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Abstract. In the present paper, we use a proximal point method with remotest set control for finding an approx-
imate common zero of a finite family of maximal monotone operators in a Hilbert space under the presence of
perturbations. We show that if the perturbations are sufficiently small, then the inexact proximal point method
produces approximate solutions.
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1. INTRODUCTION

Proximal point method is an important tool in solving optimization problems [1, 4, 5, 8, 11].
In particular, it was used for solving variational inequalities with monotone operators [2, 3, 6,
7,12, 13, 14], which is an important topic of nonlinear analysis and optimization. In the present
paper, we use a proximal point method with remotest set control for finding an approximate
common zero of a finite family of maximal monotone operators in a Hilbert space under the
presence of perturbations. We show that if the perturbations are sufficiently small, then the the
inexact proximal point method produces approximate solutions.

Let (X, (-,-)) be a Hilbert space equipped with an inner product (-, -) which induces the norm
-1

A multifunction 7 : X — 2% is called a monotone operator if and only f
(z—7Z,w—w) >0 Vz,Z,ww eX
such that w € T(z) and w' € T (). (1)
It is called maximal monotone if, in addition, the graph {(z,w) € X x X : w € T(z)} is not

properly contained in the graph of any other monotone operator 7’ : X — 2%,
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Let T : X — 2X be a maximal monotone operator. The proximal point algorithm generates,
for any given sequence of positive real numbers and any starting point in the space, a sequence
of points and the goal is to show the convergence of this sequence. Note that in a general
infinite-dimensional Hilbert space this convergence is usually weak. The proximal algorithm
for solving the inclusion 0 € T'(z) is based on the fact established by Minty [9], who showed
that, for each z € X and each ¢ > 0, there is a unique u € X such that z € (I +¢T)(u), where
I : X — X is the identity operator (Ix = x for all x € X).

The operator

Pop:=I+cT)™! (2)

is therefore single-valued from all of X onto X (where ¢ is any positive number). It is also
nonexpansive:

1Pe7(z) = Per ()| < [lz— || forall z,2" € X (3)
and
P.r(z) =zif and only if 0 € T'(z). (4)

Following the terminology of Moreau [10], P r is called the proximal mapping associated with
cT.

The proximal point algorithm generates, for any given sequence {cx};>, of positive real
numbers and any starting point z° € X, a sequence {z*}7"_, C X, where

=P, 1 (Z), k=0,1,....
It is not difficult to see that the
graph(7T) := {(x,w) e X xX: we T(x)}

is closed in the norm topology of X x X.
Set

F(T)={zeX:0€T(2)}. (5)

Usually algorithms considering in the literature generate sequences which converge weakly
to an element of F(T). In this paper, for a given € > 0, we are interested to find a point x
for which there is y € T'(x) such that ||y|| < €. This point x is considered as an €-approximate
solution.

For every point x € X and every nonempty set A C X, define d(x,A) := inf{|[x—y||: y € A}.
For every point x € X and every positive number r, put B(x,r) ={y € X : |[[x—y| < r}. We
denote by Card(A) the cardinality of the set A. For each x € R! set |x| = max{i is an integer :
i <x}.

We apply the proximal point algorithm with remotest set control in order to obtain a good
approximation of a point which is a common zero of a finite family of maximal monotone
operators and a common fixed point of a finite family of quasi-nonexpansive operators.

Let %) be a finite set of maximal monotone operators 7' : X — 2X and % be a finite set of
mappings 7 : X — X. We suppose that the set £} U_% is nonempty. (Note that one of the sets
A or £ may be empty.)

Letc € (0,1] and let ¢ = 1, if .2 = 0. We suppose that

F(T)#0forany T € £ (6)
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and that for every mapping T € .2,
Fix(T):={z€X: T(z) =z} #0, (7)
le=xl* > flz = T()|* +¢llx — T (x)||?
for all x € X and all z € Fix(T). (8)
LetA >0andlet A =coand A~! =0, if %] = 0. Define

F:=(Nres F(T)) N (NoesFix(Q)).
Let € > 0. For every monotone operator 7' € .Z] define
Fe(T)={xeX: T(x)NB(0,e) #0} 9)
and for every mapping T € . set
Fixg(T)={xe€X: ||T(x)—x| < €}. (10)
Define
Fe = (Nrez Fe(T)) N (Nge 2, Fixe (Q)),
Fe = (Nre (B(0,€) + Fe(T))) N (Nge.sFixe(Q))- (11)

We are interested to find an approximate solutions belonging to the set F; where € is suffi-

ciently small. Set & = L U{P.r: T € 4, c€ [A,)}.

2. AUXILIARY RESULTS
It is easy to see that the following lemma holds.
Lemma 2.1. Let z,x9,x1 € X. Then
27 M|z =0l =27 M|z =1 12 =27 o — x| = {xo — 1,31 — 2).

Lemma 2.2. Let
AceZ, xeX,

z€eF. (12)

Then
lz—x]* = [z = A@)|]* — ¢llx —A(x)|]> > 0.

Proof. There are two cases:

)T e

(ii) there exist a mapping T € .%},a number ¢ € [A, ) such that A = P, 7.

If (i) holds, then our result follows from (8) and (12). Assume that (ii) holds. Then by Lemma
2.1,

27 lz—x? =27z AW)|P =27 e —AW)|IP = (x—A(x),A(x) — 2). (13)
By (ii) and (2), there exist T € .2}, ¢ > Ay such that A(x) = P.r(x), x € (I +¢T)(A(x)), and
x—A(x) € ¢cT(A(x)). By (1), (5), (12), (13), and the relation above, our result holds. Lemma
2.2 is proved. U
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3. THE MAIN RESULT

In [13, 14], we assumed that F' # (. In the following result we do not make this assump-
tion. We merely assume that there exist a point z, which is closed to the sets Fix(T),T €

2, F(T), T €.4.
Theorem 3.1. Let M > 1, € € (0,1/4],
&= 2_l£min{1, 1},
0<8,8. <641 (M+1)"leed,
z« € B(O,M),
B(z4,0:) NFix(T) # 0, T € £,
B(z+,0,)NF(T)#0, T € 4,
a natural number
no = [8(4M +1)%¢ ey | + 1.
Assume that
{Sk}?:o c.Z, {xk}lcco:O CX,
||X()|| <M,
for each integer k > 0,
[l = Si(x) | = llxe —S(x)l, S € £
foreach T € £, there is cy > A such that
12k = Sk (o) || = oo — Pe,r (xx) |
and that
X1 = Se(x) | < 6.

Then there exists an integer q € [1,ng| such that
l|xc|| < 3M + 1 for all integers k= 1,. .. ,q,
1xg —xg1]] < 27 g,
Moreover, if an integer g > 0 and (24) holds, then x, € Fy.

Proof. LetT € £, ¢ >0,
z€ F(T).
Lemma 2.2 implies that
lz= x> = Iz = Py (®)|* = |l = Pe.r () |* = 2(x = Pe.r (%), Pe7 (%) = 2).
By (1), (2) and (5), one has
x€ (I +cT)(P.r(x)), x—Per(x) € cT(Per(x)),
(x—Per(x), Per(x) —2) > 0.
Together with (26), this implies that
Iz =xl|* = [|z = Per () |I* = [|x = Pe,r ().

Thus we have shown that the following property holds:

(i) foreach T € .%}, each ¢ > O and each x € X, ||z — x|*> — [|z— Po7(%)||* > ||x — Pe7(x)]%.

There are two cases:
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(1) There exists T € %, such that So =T,
(2) There exist c > A and T € .Z) such that So = P. 7.
Assume that case (1) holds. By (17), there exists

20 € B(z«,6,) NFix(T).
In view of (27), one asserts
120l < [[z«] + 8.
We have Sy = T'. It follows from (8), (16), (20), (23), (27) and (28) that
1z = 21| < llz — 20l + [[z0 = T (x0) [ + [T (x0) — x|

< Ox+jzo—xo|| +6 <2M +26,+6 <2M + 1.

Assume that case (2) holds and that
c>A, TEA, So=P.r.

By (18), there exists
20 € B(z«,0) NF(T).
By (16), (20), (23), (29), (30) and property (i), one obtains
[z = x1]| < llze =zl + [|z = Per (%0) || + || Pe,7 (%0) — xo|
<O+ |lz—x0|| +6 <O +0+2M+ 6, <2M + 1.

Thus, in the both cases,
llze —x1|| <2M + 1.

Assume that ¢ is a natural number such that, for each integer p € [1, 4],
oy —xpe | > .

Assume that an integer p € [1,¢] and that
ey — 2l <20+ 1.

(In view of (31), equation (33) holds for p = 1.) There are two cases:
(3) There exists T € %, such that S, =T.
(2) There exist c > A and Q € . such that S, = P, .
Assume that case (3) holds. By (18), there exists
z € B(Z*, 5*) ﬂFlX(T)
In view of (8) and (34), one has
I? [

HZ_Xp“Z - ”Z_Sp(xp) > EHXP _Sp<xp)

Consider case (4). By (18), there exists
7€ B(z.,6,) NF(T).
By (36) and property (i), one obtains

Iz =xp 1 = ll2 = Sp(ep) I = [lxp = Splacp) 1.

(27)

(28)

(31)

(32)

(33)

Thus in the both cases the point z is defined and (35) holds. In view of (34) and (36), one has

llze =xpll = llz=2xp [l < llz = 2] < 8-

(37)
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Equations (33) and (37) imply that
12« = xplI* = [z =% 1|
< llzw = xpll = Iz = xpl[ (12« —xp [ + Nz = xp )
< 8.2z —xpl| +8.) < 8.(4M +3).

It follows from (15), (23) and (32) that

1xp = Sp(xp)[| = Ixp1 = xpll = [[Sp(xp) — xpt1]]

>g — 06> 80/2,

lxp — Sp(xp)”2 = 8(%/4-
Property (i) and (8), (33), (34) and (36) imply that

o= SpCip)ll < llz —pll < llz =2l + llew = 2pll < 2M + 14 6, < 2M4-2.

By (23), (34) and (36), one obtains that
Iz = xps1ll = lle = Sp(ep) [l < llz =zl + [|xp1 = Sp(xp) || < 2+ 6.
In view of (40) and (41), one sees that
12+ = xp11 1> = Iz = Sp(xp) ]

< (8. +8)(2l1z— Sp(xpl + 8.4 8) < (8. +8) (4M +5).
It follows from (15), (35), (38), (39) and (42) that
2 = xp|* > ||z = xp||* — 8.(4M +3)
> ||z = Sp(xp) |1 +Elbxy — Sp(xp) [I* — 8.(4M + 3)
> ||ze = xpy1[|* = (8 + 8)(4M +5) + e /4 — 5.(4M + 3)
> [z —xpi1 |2+ 263 /8.
By (33) and (43), one concludes that
bpet — 2l < 2M 41,

2 =xp|[> > llzs = xp41|1* +ce5 /8.

(38)

(42)

(43)

(44)

By induction and (44), we conclude that, for all integers p € [1,q+ 1], |[x, —z|| <2M + 1 and

(44) holds each p € {1,...,q}. By (31) and (44), we arrive at

(M +1)* > flze = 21| > [z —xl* = llzx = xg41|°

q
Z (lze = xp|[* = Iz = xp111%) = gz /8

and g < 8(4M +1)%¢ ¢ 2 < ng. Thus we have shown that t he following property holds:
(i)ifg > lisan 1nteger such that, for each integer p € 1,4/, ||x, —xp+1]| > €, then

lpll <3M 41, p=1,...,q+]1

and g < ng. This implies that there exists an integer ¢ € [1,np] such that for every integer p €

[1,4],
[[xpl] <3M+1,

[xg —xg+1]| < &o.

(45)
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Assume that g > 0 is an integer and that (45) holds. In view of (23) and (45), we have
1% = Sq(xg) || < [lxg — X411l + [lxg1 = Sq(xq) || < &0+ 6. (46)
It follows from (21) and (46) that, for each T € %,
€= +6 = [lxg—Sq(xq) || = [lxg — T (xg) |,
xq € Fixe(T).
Assume that T € 7. By (22) and (46), there exists ¢ > A such that
€+ 06 > [lxg — Sq(xq) || = [Ixg — Pe,r(xg) ]
xg € (I+cT)(Per(xg)),
Xq— Per(xq) € T (Per(xq)),
¢y = Per(xq)) € T(Per(xg))

and
le™! (xg = P (x)) | < 27 (80 + ) <&,
Per(xg) € Fe(T),
x4 € Fg
Theorem 3.1 is proved. [
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