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Abstract. We present a simple and efficient acceleration technique for an arbitrary method for computing the
Euclidean projection of a point onto a convex polytope, defined as the convex hull of a finite number of points, in
the case when the number of points in the polytope is much greater than the dimension of the space. The technique
consists in applying any given method to a “small” subpolytope of the original polytope and gradually shifting it,
till the projection of the given point onto the subpolytope coincides with its projection onto the original polytope.
The results of numerical experiments demonstrate the high efficiency of the proposed acceleration technique. In
particular, they show that the reduction of computation time increases with an increase of the number of points in
the polytope and is proportional to this number for some methods. In the second part of the paper, we also discuss
a straightforward extension of the proposed acceleration technique to the case of arbitrary methods for computing
the distance between two convex polytopes, defined as the convex hulls of finite sets of points.

Keywords. Acceleration; Convex hull; Distance computation; Minimal norm; Polytope.

2020 Mathematics Subject Classification. 65D18, 65K10.

1. INTRODUCTION

The problems of computing the Euclidean projection of a point onto a polytope and the
distance between two polytopes are one of central problems of computational geometry whose
importance for applications cannot be overstated. A need for fast and reliable methods for
solving these problems arises in nonsmooth optimization [1, 2], submodular optimization [4, 8,
9], support vector machine algorithms [3, 18, 23, 34], and many other applications.

Since the mid 1960s, a vast array of methods for finding the nearest point in a polytope
and computing the distance between two polytopes has been developed. In the case of the
nearest point problem, among them are various methods based on quadratic programming (e.g.
the Gilbert method [13]), the Wolfe method [32] (see also the recent complexity analysis of

E-mail address: dmv@ipme.ru
Received September 27, 2024; Accepted March 4, 2025.

(©2026 Communications in Optimization Theory
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a version of this method [5]), the Mitchell-Demyanov-Malozemov (MDM) method [24] and
its modifications [3, 34], subgradient algorithms based on nonsmooth penalty functions [31],
geometric algorithms [25, 30], a dual algorithm [10], etc. Let us also mention that a number of
nontrivial equivalent reformulations of the nearest point problem was discussed in [12].

Although the problem of computing the distance between two polytopes can be easily re-
duced to the nearest point problem and the aforementioned methods can be applied to find its
solution, several specialized methods for solving the distance problem have been developed
as well. A highly efficient method for computing the distance between two convex hulls in
three-dimensional space was developed by Gilbert et al. [14], while methods for computing the
distance in the two-dimensional case were studied in [6, 7, 15, 33]. A modification of the MDM
method for computing the distance between two convex hulls in space of arbitrary dimension
was proposed [16, 17], while an algorithm for solving this problem based on the fixed-point
theory was studied in [22]. Let us also mention a dual algorithm [11], a recursive algorithm
[29], the sequential minimal optimization method [27], and some less known methods [19, 28]
for computing the distance between two polytopes.

Our main goal is to develop and analyse a general acceleration technique that can be applied
to any method for computing the Euclidean projection of a point onto a polytope, defined as the
convex hull of a finite number of points, in the case when the number of points is significantly
greater than the the dimension of the space. We present this technique as a meta-algorithm
that on each iteration employs a chosen algorithm for finding the nearest point in a polytope
as a subroutine. The acceleration technique itself consists in applying the given algorithm to a
“small” subpolytope of the original polytope and gradually shifting it with each iteration till the
required projection is computed.

We study both a theoretical version of the proposed acceleration technique and its robust ver-
sion that is more suitable for practical implementation, since it takes into account finite precision
of computations. We prove correctness and finite termination of both these versions under suit-
able assumptions, and present some very promising results of numerical experiments. These
results demonstrate a drastic reduction of computation time for several different methods for
finding the nearest point in a polytope achieved with the use of our acceleration technique. Fur-
thermore, our numerical experiments showed that the reduction of computation time increases
with an increase of the number of points ¢ in the polytope and is proportional to this number for
large /.

It should be noted that the proposed acceleration technique shares many similarites with the
Wolfe method [32] and the Frank-Wolfe algorithms [20, 21]. Nonetheless, there are important
differences between these methods related to the way in which they remove redundant points
on each iteration. We present a theoretical discussion of these differences and some results
of numerical experiments demonstrating how a different way of removing redundant points
presented in this paper leads to a significant reduction of the number of iterations (shifts of the
subpolytope) in comparison with the Wolfe method.

In the second part of the paper, we extend the proposed acceleration technique to the case of
arbitrary methods for computing the Euclidean distance between two polytopes, defined as the
convex hulls of finite sets of points, in the case when the number of points in each of these sets
is significantly greater than the dimension of the space. We present a theoretical analysis of this
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extension and some results of numerical experiments demonstrating the high efficiency of the
acceleration technique in the case of the distance problem.

The paper is organised as follows. Section 2 contains a detailed analysis and discussion of an
acceleration technique for arbitrary methods for computing the Euclidean projection of a point
onto a polytope. Subsections 2.1 and 2.2 are devoted to the study of a theoretical scheme of the
acceleration technique, while Subsection 2.3 contains a robust version of this technique that is
more suitable for practical implementation. Some promising results of numerical experiments
for the proposed acceleration technique are collected in Subsection 2.4, while Section 3 con-
tains a discussion of the differences between our acceleration technique and the Wolfe method,
as well as some results of numerical experiments highlighting these differences. Finally, a
straighforward extension of this acceleration technique to the case of method for computing the
distance between two polytopes is studied in Section 4.

2. FINDING THE NEAREST POINT IN A POLYTOPE

In this section, we study a general acceleration technique for an arbitrary algorithm for com-
puting the Euclidean projection of a point onto a polytope, defined as the convex hull of a
finite number of points in R?, in the case when the number of points in the polytope is much
greater than the dimension of the space. In other words, we discuss an acceleration technique
for methods of solving the following optimization problem

min |[x—z|| subjectto x € P:=co{xy,...,x;} CR? (2)
X
in the case when ¢ > d. Here z,x1,...,x; € R? are given points and || - || is the Euclidean norm.

2.1. General acceleration technique. Before we proceed to the description of the acceleration
technique, let us first recall the following well-known optimality condition for the problem (&)
(see, e.g. [32, 24]), for the sake of completeness.

Proposition 2.1. A point x,. € P is a globally optimal solution of the problem (&) if and only if
(xs —z,xi—x5) >0 Viel={l,....(}. (2.1)

Suppose that an algorithm .o/ for solving the nearest point problem (Z?) is given. For any
point w € R? and any polytope Q C R the algorithm returns a unique solution x, = .27 (w, Q)
of the problem

min ||x—w|].
x€Q
No other assumptions on the algorithm 7 are imposed.

Remark 2.2. It should be noted that throughout this article we implicitly view all algorithms
not in the way they are viewed in computer science and the theory of algorithms, but simply
as single-valued maps. In particular, the algorithm .o/ is a single-valued function mapping the
Cartesian product of R? and the set of all polytopes Q C R? into the space R?. It can be
explicitly defined as .7 (w,Q) = argmin,, [[x —w||. One can also look at algorithm </ as a
black box with input (w, Q) and output argmin, ., [|x — w||, which is akin to the way oracles are
viewed within optimization theory (cf. [26]).
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Our aim is to design an acceleration technique for the algorithm .27 that would improve its
performance. This acceleration technique will be presented as a meta-algorithm that utilises the
algorithm o7 as a subroutine on each iteration.

Recall that we are only interested in the case when the number of points ¢ is significantly
greater than the dimension of the space d. Furthermore, nothing is known about the structure
of the algorithm .«7. Therefore, perhaps, the only straightforward way to potentially accelerate
this algorithm is by applying <7 to a polytope generated by a relatively small number of points
{xi,,...,x;,} from the set {x,...,x;} and then replacing some of the extreme points of the
polytope Py = co{x;,,...,x; } with different points from P and repeating the same procedure till
the projection of z onto Fy coincides with the projection of z onto P. The key ingredient of this
strategy is an exchange rule that replaces points from Py by different points from P.

Denote N = {0,1,2,...} and N* = N\ {0}. To define an accelerating meta-algorithm for
solving the problem (&), we need to choose parameter s € N* that defines the size of the
subpolytope Py and an exchange rule & whose output consists of two index sets /; and /. The
first set I; C {iy,...,is} defines the points in Py that must be removed from Py, while the second
index set I, C 1\ {ij,...,is} defines the points that are included into Py before the next iteration.
In the general case, the index sets I} and I, might have arbitrary sizes, that change with each
iteration, and /; can be empty. However, for the sake of simplicity, we restrict our consideration
to the case when the cardinalities |/;| and |I;| of the sets I; and I, coincide and are equal to some
number ¢ € N*. Any exchange rule & that for a given input consisting of s indices {ij,...,is}
returns two collections of indices (I,1,) with

I]Q{il,...,is}, Izg[\{il,...,is}, ‘I]‘Z’Iz’:q

is called an (s,q)-exchange rule.

Remark 2.3. It should be noted that an actual exchange rule obviously requires more input
parameters than just a set of indices {i],...,is}. In particular, it might need some information
about the point z, the set {xj,...,x/}, the nearest point .2 (z, Py) in the polytope Py, etc. as its
input. However, for the sake of shortness, below we explicitly indicate only a set of indices as
an input of an exchange rule &.

Thus, we arrive at the following scheme of the meta-algorithm for solving the problem (%)
given in Meta-algorithm 1. In its core, this meta-algorithm consists in choosing a subpolytope
P, of the original polytope P and finding the projection y, of the given point z onto P,. If this
projection happens to coincide with the projection of z onto P (this fact is verified with the use
of optimality conditions from Proposition 2.1), then the meta-algorithm terminates. Otherwise,
one replaces some points in P,, thus constructing a new subpolytope P, 1, and repeats the same
procedure till the projection of z onto P, coincides with the projection of z onto the original
polytope P.

From the geometric point of view, the meta-algorithm consists in choosing a “small” sub-
polytope P, in the original polytope P and gradually “shifting” it with each iteration till P,
contains the projection of z onto P. This procedure is performed with the hope that it is much
faster to compute a projection of a point onto a small subpolytope and gradually shift it, rather
than to compute the projection of this point onto the original polytope with a very large number
of vertices (i.e. with ¢ > d). The results of numerical experiments reported below demonstrate
that this hope is fully justified.
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Algorithm 1 Meta-algorithm for finding the nearest point in a polytope.

Input: a point z € RY, a collection of points {x1,...,x,} C R, an algorithm .« for solving
the nearest point problem, parameters s,q € {1,...,¢} with s > ¢, and an (s, ¢)-exchange rule
&.

Initialization: Put n = 0, choose an index set I, C I with |I,| = s, and define a polytope
P, =co{x;|iel,}.

Step 1: Compute y, = <7 (z,P,). If y, satisfies the optimality condition

(Yn—2,Xi—yn) >0 Vi€l (2.2)

return y,.
Step 2: Compute (Iy,,1,) = &(I,,) and define

Dot = (In\11n> Uby, Puyi=co{x;|i€l}.

Setn =n+1 and go to Step 1.

The two following lemmas describe simple conditions on the exchange rule & ensuring that
the proposed meta-algorithm indeed solves the problem () and, furthermore, terminates after
a finite number of iterations. These lemmas provide one with two convenient criteria for choos-
ing effective exchange rules. Although (rather awkward) proofs of these lemmas are obvious,
we present them for the sake of completeness.

For any set Q C R? and any x € R? denote by dist(x,Q) = infycq |lx — || the distance from x
to Q.

Lemma 2.4. Suppose that the exchange rule & satisfies the distance decay condition: if for
some n € N the point y, does not satisfy optimality condition (2.2), then

dist(z, Py+1) < dist(z, B,). (2.3)

Then Meta-algorithm I terminates after a finite number of steps and returns an optimal solution
of the problem (7).

Proof. From Proposition 2.1 and the termination criterion (2.2) of Meta-algorithm 1 it follows
that if this algorithm terminates in a finite number of steps, then the last computed point y, (and
the output of Meta-algorithm 1) is an optimal solution of the problem (4?). Thus, we only need
to prove that the algorithm terminates in a finite number of steps.

To prove the finite termination, note that there is only a finite number of distinct subsets of the
set {x1,...,x;} with cardinality s. Moreover, from the distance decay condition (2.3) it follows
that if the algorithm does not terminate in n € N iterations, then all index sets Iy, I1,...,I, are
distinct. Therefore, in a finite number of steps the algorithm must find a point y, satisfying the
termination criterion (2.2). O

Remark 2.5. If the exchange rule & satisfies the distance decay condition, then Meta-algorithm 1
generates a finite sequence of polytopes {P,} C P such that P, # P, for any n # k. Note that
the length of such sequence does not exceed the number of s-combinations of the set {1,...,¢},
which is equal to (f) = O(¢*). Therefore, Meta-algorithm 1 has polynomial in ¢ complexity,
provided the exchange rule & satisfies the distance decay condition and has polynomial in ¢
complexity as well.
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Lemma 2.6. Let { > d + 1 and an (s,q)-exchange rule & with s > q satisfy the distance decay
condition for any point z € R¢ and any polytope P = co{xy,...,x¢}. Then s >d—+ 1.

Proof. Suppose by contradiction that s < d. Let us provide a particular point z and a particular
polytope P for which any (s, q)-exchange rule with g < s < dfails to satisfy the distance decay
condition.

Let z=0. If d =1, define / =2, x; = 1, and x, = —1. In this case s = ¢ = 1 and for any
choice of Ij it is obviously impossible to satisfy the condition dist(z, P;) < dist(z, P;).

Letnow d > 2. Put z =0, { = d + 1, and define the points x; as follows:

x1 = (1,0,...,0,—1), x = (0,1,0,...,0,—1),..., x4 = (0,...,0,1,0,—1),
Xd—1 = (—1,...,—1,1,—1), Xd = (—1,...,—1), Xd+1 = (0,...,0,1).

As is easily seen, any d points from the set {xj,...,x;4} are linearly independent and, in
addition, O € P, since

d+1 d+1
Z(X,'X,‘ZO, Z(Xizl
i=1 i=1

1 1 1
2d—1) Og—1 = 0g = Ad—1y Qi1 = 5
Hence, in particular, for any index set K C I with |K| = s < d one has dist(z, Px) > 0, where
Px = co{x; | i € K}. Therefore, for any choice of an (s,g)-exchange rule with s < d and s > ¢
the stopping criterion (2.2) cannot be satisfied, which by the previous lemma implies that this
exchange rule does not satisfy the distance decay condition. 0J

for

o) =...= 032 =

Remark 2.7. One can readily verify that if in the lemma above one imposes the additional
assumption that z ¢ P, then the statement of the lemma holds true for s > d. To prove this
result, one simply needs to put z =0, ¢ = d, and define P as the convex hull of the first d points
from the proof of the lemma above.

2.2. The steepest descent exchange rule. Let us present a detailed analysis of a particular
exchange rule based on the optimality condition from Proposition 2.1 (or, equivalently, the
stopping criterion (2.2)) and satisfying the distance decay condition for any point z and any
polytope P.

Bearing in mind Lemma 2.6, we propose to consider the following (d + 1, 1)-exchange rule
that on each iteration of Meta-algorithm 1 replaces only one point in the current polytope P,.
Suppose that for some n € N the stopping criterion (2.2) is not satisfied. Then we define the
new point xp, from P, that is included into P, , as any point from P on which the minimum in

r?é?()’n —2,Xi — Yn)
is attained (cf. a similar rule for including new points in the major cycle of the Wolfe method
[32]).

To find a point that is removed from P,, note that z ¢ P, due to the definition of y, and the fact
that condition (2.2) does not hold true. Therefore, y, belongs to the boundary of P,, which by
[35, Lemma 2.8] implies that y, is contained in a face of P, of dimension at most d — 1. Hence
by [35, Propositions 1.15 and 2.3] the point y, can be represented as a convex combination
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of at most d points from the set {x; | i € I,}. In other words, there exists i1, € I, such that
yn € co{x; | I, \ {i1n}}, and it is natural to remove the point x;,, from the polytope P,.

Thus, we arrive at the following theoretical scheme of a (d + 1, 1)-exchange rule that we call

the steepest descent exchange rule:
e Input: an index set [, C I with |I,| = d + 1, the point z, the set {xy,...,x;}, and the
projection y, of z onto B, = co{x; | i € I,,}.
e Step 1: Find iy, € I, such that y, € co{x; | I, \ {i1.}}
e Step 2: Find i, € I such that
(yn = 2, Xiy,,) = min(y, — 2, ;).
icl
Return ({i1,},{ion})-

From the discussion above it follows that the steepest descent exchange rule is correctly
defined, provided y, does not satisfy the stopping criterion (2.2). Let us verify that the steepest
descent exchange rule always satisfies the distance decay condition. The proof of this result
is almost the same as the proof of the analogous property for the iterates of the Wolfe method
[32, 4]. We include a full proof of this result for the sake of completeness and due to the fact that
Meta-algorithm 1 with the steepest descent exchange rule, strictly speaking, does not coincide
with the Wolfe method (see Section 3 for more details).

Theorem 2.8. For any point z € R? and any polytope P = co{xy,...,x¢} with £ > d+1 the
steepest descent exchange rule satisfies the distance decay condition.

Proof. Suppose that for some n € N the stopping criterion (2.2) does not hold true. Denote by
P =co{x; |i € I,\ {i1n}}
the polytope obtained from P, after removing the point selected by the steepest descent ex-

change rule. By construction y, € PY. Moreover, due to the definition of the exchange rule and
the fact that the stopping criterion is not satisfied one has

<yn — 2, X0y, _yn> <0. (2.4)
Define x,(t) = (1 —1)y, +1x;,,. Clearly, x,(t) € P, forany ¢ € [0, 1], since P, | = co{P?, x;,, }.
Moreover, for any ¢ € R one has
F(e) = xa(e) =2lf* = (1= 1)y —2l[* +20(1 = 1) {yn — 2,x35, = 2) +1% |2, — 2>
Note that £(0) = ||y, —z||*> and
f(0) = 2|y _ZH2 +2{yn — 2,Xip, —2) = 2{¥n — 2, Xip, —Yn) <O

due to (2.4). Therefore, for any sufficiently small r € (0, 1) one has f(¢) < f(0), which implies
that

dist(z.Pys1) = min 2= < 2=x,()]| = V70 < VFO0) = 2=yl = dist(z. P).
n+
Thus, the steepest descent exchange rule satisfies the distance decay condition for any point
z € R? and any polytope P = co{xy,...,x¢} with £ >d +1. O

Corollary 2.9. Let ¢ > d + 1. Then Meta-algorithm [ with s =d + 1, ¢ = 1, and the steepest
descent exchange rule terminates after a finite number of iterations and returns an optimal
solution of the problem ().
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Let us discuss a possible implementation of the steepest descent exchange rule. Clearly, the
challenging part of this rule consists in finding an index i1, € I,, such that y, € co{x; | I, \ {i1.}}.
This difficulty can be overcome in the following way.

Namely, suppose that instead of returning the projection u, = <7 (w, Q) of a point w onto a
polytope Q = co{ui,...,uy}, the algorithm <7 actually returns a vector o = (V... (™) €
R™ such that

u*:;amui’ ;a(i)zl, >0 Vie{l,...,m}. (2.5)

Let us note that for the vast majority of existing methods for finding the nearest point in a
polytope this assumption either holds true by default or can be satisfied by slightly modifying
the corresponding method (see [32, 24, 3, 34, 31, 25, 30]).

Let o, = 7 (z,P,) and suppose that a,(,k) = 0 for some k € I,. Then one can obviously set
i1, = k on Step 1 of the steepest descent exchange rule. To simplify the notation, hereinafter we

identify the vector o, = &7 (z, B,) € R?*! with the extended vector @&, € R’ such that &,Ei) = ,(li)
(i)

foranyi € I,,and &, = 0 otherwise.
It should be noted that in the case when the points x;, i € I,,, are affinely independent and the

stopping criterion (2.2) is not satisfied, there always exists k € I,, such that a,S") =0. Indeed, as
was noted above, in this case y, does not belong to the interior of B,, which by the characteri-
zation of interior points of a polytope [35, Lemma 2.8] implies that y,, cannot be represented in
the form
=Y aly;, Y ad=1, a >0 Viel,
i€l i€l,

Consequently, at least one of the coordinates of the vector o, = <7 (z, P,) is equal to zero.

Even when the points x;, i € I,,, are affinely dependent, some methods (such as the the Wolfe

method [32]) necessarily return a vector oy, = </ (z,P,) with oc,(,k) = 0 for at least one k € I,,.

However, other methods might return a vector @, such that oc,(,i) > ( for all i € I,. In this case
one can apply the following simple procedure, inspired the the proof of Carathéodory’s theorem,
to find the required index iy,. This procedure is described in the algorithm below and we call it

the index removal method:
e Input: an index set I, C I with |I,| = d + 1, the point z, the set {xj,...,x¢}, and the
vector a, = o/ (z,P,).
e Step 1: Compute Oy, = min;ey, Oc,(li). If ogmin = 0, find k € I, such that Oc,gk) =0 and

return k.
e Step 2: Choose any j € I,,, compute a least-squares solution ¥, of the system
Y, Wwi—x)=0, ¥ F=1, (2.6)
i€l \{j} iel\{j}
and set }/,gj ) — —1. Find an index k € I, on which the minimum in

. { ad)
mms< ——-—~—
§o

n

kel,: v < 0} 2.7)

18 attained and return k.

The following proposition proves the correctness of the proposed method.
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Proposition 2.10. Suppose that for some n € N the stopping criterion (2.2) does not hold true,
and let k € I, be the output of the index removal method. Then y, € co{x; | i € I, \ {k}}.

Proof. The validity of the proposition in the case o4y, = 0 1s obvious. Therefore, let us consider
the case oy, > 0, that is, the case when the index removal method executes Step 2. As was
pointed out above, in this case the points x;, i € I,, are necessarily affinely dependent, which
by definition implies that the vectors x; —x;, i € I, \ {j}, are linearly dependent. Therefore sys-
tem of linear equations (2.6) is consistent (despite being overdetermined) and its least-squares
solution ¥, satisfies equations (2.6).

By definition ¥, # 0 and

Y =0, Y=o (2.8)
i€l, i€ly
Moreover, y,(lj T Consequently, the minimum in (2.7), which we denote by A, is correctly

defined and A > O (recall that y,;, > 0).

Observe that .
Yn—zan Xi = Zan xl‘f‘}LZYn xz—Zégl)xia
i€l i€l i€l i€l
where ‘g’n = Oc,g 2 + ly,g ), by the first equality in (2.8). By the second equality in (2.8) and the
definition of o, (see (2. 5)) one has } ;¢ I, én () 1. Moreover, if 'y,(l) > (0, then clearly ﬁn > 0,
while if }/,(l) < 0, then én > 0 by the definition of A (see (2.7)). In addition, én = 0 by the
definition of k, which obviously implies that y, € co{x; | i € I, \ {k}}. O

Remark 2.11. Let us point out that the second equation in (2.7) can obviously be replaced by
the equation Y;¢;\ (1 ¥'¥) = C for any C > 0 (and one also has to set w=—o0).

Remark 2.12. It should be noted that in the general case the steepest descent exchange rule does
not preserve the affine independence of the vectors x;, i € I, as the following simple example
demonstrates. Letd =2,/ =4,z=0, and

x1=(2,2), x=03,1), x3=(1,1), xg=(=1,1).

Put Ip = {1,2,3}. Then yp = x3, ap = &/ (z,P) = (0,0,1), and the stopping criterion (2.2) is
not satisfied. One can set ijp = 1, while by definition ipo = 4. Thus, I; = {2,3,4}. The points
xi, 1 € I1, are obviously affinely dependent, while the points x;, i € Iy, are affinely independent.

Thus, the difficulty of finding the required index i, € I, in the case when Oc,(,i) >0 forallie€l,
(i.e. when the points x;, i € I,,, are affinely dependent) cannot be resolved by simply choosing
an initial guess Iy in such a way that the points x;, i € Iy, are affinely independent.

2.3. A robust version of the meta-algorithm. It is clear that any algorithm .27 for solving the
problem () can find an optimal solution of this problem only in theory, while in practice it
always returns an approximate solution of this problem due to finite precision of computations.
Therefore it is an important practical issue to analyse the performance of Meta-algorithm 1 in
the case when only computations with finite precision are possible.

Assume that instead of the “ideal” algorithm .27 one uses its “approximate” version o7, € > 0.
The algorithm .27 returns an approximate, in some sense (that will be specified below), solution
yn(€) of the nearest point problem. Then it is obvious that the stopping criterion

(Yn(€) —z,xi —yu(€)) >0 Viel
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of Meta-algorithm 1 cannot be satisfied and must be replaced by the inequality

(yn(€) —z,xi—yu(€)) = —m Viel
for some small > 0. The following well-known result (cf. [24]) indicates a direct connection
between the inequality above and approximate optimality of y,(€). For the sake of complete-
ness, we include a full proof of this result.
Denote diam(P) = max; jes ||x; — xj||. Observe that the inequality ||x — y|| < diam(P) holds
true for all x,y € P, which means that diam(P) is indeed the diameter of the polytope P.

Proposition 2.13. Let y € P satisfy the inequality
y—zxi—y)>-n Viel (2.9)

for some 1 > 0. Then ||y — x.|| < /N, where x, is an optimal solution of the problem ().
Conversely, let y € P be such that ||y — x.|| < € for some € > 0. Then y satisfies inequality
(2.9) for any n > (diam(P) +dist(z, P))e.

Proof. Let a point y € P satisfy inequality (2.9) for some 1 > 0. Adding and subtracting z one
gets
by =l = =,y —x) = (V=2 y —x) = (v =2,y —xa).
Hence applying Proposition 2.1 one obtains
ly —l? < =2y —x).

Since x, € P, there exist o;; > 0, i € I, such that x, =) ;; ox; and } ;c; &; = 1. Therefore, with
the use of (2.9) one finally gets that

14
ly—xlP <Y aly—zy—x) <Y ain=n,

4
=1

i=1 i
which implies that ||y —x.| < /7.
Suppose now that ||y —x.|| < € for some € > 0. Adding and subtracting x, one has
<y_Z7-xi _y> - <x* — ;X _y> + <y_x*7-xi _y>
= (X — 2, X — X)) + (X — 2,0 — ) + (Y — X, X — Y).

Hence with the use of Proposition 2.1 and the definition of x, one gets that

=231 =y) 2 = (Il = 2ll+ lxi = 1) e =]l = = (dlist(z, P) + diam(P) ) e,
which implies the required result. U

Although a robust version of Meta-algorithm 1 can be formulated for an arbitrary exchange
rule, for the sake of brevity we will formulate it only in the case of the steepest descent exchange
rule. To this end, we suppose that the output of the approximate algorithm <%z, P,) is not an
approximate solution y,(€) of the nearest point problem min,ep, ||x — z||, but a vector a,(€) of
coefficients of the corresponding convex combination, that is,

wE@) =Y o, Yale)=1, a’(e)>0 Viel,.

icl, icl,

Due to finite precision of computations, even in the case when the vectors x;, i € I, are affinely

independent, all coefficients a,S") (€), i € I,, might be nonzero. Therefore we propose to use the
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following heuristic rule for choosing a point x;,,, i1, € I, that is removed from the polytope P,
by the steepest descent exchange rule. Namely, we choose as i, any index from 7, on which the
minimum in min;ey, oc,(l’) (€) is attained and add a safeguard based on the index removal method,
discussed above, to ensure the validity of a certain approximate distance decay condition. Note,
however, that for some methods (such as the Wolfe method [32]) there always exists i € I, such

that Ot,(,i)(e) = 0, even when the computations are performed with finite precision. For such
methods the safeguard based on the index removal method is completely unnecessary.

Thus, we arrive at the following robust version of Meta-algorithm 1 given below in Meta-
algorithm 2. This meta-algorithm checks the approximate distance decay condition

[ynr1(&) =2l <llyn(€) =zl

to verify the correctness of the index exchange. If the condition fails, one needs to rectify the
choice of the index iy, on the previous step (that is, a wrong point was removed from P, and
one must remove a different point).

To correct the choice of iy,, the meta-algorithm first computes the projection of z onto the
affine hull aff{x; | i € I,} of the points x;, i € I,,, on Step 3 (see problem (2.11)). Let us note that
problem (2.11) can be reduced to the problem of solving a system of linear equations (see [32]).

As will be shown below, if the points x;, i € 1, are affinely independent or the projection of
z onto their affine hull does not coincide with the projection of z onto their convex hull, Step 3
makes a necessary correction of the point y,(€) (more precisely, the coefficients o,(€) of the
corresponding convex combination) to ensure that the new choice of i1, on Step 1 leads to the
validity of the approximate distance decay condition. Otherwise, the meta-algorithm moves to
Step 4 and employs essentially the same technique as in the index removal method to correct
the coefficients a;,(€) and find the required index iy,,.

Let us analyze Meta-algorithm 2. First, we show that if min;e;, a,gl) (¢) =0 for some n € N
on Step 1 of this meta-algorithm, then under some natural assumptions no corrections of the
coefficients o, (€) are needed, the method does not execute Steps 3 and 4, and moves to the next
(i.e. (n+ 1)th) iteration.

As in the previous section, for any n € N denote by y, the actual projection of z onto P,, that
is, an optimal solution of the problem minycp, ||y —z|

Lemma 2.14. Suppose that

max { 2(diam(P) + dist(z, P))e, diam(P) \/max{0,2¢6) - e} <n <diam(P)?  (213)

and the algorithm <7 with € > 0 satisfies the following approximate optimality condition: for
any point w € R¢ and any polytope Q = co{uy,...,u,} C R one has

m .
H Z oD — u,
i=1
where o = o/ (w, Q) and u is an optimal solution of the nearest point problem min,cg ||u—w|.

Let also for some n € N one has 01 < 6 forany k € {0,1,...,n— 1} and

oD ey
min 0, (e)=0 (2.14)

<e, Yal=1, aP>0 Vie{l,...m},
i=1

on Step 1 of Meta-algorithm 2. Then for 6,1 computed on Step 2 of Meta-algorithm 2 one has
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Algorithm 2 Robust meta-algorithm for finding the nearest point in a polytope.

Input: a point z € R4, a collection of points {x1,...,x} C R4, an algorithm o7, € > 0, for
solving the nearest point problem, and 1 > 0.
Step 0: Put n = 0, choose an index set [, C I with |I,| = d + 1, and define P, = co{x; | i € I,,}.

Compute o, (&) = e (z,Pn), yn(€) = Liey, a,gi)(s)xi, and 6, = ||y,(€) — 2|
Step 1: If y, (&) satisfies the condition

(yu(€) —z,xi—yn(€)) > —m Vi€l (2.10)
return y,(€). Otherwise, find i1, € I, and iy, € I such that

Put

Inp1 = ( \{lln}>U{12n} Pn—H:CO{xi

i€l }

Step 2: Compute 11(€) = e(z,Pur1)s Yur1(€8) = Yier,,, ay(li)rl (¢)xi;, and 6,41 =
lynt1(€) —z||. If 6,1 < 6y, set n =n+ 1 and go to Step 1. Otherwise, go to Step 3.

Step 3: Find an approximate solution ﬁn of the problem

Y Blx subjectto Y Bl =1. (2.11)

iel, i€l

1’1’111’1

Compute hy, = } e, ﬁni x; and Piin = minjey, ﬁrgl) If Bnin <0, find

(i)
o — B’
define o, (€) = (1 —A) 04, (&) + APy, yu(€) = (1 — A)yu(€) + Ahy, and 6, = ||yn(€) —z
go to Step 1. If B, = 0, define @, (€) = B, yn(€) = hn, 6, = ||hy — 2

Bmin > 0, go to Step 4.
Step 4: Choose any j € I,, find an approximate least-squares solution ¥, of the system

Y Yw-x)=0 Y =1,

icl,: B <0}, (2.12)

icl,\{j} i€l,\{j}
and set y,g = —Yic,\{j} ’y,(l) Compute
(i) .
A = min —ai. iEIn:y,gl)<0 )
i

Define o, (€) = @, (€) + A%, yu(€) = Yicl, 0 (€)%, By = [|yn(€) —

Proof. Let us divide the proof into two parts. First, we show that 6; > € for any k € {0,...,n}
and then use this result to prove the statement of the lemma.

Part 1. Suppose by contradiction that 6; < € for some k € {0, 1,...,n},i.e. ||yr(€) —z|| < €.
Let x, be an optimal solution of the problem (%?). Then by definition ||x. —z|| < ||yx(€) —z|| <
€, which yields ||x. — yx(€)|| < 2€. Hence by Proposition 2.13 one has

(yr(€) —z,x;i —yr(€)) > —2(diam(P) + dist(z, P))€
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Therefore by the first inequality in (2.13) the point y, (&) satisfies the stopping criterion (2.10),
which contradicts our assumption that the meta-algorithm computes i, on Step 1 of the nth
iteration for n > k.

Part 2. By our assumption Oc,(,i‘”) (€) = minjgg, oc,(,i) (¢) = 0. Therefore

(€)= Y ol (e)x; € co {x,- ie In\{iln}},

i€l

which yields y,(€) € P41, where the set P, is defined on Step 1.
By the definition of iy, (see Step 1 of the meta-algorithm) one has

(yn(€) = 2,%i5, — yn(€)) = I}gIn@n(E) —z,Xi —yn(€)) < 1. (2.15)

Define x,(t) = (1 —t)yn(€) + tx;,,. Clearly, x,(t) € P,4; for all ¢ € [0, 1], since, as was noted
above, y, (&) € P41 and x;,, € P, by the definition of P, | (see Step 2 of the meta-algorithm).
For any ¢ € R one has

2
£0) = lxal) = 22 = | 0n(8) = 2) + 13, = ule)|
= [lyn(€) = 21> +2¢{yn(€) = 2,%i, — ya(€)) + %[, — y(€)
Hence with the use of (2.15) one obtains
f(t) < 62 —2nr +diam(P)*t* Vo > 0.

The minimum in ¢ of the right-hand side of this inequality is attained at ¢, = 1/ diam(P)2. From
the second inequality in (2.13) it follows that #, € (0, 1]. Therefore, the point x,(z,) belongs to
P,+1 and

2
[

2

; — — — %2 < 2_ "™
min ) = £0) = )~ < 6 =

Applying the definition of y, 1, the first inequality in (2.13), and the fact that 6y > € one gets

lynt1 =2l = min [ly—z|| < [Pe(r) —z]* < 6; =260 + €.
YEP+1

Hence ||y,+1 —z||* < (6, — €)?, thanks to the fact that € < 6, < 6,_1 < ... < 6 by our assump-
tion and the first part of the proof. Consequently, by the approximate optimality condition on
g, for y,1(€) computed on Step 2 one has

Onr1 = lyns1(&) =zl < llyni1 —zll +€ <6, —e+£ =06,

Thus, the approximate distance decay holds true, the meta-algorithm increments n on Step 2
and does not execute Steps 3 and 4. UJ

Remark 2.15. Let us underline that the lemma above holds true regardless of whether 6y, 6y,
..+, By, and o, (€) were computed on Step 2, 3 or 4. In particular, it holds true even if the equality
(2.14) is satisfied for o, (&) that was computed on Step 3 or 4 and not directly computed by the
algorithm .o7.

Remark 2.16. Note that the value 6, that is a priori unknown is used in inequalities (2.13)
on parameters of Meta-algorithm 2. However, we can easily estimate it from above. If 6y is
computed on Step 0, then by the approximate optimality condition 6y < dist(z, Py) + €. In turn,
if By i1s computed on Steps 3 or 4, then under some natural assumptions one can show that
6o < dist(z, Py) + 2¢ (see the proof of Theorem 2.20 below).
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The previous lemma allows one to immediately prove correctness and finite termination of
Meta-algorithm 2 in the case when the algorithm o7, always returns a vector o, (€) having at
least one zero component, regardless of whether the points x;, i € I,,, are affinely independent or
not. Recall that this assumption is satisfied for the Wolfe method [32].

Theorem 2.17. Let ¢ > d + 1, inequalities (2.13) hold true, and the algorithm <7z with € > 0
satisfy the approximate optimality condition from Lemma 2.14. Suppose also that for any point
w € RY and any polytope Q = co{uy,...,un} C R? withm > d + 1 there exists i € {1,...,m}
such that for & = g (w, Q) one has a) =0. Then Meta-algorithm 2 is correctly defined, never
executes Steps 3 and 4, terminates after a finite number of iterations, and returns a point y,(€)
such that ||y, (€) — x.|| < /N, where x,. is an optimal solution of the problem ().

Proof. From the assumptions of the theorem and Lemma 2.14 it follows that 8; < 6y and the
meta-algorithm does not execute Steps 3 and 4 for n = 0, provided the stopping criterion (2.10)
is not satisfied for yy(€) (otherwise, the method terminates when n = 0 and does not execute
Step 2).

Now, arguing by induction and applying Lemma 2.14 one can check that 6,, < 6,_; and the
meta-algorithm does not execute Steps 3 and 4 for any n € N, if the stopping criterion (2.10)
is not satisfied for yy(€) with k € {0,1,...,n— 1} (otherwise, the meta-algorithm never reaches
nth iteration).

Thus, the meta-algorithm is correctly defined and the corresponding (finite or infinite) se-
quence {y,(€)} satisfies the approximate distance decay condition:

[yn(€) =zl = 62 < 6u1 = [lyn-1(€) —2]-

From this inequality it follows that all polytopes Py, Py, ..., P,,... are distinct. Recall that each P,
is the convex hull of d + 1 points from the set {xj,...,x,}. Since there is only a finite number of
distinct d + 1-point subsets of the set {x1,...,xy}, one must conclude that after a finite number of
iterations the stopping criterion (2.10) must be satisfied, that is, the meta-algorithm terminates
after a finite number of iterations. Moreover, any point y,(€) satisfying the stopping criterion
also satisfies the inequality ||y,(€) — x«|| < /7 by Proposition 2.13. O

Remark 2.18. Let us comment on the assumption (2.13) on parameters of the algorithm 7 and
Meta-algorithm 2. Roughly speaking, inequality (2.13) means that to solve the problem (£?)
with a pre-specified accuracy 11 > 0 with the use of Meta-algorithm 2 one must assume that the
algorithm 7 solves the corresponding reduced nearest point subproblems min,ep, ||x — z|| with
higher accuracy. Qualitatively, condition (2.13) can be rewritten as 11 = O(\/€) and viewed
as a mathematical formulation of an intuitively obvious fact that Meta-algorithm 2 has lower
accuracy than the algorithm o7 that is used as a subroutine on each iteration. However, when
considered quantitatively, inequalities (2.13) seem to be too conservative. They can be slighly
relaxed, if one uses a different stopping criterion of the form

(yn(€) — z,xi —yn(€)) > —M|lxi —yu(€)|| Vi€l
Then arguing in the same way as in the proof of Lemma 2.14 one can check that it is sufficient

to suppose that 1/2€0y +€2 <n < 1.

Remark 2.19. Note that one can replace the approximate optimality condition on the algorithm
, from Lemma 2.14 by the following condition: for any point w € R? and any polytope
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Q = co{uy,...,un} C R the point y = ¥, aDu; with o0 = 7 (w, Q) satisfies the inequality
(y—zui—y)>—€ Vie{l,...,m},

that is, the algorithm @7 returns a point approximately satisfying the optimality conditions for
the problem min,cg ||u —w||. If u, is an optimal solution of this problem, then by Proposi-
tion 2.13 one has ||.«% (w, Q) — u.|| < v/€. Consequently, the theorem above remains to hold
true in this case, provided ¢ is replaced by /€ in the first inequality in (2.13).

Let us now prove correctness and finite termination of Meta-algorithm 2 in the general case.

Theorem 2.20. Let ¢ > d + 1, inequalities (2.13) be satisfied, and the following approximate
optimality conditions hold true:

(1) for any point w € R? and any polytope Q = co{ug,...,uy} C R? one has

H Y o~ u.
i=1

where o0 = o (w, Q) and u. is an optimal solution of the problem min,cg ||u —w

<&, Zoc o) >0 Vie{l,...,m},

(2) if for some n € N the meta-algorithm executes Step 3, then Y ;c [3,51) =1 and the in-
equality ||h, —z|| < ||yn(€) —z|| holds true;

(3) if for some n € N the vectors x;, i € I, are affinely independent and the meta-algorithm
executes Step 3, then Buin < 0;

(4) if for some n € N the meta-algorithm executes Step 4, then

) ) .
H Y ) —x; H < IT Y 4 #£0
i€l \{j} icl,\{j}

where A > 0 is computed on Step 4 (if n = 0, then only the second inequality should be

satisfied).
Then Meta-algorithm 2 is correctly defined, executes Steps 3 and 4 at most once per iteration,
terminates after a finite number of iterations, and returns a point y,(€) satisfying the inequality
|y (€) —x4|| < /M, where x is an optimal solution of the problem ().

Proof. Firstly, let us note that if the following two conditions hold true:

(1) the meta-algorithm is correctly defined (that is, there are no infinite loops involving
Steps 3 and 4),
(2) the updating of 6, on Steps 3 and 4 preserves the condition 6, < 6,1,

then the meta-algorithm generates a finite or infinite sequence {y,(€)} satisfying the approxi-
mate distance decay condition:

6h>0>...>6,>... (2.16)

(recall that 6, = ||y,(€) — z||). Indeed, according to the description of the method (see Meta-
algorithm 2), the meta-algorithm increments n and moves to the next iteration if and only if the
condition 6, < 6, is satisfied on Step 2. Otherwise, it moves to Steps 3 and 4, corrects o, (€)
and y,(€), and repeats Steps 1 and 2 till the condition 6,1 < 6, is satisfied. Thus, if (i) there
are no infinite loops involving Steps 3 and 4, and (i1) the condition 6, < 6, is preserved after
updating 6, on Steps 3 and 4, then inequalities (2.16) hold true.
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Secondly, as was noted in the proof of Theorem 2.17, the validity of the approximate distance
decay condition (2.16) implies that all polytopes Py, P, ..., Py, ... are distinct. Hence taking into
account the facts that each P, is the convex hull of d + 1 points from the set {xi,...,x;} and there
is only a finite number of distinct d + 1-point subsets of {xi,...,x;}, one must conclude that
after a finite number of iterations the stopping criterion (2.10) must be satisfied. Moreover, any
point y,(€) satisfying this criterion also satisfies the inequality ||y, (&) —x.|| < /7 by Proposi-
tion 2.13.

Thus, to complete the proof of the theorem we need to prove that (i) there are no infinite
loops involving Steps 3 and 4, and (ii) the updating of 6, on Steps 3 and 4 does not break the
condition 6, < 6,_1. In addition, our aim is to prove a slightly stronger statement that Steps 3
and 4 are executed at most once per iteration. Let us prove all these statements by induction.

Since the proof of the case n = 0 is essentially the same as the proof of the inductive step, we
will consider only the inductive step. Fix any n € N* and suppose that for any k € {0,1,...,n—
1} Steps 3 and 4 were performed at most once during the kth iteration and the condition

6>0,>...>06, ,>6,1>06, (2.17)

holds true.

Clearly, we only need to consider the case when the meta-algorithm executes Step 3 on
iteration n and Step 3 has not been executed before on this iteration. In this case, according to
the scheme of the meta-algorithm y,(€) = Yic;/. a,(,l)(s)xi with @, (€) = % (z,P,) and the point
yn(€) does not satisfy the stopping criterion (2.10) (see Steps 1-4). Let us check that z ¢ P,.

Indeed, suppose that z € P,. Then y, = zis an optimal solution of the problem minycp ||y —z||.
Observe that by the first approximate optimality condition one has ||y, — y,(€)|| < €. Therefore
by Proposition 2.13 one has

(vn(&) — z,x; — yn(€)) > —diam(P,)e > —diam(P)e Vi€ I.

Hence taking into account the first inequality in (2.13) one can conclude that y,(€) satisfies the
stopping criterion (2.10), which is impossible.

Thus, z ¢ P,. Note also that min;e;, @, (€) > 0, since otherwise by Lemma 2.14 the meta-
algorithm does not execute Step 3.

Recall that h, = Y ;¢ ﬁ,gi)x,- is the approximate projection of z onto aff{x; | i € I} computed
on Step 3 and PBpin = min;e;, ﬁ,§’). Let us consider three cases.

Case L. Let B, < 0. Observe that for A defined in (2.12) one has A € (0, 1), since a,ﬁ") (e)>0
for all i € I,. Define &, = (1 — A) oy, (€) + A B, and w, = (1 — A)y,(€) + Ahy,. Then

YeEl—(1-1)Y e @) +a Y B =(1-2)+21=1

icl, icl, i€l
(here the penultimate equality holds true by the first and second approximate optimality condi-
tions). Moreover, if B,gl) > 0, then obviously é,gl) > (0, while if ﬁ,gl) < 0, then

| | . (i)
&' = (€)= ") (#(—)B” _l> N

by the definition of A. In addition, for any i on which the minimum in the definition of A is
attained (see (2.12)) one has ‘g’n(’) = 0. Hence the point w, = (1 — A)y,(€) + Ah, is a convex
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combination of the vectors x;, i € I,,, that is, w,, € P,. Furthermore, by the second approximate
optimality condition one has

wn =] < (1=2)llyn(€) = zll + Al hn = 2l| < [|yn(€) —2[| = 6n-

Thus, after updating o, (€), y,(€), and 6, on Step 3 one has

Y a,gl)(s) =1, min oc,(,’)(e) =0, 6,<6,. (2.18)
icl, i€l
Consequently, by Lemma 2.14 after performing Step 1 and computing ,+1(€) = %% (z,Pyt1)
on Step 2 one has 6,1 < 6,. Thus, the meta-algorithm increments n and moves to the next
iteration. In other words, in the case B, < 0 Step 3 of the meta-algorithm is performed only
once and the condition 6, < 6,_1 is preserved.

Case II. Let B,in = 0. Then h, € P,. Moreover, by the second optimality condition one has
Ay — z|| < |lyn(€) —z||, which implies that after setting 6, = ||k, — z|| the condition 6, < 6,
is preserved. In addition, for the updated value of a,(€) = B,(€) one has min;ey, a,(ll)(e) =
0. Therefore, by Lemma 2.14 one can conclude that on Step 2 the condition 6, < 6, is
satisfied. Thus, in the case Bnin = 0 the meta-algorithm executes Step 3 only once and then
after performing Steps 1 and 2 moves to the next iteration.

Case III. Let B, > 0. In this case the points x;, i € I,, are affinely dependent by the third
approximate optimality condition, and the meta-algorithm moves to Step 4. Let 9, and A be
computed on Step 4. Recall that by definitions

(i)
A = min {—%
iz
and ¥;c; % =0.

Define &, = o, (&) +A%,. Then Y/ én(i) =1, forany i € I,, such that y,(,i) > (0 one has gn(") >0,

while for any i € [, such that y,S‘) < 0 one has

. , (i)
£D) =yl (_ Oty (i()s) —l) > 0.
T

In addition, for any i € I, on which the minimum in the definition of A is attained one has

iel,: }/,(,i)<0} > 0.

én(i) = 0. Note finally that by the fourth approximate optimality condition

H Y érgi)Xi_ZH = ) Y (Xy(li)(s)xi—z+7tZ}/,(,i)(x,-—xj)H
icly oy

i€l
1 — Gn

< Ion(e) =2l + 4| Tk )] < e
i#]

Therefore, after an update on Step 4, values of o, (€), y,(€), and 6, satisfy conditions (2.18),
which thanks to Lemma 2.14 implies that after performing Steps 1 and 2 the meta-algorithm
increments n and moves to the next iteration. In other words, in the case P, > 0 the meta-
algorithm executes Steps 3 and 4 only once and then moves to the next iteration. Furthermore,
the condition 6,, < 6, is preserved in this case as well. O
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Remark 2.21. Let us comment on the approximate optimality conditions from the previous
theorem:

(i) The first condition simply states that the algorithm .7 (w, Q) always returns a point from Q
that lies in the € neighbourhood of the projection of w onto Q. In turn, the fourth condition
indicates the accuracy with which an approximate least squares solution on Step 4 should be
computed. Note that while the second equality in

Z y(i)(xi—xj):(), Z }xi):1

icl,\{j} i€l,\{Jj}

is essentially irrelevant, as long as the sum of }/(i), i € I\ {j}, is nonzero, the first equality
must be solved with high enough accuracy to ensure that after updating y,(€) the inequality
6, < 6, still holds true.

(i1) The second approximate optimality condition states that the approximate distance to the
affine hull x;, i € I, computed by a subroutine on Step 3 of Meta-algorithm 2, does not exceed
the approximate distance to the convex hull of these points computed by the algorithm .o7.
Roughly speaking, the second approximate optimality condition means that an approximate
projection of z onto the affine hull aff{x; | i € I}, is computed on Step 3 with at least the same
accuracy as the algorithm .7 computes an approximate projection of z onto the convex hull
P, =coi{x, |i € L,}.

(1i1) The third approximate optimality condition is needed to exclude some degenerate cases.
It should be noted that in the ideal case when € = 0, this assumption is not needed. Indeed,
if the points x;, i € I,,, are affinely independent, then their affine hull coincides with the entire
space RY. Hence taking into account the fact that z ¢ P, (otherwise, the stopping criterion (2.10)
would have been satisfied) one can conclude that B,;, < 0. However, when computations are
performed with finite precision, for some highly degenerate problems one might have B, > 0,
even in the case when x;, i € I,, are affinely independent, due to computational errors. In
such cases the method might get stuck in an infinite loop of correcting the coefficients a,(€).
The third approximate optimality condition excludes such situations. It should be noted that
a foolproof version of Meta-algorithm 2 must keep track of whether a correction of o, (&) on
Steps 3 and 4 has already been attempted and send an error message, if the method tries to
correct the coefficients the second time.

2.4. Numerical experiments. The proposed acceleration technique was verified numerically
via multiple experiments with various values of d and ¢. For each choice of d and ¢ we ran-
domly generated 10 problems and average computation time for these problems was used as a
performance measure.

The problem data was chosen as follows. First, we randomly generated ¢ points {x1,...,x;}
in R?, uniformly distributed over the d-dimensional cube [—1,1]¢. Then these points were
compressed and shifted as follows:

5= (1400150 52 29 vie{1,... 0.

1 1

The point z was chosen as z = 0. As was noted in [32] and demonstrated by our numerical
experiments, this particular problem is very challenging for methods for finding the nearest
point in a polytope (especially in the cases when either ¢ is much greater than d or d is large)
both in terms of computation time and finding an optimal solution with high accuracy. For our
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numerical experiments we used the values d = 3, d = 10, and d = 50, while values of ¢ were
chosen from the set

{100,200, 300,500, 1000, 2000,3000, 5000, 10000,20000, 30000, 50000}
and depended on d.

Remark 2.22. Let us note that we performed numerical experiments for many other values of
d and /, as well as, for many other types of problem data. Since the results of corresponding
numerical experiments were qualitatively the same as the ones presented below, we do not
include them here for the sake of shortness.

Without trying to conduct exhaustive numerical experiments, we tested our acceleration tech-
nique on 3 classic methods: the MDM method [24], the Wolfe method [32], and a method based
on quadratic programming. All methods were implemented in MATLAB. The last method was
based on solving the problem

1tk o2 L .
mO%nEHi;a(’)xiH subject to i;a(’):l, a >0, iel

with the use of quadprog, the standard MATLAB routine for solving quadratic programming
problems. We used this routine with default settings. The number of iterations of the MDM and
Wolfe method was limited to 10°. We used the inequalities

o) <e, (X,P)>(XX)—¢

with € = 10™* as termination criteria for the MDM method and the Wolfe method respectively
(see the descriptions of these methods in [24, 32]). The value 10~ was used, since occasion-
ally both methods failed to terminate with smaller value of € for large ¢ (this statement was
especially true for the MDM method).

Finally, we implemented each method “on its own” and also incorporated each method within
the robust acceleration technique, that is, Meta-algorithm 2. The initial guess for the meta-
algorithm was chosen as

]()Z{l,...,d-{-l}, P0:CO{X1,...,xd+1}.

To demonstrate that the estimate of 1 in Lemma 2.14 and Theorems 2.17 and 2.20 (see (2.13))
is very conservative, we used the value n = 10~* for d = 3 and d = 10, and n=>=5- 10°4
for d = 50, since the acceleration technique occasionally failed to find a point satisfying the
stopping criterion for 71 = 10~ in this case. In addition, we terminated the computations, if
computation time exceeded 1 minute.

The results of numerical experiments are given in Figures 1-3. Let us first note that both the
MDM method and its accelerated version were very slow and inaccurate in comparison with
other methods in the case d = 50. That is why we do not present the corresponding results
of the numerical experiments here. Furthermore, our numerical experiments showed that the
difference in performance between the Wolfe method and its accelerated version significantly
increases with the growth of d. Since the results were qualitatively the same for all d, here
we present them only in the case d = 50, in which the difference in performance was the most
noticeable.

The numerical experiments clearly demonstrate that the proposed acceleration technique with
the steepest descent exchange rule allows one to significantly reduce the computation time for
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FIGURE 1. The results of numerical experiments in the case d = 3 for quadprog
routine (left figure) and the MDM method (right figure).
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FIGURE 2. The results of numerical experiments in the case d = 10 for
quadprog routine (left figure) and the MDM method (right figure).
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FIGURE 3. The results of numerical experiments in the case d = 50 for
quadprog routine (left figure) and the Wolfe method (right figure).

methods of finding the nearest point in a polytope. In the case of quadprog routine and the
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MDM method the reduction in time is proportional to the number of points /. Moreover, numer-
ical experiments also showed that for the accelerated versions of these methods the computation
time increases linearly in ¢ for the problem under consideration (but we do not claim the linear
in £ complexity of the acceleration technique for all types of problem data).

In the case of the Wolfe method the situation is somewhat different. For relatively small
values of ¢ the “pure” Wolfe method outperforms its accelerated version, but for larger ¢ the ac-
celerated version is faster than the pure method and the reduction of computation time increases
with the increase of /. However, it should be noted that precisely the same effect was observed
for all other methods for finding the nearest point in a polytope and other types of problem
data. When /¢ is close to d, it is faster to solve the corresponding problem with the use of the
algorithm .7, while when ¢ exceeds a certain threshold (depending on a particular method),
the accelerated version of the algorithm .7 starts to outperform the algorithm 7 “on its own”.
Moreover, the reduction of the run-time increases with an increase of ¢ and is proportional to ¢
for large values of /.

Thus, the main difference between the Wolfe method and other methods tested in our nu-
merical experiments lies in the fact that the threshold value of ¢, after which the acceleration
technique becomes efficient, is significantly higher for the Wolfe method that for other methods.

Finally, let us note that the average number of iterations of Meta-algorithm 2, as expected,
depended on the method to which this technique was applied. It was the highest for the MDM
method, while the number of iterations of the meta-algorithm using the Wolfe method and
quadprog routine was roughly the same. In the case d = 3 it was equal to 6, in the case d = 10 it
was equal to 25.6, while in the case d = 50 it was equal to 150.8 (note that the problem is harder
to solve for larger d). The results of other multiple numerical experiments, not reported here
for the sake of shortness, showed that the average number of iterations of the meta-algorithm
in most cases lies between d and 10d for various values of d and ¢. Since the complexity of
each iteration of the method is proportional to /, the results of numerical experiments hint at the
linear in ¢ average case complexity of Meta-algorithm 2, but we do not claim this complexity
estimate to be true in the general case (especially, in the worst case) and are not ready to provide
its theoretical justification.

It should be noted that an increase of average number of iterations with an increase of d is
fully expected. To understand a reason behind it, observe that if the projection of z onto the
polytope P = co{xy,...,x;} belongs to the relative interior of a facet F' of P, then to find this
projection the meta-algorithm needs to find a subpolytope P, containing at least d extreme point
of F. If none of these points belongs to the initial guess Py = co{xy,...,x;s11}, then at at least
d iterations are needed to find the required polytope P,.

For example, if in the case d = 2 the polytope Fy lies in the interior of P, then one needs at
least 2 iterations for the polytope P, to contain the edge of P to which the projection of z onto
P belongs. In the case d = 3, the minimal number of iterations increases to 3, etc. Thus, the
number of iterations of the meta-algorithm grows whenever d is increased.

Remark 2.23. In our implementation of Meta-algorithm 2, the algorithm .27 was applied afresh
on each iteration (i.e. without using any information from the previous iteration). It should be
noted that, in particular, the performance of the accelerated version of the Wolfe method can be
significantly improved, if one uses the corral (see [32]) computed on the previous iteration as
the initial guess for the next iteration (a similar remark is true for accelerated versions of other
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methods). However, since our main goal was to demonstrate the performance of the acceleration
technique on its own, here we do not discuss potential ways this technique can be efficiently
integrated with a particular method for finding the nearest point in a polytope and do not present
any results of numerical experiments for such fully integrated accelerated methods.

3. A COMPARISON WITH THE WOLFE METHOD

Meta-algorithm 1 with the steepest descent exchange rule and Meta-algorithm 2 share many
similarities with the Wolfe method [32] (and the Frank-Wolfe algorithms [20, 21]). Nonethe-
less, there is one important difference between these meta-algorithms and the Wolfe method,
which, as the results of numerical experiments presented in the previous section demonstrate
(see Figure 3), allows Meta-algorithm 2 to outperform the Wolfe method [32] in the case when
the number of points is significantly greater than the dimension of the space.

The difference consists in the way in which the steepest descent exchange rule and the Wolfe
method remove redundant points on each iteration. The Wolfe method operates with the so-
called corrals (i.e. an affinely independent set of points from the polytope such that the pro-
jection of the origin onto the affine hull of this set belongs to the relative interior of its convex
hull), while Meta-algorithm 1 with the steepest descent exchange rule and Meta-algorithm 2
operate with convex hulls of d + 1 points without imposing any assumptions on them. On each
iteration of the Wolfe method, given a current corral Q,,, one adds a new point x,, to this corral in
the same way points are added in the steepest descent exchange rule, and then constructs a new
corral Q1 from the set {x,,Q,}, filtering out multiple redundant points in the general case.
In contrast, Meta-algorithm 1 with the steepest descent exchange rule and Meta-algorithm 2
remove only one point on each iteration.

This difference, apart from saving significant amount of time needed to find a corral in the
spaces of moderate and large dimensions, also leads to a significantly different behaviour of
Meta-algorithms 1 and 2 in comparison with the Wolfe method in the general case. This differ-
ence in behaviour occurs due to the fact that the projection of a given point onto the “unfiltered”
subpolytope used by the meta-algorithms might be significantly different from the projection of
a point onto the corral constructed by the Wolfe method.

In order to demonstrate how the different strategies of removing redundant points affect the
performance of both methods, we present the average number of outer loops (iterations/shifts of
the subpolytope) for Meta-algorithm 2 and the Wolfe method in the case d = 50 (see Figure 4).
Observe that the number of iterations of the meta-algorithm is significantly smaller than the
number of iterations of the Wolfe method, which explains why for large ¢ the meta-algorithm
outperformes the Wolfe method in terms of computation time.

For the given problem data, the average number of iterations of the meta-algorithm stabilizes
around 150 iterations for large ¢, while in the case of the Wolfe method it stabilizes around
250 iterations for large ¢. Thus, the completely different strategy of removing redundant points
allows the meta-algorithm to reduce the number of iterations by about 40% in comparison with
the Wolfe method.

4. COMPUTING THE DISTANCE BETWEEN TWO POLYTOPES

The acceleration technique for methods for finding the nearest point in a polytope from the
previous section admits a straightforward extension to the case of methods for computing the
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FIGURE 4. The average number of outer loops (iterations/shifts of the subpoly-
tope) for Meta-algorithm 2 and the Wolfe method in the case d = 50.

distance between two convex polytopes defined as the convex hulls of finite sets of points.
This section is devoted to a detailed discussion of such extension, that is, to a discussion of an
acceleration technique for methods of solving the following optimization problem
r(nir)l [x—y|| st xeP:=co{xi,....xe}, yeQ=co{yi,....ym}- (2)
Xy
in the case when ¢/ >>d and m > d. Here x; ¢ RY, i € I = {1,...,(}, and y; € R jeJ=
{1,...,m}, are given points.

4.1. An extension of the acceleration technique. Before we proceed to the description of
an acceleration technique, let us present convenient optimality conditions for the problem (2).
These conditions are well-known, but we include their short proofs for the sake of completeness.
Denote by Pr4(x) the Euclidean projection of a point x € R on a closed convex set A C R?, i.e.
an optimal solution of the problem minye4 ||x —y||.

Proposition 4.1. A pair (x.,y.) € P x Q is an optimal solution of the problem (2) if and only
if Prp(y«) = x4 and Pro(x.) = y. or, equivalently,

(X =y, Xi—X) >0 Viel, (yo—x,yj—ys) >0 Vje. 4.1)

Proof. The fact that conditions (4.1) are equivalent to the validity of the equalities Prp(y.) = x.
and Pro(x.) =y, follows directly from Proposition 2.1. Let us check that these conditions are
equivalent to the optimality of (x.,ys).

Indeed, as is easily seen, inequalities (4.1) are satisfied if and only if

(e =V, Xx—x) >0 VXxEP, (yo—xe,y—ys) >0 VyeO.
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Algorithm 3 Meta-algorithm for finding the distance between two polytopes.

Input: two collection of points {xi,...,x;} C R? and {y1,...,y} C R?, an algorithm .o/
for solving the problem of computing the distance between two polytopes, parameters s,q €
{1,...,min{¢,m}} with s > g, and an (s, g)-exchange rule &

Initialization: Put n = 0, choose index sets I, C I and J, C J with |I,| = |J,| = 5. Define
P, =co{x;|i€l,} and Q, =co{y; | j € Ju}.

Step 1. Compute (v,,w,) = </ (P,,Q,) and
Pxn :Ig]n<vn_wnaxi_vn>7 Pyn :rjnei?<wn_vn7yj_wn>~

If px, > 0 and py, > 0, return (v,,w,).
Step 2. If p,, < 0, compute (I1,,,5,) = &(I,) and define

Lot = <1,,\11n> Ubw, Poi=co{xi|i€hi}.

Otherwise, set 1,1 = I, and P, = P,.
If py, < 0, compute (J1,,,J2,) = &(J,) and define

Jn+1 = (Jn\-]ln> UJan, QOnp+1=co {yj ‘ JE Jn+1}~
Otherwise, define J,, 11 = J, and Q1 = Q,. Putn =n+1 and go to Step 1.

In turn, these conditions are satisfied if and only if
<x* _y*7x_x*> + <y* —x*,y—y*> >0 Vx € P? yEe Q

It remains to note that by the standard optimality conditions for convex programming problems
the inequality above is equivalent to the optimality of (x.,y). U

Suppose that an algorithm <7 for solving the problem (%) is given. For any two polytopes
V.W C R4, defined as the convex hulls of finite collections of points, it returns an optimal
solution (v, w,) = &7 (V,W) of the problem

min ||[v—w|| subjectto veV, weWw.

(vow)
We propose to accelerate this algorithm in precisely the same way as an algorithm for solving
the nearest point problem. Namely, one chooses “small” subpolytopes Py C P and Qp C Q and
applies the algorithm o7 to find the distance between these subpolytopes. If an optimal solution
of this problem coincides with an optimal solution of the problem (2) (this fact is verified via
the optimality conditions from Proposition 4.1), then the computations are terminated. Other-
wise, one shifts these polytopes and repeats the same procedure till an optimal solution of the
distance problem for subpolytopes P, and Q,, coincides with an optimal solution of the problem
(2). A general structure of this acceleration technique (meta-algorithm) is essentially the same
as the structure of Meta-algorithm 1 and is given in Meta-algorithm 3. For the sake of simplicity
we suppose that the same exchange rule is used for each polytope, and the subpolytopes P, and
Qp, are convex hulls of the same number of points.

Arguing in essentially the same way as in the proofs of Lemmas 2.4 and 2.6 one can verify
that the following results hold true. These results can be viewed as criteria for choosing an
efficient exchange rule for Meta-algorithm 3.
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For any sets A,B C R? denote by
dist(A,B) =inf{|lx—y| | x €A, y € B}
the Euclidean distance between these sets.

Lemma 4.2. Suppose that the exchange rule & satisfies the distance decay condition for the
problem (2): if for some n € N the pair (v,,wy,) does not satisfy the optimality conditions
Pxn = 0 and py, > 0, then

dist(Pyy1,0n+1) < dist(Py, Q). 4.2)
Then Meta-algorithm 3 terminates after a finite number of steps and returns an optimal solution
of the problem ().

Lemma 4.3. Let an (s,q)-exchange rule & with s > q satisfy the distance decay condition for
the problem () for any polytopes U,W C R?. Then s> d+ 1.

As in the case of the nearest point problem, one can utilise the steepest descent exchange rule
to shift polytopes P, and Q, on each iteration of Meta-algorithm 3. In the case of the problem
(2) this exchange rule is defined as follows (for the sake of shortness we describe it only for
the polytope P,).

e Input: an index set , C I with |I,| =d + 1, the set {x,...,x;}, and the pair (v,,,w,) =
(P, Q).

e Step 1: Find iy, € I, such that v, € co{x; | I, \ {i1.}}.

e Step 2: Find iy, € I such that

(Vi — Wn, Xip,) = Min(vy, — Wp, X;).

Return ({i1,}, {ion})-

The following theorem, whose proof is similar to the proof of Theorem 2.8, shows that the
steepest descent exchange rule satisfies the distance decay condition for the problem (2).

Theorem 4.4. For any polytopes P = co{xy,...,x;} and Q = co{yi1,...,ym} with £ > d + 1
and m > d + 1 the steepest descent exchange rule satisfies the distance decay condition for the
problem ().

Proof. Suppose that for some n € N the pair (v,,w,) does not satisfy the stopping criterion
Pxn > 0 and py,, > 0 from Meta-algorithm 3.
Suppose that p,, < 0. By definition (v,,w,) € P, X @, is an optimal solution of the problem

%nir)le—yH subjectto x € P,, y€ Q.
Xy

Hence by Proposition 4.1 one has Prp, (w,) = v,,. Moreover, by our assumption one has
min(v, —wy,x; —v,) <0,
il
which means that v, does not satisfy the optimality condition for the nearest point problem
min,ep,,, |x —wy||. Therefore, almost literally repeating the proof of Theorem 2.8 one gets that

dist(wy, Pyr1) < dist(wy, By) = |[|wp — vu|| = dist(Qp, Py).
Similarly, if p,, < 0, then
dist(vy, Qnt1) < dist(vy, On) = [[vn — wy|| = dist(P,, Oy).
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In either case one has
dist(Py+1,0n+1) < min { dist(wp, Pyy1),dist(vs, Ony1 )} < dist(Py,0n),
which means that the distance decay condition for the problem (%) holds true. UJ

Corollary 4.5. Let {,m > d + 1. Then Meta-algorithm 3 with s =d + 1, g = 1, and the steepest
descent exchange rule terminates after a finite number of iterations and returns an optimal
solution of the problem (2).

As in the case of the nearest point problem, it is easier to implement the steepest descent
exchange rule for the problem (), when the algorithm </ returns not an optimal solution
(vi,wy) = o (V,W) of the problem

min ||[v—wl|| subjectto V =co{vi,...,vy }, W =co{wq,...,ws},

but coefficients of the corresponding convex combinations, that is, vectors & € R"! and B € R%
such that

i=1 i=1
Mzzﬁm% Zﬁ@:LﬁmZOVﬁ%hw@}

In this case, if on iteration n of Meta-algorithm 3 one computes a pair of coefficients of convex
combinations (¢, B,) = </ (P,, Qn), then one can obviously choose as an index iy, € I,, of vector

(k)

x;,, that is removed from P, any index k € I, such that ¢, * = 0. Similarly, one can choose as

an index jy, of a vector y;, that is removed from Q, any index k € J, such that ﬁ,gk) =0.

If the polytopes P, and Q,, intersect, then Meta-algorithm 3 terminates on iteration n. If
they do not intersect, then the points v, and w,, obviously lie on the boundaries of P, and Q,
respectively. Hence by [35, Lemma 2.8] in the case \(V%len the points x;, i € I, are affinely
k

independent, there exists at least one k € I,, such that o, * = 0. Similarly, in the case when the
points y;, j € J,, are affinely independent, there exists at least one k € J,, such that [3,1(]() =0.In
this case one can easily find the required indices iy, € I, and ji, € J,.

If either x;, i € I, or yj, j € J,, are affinely dependent, then one can utilise the following
obvious extension of the index removal method from Section 2.2. For the sake of shortness we
describe in only in the case when p,, < 0 and p,, < 0.

e Input: index sets I, C I, J, C J with |I,| = |J,| =d + 1, the sets {xi,...,x,} and
{yl yeee 7ym}’ and (anvﬁn) = 'Q{(Pna Qn)

e Step 1: Compute Oy, = min;e;, a,gi). If amin = 0, find iy, € I, such that oc,gi‘") =0.
Otherwise, choose any k € I,, and compute a least-squares solution ¥, of the system

Y Me-xm)=0, ¥ 1=1
icl,\{k} i€l \{k}
(k)

and set }/nk = —1. Find an index i}, € I,, on which the minimum in

min{—aL(i)
e

iehzﬁﬁ<o}
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1s attained. . .
e Step 2: Compute P, = minjey, [3,5’). If Bmin = 0, find jy,, € J, such that /3,§”") =0.
Otherwise, choose any k € J,, and compute a least-squares solution A,, of the system

Y AV0i—w=0 Y aV=1
JeL\{k} JeL\{k}

and set A,Ek) = —1. Find an index ji,, € J, on which the minimum in

()
min<{ — Bn—
{ )L(J)

n

jeJn:/I,@<o}

is attained and return (iy,, ji,)-

Arguing in precisely the same way as in the proof of Proposition 2.10 one can verify that the
index removal method correctly finds the required indices iy, € I,, and jy, € J,.

Proposition 4.6. Suppose that for some n € N the stopping criterion pyx, > 0 and py, > 0 of
Meta-algorithm 3 does not hold true, and let (iy, j1,) € I, X J,, be the output of the index
removal method. Then

ie]n\{iln}}, Wy € CO{yj ) J E-In\{jln}}-

Remark 4.7. Let us note that in the case when the number of points in only one polytope is
much greater than d (say ¢ > d), while for the other polytope it is comparable to d or even
smaller than the dimension of the space, one can propose a natural modification of the acceler-
ation technique presented in this section. Namely, instead of shifting subpolytopes P, and Q,
in both polytopes P and Q one needs to shift only polytope P, inside P and define O, = Q. An
analysis of such modification of Meta-algorithm 3 is straightforward and is left to the interested
reader.

4.2. A robust version of the meta-algorithm. Let us also present a robust version of Meta-
algorithm 3 that takes into account finite precision of computations and is more suitable for
practical implementation than the original method. To this end, as in Subsection 2.3, suppose
that instead of the “ideal” algorithm &7 its “approximate” version <%, € > 0, is given. For any
two polytopes V,W C R the algorithm .27 return an approximate (in some sense) solution of
the problem

min|lx—y|| subjectto x€V,y€eW.
(x.y)

To ensure finite termination of the acceleration technique based on the “approximate” algorithm
<7 one obviously needs to replace the optimality conditions for the problem (Z) (see Proposi-
tion 4.1), which are used as a stopping criterion, with approximate optimality conditions of the
form

(Ve =Wi,xj—ve) > —n Vi€l (we—ve,yj—wy)>—-1 VjelJ
with some small 7 > 0. The following proposition shows how these approximate optimality
conditions are related to approximate optimality of (v.,w.).

Proposition 4.8. Let (v.,w.) be an optimal solution of the problem (2) and a pair (v,w) €
P x Q satisfy the inequalities

(v—wxi—v)>-n Viel, (w—vyj—w)>-n VjelJ 4.3)
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for some N > 0. Then

||V—W_(V*_W*>|| S \/2 ) ||V_W|| SdlSt(P’Q)-i_ v 21’]

Conversely, let (v,w) € P x Q be such that ||[v—w— (v, —wy)|| < € for some € > 0. Then the pair
(v,w) satisfies inequalities (4.3) for any 11 > 0 such that n > (diam(P)+diam(Q) +dist(P, Q) )e.

Proof. Let a pair (v,w) € P x Q satisfy inequalities (4.3) for some 11 > 0 and (v,,w,) be an
optimal solution of the problem (2). Observe that

[v=w— (e —=w) P = =y =)+ W=y, w—w,) — (v =W, v —w — (Vs — wy)).
By Proposition 4.1 one has
(Vi —we,x—y—(vi—wy)) >0 VxePyeQ,
while from inequalities (4.3) it obviously follows that
(v—wx—v)>-n YxeP, (w—vy—w)>-n VYyeQ.
Therefore
Iv—w— (e =ws) [ < 21,
which yields
v =wll =l =will| < v =w— (s =wa)[| < /21

or, equivalently, ||[v —w|| < dist(P,Q) + /27, since ||v. —w. | = dist(P, Q).

Suppose now that ||[v —w — (v, —w,)|| < & for some € > 0 and (v,,w,) is an optimal solution
of the problem (Z). Adding and subtracting v, — w, twice one gets that for any (x,y) € P x Q
the following equality holds true:

=wx—y—(—w)) =(V-—w—(vi—wi),x—y—(v—w))
+<V* Wi, X =y — (V*—W*)>+ (v*—w*,v* — Wy — (v—w)).

Note that the second term on the right-hand side of this equality is nonnegative by Proposi-
tion 4.1, while the first and the last terms can be estimated as follows:

= w— (s —w)x =y = (=) | < v =w = (= w) | (= vl + [y —w] )
< g(diam(P) + diam(Q)),
[ =W vi == (= w))] < e = wa v = — (v = w)]| < dist(P.Q)e.
Consequently, one has
ewx—y—(v—w)) > — (diam(P) +diam(Q) + dist(P, Q))g,
and the proof is complete. U

To formulate an implementable robust version of Meta-algorithm 3, suppose that the output
e (Py,W,) of the algorithm 7% is not an approximately optimal solution (v,(€),w,(€)) of the
problem

{nin||x—y|| subjectto x € PB,, y€ Qp,
xy
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but rather coefficients of the corresponding convex combinations, that is, a pair (a,(€), B,(€)) €
R4+ x RY*! such that

w(e) =Y ot (e, Yale)=1, af’(e)>0 viel,

i€l i€l
wa(e)= Y B ey, Y B (e)=1, BY(e)>0 Vjel,.
JEI, JjE€JIn

Since the algorithm .7 computes only an approximately optimal solution, even in the case
when x;, i € I, are affinely independent, and y;, j € J,, are affinely independent, all coefficients
oc,?) (g) and B,EJ )(8) might be strictly positive. Therefore we propose to utilize essentially the
same strategy for removing indices from the sets /,, and J,, as is used in Meta-algorithm 2. The

main goal of this strategy is to maintain the validity of the approximate distance decay condition
Opt1 = [[vat1(€) = Was1 (€)[| < |lva(€) —wale)|| =: 6, Vn.

As we will show below, this inequality guarantees finite termination of the robust meta-algorithm
for finding the distance between two polytopes given in Meta-algorithm 4.

The meta-algorithm uses a heuristic rule for choosing indices iy, € I, and j;, € J, that are
removed from the subpolytopes P, and Q, on each iteration. This rule consists in finding the
minimal coefficients

a(iln)<8) _ minoz(i)(e) B(jln)(S) _ minﬁ(j)(s)
" ier, 7" jeh "
If such choice of indices iy, € I, and j, € J, ensures the validity of the inequality 6,1 < 6,
(the approximate distance decay condition), then the meta-algorithm increments n and moves
to the next iteration. Otherwise, it employs the coefficients correction method to update o, (€)
and f3,(€) in such a way that would guarantee the validity of the approximate distance decay
condition. The coefficients correction method is described below:

e Step 1: If p,, > —n, go to Step 3. Otherwise, find an approximate solution ¥, of the
problem

m}nH ) Yy, —wn(S)H2 subjectto ) P =1.

icl, icl,

Compute h, =Y ;¢ I, }/,,(,i)

o ale
“_mm{@%w—%”

define a,(€) = (1 — u)oy, (&) + 1y, and
va(€) = (1= 1)vn(€) + thn, 6y =|[va(€) —wa(e)l.

It Ymin = 0, define OCn(E) = T Vn(e) = hy, 0, = ||hn - Wn(e)
Yimin > 0, go to Step 2.
e Step 2: Choose any k € I,,, find an approximate least-squares solution A, of the system

Y Ax-x)=0, Y A0=1
iel,\{k} iel,\ {k}

x; and Yin = min;e;, ’y,(,i). If Ymin < 0, compute

ieln:y,(f)<0},

, and go to Step 3. If
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Algorithm 4 Robust meta-algorithm for finding the distance between two polytopes.

Input: two collection of points {xi,...,x/},{y1,...,ym} C R%, 1 >0, and an algorithm .27,
€ > 0, for finding the distance between two polytopes.
Step 0: Put n = 0, choose index sets I, C I and J, C J with |J,| = |I,| =d + 1, and define

Po=co{xi|iel,}, Qn=co{y;|je}.
Compute (i, (€), Ba(€)) = %(PnaQn)
=Y o (e)xi, wa(e)= Y B (€)yj,  6u=lvale) —wale)].

i€l JE€
Step 1: Compute
Pun = min{vy(€) = wn(€),Xi = va(€)), Py =min(wn(€) = va(€),y; = wa(€))-

If px, > —1 and py, > —n, return (v, (&), wy(€)). If py, < —n, find iy, € I, and ip, € I such
that

(X}glln)(g) = ml]n OC,g’) (8)’ <Vn(8) - Wn(S),xi2n> = m11n<vn(8) — Wn(£)7xi>,
1€ S
and define
n—H ( \{lll’l}> U{ZZn} Pn+1 =CO {xi
If py, < —n, find jy, € J, and jo, € J such that
Brgjln)(g) = mlnﬁn(J) (8)7 <Wn(€) — Vn(8)7yj2n> = mln(wn(g) — Vn(£);yj>7
JEn jeJ

and define

ieln+1}.

o= (I G ) Uizl Quin=co{; | j € duir}

Step 2: Compute (Ocn+1( )ﬁn+1( )) e (Pyi1,0nt1),
Vnt1(€ Z n+1 €)Xi, Wni1(€) = Z Blgi)l(g)yj?

ZEIn-H jEJn+l
and 0,11 = ||[vpt1(€) = wpt1(€)]|- If B,41 < 6, set n =n+1 and go to Step 1. Otherwise,
go to Step 3.
Step 3: Apply the coefficients correction method and go to Step 1.

and set A,,Ek) = _Zieln\{k} }L,El) Compute

(i)
v:min{ O (<f>‘ e AP < } () = an(€) + Vi,
An

and define v, (&) = Y;c; O (€)x; and 6, = ||v,(&) —w, ().
e Step 3: Find an approximate solution 7, of the problem

min

) Z Y(j))’j —vn(e)Hz subject to Z y(j) —

jEJn ]ejn
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(i)

Compute h, =Y, jer, m'Yj and Ypin = min ¢y, y,(lj ). If Ymin < 0, compute

()
u:min{% JEIn: %g) }7

and define B,(g) = (1 — u)Bu(€) + 1y, and

wn(€) = (1= t)wn(€) +thn, 6, = [lva(e) —wa(e)].

If Ymin = 0, define B,(€) = Y, wi(€) = hp, 6, = || — wn(€)]|. If Ymin > 0, go to Step
4.
e Step 4: Choose any k € J,, find an approximate least-squares solution A, of the system

Y AVyi-y)=0, Y al=1

JeL\{k} JeL\{k}

and set A,Ek) =—Yjc Jn\{k} ?L,gj ), Compute

v:min{ B(e) ‘ e dp: MY < } Bu(€) = Bul€) + VAn,
Arg])
and define w,(€) =Y jc;, Ba(€)yj and 8, = [|v,(€) —wy(€)]|.

Let us present a theoretical analysis of the proposed robust meta-algorithm for computing the
distance between two polytopes. Our main goal is to show that under some natural assumptions
this meta-algorithm terminates after a finite number of steps and returns an approximately (in
some sense) optimal solution of the problem (2).

We start our analysis by showing that if on nth iteration of the meta-algorithm the vectors
o, (€) and B, (&) are such that

(D ay —
rlrenlil o, () =0, %IJI,,IB" (e)=0 4.4)
(i.e. at least one of the coefficients of each of the corresponding convex combinations is zero),
then on Step 2 of the meta-algorithm the approximate distance decay condition 6, < 6, holds
true. Therefore, the meta-algorithm increments n and moves to the next iteration without exe-
cuting any other steps.

Lemma 4.9. Suppose that diam(P) + diam(Q) > 0,

diam(P)2 diam(Q
diam(P)? + diam(Q

max {Z(diam(P) +diam(Q) +dist(P,Q))e, \/ \/max{O 4e6) — 282}}

<n< 2min{diam(P) ,diam(Q)*} (4.5)

and the algorithm <7 with € > 0 satisfies the following approximate optimality condition: for
any polytopes H = co{hy,...,h,} CR? and Z = co{zy,...,zs} C R? one has

.
Zoc h—Zﬁ sz<dlstHZ)+€
i=1 j=

Yo=Y =1, a@ g >0 vij

i=1 j=1
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where (a,B) = <:(H,Z). Let also for some n € N the stopping criterion is not satisfied on
nth iteration of Meta-algorithm 4, equalities (4.4) hold true on Step 1, and 6y, < 6 for any
ke {0,1,...,n—1}. Then for 6,1 computed on Step 2 one has 6,1 < 6,.

Proof. Part 1. Let us first show that 6; > € for any k € {0,...,n}. Indeed, suppose by contra-
diction that 6; < € for some k € {0,1,...,n}, that is, ||vi(€) —wi(€)|| < €. Let (v, wy) be an
optimal solution of the problem (2). Then obviously ||v. —w.|| < ||vi(€) —wi(€)|| < €, which
yields

[vi(€) —wi(e) = (vi —wi)|| < 26

Therefore by Proposition 4.8 for any i € I and j € J one has

(vi(€) —wi(€),xi —vi(€)) > —2(diam(P) + diam(Q) + dist(P, Q))S,
(wi(€) —vi(€),y; — wi(€)) > —2(diam(P) + diam(Q) + dist(P,Q))e.

Hence with the use of the first inequality in (4.5) one can conclude that the pair (vi(€),wi(€))
satisfies the stopping criterion of Meta-algorithm 4 (see Step 1 of the meta-algorithm), which
contradicts the assumption of the lemma that the meta-algorithm performs nth iteration and the
stopping criterion is not satisfied on this iteration.

Part 2. Let us now prove the statement of the lemma. By our assumption the stopping
criterion is not satisfied on nth iteration. For the sake of shortness, below we will consider
only the case when p,, < —n and p,, < —1. The proof of the cases when either p,, > —n or
Pyn = —M essentially coincides with the proof of Lemma 2.14.

By condition (4.4) and the definition of indices iy, € I, and j;, € J, one has

a,gil")(e) =0, ﬁrgjln)(g) =0,

which implies that

i€ b \{in}}, wa(e) €co{y;|j€d\ Ljn}}-

Hence by the definitions of P, and Q,, ;| (see Step 1 of Meta-algorithm 4) one has v,,(€) € P,

Define

va(€) € co {x,-

xn(t) = (1 =1)vn(€) +1xi5,,  yu(T) = (1 = T)wn(€) + Ty,
Note that x,(7) € P+ forany 7 € [0, 1] and y,(7) € Qp+ for any T € [0, 1] due to the definitions
of P11 and Qp+ 1.
For any 7 € [0,1] and 7 € [0, 1] one has
£, = [xa(t) =y (D) = [[va(€) —wale) |
20 (0n(E) = walE) i3, — 10 (€)) + 2200 (E) — v (€), 3, — WalE))

—2t7(vn(€) _xiznvwn(g) _yj2n> +t2||vn(8) _xi2n||2 ||2

2
+7T ||Wn(8) — Yjon
Estimating the inner products and the norms from above one gets

f(t,7) < 62 +2tpyy + 2Py, + 2t T diam(P) diam(Q) + #* diam(P)* 4 72 diam(Q)*.
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Let ¢, = n/2diam(P)? and 7, = n/2diam(Q)>. Note that , € (0,1] and 7 € (0, 1] due to the
second inequality in (4.5). Observe also that

3n? 3n n
T < 2 —
flt2) < 6, 4diam(P)2 ~ 4diam(Q)?  2diam(P) diam(Q)

2 2

PCTNE G SR U N S G I S
" 2 \diam(P)? diam(Q)? 2diam(P) 2diam(Q)/
Hence applying the first inequality in (4.5) one gets that

diSt(Pn+l7Qn+l)2 S min f(taf) S f(t*>f*)

t,7€[0,1]
2 1 1
<g2_1" 62 — 26y + £
D) <diam(P)2+diam(Q)2) <O SRETE

which implies that dist(P,1,Q,+1)* < (6, — €)?, thanks to the inequality 6y > 6; > ...6, > &€
that holds true by our assumption and the first part of the proof. Hence with the use of the
approximate optimality condition on algorithm .7 one has

Ops1 = [[Vns1(€) —=wnp1 (&) < dist(Prs1, Ops1) +€ < O,
which completes the proof. 0

Remark 4.10. It should be noted that the lemma above holds true regardless of whether 6y, 0, ..., 6,,
and (o, (€), Bn(€)) were computed on Step 2 or via the coefficients correction method. In partic-

ular, it holds true even if the equalities (4.4) are satisfied for (a,(€), B, (€)) that was computed

by the coefficient correctness method and not directly computed by the algorithm .o7.

With the use of the lemma above one can easily verify that if the algorithm .7 is such that
its output (o, (€), Bu(€)) = (P, Qy) always satisfies equalities (4.4), then Meta-algorithm 4
never executes the coefficients correction method and terminates after a finite number of steps.
The straightforward proof of this results is based on Lemma 4.9 and in essence repeats the proof
of Theorem 2.17. Therefore, we omit it for the sake of shortness.

Theorem 4.11. Let {,m > d + 1, diam(P) + diam(Q) > 0, inequalities (4.5) hold true, and
the algorithm of with € > 0 satisfy the approximate optimality condition from Lemma 4.9.
Suppose also that for any polytopes H = co{hy,...,h,} CR? and Z = co{z1,...,z:} C R? with
r,s > d+1 there exist i € {1,...,r} and j € {1,...,s} such that for (a,B) = <% (P,Q) one
has o) = ﬁ(j) = 0. Then Meta-algorithm 4 is correctly defined, never executes Step 3 (the
coefficients correction method), terminates after a finite number of iterations, and returns a
pair (v, (€),wn(€)) € P x Q such that

[Va(€) =wn(€) = (e —=wi)[| < /21, [[va(€) —wale)]| < dist(P, Q) + /27,
where (vi,wy) is an optimal solution of the problem ().
Let us finally provide sufficient conditions for the correctness and finite termination of Meta-

algorithm 4 in the general case. These conditions largely coincide with the corresponding con-
dition for Meta-algorithm 2 for finding the nearest point in a polytope.

Theorem 4.12. Let {,m > d + 1, diam(P) 4 diam(Q) > 0, inequalities (4.5) be satisfied, and
the following approximate optimality conditions hold true:
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; j=1

(1) for any polytopes H = co{hy,...,h,} CR? and Z = co{zy,...,zs} C R? one has
1
.

Yal=Y gW=1, a® >0 vij
i=1 Jj=1

WUy BU)z| < dist(t1.2) e,
1
()

where (a,B) = </ (H,Z);
(2) if for some n € N Meta-algorithm 4 executes Step 1 of the coefficient correction method,
then Tici, 1y = 1 and ||y = wa(©)|] < [[va(€) — wale)

; similarly, if for some n € N

Meta-algorithm 4 executes Step 3 of the coefficient correction method, then Y ;c; }/,gl) =1

and ||y —va(€)|| < |[va(€) —wa(e)]l;

(3) if for some n € N the vectors x;, i € I,,, are affinely independent and Meta-algorithm 4
executes Step 1 of the coefficient correction method, then Ymin < 0, similarly, if for some
n € N the vectors yj, j € Jy, are affinely independent and Meta-algorithm 4 executes
Step 3 of the coefficient correction method, then Ypin < 0,

(4) if for some n € N Meta-algorithm 4 executes Step 2 (Step 4) of the coefficients correction

method, then

I x Y(")(xi—xk)H<u, Y 400
icl,\{k} icl,\{k}
(H )y %j)(yj_)’k)"<w, y y(j>7,é0)’

jeda\{k} j€\{k}

where v > 0 is computed on Step 2 (Step 4) (if n = 0, then only the second inequality
should be satisfied).

Then Meta-algorithm 4 is correctly defined, executes the coefficients correction method at
most once per iteration, terminates after a finite number of iterations, and returns a pair
(va(€),wy(€)) € P x Q such that

[Va(€) =wn(€) = (v =wi)[| < /21, [[va(€) —wale)]| < dist(P, Q) + /27,
where (vi,wy) is an optimal solution of the problem ().

The proof of this theorem is essentially the same as the proof of Theorem 2.20. That is why
we omit it for the sake of shortness.

4.3. Numerical experiments. The acceleration technique for methods for computing the dis-
tance between two polytopes described in Meta-algorithm 4 was verified numerically for various
values of d, ¢, and m. Let us briefly describe the results of our numerical experiments.
We set £ = m and for each choice of d and ¢ randomly generated 10 problems. Average com-
putation time for these problem was used to assess the efficiency of the acceleration technique.
The problem data was generated similarly to the case of the nearest point problem. First, we
generated 2¢ points {x1,...,xy} and {y1,...,y¢}, uniformly distributed over the d-dimensional
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FIGURE 5. The results of numerical experiments in the case d = 3 for quadprog
routine (left figure) and the ALT-MDM method (right figure).

cube [—1,1]¢. Then these points were compressed and shifted as follows
x=(1+001x" 22 29 vie{1,... 0,

yj=(=1+0015" 52 59 vie{1,... 0,

so that the polytopes P and Q do not intersect. Numerical experiments showed that this partic-
ular problem is especially challenging for methods for computing the distance between poly-

topes.
Without trying to conduct comprehensive numerical experiments, we tested the accelera-

tion technique on 2 methods: a modification of the MDM method for computing the distance
between polytopes called ALT-MDM [17], and the method based on solving the quadratic pro-

gramming problem

N R VCIER I N LI
(Iéllé’l) EH,ZTOC xi—jz’lﬁ yjH subject to
4 14
Yai =1, o >0, icl, Y pi=1, pYW>o0, jeJ
j=1

with the use of quadprog, the standard MATLAB routine for solving quadratic programming
problems. We used this routine with default settings. The inequality Ay (ug, vi) + A, (ug, vi) <
10~* was used as the termination criterion for the ALT-MDM method (see [17]). The number
of iterations of this method was limited to 10°.

Both, the ALT-MDM method and the quadratic programming method were implemented “on
their own” and also incorporated within the robust acceleration technique (Meta-algorithm 4).

The initial guess for the meta-algorithm was chosen as
lo=Jo={l,....d+1}, PRy=co{xy,...,xa41}, Qo=co{yi,...Yas1}

We also set 7 = 107+,
The results of numerical experiments are given in Figures 5-6. Let us point out that these

results are qualitatively the same as the results of numerical experiments for the nearest point
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FIGURE 6. The results of numerical experiments in the case d = 10 for
quadprog routine (left figure) and the ALT-MDM method (right figure).

problem given in Section 2.4. Therefore, the discussion of numerical experiments from Sec-
tion 2.4 is valid for Meta-algorithm 4 as well.
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