex
normal solution to (1.1) defined on U.

In fact, any normal solution to (1.1) is locally Lipschitz by definition, and for a locally Lip-
schitz function, the Clarke derivative can be defined, even if it is non-convex. Hence, the
KKT theorem using the Clarke derivatives remains applicable. However, we present a slightly
stronger result in which the Clarke derivative is not used. Thus, using the strong properties of
convex functions is unnecessary, at least in this context.

We show the following theorem.

Theorem 4.1. Consider the following optimization problem:
min u(x)
subjectto x € U,
I (x) <0, (4.1)

.hk(x) <O0.

Suppose that U C R" is open and convex, h; is convex on U, and there exists a locally Lipschitz
function g : U — R"\ {0} such that u : U — R is a regular solution to (1.1). Moreover, suppose
that there exists x* € U such that hj(x*) < 0 for all i € {1,...,k}."° If u is quasi-convex, then

10This condition is sometimes called Slater’s condition.
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x* € U is a solution to (4.1) if and only if it satisfies all constraints h;(x*) < 0 and there exists
Ay ooy Ak > 0 such that'!

k
—g(x") e Z?Liahi(x*),

i=1
and, for all i € {1,....,k}, Aihi(x*) = 0.
Proof. Define

Ci={xeUlu(x) <u(x")}
and
Gy ={xeUNie{l,.. k}, hi(x) <0}.
The lower contour set of u at x* is defined as follows:
L(x") ={x € Ulu(x) <u(x*)}.

Because x* € L(x*), L(x*) is nonempty. Choose any x € L(x*). Because u is regular, x —7g(x) €
C, for any sufficiently small > 0. Therefore, L(x*) is the closure of C; and C; is the interior of
L(x*). In particular, C; is nonempty, and because u is quasi-convex, C and L(x*) are convex.
Since x € C; and each h; is convex, C, is also nonempty and convex.

First, suppose that x* is a solution to (4.1). Then, C; NC, = 0. By the separating hyperplane
theorem, there exist p* € R"\ {0} and M € R such that p*-z <M < p*.y for all y € C| and
z € C. Because x* € C, p*-x* < M. Because x* is a limit point of Cy, p*-x* > M. In
conclusion, p* -x* = M, and thus x* is a solution to the following convex problem:

min —p*-z
subjectto z € U,
hi(z) <0, (4.2)

h(z) <O0.

By the usual KKT theorem for convex programming, there exists Uy, ..., U > 0 such that
k
p*e Y wiohi(x),
i=1

and, for all i € {1,...,k}, wh;(x*) = 0. Choose any C! curve c(t) such that ¢(0) = x* and
u(c(t)) = u(x*). Then, ¢(0) - g(x*) = 0. Because each c() is a limit point of Cj, we have
that p* - c(t) > M. Therefore, p* - ¢(0) = 0. This implies that for X = u~!(u(x*)), both p* and
g(x*) are orthogonal to 7,+(X), and thus p* is proportional to g(x*). Hence, p* = ag(x*) for
some a € R\ {0}. Choose any 7 > 0 such that x* —7g(x*) € C;. Then,
P —atp P = p (¢ —1g(e)) = M =

which implies that @ < 0. Let A; = —a~'y;. Then, for all i € {1,...,k}, A;h;(x*) = 0, and

k

—g(x)=—-alp*e Zliah,-(x*),
i=1

U The former condition is called the Karush—-Kuhn-Tucker condition, or abbreviatedly, the KKT condition.
The latter condition is called the complementary slackness condition.
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as desired.
Next, suppose that 4;(x*) <0 forall i € {1,...,k}, and there exist 41, ..., A4 > 0 such that

k
—g(x") e Z Aidhi(x")
i—1

1=
and, for all i € {1,...,k}, Lih;(x*) = 0. Let p* = —g(x*), and consider the problem (4.2). Then,
by the usual KKT theorem for convex programming, x* is a solution to (4.2). Hence, if we
define M = p* - x*, then p* -z < M for all z € C,. Next, applying the supporting hyperplane
theorem for L(x*), there exists ¢* € R"\ {0} such that ¢* - x > ¢* - x* for all x € L(x*). Let ()
be a C! curve such that ¢(0) = x* and u(c(t)) = u(x*) for all z. Then, ¢* - c(t) > ¢* - x* for all ¢,
and thus ¢* - ¢(0) = 0. Hence, if we define X = u~!(u(x*)), then both p* and ¢* are orthogonal
to T+ (X), and thus there exists a € R such that a # 0 and p* = ag*. For any ¢ > 0 such that
x*+tp* ey,
p*- (" +1p) = M+1t|p*|* > M,

g+ 1p7) = M.

Therefore, a > 0 and for all x € L(x*),
px=aq" -x>aq" X" =p"-x" =M.

Suppose that there exists x € C; such that p*-x = M. Because C is open, there exists y € C;
such that p* -y < M, which is a contradiction. To summarize our arguments, we obtain that

prz<M<pty

for all z € C; and y € Cy, which implies that x* is a solution to (4.1). This completes the
proof. U

The following theorem presents a method for judging whether a normal solution u to (1.1) is
quasi-convex or not.

Theorem 4.2. Suppose that U C R" is open, g: U — R"\ {0} is locally Lipschitz and satisfies
Jacobi’s integrability condition. Then, the following three conditions are equivalent.
(1) for any x* € U, there exists an open neighborhood V of x* such that for any x,y €V,
g(x)-y>glx) - x=g(y) x<g(y)y
(ii) Foranyx € U andv € R", if g(x)-v =0, then
1
limsup—v-g(x+1tv) > 0.
1o 1
(i11) Any regular solution u to (1.1) on a convex domain is quasi-convex.
Proof. Suppose that (i) holds, and choose any x € U and v € R" with g(x)-v = 0. Define

x(t) = x+tv. Then, g(x) -x(t) = g(x) - x, and thus by (i), g(x+1v) -x < g(x+1v) - (x+1v) for
any sufficiently small # > 0. Therefore,

. 1
limsup —v- g(x+1v)
110 t

1
= limsupt—z[(x—f—tv) —x|-g(x+1v) >0.
t]0
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Therefore, (ii) holds.

Next, suppose that (iii) holds. Choose x* € U, and a normal solution u : V — R to (1.1)
around x*. Without loss of generality, we can assume that V' is convex and u is regular. Then, u
is quasi-convex. Choose x € V, and consider the following minimization problem:

min u(y)

subjectto y €'V,
g(x)-y=g(x)-x

Let h1(y) = g(x) - (x—y). Then, the condition g(x) -y > g(x) - x is equivalent to A;(y) < 0, and
dhy(x) = {—g(x)}. By Theorem 4.1, x is a solution to this problem, and thus g(x) -y > g(x) - x
implies that u(y) > u(x). Suppose that g(x)-y > g(x)-xbut g(y)-x > g(y)-y. Then, u(y) > u(x).
Choose any ¢ > 0 such that u(x —rg(x)) < u(x) and g(y) - (x —tg(x)) > g(y) -y. Then, u(x) >
u(x—tg(x)) > u(y), which is a contradiction. Therefore, g(y)-x < g(y) - y, and thus (i) holds.

It suffices to show that (ii) implies (ii1). Suppose that (ii) holds but there exist a regular
solutionu : V — R to (1.1), x,y € V,and ¢ € [0, 1] such that V is convex and

u(y) <u(x) <u((1—1t)x+ty).

Let x(t) = (1 —t)x+ty, t* = maxargmax{u(x(z))|r € [0,1]} and z* —x( *). Then, 0 <t* < 1,
u(x(t)) <u(z*)ifr € [0,1], and u(x(z)) < u(z*) if t* <t < 1. Define p* = g(z*), v=y —x, and
V* = span{p*,v}. If v is proportional to p*, then by Lemma 3.2, u(x(¢)) is monotone around
Z*, which contradicts our assumption. Therefore, V* is 2-dimensional.

Choose an open neighborhood Z of z* such that z € Z implies g(z) - p* > 0. Let X =
u N u(z))NZand Y = XN (z* +V*). If z € X, then p* ¢ T,(X), and thus T,(X) +V* = R",
Therefore, X is transversal to z* +V*, and thus Y is a 1-dimensional C! manifold and there exists
a C! local parametrization y(s) of ¥ such that y(0) = z*. Let ®(s,a) = y(s) +ap* and ¥(b,c) =
Z*+bv+cp*. Then, ¥ is a C* diffeomorphism between R2 and z* + V*, and D(‘P_1 o ®)(0,0)
is regular. By the inverse function theorem, there exist two open neighborhoods U,V of (0,0)
such that ¥~ o®: U} — Vyisa C! diffeomorphism. Hence, ® = Wo (¢! o®) is a C' bijec-
tion on U; such that ®~! = (¥~ o®)~1 oW~ is also C' on W; = ®(U;). Because g is locally
Lipschitz, we can assume that g is L-Lipschitz on W;. Without loss of generality, we can assume
that U, is convex and W; C Z. By Lemma 3.2, u(z+ tp*) is increasing in 7 for any z € Wj.

Let (w(t),a(t)) =@~ (x(¢)). Because Wy, U; are open and (w(t*),a(t*)) = @~ (z*) = (0,0) €
Uy, there exists 6 > 0 such that if | —¢*| < 8, then (w(?),0), (w(t),a(t)) € U. Let

2(1) = ®(w(1),0) = x(1) —a(t)p", b(r) = 2(t) = v—alr)p".
By definition, x(t) = y(w(z)) +a(t)p*, and thus z(r) = ( (t )) Because u(y(w(t))) = u(z*),
u(x(t)) <u(z"),and u(y(s) +tp*) isi (1) <0. Because
a(t*) =0, t* is a local maximum point of a(z), and thus a(z*) = 0. Moreover, by definition of
¥(5), 5(00(1)) - g(z(1)) = 0, and thus b(r) - g(z(1)) = 0.
Choose any ¢ € [0, 1] with 0 <t —¢* < §, and define z*(¢,s) = z(t) + b(¢)(s — ). Then,
(b(s) —b(1)) - (8(z(s)) — 8(2(t)))

s—t

< la(s) — (o) p ==l

s —1|

—0ass—t,
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" b0 s(l0) ()
S R Y’
Therefore,
(5" -s(cl0)) timin 2L =40
U RO I CO JPMLOE E0)
- 20 80)
= —limsup (65 —b(0)- (5(2(9)) ~8(<()

+b(1) - (g(z7(1,5)) —8(2(1))) +b(1) - (g(z(s)) —&(2"(2,5)))] 0,
where the last inequality follows from (ii). Therefore,

iming ) —40)
st s—t

<0.

By the symmetrical arguments, we can show that liminfg, @ < 0. Now, choose 71 € [0, 1]
such that 0 <t} —#* < 8, and define h(t) = a(t)(t; —t*) —a(t;)(t —t*). Then, h(t*) = h(t;) =0,
and thus, there exists 7 € (1*,11) such that h(¢™) attains either the maximum or the minimum

on [t*,#1]. If A(¢ ) attains the maximum, then

0< liminfM = (1 _[*)liminfM

alty) <aflt
thet t—tt tht t—tt + (1)_ (1)7

which implies that a(¢;) > 0. If A(¢+) attains the maximum, then by the symmetrical argument,
we can also show that a(#;) > 0. Therefore, a(t) > 0if 1 > ¢ > ¢* and |t —t*| < 6. This implies
thatifr € [0,1] and |t —*| < 8, then a(t) > a(t*) = 0, and thus, a(t) = 0. Hence, u(x(z)) = u(z*)
for all > ¢* such that t — ¢* is sufficiently small, which is a contradiction. Thus, we have that u
is quasi-convex, as desired. This completes the proof. 0

Sometimes, we need a stronger assumption than quasi-convexity. Suppose that V C R" is
convex. A function u : V — R is said to be strictly quasi-convex if, for any x,y € V and
t€(0,1),if x #y, then

u((1—1)x+ry) < max{u(x),u(y)}.
It is well-known that, if u is strictly quasi-convex, then a solution to (4.1) is unique. Therefore,

this assumption is useful.
The following proposition presents sufficient conditions for the strict quasi-convexity.

Proposition 4.3. Suppose that U C R" is open, and g : U — R"\ {0} is locally Lipschitz and
satisfies Jacobi’s integrability condition. Consider the following three conditions.
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(I) for any x* € U, there exists an open neighborhood V of x* such that for any x,y € V with

XFY,
g(x)-y=gx)-x=g(y)-x<g(y)-y.
() Foranyx € U andv € R", ifg(x)-v=0and v # 0, then

1
limsup —v- g(x+1v) > 0.
1o 1

(IIT) Any regular solution u to (1.1) defined on a convex domain is strictly quasi-convex.
Then, (1) is equivalent to (1II), and (I1) implies both (1) and (III).

Proof. First, suppose that u : V — R is a regular quasi-concave solution to (1.1). Choose x € V,
and consider the following minimization problem:

min u(y)

subjectto y eV,
gx) -y > g(x) x.

By the same arguments as in the proof of Theorem 4.2, we have that x is a solution to this
minimization problem. In particular, if g(x) -y > g(x) - x, then u(y) > u(x). Suppose, in addition,
that u is strictly quasi-convex. If there is another solution y € V' to the above problem, then for
z=(1-2"NHx+271y, g(x)-z> g(x) -x and u(z) < u(x), which is a contradiction. Therefore,
x is the unique solution to the above problem, and thus if g(x)-y > g(x)-x and y # x, then
u(x) < u(y).

Now, suppose that (IIT) holds. Choose any x* € U, and a regular solution u : V — R to (1.1)
such that V is convex. Then, u is strictly quasi-convex. If y # x and g(x) -y > g(x) - x, then by
the above arguments, we have u(x) < u(y), and thus g(y) -x < g(y) - y. Hence, (I) holds.

Next, suppose that (I) holds. Choose a regular solution u# : V — R to (1.1), where V is
convex. In this case, (i) of Theorem 4.2 holds, and thus u is quasi-convex. Hence, g(x) -y >
g(x) - x implies that u(y) > u(x). Suppose that g(x)-y > g(x)-x, y # x, and u(y) = u(x). If
g(x) -y > g(x) - x, then there exists s > 0 such that for w =y —sg(y), g(x) -w > g(x) - x. Then,
u(y) > u(w) > u(x) = u(y), which is a contradiction. Therefore, g(x) -y = g(x) - x. Choose any
t €(0,1) and let z = (1 —¢)x+1y. Then, g(x) -z = g(x) - x, and thus u(z) > u(x). Because u is
quasi-convex, u(z) = u(x) = u(y). By (I), g(z) -x < g(z) - z. Therefore, g(z)-y > g(z) - z, and thus
u(y) > u(z), which is a contradiction. Hence, if g(x) -y > g(x) -x and y # x, then u(y) > u(x).

Now, suppose that u is not strictly quasi-convex. Then, there exist x,y € V and ¢t € (0, 1) such
that x # y and

u((1—1)x+1ty) > max{u(x),u(y)}.
Let z = (1 —t)x+1ty. Because u(z) > u(x) and u(z) > u(y), we have that g(z) -x < g(z) -z and
g(z) -y <g(z)-z. Because

8(2)-z=(1-1)(g(z)-x) +1(8(2) -¥),

we have that g(z) -x = g(z) -y = g(z) - z. Hence, u(z) > u(x) and u(z) > u(y), which contradicts
the quasi-convexity of u. Therefore, u must be strictly quasi-convex, and (III) holds.

It suffices to show that (II) implies (I). Suppose that (II) holds, and choose x* € U and a
regular solution u : V — R to (1.1) around x*, where V is convex. Because (II) implies (ii) of
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Theorem 4.2, u is quasi-convex, and (i) of Theorem 4.2 holds. Hence, g(x) -y > g(x) - x implies
that u(y) > u(x).

Suppose that there exist x,y € V such that x # y, g(x)-y > g(x)-x, and g(y) -x > g(y) - y.
By (i), we have that g(x) -y = g(x)-x and g(y) - x =g(y)-y. Let v=y—x and x(z) = x +tv.
Choose any ¢ € [0, 1]. Because g(x) - x(¢) = g(x) - x, u(x(¢)) > u(x). In particular, u(y) > u(x).
By the same arguments, we have that u(x(f)) > u(y), and in particular, u(x) > u(y). Therefore,
u(x) = u(y). Because u is quasi-convex, u(x(t)) = u(x) = u(y). Therefore, if X = u~(u(x)),
then v € T, (X), and thus g(x(¢)) -v =0 for all # € [0, 1]. This implies that

1
limsup—v-g(x(z)) =0,
tl0 !

which contradicts (II). Therefore, such x,y are absent, and (I) holds. This completes the proof.
O

In this proposition, (I) does not imply (II). We provide a counterexample in the appendix.

APPENDIX A. EXAMPLES

A.1. The Example in the Introduction. In this subsection, we discuss an example presented
by Debreu [3].
Recall the definition of g:

2
a7 ! if x >0
g(xlsz) = { \/1+x4’ 1+x§) 2=%
0

A normal solution u to (1.1) around (0,0) is as follows:

0y, >0,

u(xy,x) = { 1=x1x

X2 if x, < 0.

This function u is not C2, but only C!. Suppose that there exists a normal solution v to (1.1)
around (0,0) such that v is C2. Without loss of generality, we can assume that the domain V
of vis (—eg, 8)2, where € > 0 is sufficiently small, and v is regular. Therefore, we can assume
that u is defined on V, and by Corollary 3.9, there exists an increasing C' function ¢ such that
v = ¢ ou. Note that, because u(0,x;) = x2, ¢(c) = v(0,c). By Proposition 3.1, there exists a C'
positive function u : V — R such that Vv = ug on V. Therefore, we have that

dv
(])/(C) = a_(ovc) = /.L(O,c)gz(O,c) >0
X2
for all ¢ € (—¢,€). By the chain-rule,

;Tvz(x) _ du

¢'(u(x))  Ix
However, if x; = 0 and x| # 0, then the right-hand side is not differentiable in x; at x, whereas
the left-hand side is differentiable. This is a contradiction. Therefore, such a v is absent.

(%)
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A.2. Anexample of non-convex solutions. Recall the definition of convexity and quasi-convexity.
Suppose that U C R" is convex, and consider a function f : U — R. Then, f is said to be convex
if, for any x,y € U and ¢ € [0, 1],

S =0)x+1y) < (1 =1)f(x) +2f(y)-

Next, f is said to be quasi-convex if, for any x,y € U and ¢ € [0, 1],

ST =0)x+1y) <max{f(x),f(y)}.

Because (1 —17)f(x) +tf(y) < max{f(x),f(y)}, we have that any convex function is quasi-
convex. Suppose that ¢ : f(U) — R is increasing, and define h = ¢ o f. If f is quasi-convex,
then

h((1=1)x+1y) = ¢(f((1 —t)x+1y)) < ¢(max{f(x),f(y)}) = max{h(x),h(y)},

which implies that % is also quasi-convex. However, 4 might be non-convex even if f is convex:
consider f(x) =x> on R and ¢ (x) = x'/4,

If there is a convex normal solution to (1.1) defined on some convex set U, then it is quasi-
convex. If U =R’ | and g(x) > 0 for any x € U, then by Corollary 3.9, any normal solution
to (1.1) defined on U is either quasi-convex or quasi-concave. The problem considered in
this subsection is the converse of this problem. Suppose that any normal solution to (1.1)
on U = R’ , is either quasi-convex or quasi-concave. Is there a convex normal solution? The
answer is negative. The following counterexample was obtained by Arrow and Enthoven [1].

Choose U = ]R%r . We consider the following function:

1
g1(xp,x) =1+ il )
v (x1+1)2+4x,
(x1,22) =
82(X1,X2) = .
V(1 +1)2+4x;

A normal solution to (1.1) is as follows.

u(x) = (11— 1)+ /(0 +1)2 4.

This function is C! and strictly increasing. It can be easily checked that the range of u is R, ..
For any C > 0, if x,x > 0 and (C — (x; — 1)) = (x; + 1)? + 4x,, then

0 < 4xy = (C—2x)(C+2),

and thus, C > 2x; > x; — 1. Therefore,

ux)=C=C—-(x1—1)= \/(x1-|-1)2+4x2
e (C—x—1)2=+1)*+4x,
& dxy =C?—2C(x; — 1) —4x
& xy = (—1-C/2)x + (C*+2C) /4.

Hence, any level set of u is a straight line. Suppose that u(x) > u(y) and u((1 —#)x+1y) > u(x)
for some ¢ € [0,1]. Then, 0 < ¢ < 1. By the intermediate value theorem, there exists t* € (¢, 1]
such that u((1 —t*)x+1*y) = u(x). Because the level set = (u(x)) is a straight line, we have
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that u((1 —)x+1ty) = u(x), which is a contradiction. Therefore, we have that u is quasi-convex.
By Corollary 3.9, any normal solution to (1.1) is either quasi-convex or quasi-concave.
Next, define

C C?+2C
vi(€) =5, y2(C) 2
Then,
X1 n X2 :l<:>2CX1—|2—4X1+4XQ:1
vi(C)  w(0) C2+2C
& 2Cx; +4x) +4xy = C*42C
& xy=(=1-C/2)x; +(C*+2C) /4 < u(x) = C.
Choose any k > 0 and define

hi(C) = sup{x| + kxz|u(x) < C},

1 (C) = sup{—x — kxs[u(x) > C}.
Using the intermediate value theorem appropriately, we have that

hi(C) = sup{x; +kxz|u(x) < C} = sup{x; + kxz|u(x) = C}

X1 X2
= Sup {xl e v1(C) - w(C) 1}
= max{y(C),kyr(C)},

and

hi(C) = sup{—x; — kxz|u(x) > C} = sup{—x; —kxp|u(x) = C}

= —inf {xl + kxy

X1 i X2 —1 }
vi(C)  wa(C)
= —min{y;(C),ky2(C)}.
Now, suppose that there exists a convex normal solution w : U — R to (1.1). By Corollary 3.9,
it is either strictly increasing or strictly decreasing, and there is a monotone function ¢ : I — R
such that / = w(U) and u = @ ow. Because w is convex and the domain U is open, it is locally

Lipschitz, and thus / is an interval.'? Clearly, ¢(z) > 0 forall z € I.
We divide the proof into two cases.

Case 1. Suppose that ¢ is increasing. Then, w is convex and strictly increasing. Choose
20,21 € I and 1 € [0,1], and define z; = (1 —#)zo +z;. Choose any € > 0. Let g = hy o ¢. For
i € {0,1}, there exists x' € R% | such that g (z;) — € < x| +kx}, u(x') < ¢(z;). Hence, w(x') < z;,
and thus

w((1=0)x+1x)) < (1 =)w(x®) +1w(x!) <z,

12 Any convex function defined on an open and convex set is locally Lipschitz. See, for example, Rockafellar
[16].



24 Y. HOSOYA
which implies that u((1 —#)x° +#x') < ¢(z). Therefore,

gi(z) > [(1 _t)x(l)-l—txﬂ +k[(1 —t)xg—ktxé]
= (1 —1) () + kx9) +£(x] + kxd)
> (1 —1)gr(z0) +18x(z1) — €.

Since € > 0 is arbitrary, gx(z;) > (1 —1)gk(z0) +1gx(z1). Hence, gi is concave. Letting k — 0,
we have that y o @ is concave. Because Y is increasing and linear, ¢ itself is concave.

Therefore, ¢ is locally Lipschitz. By Rademacher’s theorem, there exists z € I such that
¢ is differentiable at z. If @(z) = 0, then z is a maximum point of ¢, which contradicts the
monotonicity assumption of @. Therefore, @'(z) > 0. Define k = ﬁ. Then, yi(¢(z)) =
ky,(¢(z)). By a simple calculation,

d
d7

(vi(e(2) —kya(0(Z)))

7=z
1 o)+ 1)
/
=o' (>-22" ) <0
CICEEs
Hence, there exists a neighborhood I’ of z such thatif 7/ € I’ and 7’ > z, then g, (') = kyn (@(7)),
and if 7/ € I’ and z > 2/, then g (') = y1(@(Z/)). Because g is concave, we have that

k(¥200)'(2) = Dyg(z) < D-gi(2) = —

Thus ¢'(z) < 2ky}(9(2))@’(z) < ¢'(z), which is a contradiction.

Case 2. Suppose that ¢ is decreasing. Define w* = —w and ¢*(z) = ¢(—z). Then, w* is concave
and strictly increasing, @* is increasing, and u = ¢@* ow*. Choose zp,z; € —[ and 7 € [0, 1], and
define z; = (1 —)zo +z1. Choose any € > 0. Let g; = h; o ¢*. For i € {0,1}, there exists
x' € R%, such that

g (z) — e < —x} — kb, u(x') > 9% (z).
Hence, w*(x') > z;, and thus,
w (1 =0)x" +x!) > (1= )w* () +1w* (x') > 7,
which implies that u((1 —#)x° +tx!) > @*(z;). Therefore,
ge(z) > — (1=} +1xq] = k[(1 = 1)x3 +1x)]
= (1 =1)(—=xY = kxd) + 1 (—x} —kx)
> (1—-1)g(z0) +1g5(21) — &

Since € > 0 is arbitrary, g;(z;) > (1 —1)g;(z0) +1g;(z1)- This implies that g} is concave. Letting
k — oo, we have that —y; o @* is concave. Because v is increasing and linear, we have that ¢@*
is convex, and hence ¢ is also convex.

Hence, ¢ is locally Lipschitz. By Rademacher’s theorem, there exists z € I such that ¢
is differentiable at z. If ¢’(z) = 0, then z is a minimum point of ¢, which contradicts the
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monotonicity assumption of @. Therefore, ¢'(z) < 0. Define k = T2 ) . Then, y1(9(z)) =
k> (9(z)). By a simple calculation,

d

S (9E) —kya(o())

_ ‘PT@ — kv (0(2)9'(2)

74
1 o(z)+1 )
/
= ~— >0
#) (2 ¢(z)+2
Hence, there exists a neighborhood I’ of z such that if 7/ € I’ and z' > z, then g} (') = —kyn (@(Z))),
and if 7/ € I and z > 7/, then g} (z') = —y1(@(</)). Because g is concave, we have that

?'z)
2.

7=

—k(yr00) (z) =D, gi(z) <D_gi(z) = —

Thus ¢'(z) > 2ky)(9(2))9'(z) > ¢’(z), which is a contradiction.

Hence, in each case, we lead a contradiction. This implies that such a convex function w does
not exist.

In this proof, the idea of using an artificial function /4y is obtained by Fenchel [5]. For more
detailed arguments, see Kannai [11] or Monteiro [14].

A.3. Katzner’s counterexample. In this subsection, we present an example of g in which (I1I)
of Proposition 4.3 holds but (I is violated. This example was found by Katzner [12].
Consider U = R? ,, and

(X) _3X1X2 X%,
g (x) = —3x1x3.
A regular solution to (1.1) is u(x) = (xfxz +x1x2) It is easy to show that u is strictly quasi-
convex. By simple calculation,
d d
8;2()6) = —6x1x2, a;i;(x) = —3x7 —3x3,
dg> dg
8_)q(x) = —3x? —3x3, (9_)62(x) = —6x1x2.

Choose v=(—1,1) and x = (1,1). Then g(x) = (—4,—4), and thus g(x) - v = 0. However,

i - to+1)) = tim L (s5-19) )

and thus g violates (II) of Proposition 4.3.
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