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Abstract. In order to prove the existence of periodic solutions of dissipative systems in Banach spaces in the
absence of uniqueness, a general notion of a Hausdorff measure of noncompactness is introduced in quasi-uniform
spaces. A corresponding class of “condensifying” maps is defined which is shown to be equivalent to maps which
have a “uniform” (pre)compact attractor. The results are used to prove that each dissipative and condensing on
bounded subsets map has a compact attractor. In particular, the corresponding system has a periodic solution.
Most results apply to single- and multivalued maps, even to monotone maps of power sets or not necessarily
monotone sequences of sets, and also the connectedness of certain attractors is discussed.
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1. INTRODUCTION

The main aim of this paper is to show the existence of compact attractors for “condensing”
dissipative systems in Banach spaces (Theorem 8.6). In Section 2 (Theorem 2.4) we show how
this leads to new results about periodic solutions of such systems. Although to the author’s
knowledge all these results are new even in the single-valued case, the results hold also in the
multivalued case. In fact, our approach is to consider limits of sequences of sets which leads us
to consider “uniform” attractors: Although it is not a direct hypothesis, the main ingredient for
our proof of the main result (Theorem 8.6) are uniform attractors for which we obtain various
characterizations in Theorem 7.20 in terms of measures of noncompactness. Hence, in the
sense, Theorem 7.20 can be considered as the abstract main result of the paper.

In this connection, we point out that the classical notion of a measure of noncompactness
and of “condensing” maps is closely tied to a metric on the space. For our point-set topological
considerations, it is more natural to ignore the metric and to deal only with its induced uniform
structure.
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Hence, we introduce in Section 4 a new notion of a “Hausdorff measure of noncompactness”
on quasi-uniform spaces (which is actually a family of sets): This new notion is more natural
for our considerations and also more natural if one deals e.g. with locally convex spaces, even
in the metric case. The author believes that this new notion is of independent interest and will
turn out useful also in many other situations.

This new notion allows us to introduce a class of “condensifying” maps in a very natural
manner (Section 5) which sheds some new light on the well-known class of condensing maps.
In fact, we show in Section 6 that strictly condensing maps and even condensing maps have this
property. (The reason for the terminology “condensifying” is that, roughly speaking, all maps
which are compactifying [9, 28] also have the property that they are condensifying if restricted
to a neighborhood of their fixed point set. In this sense, being “condensifying” is a weaker
requirement than being condensing or than being compactifying.) The mentioned main result
about uniform compact atttractors (Theorem 7.20) actually turns out to be a characterization of
these “condensifying” maps.

Our approach allows us to consider not only attractors for iterations of single- or multivalued
maps but even of monotone maps of power sets like F(M) = conv(f(M)U{0}) which yields
compact attractors for f with additional invariance properties. Although such monotone maps
of power sets seem to be a rater natural framework for attractors, it seems not to be widely
studied in literature yet.

As a curious side result of our considerations, we obtain also nontrivial sufficient conditions
for the connectedness of certain “canonical” attractors which generalize a classical result of
Kuratowski for complete metric spaces. Although in the particular case of compact Hausdorff
spaces this is well-known, it seems to be new even in case of compact (non-Hausdorff) spaces.
However, the main novelty of our result arises of course in the noncompact case.

We point out once more that the main results (in particular Theorems 2.4 and 8.6) seem to be
new even in case of a single-valued map F in a Banach space: Our apparently technical con-
siderations of multivalued maps and uniformities actually simplify the formulation and proofs.
For instance, one would have technical problems to speak about iterates of the restriction of a
map F: X — X to a set B C X which is not necessarily invariant under F while this is clear for
a multivalued map F: X — X if empty values are allowed (cf. Theorem 8.5).

In order to motivate why results about the existence of compact attractors are of interest, we
briefly sketch in the next Section 2 why our result implies that dissipative systems have periodic
solutions (under natural additional hypotheses).

It is somewhat remarkable that, although most of our results are essentially of a point-set
topological nature, we need never require any sort of continuity of the involved maps (except
for the sketched sample application in Section 2 where we also want to apply a fixed point
theorem).

2. PERIODIC SOLUTIONS OF DISSIPATIVE SYSTEMS
Consider in a Banach space X = X X --- X X}, the system
X = f(t,x), (2.1)

where f: R x X — X is continuous and 7-periodic with respect to the first variable. Such a
system is called dissipative if there is some D > 0 such that for each solution x there is some 7,
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with
x| <D (£ >1). (2.2)
The following result is classical, see e.g. [17, Theorem 39.3] or [29, p. 172-173].

Theorem 2.1. Suppose X = R" and that (2.1) is dissipative and has for each initial value at
most one solution. Then (2.1) has a T-periodic solution.

The classical proofs are based on the fact that, due to the local compactness of R” and the
uniqueness, problem (2.1) is actually uniformly dissipative with some constant D > 0, i.e. such
that the constant #, in (2.2) can be chosen uniformly for all solutions with initial value of norm
at most D. Then Browder’s fixed point theorem is applied for the translation operator 7; which
associates to each initial value at time ¢ = O the solution of (2.1) at time t = 7.

In the lack of uniqueness, a classical result [5] implies that, under natural assumptions, the
(multivalued) translation operator 7% is the composition of an upper semicontinuous multivalued
map with acyclic values (in C([0, 7],R")) and of a single-valued continuous (evaluation) map.
Meanwhile, many generalizations of that result are known [12, 20], in particular also for an
infinite-dimensional Banach space X and for more general problems like e.g.

¥ e f(t,x), (2.3)

see, e.g., [1, 2, 16]. In particular, T; is admissible in the sense of Gorniewicz [10]. Moreover,
in case X = R", the map T is of course compact, and in case of infinite-dimensional X, the
map 7r is often at least condensing; see, e.g., [2, Theorem II1.4.16]. Since a degree theory
with the mod-p-property is known for such maps 7; [7, 9, 11, 28] (this theory is based on the
deep theory of chain approximations [26]), one could in principle prove some sort of Browder’s
fixed point theorem and thus a generalization of Theorem 2.1 for infinite-dimensional X without
assuming uniqueness and for the more general problem (2.3), provided one assumes that (2.3)
is uniformly dissipative.

However, a much simpler proof for Theorem 2.1 was suggested in [3]: Instead of using fixed
point theorems of Browder type, one can use asymptotic fixed point theorems, i.e. for maps with
a compact attractor. One such asymptotic fixed point theorem is the following from [2, p. 97]
which we cite without going into details of the definitions:

Theorem 2.2. Let X be an open subset of a Fréchet space and let F: X —o X be an admissible
condensing (on bounded sets) map with a compact attractor. Then the Lefschetz set A(F) is
well defined, and if A(F) # {0} then F has a fixed point. The latter is in particular the case if
X is the whole Fréchet space.

Forerunners (and partial generalizations) of this result are contained in [24, 25] and in [9, 28]
for single- and multivalued maps, respectively. Theorem 2.2 not only has the advantage that its
proof is much more elementary than the proof of generalizations of Browder’s theorem based
on the sophisticated theory of chain approximations and the mod- p-property. It has also the ad-
vantage that, in our above considerations, we can relax the hypothesis of “uniform dissipativity”
to “initial dissipativity”:

Definition 2.3. Problem (2.1) or (2.3) is initially dissipative if there is a constant D > 0 such
that for each initial value xo € X there is a constant z,,, such that all solutions satistying x(0) = xo
satisfy ||x(7)|| < D for all £ > t,,.
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Clearly, we have the implications
uniformly dissipative = initially dissipative —> dissipative.

Moreover, in case of uniqueness (i.e. if for each x( there is at most one solution x satisfying
x(0) = xp) the last two properties are of course equivalent.

If X = R", then the closed ball with radius D > 0 is for initially dissipative problems a
compact attractor for F := Tz, and so Theorem 2.2 applies which shows that Theorem 2.1 holds
also in the lack of uniqueness, provided one assumes that the problem is initially dissipative.
However, using the result of this paper, we obtain a generalization also in infinite-dimensional
X. We point out that this result seems to be new even in case of single-valued 7;, since we
require in this case only dissipativity without any uniformness.

Theorem 2.4. Let X be a Banach space. Suppose that Problem (2.1) or (2.3) is such that the
translation operator Ty : X —o X is admissible and condensing on bounded sets. If the problem
is initially dissipative, then it has a T-periodic solution.

Proof. By Theorem 8.6, F := T;: X —o X has a compact attractor and thus a fixed point by
Theorem 2.2. O

3. NOTATIONS

Let X and Y be sets. By 2X and 2" we denote the corresponding power sets. We are mainly
interested in maps F : 2X — 2 where we usually assume that F is monotone. By the latter, we
will always mean monotonicity with respect to the subset relation, i.e.

AlCACX = F(Al)gF(Az)gY.

If F is a self-map, the symbol F"* always denotes the n-th iterate, where we define F/ 0.—id, the
identity map.

We use the symbol F: X — Y to denote a multivalued map from X to Y, i.e. F associates to
each x € X a (possibly empty) subset of Y, denoted by F(x). For a multivalued map F: X —Y,
it is usual to define the image and the large preimage by

FA):=|JF(x) (ACX),
XEA
FT(B):={x€X:F(x)NB# 0} (BCY),

respectively. Note that, by the first of these conventions (which is actually a slight misuse of
notation, because we use the same symbol F'), each single- or multivalued map F: X — Y can
be understood as a monotone map F : 2X 5 2¥ However, not each monotone map F': 2X 0¥
is generated in such a way. For example, if X is a topological vector space and Fyp: X — Y, then
the monotone map F: 2X — 2Y defined by

F(M) := Sonv(Fy(M) U {y0}) G3.1)

with a fixed yp € Y, is not generated from any map G: X — Y (except in some pathological
cases). Actually, this example is the main reason why we consider such general monotone
maps F: 2X — 2¥ as we explain now. If Fy: X —o X is a multi-valued map of a closed con-
vex subset of a topological vector space and if the monotone map (3.1) has the property that
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K =0 F"(X) is relatively compact (and thus compact) then K is a nonempty compact con-
vex subset satisfying Fy(K) C K, and so standard variants of Schauder’s fixed point theorem can
be applied for Fy: K — K. Note that the precompactness of K can be shown if Fj is condensing.
This argument proves in particular the celebrated fixed point theorem of Darbo [6] (and exten-
sions thereof, e.g. in locally convex spaces). More general, in the context of degree theory (or
so-called 0-epi maps), one frequently uses similar considerations concerning iterates of maps
of the form

F(M) :=conv(Fo(MNQ)UV) (3.2)
with certain fixed sets Q C X,V CY; see, e.g., [27]. This motivates why we are interested also
to study iterates (and attractors) of general monotone F: 2X — 2X and not only of multivalued
maps F: X —o X or even only of single-valued maps F: X — X. For F: X — X, we use of
course the symbols id = F° and F” to denote the multivalued maps F”: X —o X which generate
the iterates of F”': 2X — 2X (i.e., we keep the slight ambiguity in notation).

Clearly, one can identify F': X — Y with its graph

Graph(F) :={(x,y) e X xY :y € F(x)}.

Note that, conversely, to each subset U C X x Y there is a multivalued function Fyy: X — Y
with Graph(Fy) = U. For this reason, we will tacitly identify F with its graph without any
further distinction, i.e. F: X —o Y means also ' C X x Y and vice versa. Toeach U C X x Y,
one associates the inverse

U li={(yx)eYxX:(xy) eU}.

For example, with the above identification, we have F*(B) = F~!(B) (for F: X — ¥ and
BCY).
It will be convenient for us to describe (quasi-)uniformities in terms of multivalued functions.

Definition 3.1. Let X be some set. A family %/ of multivalued maps U: X — Y is a quasi-
uniformity on X (and the pair (X, %) a quasi-uniform space) if % is a filter on X x X, i.e.

(1) U,V € % impliesUNV € %, and

RQUeZ andUCVCXxXimplyV e %,
and if each U € 7% has the following properties:

(1) x € U(x) for each x € X.
(2) There is some V € % with V2 C U.

If additionally U ~! € % for each U € % , then % is a uniformity (and (X,% ) a uniform space).

It is well-known that each quasi-uniform space is in particular a topological space when one
defines the neighborhoods of a point x € X as the sets U(x) (U € % ). Since we are mainly
interested in metric spaces, we are also mainly interested in uniformities. However, our reason
to consider quasi-uniformities instead of uniformities is that every topology can be generated
in such a way, see [8, Section 2.1]. In contrast, topological spaces which can be generated by
uniformities are precisely the 73, spaces. This advantage of quasi-uniformities will become
relevant in particular in Corollaries 7.16 and 7.17.

Recall that each topological group (and thus in particular each topological vector space with
the addition as group operation) is a uniform space (with the same topology) where %/ consists
of all sets U C X x X which contain a set of the form {(x,y) € X x X : y~!x € O}, where O is a
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neighborhood of the neutral element. It is also known that (X, %) is a uniform space if and only
if there is a family D of pseudometrics on X (i.e., in contrast to a metric, it is not required that
d is finite or that d(x,y) = 0 implies x = y) such that D generates %, i.e., such that U C X x X
belongs to %/ if and only if there are € > 0 and finitely many dj,...,d, € D with

{(x,y) eX xX :di(x,y) <efori=1,...,n} CU.

Actually, it can be arranged that each d € D assumes only finite values. If the filter %7 has a
countable base, D can clearly be chosen to consist of only one element. An analogous result
holds for quasi-uniform spaces if we consider a so-called quasi-metric which is not required to
be symmetric [8, Section 1.5].

Of particular interest for us is the case of a metric space, but it will make no difference to
consider the more general case of a g-quasi-pseudometric, i.e. d: X x X — [0,0] is assumed to
satisfy only (for all x,y,z € X)

(1) d(x,x) =0

(2) d(x,2) < q-(d(x,y) +d(y,2))
where ¢ is a finite constant. If additionally d(x,y) = d(y,x), we speak of a g-pseudometric. An
example where the choice g = 1 is not possible in general is L,(S) (0 < p < 1) with

)= ([ o) -6y as) "

In this example, d is a 21/ P-pseudometric. It is easily checked that D := {d} induces a quasi-
uniformity as above, and that the topology induced by d corresponds with the topology of that
quasi-uniformity. By the above remarks, we have in particular:

Proposition 3.2. For each g-(quasi-)pseudometric there is a 1-(quasi-)pseudometric assuming
only finite values inducing the same (quasi-)uniformity and thus the same topology.

In the above example, such an equivalent 1-pseudometric is given by

d(xy)i= [ () =y(s)1” .

In the case of a g-quasi-pseudometric d there is a certain correspondence between the quasi-
uniformity and (0, e]. For simplicity, we use the same letter d to denote this correspondence:

Definition 3.3. Let d be a g-quasi-pseudometric on X. For € € [0, 0], we use the notation
Uge = {(x,y) EX xX :d(x,y) <€},

and we denote by d(€) the family of all sets U C X x X satisfying Uy ¢ CU.
Conversely, for U C X x X, we put

d(U) :=sup{e [0, :U cd(e)} =sup{e €[0,00] : Uy e CU}.
Note that for € = 0, we always have U € d(0), i.e. the supremum is defined.
It follows from the very definition:

Proposition 3.4. The uniformity %/ generated by a g-quasi-pseudometric d is the union of the
sets d(€) (¢ > 0). In particular, U C X x X belongs to % if and only if d(U) > 0.

It will turn out that the Hausdorff measure of noncompactness will be in a natural correspon-
dence with precompact sets:
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Definition 3.5. Let (X,% ) be a quasi-uniform space. Then M C X is precompact (with respect
to 7/) if and only if for each U € % there is a finite set N C M with M C U(N).

In the case of a g-quasi-pseudometric space X this means that for each € > O there is some
finite e-net N C M. The latter means, by definition, that for each y € M there is some x € N
such that d(x,y) < €.

Recall that a filter .% on a quasi-uniform space (X, %) is a Cauchy filter if for each U € %
there is some x € X with U(x) € .#. (X, %) is called complete if each Cauchy filter converges.
If the quasi-uniformity is induced by a g-quasi-pseudometric (and thus is actually induced by
a quasi-metric) this is the case if and only if each Cauchy sequence converges, see [8, Sec-
tion 7.33]. Recall in this connection that if %/ is a quasi-uniformity, a sequence x,, € X is called
a Cauchy sequence if for each U € % there is some x € X such that x,, € U(x) for all except
finitely many n.

A set M C X is compact if and only if M is precompact and complete with respect to the
induced quasi-uniformity

Uy ={UNMxM):Uec«}.
In particular, if X is complete, then a closed subset is compact if and only if it is precompact.

Note, however, that the nontrivial implication of the just mentioned two equivalences requires
the (uncountable) axiom of choice.

Proposition 3.6. In ZF (without AC) the following statements are equivalent:

(1) PI (Boolean prime ideal theorem: “every Boolean algebra contains a prime ideal”).
(2) Every filter is contained in an ultrafilter.

(3) Each product of compact Hausdorff spaces is compact.

(4) Each precompact complete quasi-uniform space is compact.

(5) Each precompact complete uniform Hausdorff space is compact.

Proof. The equivalence of the first three statements is well-known, see [21] (for the formulation
in terms of ultrafilters see e.g. the discussion in [22]). If every filter is contained in some ultra-
filter, then the proof of [8, Section 3.24] shows that every precompact complete quasi-uniform
space is compact. Conversely, suppose that each precompact complete uniform Hausdorff space
is compact. If X = []; X; with compact Hausdorff spaces X;, then the topology on each X; is in-
duced by a uniquely determined uniformity. Hence, there is a corresponding product uniformity
on X which induces the product topology. Since each X; is precompact and Hausdorff, a stan-
dard calculation shows that X is precompact and Hausdorff. Similarly, each Cauchy filter .#
on X induces a Cauchy filter .%; on each Xj; since .%; has a unique limit point x; in X; (because
X; is Hausdorff and complete), we can define a point x € X by x := (x;); without using AC. A
standard calculation shows that .# has the limit point x. Hence, X = [];X; is complete (and
precompact) and thus compact, by hypothesis. U

Although it is known that PI is logically strictly weaker than AC [13], PI is (like AC) in the
author’s opinion still an unnatural axiom for applications of analysis in physics. Thus, unless
stated explicitly, we will only work in ZF with the so-called axiom of dependent choices (DC)
which allows only countably many recursive choices and thus allows to prove all “standard”
results of analysis. In particular, we will not use any of the (equivalent) statements of Proposi-
tion 3.6 without further remark.
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4. THE HAUSDORFF MEASURE OF NONCOMPACTNESS IN QUASI-UNIFORM SPACES

Throughout this section, let (X, %) be a quasi-uniform space, and ¥ C X.

Definition 4.1. For M C X, we define the fine quasi-uniform Hausdorff measure of noncom-
pactness of M C X with respect to Y as the family

Hy (M) :={U € % : There is no finite set N C Y with M CU(N)}.
The smaller the family .7 (M) is, the more precompact is M:

Proposition 4.2. (1) If M is precompact then .7¢;(M) = 0.
(2) Conversely, if .74 (M) = 0 for some ¥ C M then M is precompact.
(3) If % is a uniformity and J#° (M) = 0 for some Y C X then M is precompact.
4) If M C M, and Y7 D Y, then %/?(Ml) - %‘;(Mz)
(5) In particular, if 7/ is a uniformity then .7¢;(M) = 0 if and only if J#° (M) =0 (M C
Y CX).
(6) IfU € 5 (M) and V € % satisfy V C U then V € J4°(M).

Proof. Only the third claim is not immediate. Thus, assume % (M) =0, and let U € % .
Choose some V € % with V2> C U. Since % is a uniformity, we have W :=V NV~ ¢ %.
Since W € % \ 7 (M), there is a finite set No C Y with M C W (Np). Let Ny = {y1,...,yn} be
the collection of all y € Ny which satisfy W (y) "M # 0. Since W (No \N1) M =0, we have M =
W(No) "M CW(Ny). Fork=1,...,n, choose some x; € W(y)NM. Then N := {x,...,x,} CM
satisfies Ny C WT(N) = W—I(N) = W(N), and so M C W(N;) C W2(N) C V*(N) C U(N).
Hence, M is precompact. U

In view of the last property of Proposition 4.2, it might be tempting to consider the comple-
ment Fy (M) := % \ 767 (M) as a filter which measures the noncompactness of M (i.e. with the
inverse order as is usual for filters: the larger the filter the smaller the measure). Indeed, by the
above observation and since .Zy (M) C %, one clearly has

(1) X xX € ZFy(M).

(2) Uy,...,U, € Fy(M) implies Uy N ---NU, # 0.

B)Ue Fy(M)andU CV C X x X implies V € J4°(M).
Unfortunately, .%y (M) is in general not a filter, even if % is a uniformity. Although the above
properties imply that .7y (M) is a base of a filter, this filter contains no information about M as
the following disappointing observation shows. (Note in this connection that all our definitions
are only useful if Y is infinite.)

Example 4.3. Let Y contain at least two points. Then for each M C X the filter generated by
the set Fy (M) := U \ 77 (M) is % .

Proof. Let yy,y; € Y satisfy y; # yo. For U € % define U; := U U ({y;} x X) (i=1,2). Then
Ui(yi) 2 M, and so U; € Fy(M). Hence, U = U; N U, (recall y; # y;) belongs to the filter
generated by Fy (M). O

Hence, it does not seem appropriate to consider any other concepts from the theory of filters,
but (as we do) to consider the family 7" (M) (or the “almost-filter” .#y(M)) as the measure
itself.
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For the case that % is induced by a g-quasi-pseudometric d, one can of course measure this
family by the (possibly infinite) number

xy (M) :=sup{d(U):U € #y (M)} . (4.1)

Here and in the following we use the conventions sup( := 0 and inf( := . By this convention
and Proposition 3.4 it is clear that

xr(M) =0 < ' (M) = 0.

The quantity yy is indeed what is usually called the Hausdorff measure of noncompactness with
respect to Y (with respect to the g-quasi-pseudometric d):

Proposition 4.4. xy(M) = inf{€ > 0: M has a finite e-netin Y} ( € [0,00]).

Proof. Let S denote the right-hand side. Assume first yy (M) > S. Let S < & < € < yy(M).
Then M has a finite g-net N C Y. Hence, for each U € % satisfying d(U) > €, we have
U(N) C M and thus U ¢ %7 (M). Consequently, yy (M) < &, a contradiction

Conversely, assume S > xy(M). Let xy(M) < € < S. Then U := U, ¢ does not belong to
67 (M), since otherwise yy (M) > d(U) > €. Hence, there is a finite set N C Y with M CU(N).
By the definition of U this means that N is a finite €-net. Hence, S < €, a contradiction. O

In view of (4.1), one might be tempted to think that, in the case of g-quasi-pseudometric
spaces, the Hausdorff and the fine quasi-uniform Hausdorff measure of noncompactness share
practically the same properties. However, this is not true, since the formula (4.1) contains a
“sup”. Roughly speaking, #° is a much finer “measure” than ). For example, in contrast to
the Hausdorff measure of noncompactness xx the fine quasi-uniform Hausdorff measure J7y
can “measure the difference in noncompactness” of the open and closed unit ball in a normed
space X.

Example 4.5. Let B be the open unit ball in an infinite-dimensional normed space X, and
let 0 €Y C X. Then % (B) # 2 (B). More precisely, U := {(x,y) e X XX : [[x—y| < 1}
belongs to 5 (dB) C .77 (B) but not to H,(B) 2 Ay (B).

Proof. The second claim follows from B C U(0). For the first claim, assume by contradiction
that there is a finite set N C X such that U(N) contains the unit sphere dB. Then X, := spanN
is a finite-dimensional subspace, and so a well-known variant of Riesz’s Lemma implies that
the unit sphere dB contains some “orthogonal” element xy with dist(xp,Xp) = 1. In particular,
xo ¢ U(N), a contradiction. O

In particular, 7 (M) # (M) in general, although it is well-known that yx (M) = xx (M)
for each M C X. Similarly, 27 is lacking another useful property which x has in case of an
1-quasi-pseudometric space: The definition of .77° is not equivalent to the definition

Ay~ (M) :={U € % : There is no precompact set N C Y with M CU(N)},
as the following example shows.

Example 4.6. Consider Example 4.5 with X = cp. Then there is a countable compact set N C B
with B C U(N). In particular, U € % (B) \ 747 (B) foreach Y with BC Y C X.
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Proof. Each element of ¢y assuming only values in {0,+1} is an eventually 0 sequence, and so
the set of these elements is countable. Let {x; : k= 1,2,...} C B be an enumeration of this set,
and put
N S
N = {ﬂ'k_ 1,2,...} CB.

Then N is the union of a null sequence with {0} and thus compact. For each x = (&,),, € B there
is some index ny with |&,| < 1 for all n > ny. There is some k such that x; = (1),), satisfies
Nn = sgné&, for n < ng and 0, := 0 for n > ng. Hence, ||x —x;/(2k)|| < 1, i.e. x € U(x¢). Thus,

BCU(N). O

Remark 4.7. Although the same construction works also in X =/, (1 < p <o), itis not clear
whether Example 4.6 holds for each separable Banach space, because for an arbitrary dense set
{xt: k=1,2,...} C Bitis not necessarily true that B C U(N).

To get rid of the problems of Examples 4.5 and 4.6, we choose the following variant of J#°
to define the Hausdorff measure of noncompactness in a uniform space:

Definition 4.8. The left/right quasi-uniform Hausdorff measure of noncompactness and the
quasi-uniform Hausdorff measure of noncompactness of M C X with respect to ¥ C X are
defined by

H; (M) :={U € % : Thereis V € % withVoU € J¢; (M)},
A" (M) :={U € % : There is W € % withU oW € 37 (M)}, (4.2)
Hy (M) :={U € % : There are V,W € % withVoU oW € J&° (M)}, 4.3)

respectively.

The definition immediately implies
A (M) C A5 (M) C A5 (M). (4.4)

The above definitions do not have the disadvantages of Examples 4.5, 4.6, or both, respec-
tively, although we still have the connection with the usual Hausdorff measure of noncompact-
ness:

Proposition 4.9. For each M,Y C X, we have

Hy (M) =, (M), (M) = (M), (4.5)
and in (4.2) and (4.3) one may equivalently replace .7¢;° (M) by .7¢;°(M). In particular,
Hy (M) C A" (M) C A7 (M) C A7 (M). (4.6)

Moreover, in Proposition 4.2 and, if X is an 1-quasi-pseudometric space also in (4.1), one can
equivalently replace .7#° by any of %, 7>, or H.

In particular, 5 actually measures the non-precompactness and shares the above mentioned
nice properties with y. For this reason, .7 can indeed be considered as the “quasi-uniform
Hausdorff measure of noncompactness”.

Proof. For the first claim, note that for each V € % there is some Vy € % with VO2 C V. Hence,

if M C (VyoU)(N) then M C Vo((VooU)(N)) C (VoU)(N). Thus VoU € (M) implies
VooU € 77 (M), and the same statement holds of course if one replaces U by U o W.
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For the second claim, choose similarly for W € %/ some W, € % with WO2 C W and note that
for each precompact set N C Y there is some finite set Ng C N C Y with N C Wy(Np). Hence, if
M C (UoWy)(N) then M C (U oWy)(Wo(No)) C (UoW)(Ny). Thus, U oW € 7° (M) implies
U oWy € 7°(M), and the same statement holds of course if one replaces U by Vo U.

The first inclusion of (4.6) is part of (4.4), and the second inclusion follows from the second
claim which we had proved above. The last inclusion follows from the fact that each finite set
1s precompact.

Now we prove the claim about Proposition 4.2. If M C X is precompact then .73 (M) = 0, and
50 (4.4)/(4.6) implies that also ./ (M), 7,F (M), 75" (M) = 0. Conversely, let some of the sets
H1(M), 5 (M), 55 (M) be empty; by (4.4)/(4.6) we have 7 (M) = 0. For each U € %,
there are V,W € % with V2 C U and W2 C V. Since W ¢ % (M), we have VoW oW & 2% (M),
and since VoW oW C V2 C U, this implies U ¢ 767 (M). Hence Proposition 4.2 implies
that U is precompact. The proof of the other claims of Proposition 4.2 for &, %, > is
straightforward.

The claim about (4.1) follows in view of (4.4)/(4.6) from the fact that for each Uy € 747 (M)
and each € < d(Uy) there are U,V,W € % with d(U) > e and VoU oW C U and thus U €
4 (M); hence also U € (M), 7#° (M) by (4.6). O

If 7%/ is a uniformity or if Y C M, the following result is an immediate consequence of Propo-
sition 4.2/4.9. However, in general, a separate proof is needed.

Proposition 4.10. For each M,Y C X either none or all of the 10 sets 54 (M) = (M),
Ay (M) =, (M), 55 (M), %*( ), 57 (M), #5° (M), 77 (M), and £ (M) are empty.

Although an elementary proof might be given, we postpone it until we have shown the more
general Propositions 5.2 and 5.6.

We show now that all of the above definitions yield different sets, in general, even for normed
spaces. Since (as we already have seen) J4° (M) # (M) in general, (4.5) implies J#° #
A, . The following example shows that 7, (M) # 5, (M) in general, and thus 77"
T,

Example 4.11. Consider in Example 4.5 the set
Uo:={(x,y) € X x X : [lx—y[| <1/2}U({0} x B).
Then Uy belongs to 7,7 (dB) C 4,7 (B) C 57 (B) but not to 747 (B) 2 ¢, (B).

Proof. The second statement follows from B C Uy(0). For the first statement, observe that
Uy € % and put

—{(x,y) eX XX :||x—y| <1/2}. 4.7)
Then Uyo Wy C U € J%°(dB) by Example 4.5, and so Uy € 7, (dB). O

The following examples imply the remaining inequalities J#° # 1 and #~ # -
Example 4.12. The set U in Example 4.5 satisfies U € J%°(B) \ /4 (B).

Proof. U € 77 (B) has been shown in Example 4.5. For each V € % the sets (V oU)(0) and
(U oV)(0) both contain

{xeX :|x]| <d(U)+d(V)} 2B,
andso VoU,UoV ¢ 57 (B). Hence, U ¢ ;- (B). O



12 M. VATH

Example 4.13. In Example 4.5, the set

U :={(x,y) eXxX :[lx—y|| < 1/2} U | ({x} x span{x})
x#£0

belongs to 7%, (dB) C %, (B) but not to 4, (X) D 2#(X) 2 74 (B).

Proof. ForeachW € 7% the set W (0) is a neighborhood of 0, and so U; (W (0)) =X, i.e. UjoW ¢
5 (X). Hence, Uy ¢ 7,7 (X).

Let Wy € % be defined by (4.7). Assume by contradiction that there is a finite set N C Y
with dB C (WyoU)(N). As in Example 4.5, we find for X, := span(N) by a variant of Riesz’s
Lemma some xo € dB with dist(xg,Xp) = 1. Since xo € Wy(U;(N)), there is some yy € U;(N)
with ||xo —yo|| < 1/2. Since in particular dist(yg,N) > dist(xo,N) — 1/2 > 1/2, the definition
of U implies yy € spanN = Xy and thus dist(xo,Xo) < [[x, —yo|| < 1/2, a contradiction. Since
Uy € % , we thus have shown Wy oU; € %7 (dB), hence U € 7, (dB). O

It is well-known that if X =Y is a normed space (and even in more general situations) the
formula

Xy (convM) = xy(M) (M CX)
holds. The reader should be warned that an analogous result fails for each of the “quantities”

HC°, 7, A and . For example, if M is the unit sphere in an infinite-dimensional normed
space, then .75 (M) does not contain the set

Ui={(xy): [x =yl <1/2} U ({0} x M),
because M C U(0) while a similar argument as in Example 4.5 shows that U € .75 (conv M).

5. CONDENSIFYING MAPS

As announced in the introduction, we are interested in iterates of monotone maps F': X 40X
(which are considered as generalizations of maps F': X — X or F': X — X). The crucial role
will be played by the sets X, := F”(X) which in view of the monotonicity of F are monotoni-
cally decreasing. However, as far as possible, we work with arbitrary sequences of sets X,, C X
which are not necessarily decreasing.

5.1. Condensifying Sequences. Throughout this section, let (X, % ) be a quasi-uniform space,
Y C X, and (X,), be a sequence of subsets of X. Actually the following definition was the moti-
vation to define /7y (M) as a family of sets. Although we will soon give a characterization also
in terms of the “classical” Hausdorff measure of noncompactness, it appears that this definition
is much more natural and convenient (even if X is a metric space).

Definition 5.1. The sequence (X)), is called condensifying (with respect to Y) if

AU 4 x0) =0,

n k=n

almost condensifying (with respect to Y) if

U ﬁ Ay (Xy) =0,

n k=n
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and weakly condensifying (with respect to ) if
(4 (%) =
n

Clearly, each condensifying sequence is almost condensifying, and each almost condensify-
ing sequence is weakly condensifying.

For decreasing sequences (i.e. X+ C Xj,) the three definitions coincide. Indeed, Proposi-
tion 4.2/4.9 implies 74 (X,,+1) C v (X,) for all n. However, in general, it seems to be a good
idea to consider (at least) the three cases of Definition 5.1; the reason will become clearer in
Proposition 7.4. Our first observation is that the particular choice of the Hausdorff measure
plays no role here.

Proposition 5.2. In Definition 5.1, one may equivalently replace J# by any of J#*, J#°, or
J°.

Proof. In view of (4.4) and (4.6), it suffices to show that any (weakly/almost) condensifying
sequence satisfies

NUA X =0, UN 400 - ﬂ%”y (5.1)
n k=n n k=n
respectively. Thus, let (X)), be (weakly/almost) condensifying, and let U € % . Choose V € %
and W € % withV2C U and W2 C V. By hypothesis, we find some index n with W ¢ 73 (X;)
for k = n, infinitely many k, or for all k > n, respectively. In particular, VoW oW ¢ J7°(X;).
Since VoW oW C V2 C U, this implies U ¢ %7 (X;) for all the corresponding k. This shows
the respective property of (5.1). 0

In case of a g-quasi-pseudometric space, the following result shows that one can rewrite the
above definition in terms of the usual Hausdorff measure of noncompactness. However, the
above definition will be more convenient for our purposes (and is possible even if %/ is not
induced by a quasi-pseudometric).

Proposition 5.3. Let X be a g-quasi-pseudometric space. A sequence (X,), is condensifying
with respect to Y if and only if

lim 2y (X,) =0, (5.2)
n—oo
almost condensifying with respect to Y if and only if
liminf yy (X,) =0, (5.3)
n—soo

and weakly condensifying with respect to Y if and only if
inf xy (X,) = 0. (5.4)

Proof. We apply Proposition 5.2. If (X,), is not (almost/weakly) condensifying, then there is
some U € 7% such that U € 7 (X,,) for infinitely many n (almost all n/all n). Put € :=d(U) >
0 (Proposition 3.4). For each n with U € J47(X,), we have xy(X,) > € by (4.1). Hence,
limsup xy (X,) (or (5.3)/(5.4), respectively), is bounded from below by € > 0.

Conversely, suppose that (5.2) (or (5.3)/(5.4)) is false. Then there is some € > 0 such that
Xy (X,) > € for infinitely many n (almost all n/all n). For each such n, we find by (4.1) (and
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Proposition 4.9) some U, € J(X,) with d(U,) > €, i.e. Uy C U,. Hence, Proposition 4.2

implies Uy ¢ € 54 (X,) all these n, i.e. (X,), is not (almost/weakly) condensifying. O
For later reference, we write down two simple but useful properties.

Proposition 5.4. (X)), is condensifying with respect to Y if and only if (X},), is condensifying
with respectto Y.

Proof. This follows immediately from (4.5). 0J

Proposition 5.5. If ¥, C X,, and if (X,,), is (almost/weakly) condensifying with respect to Y
then so is (¥;,).

Proof. 7 (Y,) C % (X,) by Proposition 4.2/4.9. O

As one might expect, there are relations between (weakly/almost) condensifying sequences
and the precompactness/empty Hausdorff measure of noncompactness of the respective topo-
logical limit sets

limX, := () [ X (5.5)
" n k=n

limX, :=_J ) X (5.6)
n n k=n

and (), X,. The precompactness of the limit sets lim, X, C lim,, X,, will be obtained in Proposi-
tions 5.9 and 7.8, respectively, under some additional requirements which are sufficient or nec-
essary for condensifying sequences, respectively (the latter under a further hypothesis). How-
ever, the precompactness of the third set is rather immediate.

Proposition 5.6. Let (X,,), be weakly condensifying with respect Y C X. Then %7 (N, X,) = 0.
In particular, if % is a uniformity then (), X,, is precompact.

Proof. For each U € % there is some V € % with V> C U. By Proposition 5.2, there is some
ny with X, ¢ 77 (V). Hence, there is a finite set N C Y with X,,, C V(N), and so

(X C Xy CV(Xay) CV(V(N)) CUN),

ie. U ¢ (N, Xn). The last claim follows from Proposition 4.2. O
Proposition 5.2/5.6 contains the earlier announced Proposition 4.10 as a special case.

Proof of Proposition 4.10. 1f one of the sets mentioned in Proposition 4.10 is empty, then Propo-
sitions 5.2 and 5.4 imply that the constant sequence X, := M is condensifying. By Proposi-
tion 5.6, we obtain 7% (M) = 0 (and thus also 74 (M) = 0). Hence, (4.4) and (4.6) imply that
each of the sets mentioned in Proposition 4.10 is empty. U

It will become clear later on why it is sometimes useful to restrict our considerations to
countable subsets.

Lemma 5.7. Let % be a uniformity. (X,), is (almost/weakly) condensifying with respect to Y if
and only if for each choice of countable subsets C, C X, the sequence (Cy), is (almost/weakly)
condensifying with respect to Y .
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Proof. One implication follows by Proposition 5.5. For the converse implication, suppose that
(X,)n is not (almost/weakly) condensifying. We find by Proposition 5.2 some U € % which
belongs to .74} (X, ) for almost all  (some n/infinitely many n). Choose V;,V, € % with V12 cUu,
V22 C Vi, and put W :=V, N V{l. For each n with U € J%7°(X,), we will show that there is
an (at most) countable set C, C X,, such that W € 74°(C,). Hence, the claim follows from
Proposition 5.2.

If there is some x € X, such that there is no y € ¥ with x € W(y), then the set C, := {x}
already has the required property W € J#°(C,). Thus, assume that for each x € X,, there is
some y € Y with x € W(y).

Now we choose inductively sequences xi, y; according to the following rule. If xq,..., x| €
X, and yp,...,yx—1 € Y are already chosen, note that Ny := {y1,...,»x—1} C Y is finite (or
empty). Since U € 447 (X,) (and thus X, is not precompact by Proposition 4.2, in particular
nonempty), we find some x; € X, \ U(Ny). By our assumption we also find y; € X such that
X € W (k).

We claim that C,, := {x,x2,...} has the required property W € J#7°(C,). Assume by con-
tradiction that there is a finite set N C Y with C, C W(N). Then there is some y € N such that
W (y) contains infinitely many of the elements x, in particular there are k; < ky with x;, € W (y)
(i=1,2). Since xz, € W(y,) and W CV, C sz C Vy, we have

Xy EW(y) SWW ™ (x1,)) SVa(Valxi, ) SVE(W (k) S Vi(Vilye,)) € U (ky)-
and so xg, € U(Ny,) C U(Ng,—1), contradicting our choice of the sequence (xy ). O

Corollary 5.8. Let (X, %) be a uniform space and M C X. If M is not precompact then there
is a countable subset C C M which is not precompact.

Proof. Apply Lemma 5.7 with Y := X and the constant sequence X, := M, and observe that
Propositions 4.2 and 4.9 imply that A C X is precompact if and only if % (A) = 0 and that
(M) = 76 (M). 0J

Another sufficient criterion is sometimes convenient. To formulate it, we introduce the further
notation
Finy (X,), := {UN,, : N, C X, NY is finite for every n} (5.7)
n

Proposition 5.9. Let % be a uniformity and assume that all sets in Finy (X,), are precompact.
Then the following holds:

(1) If X,, C Y C X for infinitely many n, then (Xj,,), is condensifying with respect to Y.

(2) lim, (Y NX,) is precompact.

Proof. To see the first claim, assume by contradiction that (X)), fails to be condensifying. Then
there is some U € % and a sequence n; — oo such that X, CY and U € J47(X,,) for all k.
By induction on k = 1,2,..., we define a sequence x; € X, C Y. as follows. If xq,...,x_;
are already defined, we note that My := {xy,...,x_1} (M; := 0) is a finite subset of Y. Since
U € 67 (Xy,), it follows that the set X, \ U(My) is not empty and thus contains some xy.

For the thus defined sequence, we put C := {xj,x,...}. Since C is the union of the sets
{x} € X, CY, we have C € Finy (X,),. Hence, our hypothesis implies that C is precompact.
Choose some V € % with V2 CU. Then W :=VNV~! € %. Since C is precompact, we
find some finite N C Y with C C W(N). However, for each y € N there is at most one k with
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x, € W(y). (Hence, W(N) contains x; for at most finitely many k& which is a contradiction.)
Indeed, assume that there are k; < k» and y € N with x;,,x;, € W(y). Theny € W1 (x,), and
SO
Xy €W () SW(W ™ (x1,)) S V() S U (x,).
Since xi, € My, , this implies x;, € U (M, ) which contradicts our choice of xy, .
To see the second claim, assume that

lim(Y NX,) €)Y NX)
n n k=n
fails to be precompact. By Corollary 5.8, we find a countable C C Y NJ, i, Xk which is not
precompact. However, since for each x € C and each n, we find some k > n with x € X;, we can
by induction write C as a union of singletons Ny, = {x,} where x, € YNX; and k; <ky <---,
and so C € Finy (X,),, contradicting our hypothesis. O

6. CONDENSING MAPS

In connection with fixed point theory, condensing maps have a long history. On a metric space
X, one essentially distinguishes between strictly condensing maps F : X — X which satisfy

xx(F(M)) <kxx(M) (M CX) (6.1)

with some k < 1 (typical examples are compact perturbations of contractions), and condensing
maps which satisfy

ax(F(M)) < xx(M) (M CX, xx(M)>0). (6.2)

If xx(X) < oo (i.e. if diamX < oo) then the latter is considerably less restrictive as it can be
shown that, generically, condensing maps fail to be strictly condensing. It is easily seen in case
xx (X) < oo that every strictly condensing map satisfies

lim 2x(F"(X)) =0

and thus Proposition 5.3 implies that its induced map of power-sets is condensifying in the
following sense (with Y = X).

Definition 6.1. A map F: 2X — 2X is (weakly/almost) condensifying with respect to Y if the
sequence (F"(X)), is (weakly/almost) condensifying with respect to Y.

However, in many situations (e.g. if F involves an integral operator of vector-valued func-
tions), one can usually obtain good estimates of type (6.1) only for countable sets M, see
e.g. [4, 14, 16, 18, 23]. Moreover, one can often obtain such estimates only if one replaces
Xx by another measure of noncompactness, e.g. by the Kuratowski measure o of noncompact-
ness (recall that ot(M) is the infimum of all € > 0 such that M can be covered by finitely many
sets of diameter at most €). Finally, if e.g. X is a locally convex space, it is more natural to
consider families of measures of noncompactness which are induced by an appropriate family
of seminorms. Sometimes one might also want to replace the function ¢(r) := kr occurring
in (6.1) by another function with ¢(r) < r.

We will show now that, roughly speaking, in all these situations maps which are only strictly
condensing in such a generalized sense are condensifying. Moreover, we will show that, surpris-
ingly, even maps which are only condensing (in a certain generalized sense) are condensifying.
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Since the details of the generalizations differ, these results do not strictly contain each other,
and we treat them in separate sections.

6.1. Strictly Condensing Maps. In order to deal with Fréchet spaces or, more general, with
locally convex spaces, we recall that the uniformity on such a space is generated by a family of
(usually much simpler) uniformities in the following way.

Definition 6.2. Let / be some nonempty index set. A family (%;);c; of (quasi-)uniformities %;
on X generates a (quasi-)uniformity %/ by the following definition: A set U C X x X belongs
to 7 if and only if there are a finite set Iy C I and U; € %; (i € Ip) such that

(UicU. (6.3)
i€l
The family (%);e; is almost directed if for each finite set Iy C I and each choice U; € %; (i € )
the set (N, Ui belongs to % for some j € I.

Remark 6.3. The family (%;);c; is almost directed if it is totally ordered with respect to set
inclusion. This is typically the case in examples of locally convex spaces X which occur in
applications (if %; denotes uniformities generated by appropriate seminorms). We will give a
typical example later on (Example 6.8).

Note that in Definition 6.2 one clearly always has

Uucu. (6.4)
i€l

The inverse inclusion is equivalent to the fact that (%;);c; is almost directed:

Lemma 6.4. The family (%;)ic; is almost directed if and only if it generates the quasi-uniformity
U = Uier U

Proof. If (% )ier is almost directed, then for each U € % there is some V € %; with V C U for
some j € I. Since % is a filter, this means U € %;. Hence, equality holds in (6.4). Conversely,
if equality holds in (6.4) and if Iy C [ is finite and U; € %; (i € Ip), then U := (;¢;, U; belongs
to 7, and so there is some j € I with U € %;. O

Proposition 6.5. Let a quasi-uniformity % on X be generated by a family (%;);e;. LetY C X,
and let (X, ), be a sequence of subsets of X.
(1) If (X,), is (almost/weakly) condensifying with respect to Y in (X,% ) then (X,), is
(almost/weakly) condensifying with respect to Y in each (X,%;) (i € I).
(2) If (X,), is (almost/weakly) condensifying with respect to Y in each (X,%;) (i € I) and
if (%)icr is almost directed, then (X)), is (almost/weakly) condensifying with respect
toY in (X, %).

Proof. Let ¢, and 4y denote the (fine) quasi-uniform Hausdorff measure of noncompact-
ness with respect to Y in (X, %).

Let (X,), be (almost/weakly) condensifying with respect to Y in (X,%/), and let i € I. Let
U € %. By (6.4), we have U € %, and by Proposition 5.2, we have U ¢ .7°(X,,) for almost all
n (infinitely many n/some n). For each such n, we thus find a finite set N C X with X,, C U(N),
and so U ¢ 75 (X,) 2 6 y(X,). Hence, (X,), is (almost/weakly) condensifying with respect
toY in (X,%).
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Conversely, let (X,), be (almost/weakly) condensifying with respect to Y in each (X, %)
(i€1), and let (%;)ic; be almost directed. Let U € % . By Lemma 6.4, there is some index j with
U € %;. By Proposition 5.2, we have U ¢ 7"y (X,) for almost all n (infinitely many n/some n).
For each such n, we thus find a finite set N C X with X, CU(N), and so U ¢ 74 (X,,) 2 7 (Xy,).
Hence, (X,), is (almost/weakly) condensifying with respect to Y in (X, %;). O

Definition 6.6. Let I' be a class of maps y: 2X — [0,00], and let F: 2X — 2% and ¥ C X. We
write I' = ¢ if for each sequence of sets X,, C F"(X) with X, C X, for all n we have
<lim ¥(X,)) = 0 for each y € r) — A (X,) = 0.
n—roo n

We write I' =% 7y if the above holds under the additional hypothesis that each X}, is a countable
set.

Clearly,
U= 4 = T =5 4.
The notation is explained by the following test which for all practical purposes suffices to verify
the above property.

Theorem 6.7. Let the quasi-uniformity % on X DY be generated by an almost directed family
(%)ict, and let F: 2% —2X and Y C X. LetT = {y; : i € I} where y;: 2X — [0, ] are such that
for each i € I the following holds.

Y; is induced by a qi-quasi-pseudometric d; such that for the corresponding Hausdorff mea-
sure of noncompactness X;y with respect to Y the implication

ILIH %(Xn) =0 = inf %i,Y(Xn) =0 (6.5)

holds for each sequence of (countable) sets X, C F"(X) with X+ C X, for all n.
ThenT" = Jty (or I' =% Ay, respectively).

Note that if ' is monotone then (6.5) holds in particular if there is a finite constant C; and a
number n; with
Xi,Y (M) S C,’}/I(M) (66)
for each (countable) M C F"i(X). This explains our notation I" >y 7.
Note that (6.6) holds e.g. in case Y O F"(X) if ¥; denotes the Kuratowski measure of non-
compactness with respect to the g;-quasi-pseudometric d;.

Proof of Theorem 6.7. Let (X,), be a family of (countable) sets with X, C F*(X), X,11 C X,,
and

lim 5(X,) =0 (i€l

n—oo

We are to show that (X)), is weakly condensifying with respect to Y with respect to the quasi-
uniformity % . Since (%;)ic; is almost directed, it suffices by Proposition 6.5 to show that, for
eachi € I, (X,), is weakly condensifying with respect to ¥ with respect to the quasi-uniformity
;. Since (6.5) implies (5.4), this follows from Proposition 5.3. ]

The following typical example shows that Fréchet spaces but also spaces which are not even
locally convex fall under our consideration with very natural choices for I'. In particular, in
case of Fréchet spaces, the family I" in this example is defined in terms of a generating family
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of seminorms and not in terms of the metric (in contrast to the usual Hausdorff measure of
noncompactness).

Example 6.8. For 0 < p < oo, let I C (0,00) be unbounded, and let
X := L}D"C(R) = {x|x: R — Resatisfies x[_; ; € Lp([-i,i]) (i €I)},

endowed with the uniformity %/ generated in the obvious way by the family of g-quasi-pseudo-
norms

elii= ([ o as)” en

or, equivalently, by the g-pseudometrics

d(x,y) := i. |x(s) —y(s)|? ds (iel).

—1
Let I = {7 :i € I} where % is either the Hausdorff measure of noncompactness (with respect
to d; or with respect to ||-||.) or some other equivalent measure of noncompactness (e.g. the
Kuratowski measure of noncompactness).
Then I':= {v;:i € I} = 5 and thus also T’ =% % whenever F': 2X — 2X is monotone
and Y C F"(X) for some n.

Proof. The claim is an immediate consequence of Theorem 6.7. Note that the exact definition
of ¥ (e.g. whether it is an equivalent measure of noncompactness or defined with respect to d;
or with respect to || - ||.) plays no role, since we only need the property (6.5) which is obviously
satisfied in all these cases.
Observe that the corresponding family (%;);c; of uniformities is indeed almost directed by
Remark 6.3, because
i<j= UCU (i,j€lI).
U
Definition 6.9. Let I" be a class of maps y: 2% — [0,00]. A map F: 2X — 2 is strictly monoton-

ically T'-condensing if for each y € T there is a function ¢y : [0,o0] — [0,c0] which is continuous
from the right and satisfies ¢, (r) < r on (0,0) and

YMNF(M)) <@(y(M)) (M CX). (6.7)
F 1is strictly monotonically countably I'-condensing if instead of (6.7) we require
Y(CNGCy) < @y(Y(C)) (C CX,CyC F(C) countable).
As remarked earlier, in most applications one will actually have ¢y (r) = kyr with some ky €
[0,1).
In order to deal with countable subsets in case of monotone maps F: 2X — 2¥ which do not
stem from a multivalued map F: X — Y, we need another definition:

Definition 6.10. F: 2X — 2Y is of finite/countable type if for each M C X and each y € F (M)
there is a finite/countable set Cy C M with y € F(Cy).

Maps of countable type are general enough to contain all multivalued maps F: X — Y and,
moreover, all maps of the form (3.1) or (3.2):

Example 6.11. (1) If F 1s of finite type, then F is of countable type.
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(2) Each multivalued map F': X —o Y is of finite type (even if it assumes empty values).

In fact, for each y € F(M) there is some x € M with y € F(x), i.e. one can choose the
singleton Cy := {x}.

(3) If F: 2X — 2¥ and G: 2¥ — 27 are of finite/countable type and F is monotone, then
also G o F is of finite/countable type. In particular, if F: 2X — 2% is of finite/countable
type and monotone, then so is F" forn =0,1,...

(4) If X is a vector space, then conv: 2X — 2X is of finite type.

In fact, each y € conv M is a convex combination of finitely many elements xy, ..., x, €
M, i.e. one can choose Cy := {x1,...,x,}.

(5) If X is a g-quasi-pseudometric space then id: X —o X, defined by id(M) := M, is of

countable type.
In fact, for each y € M there is a sequence x,, € M with x,, — v, and so one can choose
Cy = {x1 s X2, .. }
(6) If Y is a subset of a vector space and F: X — Y, Q C X, and V C Y are such that
F(M) :=conv(Fy(MNQ)UV) (M CX)

satisfies F(X) C Y, then F: 2X — 27 is of finite type (because it is a composition of
conv with a multivalued map).

(7) If Y is a quasi-pseudometrizable subset of a topological vector space and Fy: X — Y,
Q CX,and V CY are such that

F(M) :=com(Fy(MNQ)UV) (M CX)

satisfies F (X) CY, then F: 2X — 2V is of countable type (because Fj is a composition
of id with a map of finite type).

Theorem 6.12. Let F: 2X — 2X pe monotone and Y C X.

(1) If F is strictly monotonically I'-condensing where I = 7y and if for each y € T there
is some ny with Y(F"'(X)) < eo, then F is condensifying with respect to Y.

(2) If % is a uniformity, F is of countable type and strictly monotonically countably T -
condensing where I =$. Ay, and if for each 'y € T there is some ny with y(C) < oo for
each countable C C F"X), then F is condensifying with respect to'Y .

The proof of Theorem 6.12 is based on the following observation.

Lemma 6.13. Let F: 2X — 2X be monotone and of countable type, and let C,, C F"(X) count-
able. Then there are countable sets D,, C F"(X) with C, C D,, C F"(X) and D,,+1 C D,NF (Dy,)
foralln=0,1,2,...

Proof. Define by inductionon k=0, 1,2,... acountable family of countable sets {Cy o,C 1, ...}
with Cy, € F"(X) as follows. For k =0, put Cy , := Cy, and if {Cy,Cy 1,...} are already de-
fined, observe that foreachn =0, 1,2,... the set Cy 1 is countable and contained in ¥ ntl (X) C
F™(X) and that F"*1(X) = F(F"(X)). Since F is monotone and of countable type, there is a
countable set Cyy1 , € F"(X) containing Cy 1 such that Cy ;1 € F"(Cy41,,). This defines the
family {Cy11,0,Ci+1.1,. ..}, completing the inductive definition.

Now the sets D, := [ J; Cy , have the required properties. Indeed, C, = C, o C Dj, and since
Cpx C F(X) for all k, we have D, C F"(X). Moreover, if x € D11, say x € Cy 11, we have
x € Cgy1 o NVF"(Cy1,0) by construction, and so x € D, N F"(D,) since F" is monotone. O
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Proof of Theorem 6.12. For the proof of the first claim, we put ¥, := F"(X).

For the proof of the second claim, it suffices in view of Lemma 5.7 to show that for each
countable C, C F"*(X) the sequence (C,), is condensifying with respect to Y in this case, we
put Y, := D,, with D,, as in Lemma 6.13 and use C,, C Y¥,, and Proposition 5.5.

In both cases, we thus have to show that (Y;), is condensifying with respect to Y, and we
have

Yn—l—l CYy and Yn+1 - F(Yn>

for all n. Let y € I'. Since F is strictly monotonically (countably) I'-condensing, there is some
@y: [0,00] = [0,00] which is continuous from the right and satisfies ¢y(r) < r on (0,0) and such
that y(Y,+1) < @y(7(Ys)) for all n. By hypothesis, we find some ny such that ry := y(¥,,) < .
An induction by k implies

Y(Ynik) < @p(ry)  (k=0,1,2,...). (6.8)

Note that an induction implies that the sequence ry := (p{ﬁ(ry) is strictly decreasing and thus
convergent from the right to some number ¢ € [0,0). Since ¢y is continuous from the right,
we obtain, passing to the limit k — oo in iy = @y(r¢) that £ = @y(£), and so ¢ = 0. Hence,
q){j(ry) — 0 as k — oo, and so (6.8) implies lim, . Y(¥,) = 0. Since y € I" was arbitrary and
I' =p J (or I =% 7, respectively) we obtain (", 74 (Y,) = 0. Since Y, 1 C Y, for all n this
means that (Y},), is condensifying. O

6.2. Condensing Maps. Throughout this section, we assume that (X,%/) is a quasi-uniform
space, Y C X, and that F : 2X — 2X,

Definition 6.14. Let I'y denote the class of all functions ¥ such that there is a set R equipped
with a partial order < such that y: 2¥ — R has the following properties.

(1) (R,<) is super Dedekind complete, i.e. each nonempty order bounded from above set
M C R has a supremum and there is a countable set C C M with supM = supC.

(2) vis monotone, i.e. A C B C Y implies y(A) < y(B).

(3) y(Cu{y}) = y(C) for each countable C CY and eachy € Y.

We denote by I'y the subclass of all y € I'y which satisfy

Y({xnxe,-3) = v({yny2, - 3)

whenever x,,y, € Y are such that for each U € % there is some ny with (x,,y,) € U for all
n>ny.

The most important example of some y € I'y is the Hausdorff (or Kuratowski) measure of
noncompactness.

Note that typically one will have R = [0,0]” with some index set I (which may depend on 7)
and the coordinatewise order <. Obviously, (R, <) is super Dedekind complete in this example.

Our crucial assumption will involve Finy F := Finy (F"(X)),, where the right-hand side is
defined by (5.7).

Definition 6.15. We call a subclass I" C I'y admissible for F if, for each C € Finy F, there exists
some A € Finy F with y(F(A)) > y(C) (yeT).
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For multivalued maps F: X —o X this is no additional requirement for I". More general, this
is the case for all monotone maps of finite type (Definition 6.10) as the following result shows.
Even for the most important examples of maps of countable type this is no severe restriction on
I'. In fact, we will show that e.g. the maps (3.1) and (3.2) are contained in our considerations.
Nevertheless, the hypothesis is slightly more restrictive than the hypothesis we made in the
previous section.

Proposition 6.16. Suppose that F: 2X — 2X is monotone and of finite type.

(1) If there is some k with F* (X) CY C X then each subclass I C I'y is admissible for F.
(2) Define F: 2X — 2X by

F(M)=FM) (MCX).

If there are kj,k, such that (F)¥1(X) C Y and the restriction of % to (F)*(X) has
a countable filter base (i.e. is induced by a g-quasi-pseudometric) then each subclass
I' C T} is admissible for F.

Proof. Let C € Finy F. Then C = |J,,C, with finite sets C, C F"(X). Since an induction shows
F"1(X) C F"(X), we have for n > k that the set I, := F"~!(X) is contained in F¥(X) C Y.
Since C, C F(I,) and F is of finite type, we thus find a finite set A, C I, C Y with C, C F(A,).
Then A := ;. A, belongs to Finy F, and with the remaining set C, := |J,,<;, C, we have F(A) D
C\ C.. Since C, C C is finite, this implies for each y € I'y that

Y(F(A)) 2 Y(C\C:) = y((C\C) UC,) = ¥(C),

and so each I' C I'y is admissible for F'.

For the proof of the second claim, put X, := (F)"(X), and let Uy,U, ... € % be such that
U;jN (Xk, X Xx,) is a base for the inherited uniformity on X;,. Let C € Finy F, i.e. C =, Cy
with finite sets C, C (F)"(X). For all n > k := max {kj,k,}, we see similarly as above that
Xn—1 C Xy, N Xy, C Y NX, satisfies C, C F(X,—1). For each x € C, choose some y,, x € F(X,)
with (x,y,x) € Ui N---NU,. Since F is of finite type, we find a finite set A, , C X,,_; C Y such
that y, x € F(Ayx). Then A := U, 4 U ec, An.x belongs to Finy F, and

F(A) DAo:={yx:n>k xeCy}.

By construction, we can write Ag = {y1,y2,...} and C = {x1,x,...} such that for each j, we
find some n; with x,,,y, € X, and (x,y,) € Ui for all n > k. Since U; N (X, % Xi, ) is a base for
the inherited uniform structure on Xj,, we thus find for each U € % some n, with (x,,y,) € U
for all n > ny. Consequently, we have for each y € I'y that

Y(C) = y(Ao) < Y(F(A)) < Y(F(A)),
and so each I' C I'y, is admissible for F'. O

Example 6.17. Let X be a metrizable subset of a topological vector space and Fy: X — X and
Q,V C X be such that

F(M):=com(R(MNQ)UV) (M CX)

satisfies F(X) C X. Then F =: Gy for amap Gp: X — X of finite type (Example 6.11), and so
each subclass I' C I'y is admissible for F, provided that F"*(X) C Y C X for some n.
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Definition 6.18. We call F countably condensing with respect to I' C I'y if for each countable
set C C Y which is not precompact and satisfies F(C) C Y there is some y € I" such that

Y(F(C)) £ v(C).
Note that ¥ € I’ may even depend on C.
Now we are in a position to prove that countably condensing maps are condensifying.

Theorem 6.19. Let F: 2X — 2X be monotone and countably condensing with respect to a
countable family I' C I'y which is admissible for F. Then each set in Finy F is precompact. If
U is a uniformity, we have in addition:

(1) Y Nlim, F*(X) is precompact.

(2) If F*(X) CY for some n then F is condensifying with respect to 'Y .

The proof of Theorem 6.19 makes use of the following generalization of [2, Lemma (1.5.30)].
It is not surprising that the proof makes use of such type of lemma, because Theorem 6.19 will
allow us to prove Theorem 7.20 which is a generalization of [2, Theorem (I.5.29)] (whose
proof also depends on [2, Lemma (I.5.30)]). Actually, the idea to use a similar lemma for the
proof of the compactness of (), F"(X) with F(M) := conv(Fy(M) U {xo}) (which in view of
Example 6.17 is contained in the second claim of Theorem 6.19, even for a multivalued map
Fo) goes back to [15] and [27].

Lemma 6.20. Let I' C I'y be a countable family, and let X,,,Y C X. Then there is a set Cr €
Finy (X,,), such that y(Cr) = max{y(C) : C € Finy (X,,),} (y € I), i.e., these maxima actually
exist and are attained for the same set Cr.

Proof. We use the shortcurt Fin := Finy (X;),. Let T = {y,7,...} with 7.: 2X — Ry, and let
My = {y%(C) : C € Fin}. Since %(C) < %(X) for all C C X, the set M; C Ry is order bounded
from above. Hence, sy := sup M exists, and there are countably many Cy 1,Cy 2, ... € Fin with
sk = supU; ¥(Cy,j)- Put Gy := Uy j<m Ck,j- Since a finite union of sets from Fin belongs to
Fin, we have C,, € Fin. Thus, we find finite sets A,, , C X,, with C,, = J,;Amn. The set A, :=
Up<nAm,n 1s finite and satisfies A, C X,,. Hence, Cr := U, Ar = U, U >mAm,» belongs to Fin.

To see that Cr has the required property, let k and j be given. Put m := max {k,j}. Since
Un<mAm,n 1 finite, we have

%(Cr) > Yn( U Am,n> =% (UAmn> = %(Cm) > %(Cy)-

Since this holds for all j, we conclude

sk = sSupMy > %(Cr) > sup Yi(Cr, ;) = Sk
and so 7 (Cr) = s for all k, as required. O
Proof of Theorem 6.19. Let Cr be the set of Lemma 6.20. Since I' is admissible for F', we find
some set A € Finy F with y(F(A)) > y(Cr) (y € T'). Let C € Finy F be arbitrary. Since finite
unions of sets from Finy F' belong to Finy F, we have C¢c := AUCrUC € Finy F. Hence, the
choice of Cr implies, for each y € T,
Y(Ce) <¥(Cy) < V(F(A)) < V(F(Ce)).

Since F is countably condensing with respect to I', this implies that C¢ is precompact, and so
also C C C¢ is precompact. The remaining claims follow now from Proposition 5.9. U
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7. EXISTENCE OF COMPACT UNIFORM ATTRACTORS

For multi-valued maps, it makes sense to distinguish between orbitwise attractors, uniform
attractors, and attractors. While the former means that each orbit is attracted, the other mean that
the attraction is uniform or uniform with respect to the initial value of the orbit. In case of single-
valued maps, orbitwise attractors and attractors coincide, of course. If one considers more
general monotone set-maps or even sequences of sets, only the notion of a uniform attractor
makes sense. Although it might appear redundant to use the word “uniform” in this connection
(since no other type of attractor can be defined in this general setting), we keep this word anyway
to avoid confusion when we will pass later to the setting of single- or multivalued maps.

7.1. Uniform Attractors for Sequences of Sets. Throughout this section, let (X,% ) be a
quasi-uniform space, and X,, C X.

Definition 7.1. A set M C X is an (almost/weak) uniform attractor for the sequence (X, ), if for
each open set O O M we have X, C O for almost all #n (infinitely many n/some n).

M C X is an (almost/weak) uniform % -attractor for the sequence (X,), if for each U € %
we have X,, C U(M) for almost all n (infinitely many n/some n).

Proposition 7.2. Each (almost/weak) uniform attractor M for (X, ), is an (almost/weak) uniform
U -attractor for (X,),. The converse holds if M is compact.

Proposition 7.2 is an immediate consequence of the following well-known observation. For
completeness, we provide a proof anyway.

Lemma 7.3. Let M C X.
(1) ForeachU € % there is an open set O C X withM C O CU(M).

(2) Conversely, if M is compact then for each open O O M there is some U € U with
U(M) CO.

Proof. The first statement follows from the fact that U (M) is a neighborhood of M (i.e. of each
point x € M). For the second statement, assume that M C X is compact, and let O 2 M be open.
For each x € M we find some U € % with U(x) C O and some V € X with V> C U. Then
V2(x) CU(x) C O. Since V(x) is a neighborhood of x, we thus have proved that the family

M = {N : N is open and there are x € M, V € % with x € N C V(x) and V*(x) C O}

is an open cover of M. By the compactness of M, we thus find finitely many Ny,...,N, € .#
and corresponding xy,...,x, € M and Vy,...,V, € % such that

M§N1U-~UN,,QVl(xl)U---UVn(xn)

and sz(xk) CO(k=1,...,n). PutU:=ViN...NV,. For each x € M, we find some k with
x € Vi(xy), and so x; € Vi(x) implies U (x) C Vi (x) C Vi(Vi(xx)) = V2 (xx) C O. Hence, U(M) C
0. O

It is the aim of this section to establish a connection between condensifying (X)), and those
with a (pre)compact uniform %/ -attractor. One of these implications is easily seen:

Proposition 7.4. If (X)), has a precompact (almost/weak) uniform % -attractor M then (X,),
is (almost/weakly) condensifying with respect to each set Y satisying M CY C X.
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Proof. Let U € % . Choose some V € % with V> C U. By hypothesis, we have X,, C V(M)
for almost all n (infinitely many n/some n). Since M is precompact, there is a finite set N C
M CY with M C V(N). Hence, X, C V(V(N)) = V3(N) C U(N) which implies U ¢ %7 (X,)
and thus U ¢ 7% (X)) for almost all n (infinitely many n/some n). This means that (X,), is
(almost/weakly) condensifying. 0

However, even in R, one cannot expect that condensifying sequences (X, ), have some sort
of compact uniform attractor if they are not decreasing as the following example shows:

Example 7.5. Let x,, € X be a sequence without a limit (or even without accumulation points).
Then X, := {x, } is condensifying with respect to X, but there is no precompact (almost) uniform
Y -attractor.

Obviously, the problem in this example is that the sequence of sets Xj, is not decreasing. For
this reason, we will consider the converse implication essentially only for decreasing sequences.
Actually, the following milder requirement will be sufficient.

Definition 7.6. (X)), is % -compactly decreasing (with respect to Y, ¥y C X) if for each U € %
there is some Vi € % with the following property: For each ng there are jy and a set K C X
with 773, (K) = 0 such that

Vy ¢ D K (X)) = O X; CU(K).

n=no J=Jo

Each decreasing sequence X, | C X, is %/ -compactly decreasing. It suffices even that X, C
X, UK or in locally convex spaces even, e.g., X,+1 C conv(X, UK) with a fixed set K C X
satisfying .73, (K) = 0. More general, we have the following sufficient criteria.

Proposition 7.7. (X,,), is % -compactly decreasing with respect to Y, ¥y C X if one of the fol-
lowing holds.

(1) For each n there are jo > m > n and a set K C X satisfying J73, (K) = 0 with

e m
U X; C U)_(kUK.
J=Jo k=n

(2) X is a subset of a topological group Z, and there is a natural number ¢ such that for each
n there are jo > m > n,and amap F': 2Z _ 2Z which is built from at most ¢ operations
of the form A — A, A — A~!, (A,B) — A-B, (A,B) — AUB, composing either previous
results or precompact sets such that F(Y) C ¥y and

o m

U xcr(UX).

J=Jo k=n

(3) If Z in the previous part is a topological vector space (not necessarily Hausdorff), then in
addition the operation A — AA with a set A of scalars is allowed for F if all these scalars
are bounded by c. Moreover, if Z is locally convex, then also the operation A — convA
is allowed for F'.
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Proof. We prove only the last claim, since the proof of the others is similar. Let U € % be
given and choose V = Vi € % such that v cu. Shrinking V' if necessary, we may assume
in addition that there is a balanced (convex) neighborhood C C X of 0 with

V={(x,y) €eX:x—yeC}.
We verify the property of Definition 7.6, putting n = m in our above hypotheses. Suppose that

V ¢ Ur_, 74 (X). In particular, we find for each k = n,...,m some finite set Ny C Y with
Xk - V(Nk). Then

m
K:=F ( v Nk>
k=n
is a precompact subset of ¥y, hence 7 (K) = 0, and

) m
UxcF(Ux) cve &) cu)
J=Jo k=n

For the second inclusion, we used (by induction on the structure of F') that the operations
are compatible with V in the sense that M C V(M), —M C V(—M), V¥ (M) + V* (M) C
Vkitk (M) 4+ My), VRI(My) UVR(My) C VRIHR (M UM,), AV(A) C V'(AA), and (if C is
convex) convV*(M) C V¥(convM). To see the latter, note that the convexity of kC and conv M
implies that also kC + conv M is convex, and so conv(kC + M) C kC + conv M. O

Under the hypothesis of Definition 7.6, we can prove some powerful converse of Proposi-
tion 5.9.

Proposition 7.8. Let (X,), be % -compactly decreasing with respect to ¥, ¥y C X and conden-
sifying with respect to Y. If a set M C X satisfies

M ClimX, U| K,
n

with some K;, C X, where #yuy, (Ky) = 0, then J25; ), (M) = 0. In particular, each set

C € Finyyy, (Xn)n U {limX,,limX,}
n n

satisfies 75y (C) = 0 (hence, C is precompact if 7 is a uniformity).

Proof. For each Uy € % there is some U € % with U 3 C Uy. Choose some Vy according to
U € 7% as in Definition 7.6. By Proposition 5.2, there is some ng such that Vi ¢ U,—,,. 747 (Xy).
With jj as in Definition 7.6, we thus find a set K C X with .7}, (K) = 0 such that

o0
n=ny

U X; cux).
J=Jo
Hence, putting Pj; := U, , K}, we have

M C Pj, U U Xj C Pj,UU(K) CU(Pj, UK) CU(U(Pj, UK)).
Jj=Jjo
Since Proposition 4.10 implies that %"UYO (Pj, UK) is empty and thus does not contain U € %,
there is a finite set N C Y UY, such that Pj, UK C U(N). Hence, M C U*(N) C Uy(N), i.e.
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Ay y, (M) = 0. Proposition 4.10 implies 745y, (M) = 0. The second claim is an immediate

consequence of the inclusion lim, X,, C lim, X,, and of the fact that each finite set K, = N,, C
Y UY) satisfies 7y, (K,) = 0. O

Nevertheless, we will have to require some additional properties on the quasi-uniform space
X to prove the existence of a (pre)compact attractor: Either, we will have to require some sort
of completeness or we assume that %/ is a uniformity and has a countable filter base.

Of course, the set lim,, X,, is a good candidate for a precompact attractor. Nevertheless, even
if this set is nonempty and compact, and if X = R and the set sequence (X)), is decreasing, this
set need not necessarily be a uniform attractor.

Example 7.9. Let X = R. Then X,, := {0} U (n,0) is a decreasing sequence without any pre-
compact uniform % -attractor. Nevertheless, lim, X,, = lim, X,, = {0}.

We will see that it is not accidental that the sequence (X, ), in this example fails to be con-
densifying. In fact, we will see soon that under some mild completeness hypothesis lim, X,,
actually is a uniform attractor if (X, ), is condensifying. Such a completeness hypothesis cannot
be omitted, even if X C R, core, X, is nonempty and compact and (X},), is decreasing.

Example 7.10. Let X := (0,1] and X;, := (0,1/n]U{1}. Then lim, X, = lim, X,, = {1} is not a
uniform attractor for the decreasing sequence (Xj,),.

Nevertheless, in this example (X)), has a precompact uniform attractor (e.g. the whole space
X is such an attractor). This is not accidental. In fact, the following result establishes the exis-
tence of such attractors without any completeness hypothesis, but under a certain metrizability
assumption.

Theorem 7.11. Let (X,), be % -compactly decreasing with respect to Y,Yy C X. Assume in ad-
dition that % is a uniformity with a countable filter base (i.e. it is induced by a g-pseudometric).
Then the following three statements are equivalent and imply the fourth one.

(1) (Xy)n is condensifying with respect to Y.

(2) (Xn)n has a precompact % -attractor M C Y.

(3) (Xn)n has a precompact countable uniform % -attractor M CY.

(4) (Xy)n has a precompact countable uniform % -attractor M € Finy (X,,),, (not necessarily

MCY).

Proof. In view of Proposition 7.4, we only have to show that if (X)), is condensifying with
respect to Y, then also the other statements hold. Put H, := ., 74 (X;). We have (Proposi-
tion 5.2)

(VH.=0,  Hyy1 CH, (7.1)
n=1

Choose some countable filter base Uy, Us,... € % for % . Replacing U, by Uc:=U N---NU
if necessary, we may assume without loss of generality that Uy, C Uy (k=1,2,...). For each
k=1,2,... we find by (7.1) some index n; with Uy ¢ H, (n > ny). Choosing n; inductively,
we can assume that n;, | > n; (k=1,2,...). For each n > ny, let k,, denote the unique index
satisfying ny, < n < ng 41 and observe that Uy € % \ H, C % \ /5 (X,). Hence, there is a
finite set N, C Y with X,, C Uy (N,). Then the set M, := N, N Uk—: (X,) is finite and satisfies

X, CU, (N))NX, CU (M) (n>n). (7.2)
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Since M,, C U,;: (Xn) = U, 1(Xn) is finite, there is a finite set A, C X, (of at most the same
cardinality than M,,) such that
M, CU N A)  (n=m). (7.3)
We claim that the countable sets
M:=|JM,CY and A:= ] A, €Finy (X,)
n=nj n=nj
are precompact uniform %/ -attractors for (X, ).

Let U € % . Choose some V € % with V> € % and note that W :=V NV~ € %. Hence,
there is some ny > n; such that Uy C W whenever k > k;, for some n > ny. By (7.2) and (7.3),
we have for all n > ny; that

Xn C Uy, (My) C Uy, (U ' (A0)) SW (W1 (A,)) CV3(A40)) CU(A,) CU(A),
and
X, C Ux(M,) CUM,) CU(M).
Hence, A and M are uniform %/ -attractors for (X,),. Moreover, A is precompact by Proposi-
tion 7.8, and we have for all n > ny by (7.3) that
M, CU ' (A)) SWH(A,) CU(A).
Hence, putting K := {J,,,,, M, we have
MCKUU(A) CU(KUA).

Since K UA is precompact, this shows U ¢ J¢¢°(M). Since U € % was arbitrary, we thus have
shown that JZ3° (M) = 0, i.e. M is precompact in view of Proposition 4.2/4.9. UJ

Since we do not want to assume completeness of the whole space, we introduce a weaker
form of sequential completeness with respect to the sequence of sets X, C X.

Definition 7.12. X is core-complete with respect to (X,), if each infinite set from Finy (X;,),
with a precompact closure actually has a compact closure.

Recall that these sets are precisely those whose elements consist of sequences x; € X such
that there are ny <np < ... with ny — oo and x; € X,,, and such that {x,x,,...} is precompact.
The set of all accumulation points of such sequences is called the completeness core core, X,, of
the sequence (X},),.

Using the notation (5.5), we have clearly

U m X, C coreX,, C limX,,. (7.4)
k n=k " "

Since lim, X,, is closed, we conclude, using also the notation (5.6), that

limX,, C coreX, C limX,,. (7.5)
n n

n

In particular, if X, 1 C X, for all n, we have

ﬂ)_(n =1imX, = core X, = core X, = limX,, (7.6)
i n n n n
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and so core, X, is closed in this case. In general, it is usually not true that core, X, is closed,
even if the sets X), are closed, because the definition involves only sequences and not arbitrary
nets/filters. However, if the uniformity is quasi-pseudometrizable, we have a much stronger
statement even if the sets X, are not necessarily closed.

Lemma 7.13. Let % be a uniformity with a countable filter base. If X is core-complete with
respect to (X,,)n, then core, X, is closed and complete.

The converse is of course not true, as can be seen in the space X = (0,) with X,, := (0,1/n).

Proof. Since %/ has a countable filter base, it suffices to show that each Cauchy sequence in
core, X, converges to an element in core, X,,. Let (x,,), be a Cauchy sequence with x;,, € core,, X,,.
By definition, we find ny 1 < ngp < --- with ng ,, — 0 as n — o and x; , € X, , such that x;
is an accumulation point of the sequence (xk,n)n. Let Uy,U,,... € % generate a filter base for
7% . Passing to subsequences of (xi,), and (ng ), if necessary, we may assume without loss
of generality that ny , > n. Moreover, using a diagonal argument to pass to a subsequence, we
can also assume without loss of generality that x; ,, € U;(xy) for all n > j. Finally, since (x,),
is a Cauchy sequence we can assume, passing to subsequences of (xi )k, (X )k and (ng )i if
necessary, that (x,,x;,) € Ujforalln,m > j.

Let N = (N1,N2): N — N x N be one-to-one and onto, and put y, := X, (n),N(n) @0d Ky =
N, (n),Ns(n)- Choose mj such that Ny (n),Ny(n) > j for all n > m;. Then k, > j for all n > mj,
and so k;,, — o0 as n — oo. Moreover, we have for all n,m > m; that

Yn € Uiy ny) € Uj(Uj(xn, o)) S UF (U (ym))

Since we find for each U € % some j with UJZ olU j’l C U, the sequence (y,), is a Cauchy
sequence; in particular, {y;,y2,...} is precompact. Since y, € X and k, — oo as n — oo, the
assumption implies that (y,), has some accumulation point x € core, X,,. For V € %, choose
some j with U j_l oU; C V. For infinitely many n, we have

Xny(my €U () S U (U (%)) C V().

We thus have shown that x is also an accumulation point of (a subsequence of our original
sequence) (x,),. Since the original sequence was a Cauchy sequence, we have x,, — x. 0

Recall that a quasi-component Q of a subset M C X is a maximal (with respect to set-
inclusion) set Q C M with the property that the relations

M=AUB, ANB=0, ANB=0 (7.7)

imply that either Q C A or Q C B. In particular, each connected subset of M has the latter
property and thus is contained in some quasi-component, i.e. each connected component of M
is contained in some quasi-component of M.

Theorem 7.14. Let % be a uniformity. Let (X,), be % -compactly decreasing with respect to
Y, Yo C X, and let X be core-complete with respect to (X,),. Assume in addition that for each
C € Finy (X,), and each C C lim, X, the implication

Ay, (C) =0 = C is precompact (7.8)

holds (if % is a uniformity, (7.8) holds automatically also without closures by Proposition 4.2).
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Then the first of the following statements implies all others; in case Y O core, X, (if (7.8)
holds without closures also in case Y O core, X,,) the statements are equivalent.
(1) (Xy)n is condensifying with respect to Y.
(2) (X)n has a precompact uniform % -attractor.
(3) core, X, is a uniform % -attractor for (X,), with a precompact closure.
(4) (If (7.8) holds without closures). core,X, is a precompact uniform % -attractor for
(X
(5) (If % is a uniformity with a countable filter base.) core, X, is a compact uniform at-
tractor for (Xp)p-
(6) 1im, X,, is a precompact uniform % -attractor for (X, ).
Moreover, if one of these statements holds and K C X is closed and complete, core, X,, C K, and
if

K is contained in a quasi-component of X, (7.9)

for infinitely many n, then K is compact and connected.

Proof. Let (X,), be condensifying with respect to Y. By Proposition 7.8, the set B := lim, X,
satisfies 75, y, (B) = 0. By (7.5), the set C := core, X, satisfies C C B, and so also 5y, (C)=
0. Using (7.8), we obtain that C C B are both precompact (if (7.8) holds without closures, also
C is precompact).

We show that C (and thus also B O C) is a uniform %/ -attractor. Assume by contradiction
that this is not the case. Then there is some U € % such that X, is not contained in U(C)
for infinitely many n, i.e. we find a sequence x; € X, \ U(C) with ny — . However, the set
A :={x1,x2,...} belongs to Finx (X,),. By Proposition 7.8, we have 5y, (A) =0, and so A
is precompact by (7.8). Since X is core-complete, the sequence (x;); has some accumulation
point which by definition belongs to core, X,, = C. Hence, x; € U(C) for infinitely many k,
contradicting the choice of the sequence x.

If in addition % has a countable base, then Lemma 7.13 implies that the precompact set
core, X, is actually compact and thus a uniform attractor by Proposition 7.2.

Conversely, if some of the other statement holds, then in particular (X)), has some pre-
compact uniform %/ -attractor (Proposition 7.2). Hence, Proposition 7.4 implies that (X)), is
condensifying with respect to X. By what we have shown, then core, X,, (or even core, X,) is a
precompact uniform % -attractor, and applying Proposition 7.4 once more, we obtain that (X,),
is condensifying with respect to Y if Y D core, X, (or Y D core, X,,, respectively).

To see the last statement of the theorem, note first that the previous results imply that if one
the statement holds with some ¥ C X then (X,), is condensifying with respect to ¥ = X. Note
also that the hypothesis on K implies K C lim, X,,, and so K is precompact by Proposition 7.8
and (7.8). Hence, K is actually compact. Assume by contradiction that K = Ag UA;| with
disjoint nonempty closed (in K and thus in X) sets Ag,A; C X. Since Ag is compact, we find by
Lemma 7.3 some U € % such that U(Ag) C X \ A;. Choose some V € % with V> C U, and let
O C X denote the interior of V(Agp). Then

AgCOCOCV(0)CV(V(Ag)) CU(A) C X\ A (7.10)

Let N denote the set of all indices n satisfying (7.9). For each n € N, we have X,, N d0 # 0.
Indeed, we would otherwise have A := X, MO = X,,N O. Hence, A is closed and open in X,,, and
so also B := X, \ A is closed and open in X,,. This implies (7.7) (with M := X,,), and since K is
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contained in a quasi-component of Xj,, we have either K C A or K C B. But both is impossible,
because (7.10) implies in view of A; C K C X, that Ag CA and A| C B: In particular, K =AgUA;
intersects both of the disjoint sets A and B (since A; # 0) and thus cannot be contained only in
A or only in B.

The contradiction shows that for each n € N there is some x,, € X, N dO. The set {x, :n € N}
belongs to Finy (X)), and thus has a precompact closure by Proposition 7.8 and (7.8). Since
X is core-complete, the sequence (x,),eny has some accumulation point x which by definition
belongs to core, X, C K. In particular, either x € Ag or x € Ay. In view of (7.10) we thus have
either x € O or x ¢ O. In both cases, x ¢ d0. However, this is a contradiction because x is an
accumulation point of a sequence x,, from the closed set dO. U

We obtain as a trivial special case the following generalization of Kuratowski’s classical
result [19] to quasi-uniform spaces. Recall in this connection that each quasi-component of M
is contained in a quasi-component of M.

Corollary 7.15. Let (X, %) be a complete quasi-uniform space. If % is not a uniformity,
assume in addition

H(C) =0 = C is precompact (CCX). (7.11)

Let (X)), be a condensifying sequence of nonempty sets in X satisfying X1 C X,,. Then (), X
is nonempty and compact. Moreover, this set is connected if, for infinitely many n, it is contained
in a quasi-component of X,,.

Proof. Replacing X, by X, if necessary, we may assume without loss of generality that X, =
X, for all n. By (7.6), we have then K := core, X, = (N, Xn- Note that K is closed and thus
complete. By Theorem 7.14, K is precompact (hence compact) and a uniform %/ -attractor for
(X, )n; moreover, K is connected if X, is connected for infinitely many n. Now observe that
K = 0 cannot be a uniform 7%/ -attractor for a sequence of nonempty sets. U

If X is compact, Corollary 7.15 boils down to the following two special cases which are well-
known for a compact Hausdorff space X. However, our arguments did not need any separation
properties, and it seems that even these special cases were unknown (for non-Hausdorff spaces).

Corollary 7.16. Each quasi-component Q of a compact topological space X is connected, i.e.
in X the notions “component” and “quasi-component” coincide.

Proof. Recall that X, := Q is closed, and apply Corollary 7.15, using some quasi-uniformity %/
generating the topology of X, see [8, Section 2.1]. Note that the compactness of X automatically
implies that (X, % ) is complete and that (7.11) holds, because closed subsets of compact sets
are compact and thus precompact. 0

Corollary 7.17. Let X,, be closed subsets of a compact topological space X with X,,.1 C X, for
all n. Then (N, X, is nonempty, compact, and connected if each X,, is connected.

Proof. Apply Corollary 7.15 using some quasi-uniformity %/ generating the topology of X. [

The previous corollaries were our main reason for considering quasi-uniformities instead
of uniformities: Otherwise, the previous corollaries would apply only for those spaces whose
topology stems from a uniform structure; this is precisely the class of 73, spaces.



32 M. VATH

7.2. Uniform Attractors for Monotone Maps of Power-Sets. Let (X, % ) be a quasi-uniform
space.

Definition 7.18. A set M C X is a uniform attractor for a map F : 2X — 2% if for each open set
O C X with M C O there is some index np with F"(X) C O for all n > ng.

M C X is a uniform % -attractor for a map F: 2X — 2X if for each U € % there is some
index ny with F"(X) CU (M) for all n > ny.

Proposition 7.19. M C X is a uniform attractor for F if and only if M is a uniform attractor for
(F™(X))n-
M C X is a uniform % -attractor for F if and only if M is a uniform % -attractor for (F"(X)),.

We call X F-core-complete with respect to F: 2X — 2X if it is core-complete with respect
to (F"(X)),. Recall that this is in particular the case if X is complete. We use the shortcut
core F := core, F"(X) and note that, if F is monotone and thus F"+!(X) C F"(X) for all n, (7.4)
and (7.5) simplify to

[VF"(X) C coreF C coreF C [ |F*(X). (7.12)
n n
Now we can summerize some of our previous results as follows.

Theorem 7.20. Let F : 2% — 2X be monotone, and let % be a uniformity. Then for eachY C X
the first six of the following statements are equivalent and imply the others; if Y = X (or at least
if Y contains the respective attractors) all these statements are equivalent.

(1) F is condensifying with respectto Y.
(2) All sets in Finy F are precompact.
(3) All sets in Finy F and (,, F"(X) are precompact.
(4) (If X is a g-pseudometric space.) ’}glolo xy(F" (X)) =0.
(5) (If X is a g-pseudometric space.) F has a precompact uniform % -attractor M C Y.
(6) (If X is a g-pseudometric space.) F has a countable precompact uniform % -attractor
MCY.
(7) (If X is a g-pseudometric space.) F has a countable precompact uniform % -attractor
M € Finy F.
(8) (If X is F-core-complete.) F has a precompact uniform % -attractor.
(9) (If X is F-core-complete.) core F is a precompact uniform % -attractor for F.
(10) (If X is a g-pseudometric space and F-core-complete.) coreF is a compact uniform
attractor for F.
(11) (If X is complete). core F is a compact uniform attractor for F.
(12) (If X is complete). (N, F*(X) is a compact uniform attractor for F.
(13) (If X is complete and, for infinitely many n, core F is contained in a quasi-component of
F"(X).) core F is a connected compact uniform attractors for F.
(14) (If X is complete and, for infinitely many k, (", F"(X) is contained in a quasi-component
of F¥(X).) N, F"(X) is a connected compact uniform attractors for F.

These statements are satisfied if one of the following holds.
(1) F is strictly monotonically (countably) I'-condensing (and of countable type) where
I' =f & (or ' = 5 ) is such that for each y € I there is some ny with Y(F"(X)) < co
(or Y(C) < oo for each countable C C F"r(X), respectively).
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(2) F is countably condensing with respect to a countable family I" C I'y which is admissible
for F.

We note that if 7 does not have a countable base (i.e. if it is not induced by a g-pseudometric),
we assume the axiom of choice (or at least PI) for the last 4 of the above equivalent statements
for the claim that the respective sets are actually compact uniform attractors; without this axiom,
we claim only that they are precompact complete uniform %/ -atttractors (recall Proposition 3.6).

Proof. In view of Proposition 7.19, each of the implications (implying or requiring that F' is con-
densifying with respect to Y) is just a special case of one of the previous results, keeping (7.12)
and Proposition 7.2 in mind. 0

As remarked earlier, the last statement of Theorem 7.20 contains [2, Theorem 1.5.29]. How-
ever, our result is more general in several respects.

(1) We allow a much wider class of measures of noncompactness, and we require only that
F is countably condensing with respect to a (countable) family of such measures.

(2) We consider monotone set-maps instead of just multivalued maps.

(3) Even in case of multivalued maps, we obtain the existence of a uniform attractor, not
only of an attractor.

In particular, the last statement will be important in the next section for multivalued maps. We
point out that it would not have been possible to prove Theorem 7.20 directly along the lines
of [2, Theorem 1.5.29], because the argument given there only shows that (), F"(X) is compact
for condensing multivalued F'. Unfortunately, even if this set is nonempty and compact, it is in
general not an attractor for F, even if F': X — X is a single-valued continuous map, as can be
seen by the right-shift operator F(&1,&,...) = (0,&1,&,...) in the space X := /. Although
it was known that (", F”*(X) is an attractor if F has precompact orbits (see e.g. [24, Lemma 6]
or [2, Proposition 1.5.9] for the single- or multivalued case, respectively), we could not directly
use such kind of arguments, because we cannot speak about orbits in our situation and because
we want a uniform attractor.

8. EXISTENCE OF COMPACT ATTRACTORS

Throughout this section, let (X,% ) be a quasi-uniform space, and F': X — X be a multival-
ued map. If X is e.g. an unbounded subset of a normed space, then F' will typically not have a
compact uniform attractor, but we will see that often F' will have a compact attractor.

Definition 8.1. A set M C X is an attractor for F: X — X if for each open set O C X with
M C O and each x € X there is some index n¢ , with F"(x) C O for all n > ng .

M C X is a % -attractor for F : X —o X if for each U € % and each x € X there is some index
ny x with F*(x) CU(M) for all n > ny .

Using Lemma 7.3, we obtain immediately:

Proposition 8.2. Each attractor M for F is an % -attractor F'. The converse holds if M is
compact.

In order to show the existence of a compact attractor the following notions will be useful:

Definition 8.3. A set B C X is a collector for F: X —o X if for each x € X there is some index
n, with F"(x) C B for all n > n,.



34 M. VATH

Definition 8.4. The multivalued map F: X — X is called occasionally finite if for each x € X
the set F"(x) is finite (or empty) for infinitely many indices n.

Of course, each single-valued map F: X — X is occasionally finite. More general, each
multivalued maps with finite images F(x) is occasionally finite.

Nevertheless, most multivalued maps occurring in analytic problems fail to be occasionally
finite. For this reason, it is crucial to observe that if the attractor M for the restriction of F' is
uniform, no such requirement is needed in the following result.

Theorem 8.5. Suppose that F: X —o X has a collector B C X. Define FlgNB: X — X by

F(x)NB ifx€B,

: (8.1)
0 ifx€ X \B.

<me8xm:={

Then the following holds for M C X.
(1) If M is a uniform attractor for F|g N B then M is an attractor for F.
(2) If M is a uniform % -attractor for F|p N\ B then M is an % -attractor for F.
(3) If M is an attractor for F|g N\ B and if F is occasionally finite then M is an attractor for
F.
(4) If M is an % -attractor for F|g N B and if F is occasionally finite then M is an % -
attractor for F.

Proof. Let M C X be a (uniform) (% -)attractor for F|p, and let O := U (M) for some U € %
(or let O O M be open, respectively). Let x € X be given. We are to show that there is some
index ng with F"*(x) C O for all n > ny.

By assumption, we find some index n; with F"(x) C B for all n > n;. We show now by
induction on k =0,1,2,... that

FYK)=(F|zsnB)"(K)CB  forallK C |J F"(x). (8.2)
n=ni
Indeed, since By := ;_,, F"'(x) C B, we have for each K C By that id(K) = K C By C B,
i.e. (8.2) holds with k = 0. Assume that (8.2) holds with some k > 0, and let K C By. By
hypothesis, we have F¥(K) = (F|gNB)¥(K) C B, and so
F*(K) = F(FY(K)) = F((F|zNB)"(K)) = (F|z N B)((F|zNB)(K)) = (F|z N B)** (K).
Hence, (8.2) holds with k+ 1 in place of k. This completes the proof of (8.2).

We consider first the case that M is a uniform (% -)attractor for F|p N B. In this case, we find
some index no with (F|gNB)*(X) C O for all k > ny. Using the shortcut K := F" (x), we obtain
in view of (8.2) that

F''*¥(x) = FY(K) = (F|sNB)*(K) C (FzNB)*(X) SO (n>m),
i.e. F'(x) COforall n > ng :=ny +ny.
Now we assume that F' is eventually finite. In this case, we find some index n’1 > ny such that

K := F"1(x) is finite or empty. Since M is a (% -)attractor for F|g N B and since K is finite, there
is some index ny with (F|gNB)*(y) C O for each k > ny and each y € K. Hence, (8.2) implies

F'ik(x) = FEK) = (FIsNB}(K) CO (k> m),
ie. F"(x) C O for all n > njy 1= n) + ny. O
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Combining Theorems 7.20 and 8.5, we obtain:

Theorem 8.6. Let (X, % ) be a complete uniform space, and let F : X — X. Suppose that there
is a collector B C X for F such that the restriction F|pN\B: X —o X defined by (8.1) satisfies at
least one of the following properties for some Y C X.

(1) F|gNB is condensifying with respect to Y.

(2) lim,, e xy ((F|pNB)"(B)) = 0.

(3) F|p N B is strictly monotonically (countably) T'-condensing (and of countable type)
where T " F|pnB Hy (or T i%\BmB Sy ) is such that for each y € T there is some ny
with Y((F|pNB)" (X)) < oo (or Y(C) < oo for each countable C C (F|gNB)"(X), re-
spectively).

(4) F|pN B is countably condensing with respect to a countable family I' C I'y which is
admissible for F|gNB.

If B is complete, then F has a compact attractor in B. If the restriction of % to B is induced by
a g-pseudometric, then F has a countable precompact % -attractor in Y.

If 2/ does not have a countable base (i.e. if it is not induced by a g-pseudometric), we assume
the axiom of choice (or at least PI) for the first claim in Theorem 8.6. Without this axiom, we
claim only that F has a precompact complete % -attractor in B (recall Proposition 3.6).

Proof. Theorem 7.20 implies that F|g N B: B — B has a compact uniform attractor M C B or
that F|[pNB: X — X has a countable precompact uniform % -attractor in Y, respectively. In
both cases, M is a uniform (% -)attractor for F|pNB: X —o X, and so the claim follows from
Theorem 8.5. U

We point out once more that for multivalued maps we were only able to apply Theorem 8.5
in the previous proof because we proved in Theorem 7.20 that the attractor is uniform.
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