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Abstract. Goh and Legendre-Clebsch necessary conditions for optimal controls of affine-control systems are
usually established under the hypothesis that the minimizing control lies in the interior of the control set U . In this
paper, we investigate the possibility of establishing Goh and Legendre-Clebsch necessary conditions without this
assumption, so that even control sets with empty interiors or optimal controls touching the boundary of U can be
taken into consideration.
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1. INTRODUCTION

Besides the classical, first order, Maximum Principle, higher order necessary conditions are
classically considered for optimal controls of ordinary differential equations. In particular, when
the differential system is control-affine and the minimum problem is of the form

minΨ(x(T ))
dx
dt

= f (x(t))+
m

∑
i=1

gi(x(t))ui(t), a.e. t ∈ [0,T ],

x(0) = x̂, x(T ) ∈ T,

where the vector fields f ,gi and the cost Ψ are sufficiently regular, the target T is a subset of
the state space, and the controls take values in a subset U ⊂ Rm, m ≥ 1— Goh conditions and
Legendre-Clebsch conditions for an optimal control-trajectory pair (u,x) read

(a) p(t) · [gi,g j](x(t)) = 0 ∀1≤ i < j ≤ m and

(b) p(t) · [ f ,gi](x(t)) = 0 ∀1≤ i≤ m ∀t ∈ [0,T ],
(1.1)
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respectively, where p(·) is the adjoint map whose existence is postulated in the first order Max-
imum Principle. Furthermore, in the special case when m = 1 (and g := g1), they are comple-
mented by the third order Legendre-Clebsch condition

0≥ p(t) · [g, [ f ,g]](x(t)) ∀t ∈ [0,T ]. (1.2)

Let us remark that the crucial hypothesis (S) below is made on the optimal control u in order to
obtain the higher order conditions (1.1) and (1.2):

(S) u(t) ∈ int(U) for almost every t ∈ [0,T ],

int(U) denoting the interior of U . An optimal control verifying hypothesis (S) is often called
singular, and the reason why one assumes the singularity hypothesis (S) consists in the follow-
ing fact: on a left neighbourhood of almost any time t, the primitive of a singular control can
be perturbed by means of suitable infinitesimal continuous paths having the effect of producing
infinitesimal variations of the corresponding trajectory x in the directions of the Lie brackets
involved in (1.1) and (1.2).

The present paper is an attempt to obtain higher order optimality conditions of type (1.1)
and (1.2) in situations where the singularity assumption (S) is not verified. For this purpose,
for any given control u : [0,T ]→U , any time t ∈]0,T [, and any i ∈ {1, . . . ,m}, we introduce
the notion of ”u is i-balanced at t”: this means that there must exist two positive numbers
α i,β i such that {u(s) + α iei,u(s)− β iei,} ⊂ U , for any s in a left neighbourhood of t. In
the case of Goh conditions (1.1)-(a), for a given pair (i, j), 0 ≤ i < j ≤ m, we replace (S)
with weaker hypothesis stating that the control u has to be both i-balanced and j-balanced at
almost every t ∈ [0,1]: namely, there must exist four positive numbers α i,α j,β i,β j such that
{u(s) +α iei,u(s) +α je j,u(s)− β iei,u(s)− β je j} ⊂ U for any s in a left neighbourhood of
t. Similarly, in the case of Legendre-Clebsch conditions (1.1)-(b) and (1.2), for a given i we
assume that u has to be i-balanced. Notice that under our weakened hypotheses Goh conditions
(1.1) [resp. Legendre-Clebsch conditions (1.2)] might be valid only for certain pairs (i, j) [resp.
for certain i], while failing for the other pair of indexes [resp. the other indexes].

The paper is organized as follows. In Section 2, we state the problem and present the main
result (Theorem 2.4). Moreover, we give some instances of controls that are (i, j)-balanced or
(i)-balanced but are not in the interior of U . Additionally, in a toy example (see Example (2.1))
our higher order conditions allow to establish, in a case where the control set has empty interior,
that a certain control map verifying the first order, Pontryagin Maximum Principle is in fact not
optimal. In Section 3 we construct variations of a process (u,x) at a time t in the x-direction
of specific Lie brackets in the case when (at t) the control u is either i-balanced or both i-
balanced and j-balanced, for some i, j ∈ {1, . . . ,m}. Section 4, which deals with approximation
of trajectories through products of exponential maps corresponding to Lie brackets, is not at all
original and is put there with the only purpose of adding self-contained character to the paper.
Section 5 is devoted to the proof of Theorem 3.7, which concerns infinitesimal variations. In
Section 6, we exploit set-separation issues to deduce the proof of Theorem 2.4. A short remark
concerning a possible generalization of the presented result to the case of less smooth control
systems concludes the paper.
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1.1. Remarks on the notation. Duality. Sometimes we use the standard identification be-
tween Rn and its dual (Rn)∗.

Lie brackets. The Lie bracket [X ,Y ] (on a differential manifold) of two vector fields X ,Y
at a point x, is defined (in any local system of coordinates) as x 7→ [X ,Y ](x) := DY (x) ·X(x)−
DX(x) ·Y (x).

Differential equations. If we have uniqueness of the solution x(·) on some interval [0,T ] to
a Cauchy problem ẋ(t) = F(t,x(t)), x(0) = x̃, we will use the exponential notation e

´ t
0 F(x̃) :=

x(t). In the particular case of an autonomous vector field F = F(x), we will use the notation
etF(x̃) := x(t).

Areas. In order to recall the geometrical meaning in some coefficients appearing in expo-
nential maps of Lie brackets (see Sect. 3), for any plane, closed, curve (C1,C2) : [a,b]→ R2 of
class W 1,2, we define —according to Green’s Theorem— the signed area Area(C1,C2) of the
region encircled by (C1,C2) as the quantity

Area(C1,C2) :=
〈

C1,
dC2

ds

〉
L1

=

ˆ
b

a

C1(s)
dC2

ds
(s)ds =

−
ˆ

b

a

C2(s)
dC1

ds
(s)ds

 .1 (1.3)

2. THE MAIN RESULTS

We will be concerned with the optimal control problem

(P)



minΨ(x(T )),
dx
dt

= f (x(t))+
m

∑
i=1

gi(x(t))ui(t), a.e. t ∈ [0,T ],

x(0) = x̂, x(T ) ∈ T,

where, for some integers n,m,
• the state x takes values in Rn;
• the vector fields f ,g1, . . . ,gm as well as the cost Ψ are assumed to be of class C1;
• the control u takes values in a subset U ⊆ Rm (possibly with empty interior);
• T is a subset of Rn, called the target;
• by process we mean a pair (u,x) such that u ∈ L1([0,T ],U) and x ∈W 1,1([0,T ],Rn) is

the corresponding (Carathéodory) solution of the above Cauchy problem;
• a process (u,x) is called feasible as soon as x(T ) ∈ T;
• the minimization is performed over the set of feasible processes (u,x).

Definition 2.1. A feasible process (û, x̂) is called a local weak minimizer of problem (P) if there
exists an L1 neighbourhood U of û such that Ψ(x̂(T ))≤Ψ(x(T )) for all x(·) ∈W 1,1([0,T ],Rn)
such that (x,u) is a feasible process with u ∈ U . A feasible process (û, x̂) is called a local
strong minimizer of problem (P) if there exists a C0 neighbourhood VC of x̂ such that Ψ(x̂(T ))≤
Ψ(x(T )) for all feasible processes (x,u) such that x ∈ VC .

1The Area operator is invariant for positive reparameterization of the curve. Namely, if φ : [α,β ]→ [a,b] is a
W 1,1 increasing map such that φ(α) = a,φ(β ) = b, and we set (Ĉ1,Ĉ2) := (C1,C2)◦φ , then ((Ĉ1,Ĉ2) is a closed
curve, with (Ĉ1,Ĉ2)([a,b]) = (C1,C2)([α,β ]), and) one has Area(Ĉ1,Ĉ2) = Area(C1,C2).
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Clearly any local strong minimizer is also a local weak minimizer.
In order to state Lie brackets-including higher order necessary conditions for minima, we

need to recall the concept of Boltyanski approximating cone and to introduce the notion of
i-balanced control u at a time t. Let e0, . . . ,em be the canonical basis of R×Rm.

Definition 2.2. ([3, 10]) Let Z be a subset of RN for some integer N ≥ 1, and fix z ∈ Z. We
say that a convex cone2 K ⊆ RN is a Boltyanski approximating cone for Z at z if there exist a
convex cone C ⊂ RM for some integer M ≥ 0, a neighborhood V of 0 in RM, and a continuous
map F : V ∩C→ Z such that

• F(0) = z,
• there exists a linear map L : RM→ RN verifying

F(v) = F(0)+Lv+o(|v|) for all v ∈V ∩C,

• LC = K.

Definition 2.3. If i ∈ {1, . . .m}, t ∈]0,T [, a control u : [0,T ]→U is called i-balanced at t if
there exists δ ∈]0,min{t,T − t}[ and α i,β i > 0 such that {u(s)+α iei,u(s)−β iei} ⊂U for a.e.
s ∈]t − δ , t[. Furthermore, a control u : [0,T ]→U is called i-balanced a.e. if there exists a
full-measure subset Λi

u ⊆]0,T [ such u is i-balanced at all t ∈ Λi
u.

We are now ready to state the main result of the paper, providing, in particular, higher order
conditions for a minimum without the usual singularity assumption.

Theorem 2.4 (A higher order maximum principle). Let (u,x) be a local weak minimizer of prob-
lem (P), and set H(x, p,u) := p ·

(
f (x)+∑

m
i=1 gi(x)ui

)
. Furthermore, let C be the Boltyanski ap-

proximating cone to the target T at x(T ). Then there exist multipliers (p,λ )∈AC
(
[0,T ],(Rn)∗

)
×

R∗, with λ ≥ 03 such that the following properties are satisfied:
i) (NON-TRIVIALITY) (p,λ ) 6= (0,0);

ii) (ADJOINT EQUATION)
d p
dt

=−∂H
∂x

(x(t), p(t),u(t)) f or a.e. t ∈ [0,T ] ;

iii) (NON-TRANSVERSALITY)

p(T ) ∈ −λ
∂Ψ

∂x
(x(T ))−C⊥ ;

iv) (MAXIMUM PRINCIPLE)

max
u∈U

H(x(t), p(t),u) = H(x(t), p(t),u(t)) f or a.e. t ∈ [0,T ], ∀u ∈U .

Moreover, (p,λ ) can be chosen so that the following further three properties are verified:
v) (i, j)-(GOH CONDITION) If i, j ∈ {1, . . .m}, i < j, and the control u is both i-balanced

and j-balanced a.e., then

0 = p(t) · [gi,g j](x(t)) ∀t ∈ [0,T ] ; (2.1)
2A subset D of a real linear space is called a cone if αv ∈C,∀α ∈ [0,+∞[ and ∀v ∈ D.
3The relation λ ≥ 0 is meaningful thanks to the already mentioned identification between R and its dual R∗.
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vi) i-(LEGENDRE–CLEBSCH CONDITION OF STEP 2) If i ∈ {1, . . .m} and the control u is
i-balanced a.e., then

0 = p(t) · [ f ,gi](x(t)) ∀t ∈ [0,T ] ;4 (2.2)

vii) (LEGENDRE–CLEBSCH CONDITION OF STEP 3 WITH m = 1) If m = 1, f ,g := g1 are
of class C2 around x([0,T ]), and the control u is 1-balanced a.e., then

0≥ p(t) · [g, [ f ,g]](x(t)) ∀t ∈ [0,T ] . (2.3)

Remark 2.5. If a control u is singular, i.e., it takes values in the interior of U , then it is i-
balanced a.e. for all i ∈ {1, . . .m}. Because of this, Goh and Legendre-Clebsch conditions in
their classical form are a particular case of Theorem 2.4.

Example 2.6. If U := N3, then any control map u = (u1,u2,u3) : [0,T ]→U verifing ui(t)> 0
for every i = 1,2,3 and almost every t ∈ [0,T ] is i-balanced for every i = 1,2,3. Therefore, if
the control u is optimal it satisfies (the usual maximum principle and) the i-Legendre-Clebsch
condition for all i = 1,2,3 as well as the (1,2)-,the (1,3)- and the (2,3)-Goh conditions.

Instead, an optimal control û = (û1, û2, û3) : [0,T ]→U such that û1(t) ≡ 0 while û2(t) > 0
and û3(t)> 0 for almost every t ∈ [0,T ], satisfies i-Legendre-Clebsch condition for i = 2,3, and
the (2,3)-Goh condition.

2.1. An worked out example. Let us consider the optimal control problem

minΨ(x(1)),
dx
dt

= g1(x(t))u1(t)+g2(x(t))u2(t), a.e. t ∈ [0,1]

x(0) =

(
2
0
0

)
x(1) ∈ T

where, for every x ∈ R3,

Ψ(x) := x3 g1(x) :=

1
0
1

 g2(x) :=

 0
1
x2

, and T := {0}×{0}×R.

The control set U ⊂ Z2 is defined as

U :=
{
−4,−2,0,3

}
×
{
−6,0,4,7

}
.

We wish to establish whether the constant control map

û(t) =

û1(t)

û2(t)

 :=

−2

0

 ∀t ∈ [0,1]

4Because of the antisimmetry of the Lie bracket, (2.1) and (2.2) are equivalent to 0 = p(t) · [g j,gi](x(t)) and
0 = p(t) · [gi, f ](x(t)), respectively.
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is (feasible and) allowed to be optimal. The trajectory x̂ : [0,1]→ R3 corresponding to the
control û is given by

x̂(t) =

x̂1(t)
x̂2(t)
x̂3(t)

=

2−2t
0
−2t

 t ∈ [0,1],

which, in particular, says that û is feasible, in that x̂(1) =

 0
0
−2

 ∈ T. Let us check that the

process (û, x̂) verifies the first order Pontryagin Maximum Principle, namely there exists a pair
(p,λ )∈ AC

(
[0,T ],(Rn)∗

)
×R∗ verifying i)− iv) in Theorem 2.4. Indeed, since the vector field

g1 is constant and û2 ≡ 0, the adjoint equation reduces to

d p
dt

(t) =−p(t) · ∂

∂x

(
g1(x)û1(t)+g2(x)û2(t)

)
x=x̂(t)

= (0,0,0) ∀t ∈ [0,1]. (2.4)

On the other hand, the non-transversality condition reads

p(1) ∈
(
R2×{0}

)
−λ ({(0,0)}×R) for some λ ≥ 0.

Therefore, there exist constants α,β ∈R and λ ≥ 0 such that p(t) = (α,β ,−λ ) for all t ∈ [0,1].
Let us see that, if the maximization iv) in Theorem 2.4 holds true, then λ cannot vanish. Indeed,

this maximization implies that, for all
(

u1

u2

)
∈U , one has

(
α,β ,−λ

)
·
(

g1(x̂(t))(−2−u1)+g2(x̂(t))(0−u2)
)
≥ 0 ∀t ∈ [0,1]. (2.5)

Taking (u1,u2) = (−2,−6) and (u1,u2) = (−2,4) in (2.5), we obtain, for every t ∈ [0,1],
6
(
α,β ,−λ

)
·g2(x̂(t))≥ 0 and −4

(
α,β ,−λ

)
·g2(x̂(t))≥ 0, respectively, which implies

0 =
(
α,β ,−λ

)
·g2(x̂(t)) =

(
α,β ,−λ

)
·

 0
1

x2(t)

= β −λx2(t),

for all t ∈ [0,1]. Since x2(t) = 0 for all t ∈ [0,1], it follows that β = 0.
On the other hand, taking (u1,u2) = (−4,0) and (u1,u2) = (0,0) in (2.5) we get, for every t ∈

[0,1], 2
(

p1(t), p2(t), p3(t)
)
·g1(x̂(t))≥ 0 and−2

(
p1(t), p2(t), p3(t)

)
·g1(x̂(t))≥ 0, respectively,

which in turn implies

0 =
(
α,β ,−λ

)
·g1(x̂(t)) =

1
0
1

= α−λ ,

for all t ∈ [0,1]. Hence one deduces that α = λ . Therefore p(t)= (λ , 0, −λ ) for every t ∈ [0,1].
Hence the non-triviality condition i) yields p(t) = (λ ,0,−λ ) with λ > 0. This implies that the
higher order principle stated in Theorem 2.4 is not satisfied, in that the control û is both 1-
balanced and 2-balanced a.e. while

p(t) · [g1,g2](x̂(t)) = (λ ,β ,−λ ) ·

0
0
1

=−λ 6= 0,
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namely the (1,2)-Goh condition v) is violated. Therefore û(·) is not optimal, a conclusion that
would not be deducible from the standard (first order) Maximum Principle.

3. VARIATIONS

The proof of the main result (Theorem 2.4) will be based on set-separation arguments (see
Section 6), which, in particular, require the generation of adequate variations of the optimal
process. As explained in the Introduction, this is the crucial issue of the present paper, for we
are going to produce Lie bracket-based variations even when the classical assumption that the
optimal control’s values are in the interior of the control set U (which might be even empty)
fails to be verified.

3.1. Variation builders. Let us introduce a class of indexes, that we shall call the set of vari-
ation signals.

Definition 3.1 (Variation signals). Let us define the set V of variation signals as

V :=Vndl
⋃

VGoh
⋃

VLC2
⋃

VLC3,

where Vndl := U, VGoh := {(i, j) i < j j, i = 1, . . . ,m}, VLC2 := {(0, i) , i = 1, . . . ,m}, and
VLC3 := {(1,0,1)}.

Every variation signal c ∈V will represent an associated variation builder, in a way we now
describe.

Definition 3.2 (Variation builders).
i) If c∈Vndl , namely c= ū∈U the associated variation builder will be the standard needle

variation corresponding to ū.
ii) If c ∈VGoh, that is c = (i, j), for some 0 < i < j ≤ m, let us choose four positive real

numbers α i,β i, α j,β j and let us define the times τ0,τ1, . . . ,τ4(= 1/2) by setting

r := (α i)
−1

+(α j)
−1

+(β i)
−1

+(β j)
−1

τ0 = 0, τ1 := τ0+
(α i)

−1

2r
τ2 := τ1+

(α j)−1

2r
τ3 := τ2+

(β i)−1

2r
τ4 := τ3+

(β j)−1

2r
=

1
2
.

The variation builder associated to c = (i, j) is the (piece-wise constant) map γ(i, j) on
[0,1]

γ(i, j)(s) :=
{

γ̂(i, j)(s) ∀s ∈ [0,1/2],
−γ̂(i, j)(s−1/2) ∀s ∈ [1/2,1],

(3.1)

where γ̂(i, j) is defined (on [0,1/2]) as follows:

γ̂(i, j)(s) := α
i1[0,τ1](s)ei +α

j1[τ1,τ2](s)e j−β
i1[τ2,τ3](s)ei−β

j1[τ3,
1
2 ]
(s)e j ∀s ∈ [0,1/2] .

More explicitly, if we consider the times

τ5 := τ4 +
(β j)−1

2r
τ6 := τ5 +

(β i)−1

2r
τ7 := τ6 +

(α j)−1

2r
τ8 := τ7 +

(α i)−1

2r
= 1,
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we get, for every s ∈ [0,1],

γ(i, j)(s) := α
i1[0,τ1](s)ei +α

j1[τ1,τ2](s)e j−β
i1[τ2,τ3](s)ei−β

j1[τ3,τ4](s)e j

−β i1[τ4,τ5](s)ei−β j1[τ5,τ6](s)e j +α i1[τ6,τ7](s)ei +α j1[τ7,1](s)e j.
(3.2)

iii) If we consider a variation signal c ∈ VLC2, namely c = (0, i) for some i ∈ {1, . . .m},

after choosing two positive numbers α i,β i and setting τ̄ :=
α i

α i +β i , let us associate the

variation builder

γ(0,i)(s) := γ
i
(0,i)(s)ei :=

(
−β

i1[0,τ̄](s)+α
i1[τ̄,1](s)

)
ei ∀s ∈ [0,1] . (3.3)

iv) If c∈VLC3, namely m= 1 and c= (1,0,1) , after choosing two positive numbers α1,β 1

and setting τ̂1 :=
α1

2(α1 +β 1)
τ̂2 := 1− τ̂1 =

α1 +2β 1

2(α1 +β 1)
, as variation builder let us

consider the map

γ(1,0,1)(s) := γ
1
(1,0,1)(s)e1 :=

(
−β

11[0,τ̂1](s)+α
11[τ̂1,τ̂2]−β

11[τ̂2,1]

)
e1 ∀s ∈ [0,1].

3.1.1. Primitives of the variation generators γi, j,γ0,i γ1,1,0. To prove Theorem 3.7 below, we
will consider peculiar properties of the (continuous, piecewise linear) primitives

Γ(i, j)(s) :=
ˆ s

0
γ(i, j)(σ)dσ Γ(0,i)(s) :=

ˆ s

0
γ(0,i)(σ)dσ , s ∈ [0,1], 1≤ i < j ≤ m ,

Γ(1,0,1)(s) :=
ˆ s

0
γ(1,0,1)(σ)dσ , ∀s ∈ [0,1].

Notice that, for every s ∈ [0,τ4] = [0,1/2],

Γ(i, j)(s)= Γ̂(i, j)(s) :=
ˆ s

0
γ̂(i, j)(σ)(σ)=


sα iei ∀s ∈ [0,τ1]
(2r)−1ei +(s− τ1)α

je j ∀s ∈ [τ1,τ2]
(2r)−1ei +(2r)−1e j− (s− τ2)β

1ei ∀s ∈ [τ2,τ3]
(2r)−1e j− (s− τ3)β

je j ∀s ∈ [τ3,1/2] .

Therefore, for every s ∈ [0,τ8] = [0,1],

Γ(i, j)(s) =
{

Γ̂(i, j)(s) ∀s ∈ [0,1/2],
Γ̂(i, j)(1/2)− Γ̂(i, j)(s−1/2) ∀s ∈ [1/2,1].

(3.4)

Indeed,

Γ(i, j)(s) =
ˆ s

0

(
γ(i, j)(σ)1[0,1/2](σ)+ γ(i, j)(σ)1[1/2,1](σ)

)
dσ

=

ˆ s

0

(
γ(i, j)(σ)1[0,1/2](σ)− γ̂(i, j)(σ −1/2)1[1/2,1](σ)

)
dσ

=


Γ̂(i, j)(s) ∀s ∈ [0,1/2]

Γ̂(i, j)(1/2)−
ˆ s

1/2
γ̂(i, j)(σ −1/2)dσ ∀s ∈ [1/2,1] =
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=


Γ̂(i, j)(s) ∀s ∈ [0,1/2]

Γ̂(i, j)(1/2)−
ˆ s−1/2

0
γ̂(i, j)(ξ )dξ ∀s ∈ [1/2,1]

=

{
Γ̂(i, j)(s) ∀s ∈ [0,1/2]
Γ̂(i, j)(1/2)− Γ̂(i, j)(s−1/2) ∀s ∈ [1/2,1] .

More explicitly, one has

Γ(i, j)(s) :=
ˆ s

0
γ(i, j)(σ)dσ =



sα iei ∀s ∈ [0,τ1]
(2r)−1ei +(s− τ1)α

je j ∀s ∈ [τ1,τ2]
(2r)−1ei +(2r)−1e j− (s− τ2)β

iei ∀s ∈ [τ2,τ3]
(2r)−1e j− (s− τ3)β

je j ∀s ∈ [τ3,τ4]
−(s− τ4)α

iei ∀s ∈ [τ4,τ5]
−(2r)−1ei− (s− τ5)α

je j ∀s ∈ [τ5,τ6]
−(2r)−1ei− (2r)−1e j +(s− τ6)β

iei ∀s ∈ [τ6,τ7]
−(2r)−1e j +(s− τ7)β

je j ∀s ∈ [τ7,1]

(observe that Γ(i, j)([0,1])⊂ eiR× e jR). Furthermore, for every i = 1 . . . ,m, one gets

Γ(0,i)(s) := Γ
i
(0,i)(s)ei =

ˆ s

0
γ(0,i)(σ)dσ =


−sβ iei ∀s ∈ [0, τ̄](
− τ̄β 1 +(s− τ̄)α i)ei ∀s ∈ [τ̄,1]

(observe that Γ(0,i)([0,1])⊂ eiR). Finally,

Γ(1,0,1)(s) := Γ
1
(1,0,1)(s)e1 =

ˆ s

0
γ(1,0,1)(σ)dσ

=


−sβ 1e1, ∀s ∈ [0, τ̂1](
− τ̂1β 1 +(s− τ̂1)α

1
)

e1 ∀s ∈ [τ̂1, τ̂2](
− τ̂1β 1 +(τ̂2− τ̂1)α

1− (s− τ̂2)β
1
)

e1, ∀s ∈ [τ̂2,1]

(observe that Γ(1,0,1)([0,1])⊂ e1R). For every h = 0, . . . ,m let us use Γh
(i, j), Γh

(0,i), and Γh
(1,0,1) to

denote the h− th components of Γ(i, j) Γ(0,i), and Γ(1,0,1), respectively. Notice that, in particular,
Γ0
(i, j)(s) = Γ0

(0,i)(s) = Γ0
(1,0,1)(s) = 0, ∀s ∈ [0,1].

The following two lemmas will be crucial in the construction of control variations.

Lemma 3.3. For every i, j ∈ {1, . . . ,m}, i < j, one has

0 = Γ(i, j)(0) = Γ(i, j)(1) = Γ(0,i)(0) = Γ(0,i)(1)

0 = Γ
1
(1,0,1)(0) = Γ

1
(1,0,1)(1)

ˆ 1

0
Γ(1,0,1)(s)ds = 0,

(3.5)

ˆ 1

0

Γ(i, j)(s)ds = 0, (3.6)



10 F. ANGRISANI, F. RAMPAZZO

and
ˆ 1

0
Γ

h
(0,i)(s)ds =


− α iβ i

2(α i +β i)
if h = i

0 if h ∈ {1, · · ·}\{i} .

(3.7)

Proof. Equalities (3.5) are trivial. As for (3.6), by (3.4), one getsˆ 1

0

Γ(i, j)(s)ds =

ˆ 1/2

0

Γ̂(i, j)(s)ds−

ˆ 1

1/2

Γ̂(i, j)(s−1/2)ds

=

ˆ 1/2

0

Γ̂(i, j)(s)ds−

ˆ 1/2

0

Γ̂(i, j)(s)ds = 0.

Equality (3.7) is just the computation of the integral of a piecewise linear continuous map on
[0,1] . �

Other important quantities in the proof of the main theorem are computed in the following
Lemma:

Lemma 3.4. For every pair (i, j), 1≤ i < j ≤ m one has
ˆ 1

0
Γ

i
(i, j)(t)Γ̇

j
(i, j)(t)dt = Area

(
Γ

i
(i, j),Γ

j
(i, j)

)
=

1
2r2 =−Area

(
Γ

j
(i, j),Γ

i
(i, j)

)
. (3.8)

Moreover, for all h ∈ {0, . . .m}\{i, j},
ˆ 1

0
Γ

i
(i, j)(t)Γ̇

h
(i, j)(t)dt = Area

(
Γ

i
(i, j),Γ

h
(i, j)

)
= 0 = Area

(
Γ

j
(i, j),Γ

h
(i, j)

)
=

ˆ 1

0
Γ

j
(i, j)(t)Γ̇

h
(i, j)(t)dt .5 (3.9)

Proof. Equality (3.8) can obviously be obtained by direct computation. However it is geomet-
rically deductible by the fact that the image is the the union of two equal squares –run in coun-

terclockwise sense– whose edges’ lenghts are 1/2r. So Area
(

Γ
i
(i, j),Γ

j
(i, j)

)
= 2 · (1/2r)2 =

1
2r2 .

Similarly, equalities (3.9) can be trivially deduced by computation, though they also might be
deduced by inspection of their running senses. �

3.2. Control variations.

Definition 3.5 (Families of control variations). Let us fix a map u ∈ L∞([0,T ],Rm), a Lebesgue
point t̄ ∈]0,T [ for u6, and a parameter ε > 0 such that 3

√
ε ≤ t.

5The introduction of the functions Γ̃h
(0,i), Γ̃0

(1,0,1), Γ̃1
(1,0,1) is motivated by the fact that, in order to consider the

notion of Area, we need closed curves.
6Let us recall that, if ϕ : [a,b] 7→ Rk is a L1 map, a t ∈]a,b[ is called a Lebesgue point for ϕ if

lim
r→0+

1
2r

ˆ t+r

t−r
|ϕ(s)−ϕ(t)|ds = 0.
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• If c = û ∈Vndl(= U) we define the family of ε-dependent controls
{

uε,c,t , ε ∈ [0, t)
}

by setting

uε,c,t(t) :=

{
u(t) if t ∈ [0, t− ε)∪ (t,T ]
û if t ∈ [t− ε, t].

(3.10)

This family is usually referred to as a needle variation of u at t̄.
• If c = (i, j) ∈VGoh, 1≤ i < j ≤ m, and the control u is both i-balanced and j-balanced

at t̄, we define the ε-parameterized family
{

uε,c,t , 0 <
√

ε ≤ t
}

of controls by setting

uε,c,t(t) :=

u(t) if t 6∈ [t−
√

ε, t]

u(t)+ γ(i, j)

(
t− (t−

√
ε)√

ε

)
if t ∈ [t−

√
ε, t].

(3.11)

• If c = (0, i) ∈ VLC2, 0 < i ≤ m, and the control u is i-balanced at t̄, we define the
ε-parameterized family

{
uε,c,t(t), 0 <

√
ε ≤ t,

}
of controls by setting

uε,c,t(t) :=

u(t) if t 6∈ [t−
√

ε, t]

u(t)+ γ(0,i)

(
t− (t−

√
ε)√

ε

)
if t ∈ [t−

√
ε, t].

(3.12)

• If m = 1, g := g1, {c = (1,0,1)}=VLC3, and u is 1-balanced at t̄, we define the family{
uε,c,t(t), 0 < 3

√
ε ≤ t

}
of controls by setting

uε,c,t(t) :=

u(t) if t 6∈ [t− 3
√

ε, t]

u(t)+ γ(1,0,1)

(
t− (t− 3

√
ε)

3
√

ε

)
if t ∈ [t− 3

√
ε, t]

(3.13)

Remark 3.6. Let us observe that, for every control u and every variation signal c ∈ V as in
Definition 3.5, the corresponding perturbed control uε,c,t is admissible for every ε > 0, i.e. it
takes values in U .

Parts 2)-4) of following theorem establish how the above control variations produce varia-
tions of the trajectories, in terms of Lie brackets (while part 1) deals with the standard needle
variations.).

Theorem 3.7. Let (u,x) be a process for the control system in (1), and let t ∈]0,T ] be a Lebesgue
point for u. Then, for any c∈V and any ε > 0 sufficiently small, using xε to denote the trajectory
corresponding to the perturbed control uε,c,t (see Definition 3.5), the following four statements
hold true.

1) If ū ∈Vndl , then

xε(t)− x(t) = ε

m

∑
`=1

g`(x(t))
(
ū`−u`(t)

)
+o(ε) . (3.14)

2) If c = (i, j) ∈ VGoh, , for some 1 ≤ i < j ≤ m, and the control u is both i-balanced and
j-balanced at t̄, then there exists M > 0 such that

xε(t)− x(t) = Mε[gi,g j](x(t))+o(ε). (3.15)
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3) If c = (0, i) ∈ VLC2, for some i = 1, . . . ,m, and the control u is i-balanced at t̄ , then there
exists M̃ > 0 such that

xε(t)− x(t) = M̃ε[ f ,gi](x(t))+o(ε) . (3.16)
4) If m = 1, c =VLC3, the control u is 1-balanced, and f ,g(:= g1) are of class C2 around x(t),
then there exists M̌ > 0 such that

xε(t)− x(t) = M̌ε[g, [ f ,g]](x(t))+o(ε) . (3.17)

The proof of this theorem is given in Section 5.
The following simple remark is crucial in the proof of Theorem 2.4:

Remark 3.8. If in the previous construction we replace the maps Γ(i, j) and Γ(0,i), 1≤ i < j≤m
with the maps Γ̌(i, j) and Γ̌(0,i) defined as Γ̌(i, j)(s) := Γ(i, j)(1−s) and Γ̌(0,i) := Γ(0,i)(1−s) for all
s ∈ [0,1], respectively, we do obtain xε(t)− x(t) =−Mε[gi,g j](x(t))+o(ε) in place of (3.15),
and xε(t)− x(t) =−M̃ε[ f ,gi](x(t))+o(ε) in place of (3.16).

4. APPROXIMATION OF SOLUTIONS

In this section, we recall some classical facts (see, e.g., [6, 8, 9, 11]) about local approxi-
mations of trajectories of control affine systems through product of exponential maps of Lie
brackets up to a certain degree. Together with the use of variations builders presented in the
previous sections, these kinds of approximation will allow us to prove Theorem 3.7.

4.1. The case with sub-linear controls. Most of the results are of local nature, so we limit our
exposition to Euclidean spaces Rn, n ≥ 1. Let us begin with a trivial remark: if X is a given
Lipschitz continuous vector field defined on an open subset Ω ⊆ Rn and b ∈ L1([0,T ],R), if,
for some T > 0, a (necessarily unique) solution [0,T ] 3 t 7→ x(t) of the Cauchy problem

ẋ(t) = b(t)X(x(t)) x(0) = x̂ t ∈ [0,T ]

exists, then x(t) = eB(t)X(x̂) for all t ∈ [0,T ], where we have set B(t) =
´ t

0 b(s)ds, ∀t ∈ [0,T ]. In
other words, the value x(t) of the solution at time t coincides with the value x̃(τ) of the solution
of the autonomous problem ˙̃x(τ) = X(x̃(τ)), x̃(0) = x̂ at time τ = B(t).

An estimate of the error caused by non-commutativity is given by the following elementary
result:

Lemma 4.1. Let m be any natural number, let χ > 0 be a positive constant and let bi(s) :
[0,T ]→R, i= 0, . . . ,m be m+1 arbitrary L1 functions such that |bi(s)| ≤ χs, for almost every
s ∈ [0,T ]. Let us consider m+ 1 vector fields Xi ∈ C1(Ω;Rn) defined on an open subset Ω ⊆
Rn, i = 0, . . . ,m, and let x(·) be a solution on an interval [0,T ] of ẋ(t) = ∑

m
i=0 bi(t)Xi (x(t))

Then, setting, for every t ∈ (0,T ) and every i = 0, . . . ,m, Bi(t) :=
´ t

0 bi(s),, we have x(t) =
eB0(t)X0 ◦ . . .◦ eBm(t)Xm(x(0))+o(t3), t ∈ [0,T ].

For a proof, we refer the reader to the vast literature on this subject (see, e.g., [2, 5, 6]). We
just recall that, in order to prove the above result, it is essential to make use of the following
basic fact:

Lemma 4.2. If Ω⊆ Rq (for some q≥ 1) is an open subset, X ,Y ∈Cn(Ω;Rq) for some n≥ 1,
and x ∈ Ω, then dn

dτn

(
D(e−τX) ·Y (eτX x)

)
= D(e−τX) · adnX(Y )(eτX x), for all n ≥ 1, for any
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sufficiently small τ , where we have used the ”ad” operator defined recursively as ad0X(Y ) =Y
. . . adnX(Y )= [X ,adn−1X(Y )] for all n∈N. In particular, we get the Taylor expansion D(e−τX) ·(
Y (eτX x)

)
= ∑

n
i=0

τ i

i! adiX(Y )(x)+o(τn).

In Proposition 4.3 below, the hypothesis of sublinearity of the controls is dismissed, and an
estimate is given for the flow of ẋ = ∑

m
i=0 ai(s) · gi(x(s)) in terms of the original vector fields

g0, . . . ,gm and their Lie brackets.

Proposition 4.3. For any i = 0, . . . ,m, consider a function ai(s) ∈ L∞([0,T ];R) and let gi be a
vector field belonging to C2(Ω;Rn). Then, if we set, for all i = 0, . . . ,m and i < j ≤ m,

Ai(s) :=
ˆ s

0
ai(σ)dσ , Ai, j(s) :=

ˆ s

0
Ai(σ)

dA j

dσ
(σ)dσ =

ˆ s

0
Ai(σ)a j(σ)dσ , s ∈ [0,T ],

the solution x(·) (on some interval [0,τ]) to ẋ(t) =
m
∑

i=0
ai(t) gi(x(t)) verifies

x(t) = eA0(t)g0 ◦ . . .◦ eAm(t)gm ◦ eA0,1(t)[g0,g1] ◦ · · · ◦ eAm−1,m(t)[gm−1,gm])(x(0))+o(t2)

(where it is meant that the order in the product with two indexes is the lexicographic one).

As a straightforward consequence of Proposition 4.3, one gets the following result.

Corollary 4.4. Let us fix t > 0 (sufficiently small), let us choose i∗, j∗ ∈ {0, . . . ,m}, j∗ > i∗ and
let gi∗,g j∗ ∈C2(Ω,Rn). If, for every i = 0,1, . . . ,m, the L∞ controls ai : [0, t]→U in Proposition
4.3 are chosen such that Ai(t)= 0 and A j∗,i∗(t)= ct2+o(t2) with c> 0 is the only non-vanishing
term in the family {A ji(t)} j>i,i=0,...,m, then x(t)− x(0) = ct2[gi∗,g j∗ ](x(0))+o(t2).

Finally, we provide an estimate for the flow of our differential equation ẋ(t)=∑
m
i=0 ai(t) gi(x(t))

in terms of the Lie brackets up to the length 3:

Proposition 4.5. Let ai(s), i = 0, . . . ,m be m+ 1 arbitrary functions in L∞([0,T ];R). Let
t ∈ (0,T ) and let gi, i = 0, . . . ,m, be m+1 vector fields belonging to C3(Ω,Rn). Then, if we set,
for all k, i, j with i = 0, . . . ,m, k, i < j ≤ m,

Aki j(s) :=
ˆ s

0
Ak(σ)

dAi, j

dσ
(σ)dσ =

ˆ s

0
Ak(σ)Ai(σ)a j(σ)dσ s ∈ [0,T ],

the solution x(·)(on some interval [0,τ]) to ẋ(s) =
m

∑
i=0

ai(s) gi(x(s)) verifies

x(t) = eA0(t)g0 ◦ . . .◦ eAm(t)gm◦

eA0,1(t)[g0,g1] ◦ · · · ◦ eAm−1,m(t)[gm−1,gm]◦

eA0,0,1(t)[g0,[g0,g1]] ◦ eA0,0,1(t)[g0,[g0,g2]] ◦ . . .◦ eAm−1,m−1,m(t)[gm−1,[gm−1,gm]]◦

eA1,0,1(t)[g1,[g0,g1]] ◦ eA1,0,2(t)[g1,[g0,g2]] ◦ . . .◦ eAm,m−1,m(t)[gm,[gm−1,gm]]
(
x(0)

)
+o(t3)

(still a lexicographic order has been adopted).



14 F. ANGRISANI, F. RAMPAZZO

Remark 4.6. We will use this third order approximation only when m = 1, so that, if f := g0,
g := g1, it reduces to x(t) = eA0(t) f ◦ eA1(t)g ◦ eA0,1(t)[ f ,g] ◦ eA0,0,1(t)[ f ,[ f ,g]] ◦ eA1,0,1(t)[g,[ f ,g]](x(0))+
o(t3).

As a straightforward consequence of Proposition 4.5, one gets

Corollary 4.7. Let us fix t > 0. Assume that m = 1 and that the vector fields f := g0,g = g1
belong to C3(Ω,Rn). If one chooses the L∞ control a0,a1 : [0, t]→U in Remark 4.6 such that
A0(t) = A1(t) = A0,1(t) = A0,0,1(t) = 0 and A(1,0,1)(t) = kt3 +o(t3) with k > 0, then

x(t)− x(0) = kt3[g, [ f ,g]](x(0))+o(t3).

5. PROOF OF THEOREM 3.7

The proof of 1) in Theorem 3.7 is a standard issue in the proof of the classical Pontryagin
maximum Principle, so we skip it.

5.0.1. PROOF OF 2) IN THEOREM 3.7. Let us recall that i, j, with 0 < i < j, are fixed. Observe
that

xε(t) = x̂(2
√

ε), (5.1)

where x̂ is the solution of the Cauchy problem x̂(s) = â0(s) · f (x̂(s))+
m
∑

r=1
âr(s)(s) ·gr(x̂(s))

x̂(0) = x(t̄),
s ∈ [0,2

√
ε] (5.2)

where the controls âh, h = 0, . . . ,m, are defined as follows:

(â0, â1, . . . âm)(s) :=

−(1,u(t− s)) if s ∈ [0,
√

ε](
1,u(t−2

√
ε + s)

)
+ γ(i, j)

(
s−
√

ε√
ε

)
if s ∈ [

√
ε,2
√

ε].

Indeed, notice that one has x̂(
√

ε) = x(t̄ −
√

ε), while in [t̄ −
√

ε, t̄] we are implementing the
corresponding control uε,c,t̄ in (3.11), so obtaining (5.2). As in Section 4, let us set

Âh(s) :=
ˆ s

0
âh(σ)dσ , Âh,k(s) :=

ˆ s

0
Âh(σ)âk(σ)dσ ∀h,k = 0, . . .m.

Let us check that Â0(2
√

ε) = 0 and that the choice of the map γ(i, j) yields Âh(2
√

ε) = 0
∀h ∈ {1, . . . ,m}, Âh,k(2

√
ε) = 0 ∀(h,k) ∈ {1, . . . ,m}2\{(i, j)}, and Âi, j(2

√
ε) 6= 0.7 For all

s ∈ [0,2
√

ε], one has
Â0(s) =−s1[0,√ε]+(s−2

√
ε)1[√ε,2

√
ε],

and, for all h ∈ {1, . . . ,m},

Âh(s) =

´
s

0

[
−1[0,1√ε](σ) ·uh(t̄−σ)+1[√ε,2

√
ε](σ) ·

(
uh(t̄ +σ −2

√
ε)+ γ( j,i)

(
σ−
√

ε√
ε

))]
dσ .

Hence,
Â0(2
√

ε) = 0, (5.3)

7This will allow us to apply Corollary 4.4 and get the desired conclusion.
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and, by Γ(i, j)(1)−Γ(i, j)(0) = 0, one also has

Âh(2
√

ε) =

ˆ 2
√

ε

0

[
−1[0,1√ε](σ) ·uh(t̄−σ)+1[√ε,2

√
ε](σ) ·

(
uh(t̄ +σ −2

√
ε)
)]

dσ

+
√

ε

(
Γ

h
(i, j)(1)−Γ

h
(i, j)(0)

)
=−

ˆ √
ε

0

uh(t̄−σ)dσ +

ˆ √
ε

0

uh(t̄−σ)dσ = 0.

In other words , for any h,k = 1, . . . ,m the time-space curves (Â0, Âh) and the space curve
(Âh, Âk) are closed, in that (Â0, Âk)(0) = (Â0, Âk)(2

√
ε) = 0 and (Âh, Âk)(0) = (Âh, Âk)(2

√
ε) =

0. In order to compute the coefficients Âh,k(2
√

ε) when h,k = 1, . . . ,m, let us set, for every
h = 1, . . . ,m and every s ∈ [0,2

√
ε],

ǎh
u(s) :=−uh(t− s) ·1[0,√ε]+uh(t−2

√
ε + s) ·1[√ε,2

√
ε],

Ǎh
u(s) :=

ˆ s

0
ǎh

u(σ)dσ =

ˆ s

0

(
−uh(t−σ) ·1[0,√ε]+uh(t−2

√
ε +σ) ·1[√ε,2

√
ε]

)
dσ

and

ǎh(s) := γ
h
(i, j)

(
s−
√

ε√
ε

)
·1[√ε,2

√
ε]

Ǎh(s) :=
ˆ s

0
ǎh(σ)dσ =

{
0 ∀s ∈ [0,

√
ε]

√
ε

(
Γh
(i, j)

(
s−
√

ε√
ε

)
−Γh

(i, j)(0)
)
∀s ∈ [

√
ε,2
√

ε].

Hence
âh(s) = ǎh

u(s)+ ǎh(s) Âh(s) = Ǎh
u(s)+ Ǎh(s) ∀s ∈ [0,2

√
ε].

Observing that
ˆ 2
√

ε

0
Ǎh

u(s)ǎ
k
u(s)ds = 0, we get

Âh,k(2
√

ε) =

ˆ 2
√

ε

0
Ǎh(s)ǎk

u(s)ds+
ˆ 2
√

ε

0
Ǎh

u(s)ǎ
k(s)ds+

ˆ 2
√

ε

0
Ǎh(s)ǎk(s)ds. (5.4)

Since the curves (Â0, Âk), (Âh, Âk), and (Ǎh
u, Ǎ

k
u) are closed, we can give the following interpre-

tation to some of above coefficients:

Â0,k(2
√

ε) = Area(Â0, Âk), Âh,k(2
√

ε) = Area(Âh, Âk),

and

Ǎh,k
u (2
√

ε) :=
ˆ 2
√

ε

0
Ǎh

u(s)ǎ
k
u(s)ds = Area(Ǎh

u, Ǎ
k
u) = 0.

Let us compute the three terms on the right-hand side of (5.4). Since 2
√

ε is a Lebesgue point
for the map

[
√

ε,2
√

ε] 3 s→ Ǎh(s)ǎk
u(s) = uk (t̄−2

√
ε + s

)
·

(
√

ε

ˆ s−
√

ε√
ε

0
γ

h
(i, j) (σ) dσ

)
,
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one gets
ˆ 2
√

ε

0
Ǎh(s)ǎk

u(s)ds =
ˆ 2
√

ε

√
ε

Ǎh(s)ǎk
u(s)ds

=
√

ε
√

ε

(
uk (t̄) ·

(ˆ 1

0

dΓh
( j,i)

dσ
(σ) dσ

))
ds+o(ε)

= εuk (t̄)
(

Γ
h
( j,i)(1)−Γ

h
( j,i)(0)

)
ds+o(ε)= o(ε) ∀h,k ∈ {1, . . . ,m}.

Moreover, since Ǎk(2
√

ε) = Ǎk(
√

ε) = 0 for all k ∈ {1, . . . ,m}, the above estimate implies
ˆ 2
√

ε

0
Ǎh

u(s) · ǎk(s)ds =
ˆ 2
√

ε

√
ε

Ǎh
u(s) · ǎk(s)ds

= Ǎh
u(s) · Ǎk(s)

∣∣∣2√ε

√
ε
−
ˆ 2
√

ε

√
ε

ǎh
u(s) · Ǎk(s)ds

=
(

Ǎh
u(2
√

ε) · Ǎk(2
√

ε)− Ǎh
u(
√

ε) · Ǎk(
√

ε)
)
+o(ε) = o(ε).

Finally, for any h,k = 1, . . . ,m (see (3.8) and (3.9)) and

Âh,k(2
√

ε) =

ˆ 2
√

ε

0
Ǎh(s)ǎk(s)ds =

ˆ 2
√

ε

√
ε

(ˆ s

√
ε

dΓh
(i, j)

dt

(
σ −
√

ε√
ε

)
dσ

)
dΓk

(i, j)

dt

(
s−
√

ε√
ε

)
ds

= ε

ˆ 1

0

(ˆ s

0

dΓh
(i, j)

dσ
(σ)dσ

)
dΓk

(i, j)

ds
(s)ds = ε

ˆ 1

0

(
Γ

h
(i, j)(s)−Γ

h
(i, j)(0)

)
γ

k
(i, j)(s)ds =

ε

ˆ 1

0
Γ

h
(i, j)(s)γ

k
(i, j)(s)ds =


εArea

(
Γh
(i, j),Γ

k
(i, j)

)
= 0 if (h,k) 6= (i, j) or (h,k) 6= ( j, i)

εArea
(

Γi
(i, j),Γ

j
(i, j)

)
= ε/2r2 if (h,k) = (i, j)

−εArea
(

Γi
(i, j),Γ

j
(i, j)

)
=−ε/2r2 if (h,k) = ( j, i).

8

(5.5)
Moreover, if k > 0, one has

Â0,k(2
√

ε) =

ˆ √
ε

0
σ ·ui(t̄−σ)dσ +

ˆ 2
√

ε

√
ε

(σ −2
√

ε) ·ui(t̄−2
√

ε +σ)dσ +

ˆ 2
√

ε

√
ε

γ
k
(i, j)

(
σ −
√

ε√
ε

)
· (σ −2

√
ε)dσ

=

ˆ 2
√

ε

√
ε

γ
k
(i, j)

(
σ −
√

ε√
ε

)
· (σ −2

√
ε)dσ =

(5.6)

= ε

ˆ 1

0

dΓk
(i, j)

ds
(s) · (s−1)ds = Γ

k
(i, j)(s) · (s−1)

∣∣∣1
0
− ε

ˆ 1

0
Γ

k
(i, j)(s)ds = 0.

8We recall from Definition 3.1 that r := (α i)
−1

+(α j)
−1

+(β i)
−1

+(β j)
−1
.
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By applying Corollary 4.4, we then get xε(t)− x(t) = x̂(2
√

ε)− x(t) = εM [gi,g j](x(t))+

o(ε), where M :=
1

2r2 , so (3.15) is proved.

5.0.2. PROOF OF 3) IN THEOREM 3.7. Let us fix i ∈ 1, . . . ,m and, similarly to the previous
step, let us consider again the solution x̃ of Cauchy problem x̃(s) = ã0(s) · f (x̃(s))+

m
∑

r=1
ãr(s)(s) ·gr(x̃(s))

x̃(0) = x(t̄)
s ∈ [0,2

√
ε], (5.7)

the controls ãh being now defined as

(ã0, ã1, . . . ãm)(s) :=

−(1,u(t− s)) if s ∈ [0,
√

ε](
1,u(t−2

√
ε + s)

)
+ γ(0,i)

(
s−
√

ε√
ε

)
if s ∈ [

√
ε,2
√

ε].

Once again, we will finally exploit equality (5.1), namely xε(t) = x̃(2
√

ε). Let us set

Ãh(s) :=
ˆ s

0
ãh(σ)dσ , Ãh,k(s) :=

ˆ s

0
Ãh(σ)ãk(σ)dσ ∀h,k = 0, . . .m.

As in the previous case we have Ãh(2
√

ε) = 0 for all h = 0, . . .m. Moreover, from
ˆ 1

0
Γ

i
(0,i)(s)ds =− α iβ i

2(α i +β i)

(see (3.7)), we get

Ã0,i(2
√

ε) =

ˆ √
ε

0
σ ·ui(t̄−σ)dσ +

ˆ 2
√

ε

√
ε

(σ −2
√

ε) ·ui(t̄−2
√

ε +σ)dσ

+

ˆ 2
√

ε

√
ε

γ
i
(0,i)

(
σ −
√

ε√
ε

)
· (σ −2

√
ε)dσ

=

ˆ 2
√

ε

√
ε

γ
i
(0,i)

(
σ −
√

ε√
ε

)
· (σ −2

√
ε)dσ

= ε

ˆ 1

0

dΓi
(0,i)

ds
(s) · (s−1)ds

=−ε

ˆ 1

0
Γ

i
(0,i)(s)ds =

α iβ i

2(α i +β i)
ε,

while, for every k 6= i, one has

Ã0,k(2
√

ε) =

ˆ √
ε

0
σ ·ui(t̄−σ)dσ +

ˆ 2
√

ε

√
ε

(σ −2
√

ε) ·ui(t̄−2
√

ε +σ)dσ = 0.

By applying Corollary 4.4, we now get xε(t)− x(t) = x̃(2
√

ε)− x(t) = εM̃ [ f ,gi](x(t)), where

M̃ :=
α iβ i

2(α i +β i)
, so (3.16) is proved.
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5.0.3. PROOF OF 4) IN THEOREM 3.7. Once again, we will exploit the equality xε(t)= x(2
√

ε),
where x is the solution on [0,2

√
ε] of the Cauchy problem{

x(s) = a0(s) · f (x(s))+a1(s) ·g1(x(s)),
x(0) = x(t̄),

(5.8)

the controls (a0,a1) being now defined as

(a0,a1)(s) :=

−(1,u(t− s)) if s ∈ [0,
√

ε](
1,u(t−2

√
ε + s)

)
+ γ(1,0,1)

(
s−
√

ε√
ε

)
if s ∈ [

√
ε,2
√

ε].

Let us set

Ah
(s) :=

ˆ s

0
ah(σ)dσ , ∀h = 0,1 A0,1

(s) :=
ˆ s

0
A0

(σ)a1(σ)dσ ,

A1,(0,1)
(s) :=

ˆ s

0
A1

(σ)
dA0,1

dσ
(σ)dσ =

ˆ s

0
A1

(σ)A0
(σ)a1(σ)dσ ,

A0,(0,1)
(s) :=

ˆ s

0
A0

(σ)
dA0,1

dσ
(σ)dσ =

ˆ s

0
A0

(σ)A0
(σ)a1(σ)dσ .

As in the previous case, one has A0
(2
√

ε) = 0,

A1
(2 3
√

ε) :=
ˆ 2 3√

ε

0
a1(s)ds

=−
ˆ 3√

ε

0
u(t− s)ds+

ˆ 2 3√
ε

3√
ε

u(t−2 3
√

ε + s)ds+
ˆ 2 3√

ε

3√
ε

γ
1
(1,0,1)

(
s− 3
√

ε

3
√

ε

)
ds

= 3
√

ε

ˆ 1

0
γ

1
(1,0,1)(σ)dσ = 3

√
ε

(
Γ

1
(1,0,1)(1)−Γ

1
(1,0,1)(0)

)
= 0.

Moreover, A0,1
(2 3
√

ε) = A0,0,1
(2 3
√

ε) = 0. Indeed,

A0,1
(2 3
√

ε) :=
ˆ 2 3√

ε

0
A0

(s)a1(s)ds =

=

ˆ 3√
ε

0
su(t− s)ds+

ˆ 2 3√
ε

3√
ε

(s− 3
√

ε)u(t−2 3
√

ε + s)ds+
ˆ 2 3√

ε

3√
ε

(s− 3
√

ε)γ1
(1,0,1)

(
s− 3
√

ε

3
√

ε

)
ds

=
3√

ε2
ˆ 1

0
σγ

1
(1,0,1)(σ)ds =

3√
ε2
(

1 ·Γ1
(1,0,1)(1)−0 ·Γ1

(1,0,1)(0)−
ˆ 1

0
Γ

1
(1,0,1)(s)ds

)
= 0

and

A0,0,1
(2 3
√

ε) :=
ˆ 2 3√

ε

0

(
A0

(s)
)2

a1(s)ds =

−
ˆ 3√

ε

0
s2u(t− s)ds+

ˆ 2 3√
ε

3√
ε

(s− 3
√

ε)2u(t−2 3
√

ε + s)ds+
ˆ 2 3√

ε

3√
ε

(s− 3
√

ε)2
γ

1
(1,0,1)

(
s− 3
√

ε

3
√

ε

)
ds

=
3√

ε2
ˆ 1

0
σ

2
γ

1
(1,0,1)(σ)ds =

3√
ε2
(

1 ·Γ1
(1,0,1)(1)−0 ·Γ1

(1,0,1)(0)−
ˆ 1

0
Γ

1
(1,0,1)(s)ds

)
= 0.
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Finally,

A1,0,1
(2 3
√

ε) =

ˆ 2 3√
ε

0
(A1

)2a0dσ =−

ˆ 3√
ε

0

(ˆ η

0
u(t−σ)dσ

)2
dη

+

ˆ 2 3√
ε

3√
ε

(
−
ˆ 2 3√

ε

η

u(t−σ −2 3
√

ε)dσ +

ˆ
η

3√
ε

γ
1
(1,0,1)

(
σ − 3
√

ε

3
√

ε

)
dσ

)2

dη

=−

ˆ 3√
ε

0

(ˆ η

0
u(t−σ)dσ

)2
dη +

ˆ 2 3√
ε

3√
ε

(ˆ 2 3√
ε

η

u(t−σ −2 3
√

ε)

)2

dσ

+

ˆ 2 3√
ε

3√
ε

(
−2

ˆ 2 3√
ε

η

u(t−σ −2 3
√

ε)dσ

ˆ
η

3√
ε

γ
1
(1,0,1)

(
σ − 3
√

ε

3
√

ε

)
dσ

+
(ˆ η

3√
ε

γ
1
(1,0,1)

(
σ − 3
√

ε

3
√

ε

)
dσ

)2
)

dη

=

ˆ 2 3√
ε

3√
ε

(
−2

ˆ 2 3√
ε

η

u(t−σ −2 3
√

ε)dσ

ˆ
η

3√
ε

γ
1
(1,0,1)

(
σ − 3
√

ε

3
√

ε

)
dσ

+
(ˆ η

3√
ε

γ
1
(1,0,1)

(
σ − 3
√

ε

3
√

ε

)
dσ

)2
)

dη
9

=−4 3√
ε2

ˆ 2 3√
ε

3√
ε

[( 2 3√
ε

η

u(t−σ −2 3
√

ε)dσ

)
·Γ1

(1,0,1)

(
η− 3
√

ε

3
√

ε

)]
dη

−2 3
√

ε

ˆ 2 3√
ε

3√
ε

[
η

(
−
 2 3√

ε

η

u(t−σ −2 3
√

ε)dσ

)
·Γ1

(1,0,1)

(
η− 3
√

ε

3
√

ε

)]
dη

+ ε

ˆ 1

0

(
Γ

1
(1,0,1)(s)

)2
ds

=−4ε

ˆ 1

0

[( 2 3√
ε

(s+1) 3√
ε

u(t−σ −2 3
√

ε)dσ

)
·Γ1

(1,0,1)

(
s
)]

ds

+2ε

ˆ 1

0

(s+1)

[( 2 3√
ε

(s+1) 3√
ε

u(t−σ −2 3
√

ε)dσ

)
·Γ1

(1,0,1)

(
s
)]

ds+ ε

ˆ 1

0

(
Γ

1
(1,0,1)(s)

)2
ds

9The symbol
ffl

denotes the integral average, namely
 b

a
ϕ(t)dt :=

´ b
a ϕ(t)dt
b−a

.
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=−2ε

ˆ 1

0

[( 2 3√
ε

(s+1) 3√
ε

u(t−σ −2 3
√

ε)dσ

)
·Γ1

(1,0,1)

(
s
)]

ds

+2ε

´ 1

0

[(ffl 2 3√
ε

(s+1) 3√
ε

u(t−σ −2 3
√

ε)dσ

)
· s ·Γ1

(1,0,1)

(
s
)]

ds+ ε

´ 1

0

(
Γ1
(1,0,1)(s)

)2
ds

(using integration by parts and the equality Γ1
(1,0,1)(1) = Γ1

(1,0,1)(0) = 0)

=−4ε

´ 1

0

[(ffl 2 3√
ε

(s+1) 3√
ε

u(t−σ −2 3
√

ε)dσ

)
·Γ1

(1,0,1)

(
s
)]

ds+ ε

´ 1

0

(
Γ1
(1,0,1)(s)

)2
ds

Notice that

lim
ε→0

1
3
√

ε− s 3
√

ε

ˆ 2 3√
ε

(s+1) 3√
ε

(
u(t−σ −2 3

√
ε)−u(t)

)
dσ = 0

=⇒
 2 3√

ε

(s+1) 3√
ε

u(t−σ −2 3
√

ε)dσ

)
= u(t)+o(1).

Therefore,

A1,0,1
(2 3
√

ε) =−4ε

(
u(t)+o(1)

)ˆ 1

0
Γ

1
(1,0,1)

(
s
)

ds+ ε

ˆ 1

0

(
Γ

1
(1,0,1)(s)

)2
ds

= ε

ˆ 1

0

(
Γ

1
(1,0,1)(s)

)2
ds .

Thanks to Lemma 3.3, Lemma 3.4, and Corollary 4.7, we then deduce that

xε(t)− x(t) = kε[g, [ f ,g]](x(t))+o(ε)

with

k :=
ˆ 1

0

(
Γ

1
(1,0,1)(s)

)2
ds =

2
3

(
(β 1)2

(
α1

2(α1 +β 1)

)3

+(α1)2
(

α1 +2β 1

2(α1 +β 1)

)3
)
.

Hence, equality (3.17) is proved, with M̌ = k.

6. PROOF OF THEOREM 2.3

6.1. Local set separation. [4, 7]

Definition 6.1 (Local separation of sets). Two subsets E1 and E2 are locally separated at x if
there exists a neighbourhood W of x such that E1∩E2∩W = {x}.

Definition 6.2. Let V be a finite-dimensional real vector space. For any given subset E ⊆ V ,
the set E⊥ := {p ∈ V ∗, p · c ≤ 0 ∀c ∈C} ⊆ V ∗10 is a closed cone, called the polar cone of E.
We say that two convex cones C1, C2 are linearly separable if C⊥1 ∩−C⊥2 ) {0}, that is, if there
exists a linear form µ ∈V ∗\{0} such that µ · c1 ≥ 0,µ · c2 ≤ 0 for all (c1,c2) ∈C1×C2.

Definition 6.3. Two convex cones C1,C2 of a vector space V are said to be transversal if

C1−C2 :=
{

c1− c2, (c1,c2) ∈C1×C2
}
=V.

Two transversal cones C1, C2 are called strongly transversal if C1∩C2 ) {0}.
10If V is a finite-dimensional real vector space we use V ∗ to denote its dual space.
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One easily checks the following equivalences for a pair of convex cones C1 and C2 (see e.g.
[10]):

• C1 and C2 are linearly separable if and only if they are not transversal.
• C1 and C2 are strongly transversal if and only if they are transversal and there exist a

non-zero linear form µ and an element c ∈C1∩C2 such that µ(c)> 0.

The following open-mapping-based result characterizes set-separation in terms of linear sep-
aration of approximating cones (see, e.g., [10]).

Theorem 6.4 (Set separation of approximating cones). Let Z1 and Z2 be subsets of Rn,z ∈
Z1 ∩Z2 and let K1,K2 ⊆ Rn be Boltyanski approximating cones (see Def. 2.2) for Z1 and Z2,
respectively, at z. If K1 or K2 is not a subspace and Z1,Z2 are locally separated at z, then K1 and
K2 are linearly separated, namely there exists a covector λ ∈ Rn such that 0 6= λ ∈ K⊥1 ∩K⊥2 .

6.2. Finitely many variations. Let us use (0,T )Leb ⊂ [0,T ] to denote the full-measure subset
of Lebesgue points of the L1 map [0,T ] 3 t 7→ F(t) := f (x(t))+∑

m
i=1 gi(x(t))ui(t). By Lusin’s

Theorem there exists a sequence of subsets Eq ⊂ [0, T̄ ], q≥ 0, such that i) E0 has null measure,
ii) for every q > 0 Eq is a compact set such that the restriction of F to Eq is continuous, and iii)
(0,T )Leb =

⋃+∞

q=0 Eq. For every q > 0 let us use Dq ⊆ Eq to denote the set of all density points
of Eq

11, which, by Lebesgue’s Theorem has the same Lebesgue measure as Eq. In particular,
the subset D :=

⋃+∞

q=1 Dq ⊂ [0,T ] is full-measure, i.e., it has measure equal to T .
For any (t,c) ∈]0,T ]×V and any ε sufficiently small, consider the operator

Aε,c,τ : L∞([0,T ],Rm)→ L∞([0,T ],Rm) Aε,c,τ(u) := uε,c,τ .

Clearly, the control Aε,c,τ(u) = uε,c,τ might be not admissible , namely it can happen that
Aε,c,τ(u)(T ) 6⊂U for some subset T ⊂ [0,T ] having positive measure. To avoid this drawback,
let us define the following subsets of V:

Vu
Goh :=

{
c = (i, j) ∈VGoh, u is i-balanced and j-balanced a.e. , i, j = 1, . . . ,m

}
Vu

LC2 :=
{

c = (0, i) ∈VLC2, u is i-balanced a.e. i = 1, . . . ,m
}

Vu
LC3 :=

{
c = (1,0,1), m = 1 u is 1-balanced a.e.

} (6.1)

and
Vu :=Vndl ∪Vu

Goh∪V
u
LC2∪Vu

LC3 .
12 (6.2)

Let us consider the full-measure subset Λ :=
⋂
r

Λr ⊂]0,T [, where Λr ⊆]0,T [ is the (full-

measure) subset in Definition 2.3, and the intersection is extended to all r such that r = i or
r ∈ {i, j}, for some of the indexes i, j appearing in hypotheses v)−vii) of Theorem 2.4.13

Let N be a natural number and let us consider N variation signals c1, . . . ,cN ∈ Vu and N
instants 0 < t1 < .. . tN < T , with th ∈D∩Λ. For some ε̃ > 0, let us define the multiple variation

11A point x is called a density point of a Lebesgue–measurable set E if limρ→0
|Bρ (x)∩E|
|Bρ (x)| = 1.

12Depending on the hypotheses v)-vii) some or even all subsets Vu
Goh, Vu

LC2, Vu
LC3 might be empty. However

Vu is never empty, in that Vu ⊇Vndl(=U).
13In particular,

⋂
r

Λr is a finite intersection, so that Λ is full-measure, namely meas(Λ) = meas([0,T ]) = T .
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of u
[0, ε̃]N 3 ε 7→ uε := AεN ,cN ,tN ◦ . . .◦Aε1,c1,t1(u).

Notice that, in view of the hypotheses of the theorem, uε turns out to be an admissible control
(i.e., uε(t) ∈U for almost every t ∈ [0,T ]) as soon as ε̃ is sufficiently small. Let (uε ,xε) be the
process corresponding to the control uε .14

The effect of multiple perturbations consists in the sum of single perturbations, as stated in
the following elementary result.

Lemma 6.5. The map ε 7→ xε(T ) from [0, ε̃]N into Rn satisfies

xε(T )− x0(T ) =
N

∑
i=1

(
xεiei(T )− x0(T )

)
+o(|ε|), ∀ε = (ε1, . . . ,εN) ∈ [0, ε̃]N . (6.3)

In relation with Theorem 3.7, let us adopt the notation

vc,t :=



m

∑
r=1

gr(x(t))
(
ūr−ur(t)

)
if c = ū ∈Vndl

[gi,g j](x(t)) if c = (i, j) ∈VGoh

[ f ,gi](x(t)) if c = (0, i) ∈VLC2

[g, [ f ,g]](x(t)) if m = 1 and {c}= {(1,0,1)}=VLC3 .

(6.4)

Using the foundamental matrix M(·, ·) of the the variational equation15

v̇(t) =
∂

∂x

(
f (x)+

m

∑
r=1

gi(x)ur(t)

)
x=x(t)

· v(t) (6.5)

associated to the state equation, for every r = 1, . . . ,N we deduce the first order approximation

xεrei(T )− x0(T ) = εrM(T, tr) · vcr,tr +o(|ε|)

Hence, by Lemma 6.5 we get the following fact:

Corollary 6.6. The map
ε 7→ xε(T )

from [0, ε̃]N into Rn satisfies

xε(T )− x0(T ) =
N

∑
r=1

εrvcr,tr +o(|ε|), ∀ε = (ε1, . . . ,εN) ∈ [0, ε̃]N . (6.6)

14Of course, (uε ,xε) depends on the parameters ck and tk as well.
15Namely, t 7→M(t,T ) is the (matrix) solution of the variational Cauchy problem

dM
dt

(t,T ) =
∂

∂x

(
f (x)+

m

∑
r=1

gi(x)ur(t)

)
x=x(t)

· dM
dt

(t,T ) M(T,T ) = IdRn .
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This allows us to build a Boltyanski approximation cone at
(

x(T )
Ψ(x(T ))

)
to the δ– reachable

set (for some δ > 0)

Rδ =:
{( x(T )

Ψ(x(T ))

)
, ∃ an admissible control u s.t. (u,x)is a process s.t.‖x−x‖C0 +‖u−u‖1 <

δ

}
⊂ Rn+1.

Indeed, Lemma 6.6 can be rephrased by stating that

Lemma 6.7. Choose δ > 0. The cone B := L · [0,+∞)N ⊂ Rn+1, where the homomorphism
L ∈ Lin(RN ,Rn+1) is defined by setting

L(ε1, . . . ,εN) :=
N

∑
r=1

 M(tr,T ) · vr,trεr

∂Ψ

∂x
(x(T )) ·M(tr,T ) · vr,trεr

 ∀(ε1, . . . ,εN) ∈ RN ,

is a Boltyanski approximating cone at
(

x(T )
Ψ(x(T ))

)
of the δ– reachable set Rδ in the direction

of [0,+∞[N .

Now, we exploit the fact that, by the definition of local weak minimizer,

• the sets Rδ and the profitable set P :=
(
T ×

]
−∞,Ψ

(
x(T )

)[)⋃{( x(T )
Ψ
(
x(T )

))} ⊂
Rn+1 are locally separated at

(
x(T )

Ψ
(
x(T )

)).

Let us now consider a Boltyanski approximating cone C to the target T at x(T ). Therefore,

since C×]−∞,0] is a Boltyanski approximating cone of P at
(

x(T )
Ψ(x(T ))

)
, in view of Theorem

6.4, the cones B and C×]−∞,0] are not strongly transversal, i.e. they are linearly separable.16

In other words, there exists an adjoint vector (ξ ,ξc) ∈ −(C×]−∞,0])⊥ = −C⊥×]−∞,0]
verifying

(ξ ,ξc) ·L(ε1, . . . ,εN) =
N

∑
r=1

(ξ ,ξc) ·

 M(tr,T ) · vr,trεr

∂Ψ

∂x
(x(T )) ·M(tr,T ) · vr,trεr


=

N

∑
r=1

(
ξ ·M(tr,T ) · vr,tr +ξc

∂Ψ

∂x
(x(T )) ·M(T, tr)vr,tr

)
εr ≤ 0

for every (ε1, . . . ,εN) ∈ [0,+∞[N , which is equivalent to say that((
ξ −λ

∂Ψ

∂x
(x(t))

)
·M(T, tr)

)
· vr,tr ≤ 0 ∀k = 1, . . . ,N, (6.7)

where we have set λ :=−ξc(≥ 0).

16We use the name profitable set because this set is made of points which at the same time are admissible and
have a cost which is less than or equal to the optimal cost.
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Now we shall utilize the invariance of the product of a solution of the adjoint system with a
solution of the variational system. Let us use p : [0,T ]→ (Rn)∗ to denote the solution of the
adjoint Cauchy problem

ṗ(t) =−p(t)
∂

∂x

(
f (x)+

m

∑
1

gi(x)u(t)

)
x=x(t)

p(T ) = ξ −λ
∂Ψ

∂x
(x(T )).

(6.8)

As it is well-known,, one has p(t) =
(

ξ −λ
∂Ψ

∂x
(x(t))

)
·M(T, t), for all t ∈ [0,T ]. Thus, in par-

ticular, the pair (p(·),λ ) verifies i), ii) and iii) of Theorem 2.4.17 Furthermore, by the invariance
of the scalar product p(t) · v(t) on [0,T ], by (6.7) we obtain

p(tk)vck,tk ≤ 0 ∀k = 1, . . . ,N. (6.9)

Now, specializing (6.9) to the various cases described in (6.4), we obtain

p(tk) ·

(
m

∑
`=1

g`(x(tk))
(
u`−u`(tk)

))
≤ 0 if ck = u ∈Vndl

p(tk) · [gi,g j](x(tk))≤ 0 if ck = (i, j) ∈VGoh

p(tk) · [ f ,gi](x(tk))≤ 0 if ck = (0, i) ∈VLC2

p(tk) · [g, [ f ,g]](x(tk))≤ 0 if m = 1 and {ck}= {(1,0,1)}=VLC3.
(6.10)

Furthermore, in view of Remark 3.8, we also get

p(tk) · [gi,g j](x(tk))≥ 0 if ck = (i, j) ∈VGoh

p(tk) · [ f ,gi](x(tk))≥ 0 if ck = (0, i) ∈VLC2 ,
(6.11)

so that we can improve (6.11) up to obtain

p(tk) ·

(
m

∑
`=1

g`(x(tk))
(
u`−u`(tk)

))
≤ 0 if ck = u ∈Vndl

p(tk) · [gi,g j](x(tk)) = 0 if ck = (i, j) ∈VGoh

p(tk) · [ f ,gi](x(tk)) = 0 if ck = (0, i) ∈VLC2

p(tk) · [g, [ f ,g]](x(tk))≤ 0 if m = 1 and {ck}= {(1,0,1)}=VLC3.
(6.12)

17Indeed (p(·),λ ) 6= 0, which coincides with i) of Theorem 2.4. Moreover the equation in (6.8) coincides
with the adjoint equation d p

dt = − ∂H
∂x (x(t), p(t),u(t)) in ii), while the initial condition in (6.8) is exactly the non-

trasversality condition iii).
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Hence, the restriction to the instants t1, . . . , tN of iv), v, vi) and vii) in Theorem 2.4 have been
proved.

6.3. Infinitely many variations. To complete the proof of Theorem 2.4, we need to extend the
validity of (6.12) from a finite set of distict instants 0 < t1, . . . , tk < T to a full-measure subset
of [0,T ]. Even though this is a standard procedure —based on Cantor’s non–empty intersection
theorem— for the sake of self-consistency we will indicate the main steps of this final part of
the proof.

Definition 6.8. Let X ⊆ (D∩Λ)×Vu be any subset of pairs (t,c). We will say that multipliers
(p,λ ) ∈ AC

(
[0,T ],(Rn)∗

)
× [0,+∞[ satisfies property PX if the following conditions (1)-(6)

are verified:

(1) p is a solution on [0,T ] of the differential inclusion

d p
dt

=−∂H
∂x

(x(t), p(t),u(t)) a.e. t ∈ [0,T ] .

(2) One has

p(T ) ∈ −λ
∂CΨ

∂x

(
x(T )

)
−C⊥.

(3) For every (t,c) ∈ X , if c = u ∈Vndl , then

p(t)

(
f (x(t))+

m

∑
i=1

gi(x(t))ui

)
≤ p(t)

(
f (x(t))+

m

∑
i=1

gi(x(t))ui(t)

)
.

(4) For every (t,c) ∈ X and if c = (i, j), with 1≤ i < j ≤ m, then 0 = p(t) · [gi,g j](x(t)).
(5) For every (t,c) ∈ X and if c = (0, i), with 1≤ i≤ m, then 0 = p(t) · [ f ,gi](x(t)).
(6) For every (t,c) ∈ X , if m = 1, g := g1, c = (1,0,1), and f ,g are of class C2 near x(t),

then 0≥ p(t) · [g, [ f ,g]](x(t)).
Finally, let us define the subset Θ(X)⊂ AC

(
[0,T ],(Rn)∗

)
× [0,+∞[ as

Θ(X) :=

{
(p,λ ) ∈ AC

(
[0,T ],(Rn)∗

)
× [0,+∞[ : |(p(T ),λ )|= 1,

(p,λ ) verifies the property PX

}
.18

Clearly Theorem 2.4 is proved as soon as we are able to show that Θ

(
(D∩Λ)×Vu

)
6= /0. By

(6.12) we already know that Θ(X) 6= /0 whenever X comprises N couples (tk,ck)∈ (D∩Λ)×Vu

such that 0 < t1 < .. . < tN < 0. It can be shown that if we allow X to have the general form
X =

{
(tk,ck)∈ (D∩Λ)×Vu, 0 < t1≤ t2 . . .≤ tN < 0

}
, then X is still not empty. This is clearly

true for the continuity of vector fields involved in the problem and their Lie Brackets (see e.g.
[1] for details)19 . To conclude the proof of Theorem 2.4, notice that

Θ(X1∪X2) = Θ(X1)∩Θ(X2), ∀X1,X2 ⊆ D×V,

18The norm inside the parentheses is the operator norm of (Rn×R)∗.
19For every tk one can find a sequence (tn,k)n∈nn such that tn,k < tn+1,k for all n and tn,k→ tk+ and argue taking

the limit of the points tn,k and the corresponding multipliers p(tk) .



26 F. ANGRISANI, F. RAMPAZZO

so that
Θ

(
(D∩Λ)×Vu

)
=

⋂
X⊆(D∩Λ)×Vu

X finite

Θ(X). (6.13)

So we can deduce that Θ

(
(D∩Λ)×Vu

)
6= /0 by invoking Cantor’s theorem, which says that

the intersection of an infinite family of sets is non-empty provided every finite intersection of
sets of the family is non-empty. The proof of Theorem 2.4 is concluded.

Remark 6.9 (Possible generalizations to non-smooth systems). In [1], the authors have inves-
tigated the problem of establishing higher order necessary conditions for minima under weak
hypotheses of regularity on the vector fields of the dynamics. In particular, Goh and Legendre-
Clebsch conditions have been obtained by making use of set-valued Lie brackets of Lipschitz
continous vector fields. We conjecture that these kinds of results can be extended to the setting
considered in the present paper.
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