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PERIODIC SOLUTIONS OF DISSIPATIVE SYSTEMS AND THE HAUSDORFF
MEASURE OF NONCOMPACTNESS IN QUASI-UNIFORM SPACES
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Abstract. In order to prove the existence of periodic solutions of dissipative systems in Banach spaces in the
absence of uniqueness, a general notion of a Hausdorff measure of noncompactness is introduced in quasi-uniform
spaces. A corresponding class of “condensifying” maps is defined which is shown to be equivalent to maps which
have a “uniform” (pre)compact attractor. The results are used to prove that each dissipative and condensing on
bounded subsets map has a compact attractor. In particular, the corresponding system has a periodic solution.
Most results apply to single- and multivalued maps, even to monotone maps of power sets or not necessarily
monotone sequences of sets, and also the connectedness of certain attractors is discussed.
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1. INTRODUCTION

The main aim of this paper is to show the existence of compact attractors for “condensing”
dissipative systems in Banach spaces (Theorem 8.6). In Section 2 (Theorem 2.4) we show how
this leads to new results about periodic solutions of such systems. Although to the author’s
knowledge all these results are new even in the single-valued case, the results hold also in the
multivalued case. In fact, our approach is to consider limits of sequences of sets which leads us
to consider “uniform” attractors: Although it is not a direct hypothesis, the main ingredient for
our proof of the main result (Theorem 8.6) are uniform attractors for which we obtain various
characterizations in Theorem 7.20 in terms of measures of noncompactness. Hence, in the
sense, Theorem 7.20 can be considered as the abstract main result of the paper.

In this connection, we point out that the classical notion of a measure of noncompactness
and of “condensing” maps is closely tied to a metric on the space. For our point-set topological
considerations, it is more natural to ignore the metric and to deal only with its induced uniform
structure.
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2 M. VÄTH

Hence, we introduce in Section 4 a new notion of a “Hausdorff measure of noncompactness”
on quasi-uniform spaces (which is actually a family of sets): This new notion is more natural
for our considerations and also more natural if one deals e.g. with locally convex spaces, even
in the metric case. The author believes that this new notion is of independent interest and will
turn out useful also in many other situations.

This new notion allows us to introduce a class of “condensifying” maps in a very natural
manner (Section 5) which sheds some new light on the well-known class of condensing maps.
In fact, we show in Section 6 that strictly condensing maps and even condensing maps have this
property. (The reason for the terminology “condensifying” is that, roughly speaking, all maps
which are compactifying [9, 28] also have the property that they are condensifying if restricted
to a neighborhood of their fixed point set. In this sense, being “condensifying” is a weaker
requirement than being condensing or than being compactifying.) The mentioned main result
about uniform compact atttractors (Theorem 7.20) actually turns out to be a characterization of
these “condensifying” maps.

Our approach allows us to consider not only attractors for iterations of single- or multivalued
maps but even of monotone maps of power sets like F(M) = conv( f (M)∪{0}) which yields
compact attractors for f with additional invariance properties. Although such monotone maps
of power sets seem to be a rater natural framework for attractors, it seems not to be widely
studied in literature yet.

As a curious side result of our considerations, we obtain also nontrivial sufficient conditions
for the connectedness of certain “canonical” attractors which generalize a classical result of
Kuratowski for complete metric spaces. Although in the particular case of compact Hausdorff
spaces this is well-known, it seems to be new even in case of compact (non-Hausdorff) spaces.
However, the main novelty of our result arises of course in the noncompact case.

We point out once more that the main results (in particular Theorems 2.4 and 8.6) seem to be
new even in case of a single-valued map F in a Banach space: Our apparently technical con-
siderations of multivalued maps and uniformities actually simplify the formulation and proofs.
For instance, one would have technical problems to speak about iterates of the restriction of a
map F : X → X to a set B⊆ X which is not necessarily invariant under F while this is clear for
a multivalued map F : X ( X if empty values are allowed (cf. Theorem 8.5).

In order to motivate why results about the existence of compact attractors are of interest, we
briefly sketch in the next Section 2 why our result implies that dissipative systems have periodic
solutions (under natural additional hypotheses).

It is somewhat remarkable that, although most of our results are essentially of a point-set
topological nature, we need never require any sort of continuity of the involved maps (except
for the sketched sample application in Section 2 where we also want to apply a fixed point
theorem).

2. PERIODIC SOLUTIONS OF DISSIPATIVE SYSTEMS

Consider in a Banach space X = X1×·· ·×Xn the system

x′ = f (t,x), (2.1)

where f : R×X → X is continuous and τ-periodic with respect to the first variable. Such a
system is called dissipative if there is some D > 0 such that for each solution x there is some tx
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with
‖x(t)‖< D (t > tx). (2.2)

The following result is classical, see e.g. [17, Theorem 39.3] or [29, p. 172-173].

Theorem 2.1. Suppose X = Rn and that (2.1) is dissipative and has for each initial value at
most one solution. Then (2.1) has a τ-periodic solution.

The classical proofs are based on the fact that, due to the local compactness of Rn and the
uniqueness, problem (2.1) is actually uniformly dissipative with some constant D > 0, i.e. such
that the constant tx in (2.2) can be chosen uniformly for all solutions with initial value of norm
at most D. Then Browder’s fixed point theorem is applied for the translation operator Tτ which
associates to each initial value at time t = 0 the solution of (2.1) at time t = τ .

In the lack of uniqueness, a classical result [5] implies that, under natural assumptions, the
(multivalued) translation operator Tτ is the composition of an upper semicontinuous multivalued
map with acyclic values (in C([0,τ],Rn)) and of a single-valued continuous (evaluation) map.
Meanwhile, many generalizations of that result are known [12, 20], in particular also for an
infinite-dimensional Banach space X and for more general problems like e.g.

x′ ∈ f (t,x), (2.3)

see, e.g., [1, 2, 16]. In particular, Tτ is admissible in the sense of Górniewicz [10]. Moreover,
in case X = Rn, the map Tτ is of course compact, and in case of infinite-dimensional X , the
map Tτ is often at least condensing; see, e.g., [2, Theorem III.4.16]. Since a degree theory
with the mod-p-property is known for such maps Tτ [7, 9, 11, 28] (this theory is based on the
deep theory of chain approximations [26]), one could in principle prove some sort of Browder’s
fixed point theorem and thus a generalization of Theorem 2.1 for infinite-dimensional X without
assuming uniqueness and for the more general problem (2.3), provided one assumes that (2.3)
is uniformly dissipative.

However, a much simpler proof for Theorem 2.1 was suggested in [3]: Instead of using fixed
point theorems of Browder type, one can use asymptotic fixed point theorems, i.e. for maps with
a compact attractor. One such asymptotic fixed point theorem is the following from [2, p. 97]
which we cite without going into details of the definitions:

Theorem 2.2. Let X be an open subset of a Fréchet space and let F : X ( X be an admissible
condensing (on bounded sets) map with a compact attractor. Then the Lefschetz set Λ(F) is
well defined, and if Λ(F) 6= {0} then F has a fixed point. The latter is in particular the case if
X is the whole Fréchet space.

Forerunners (and partial generalizations) of this result are contained in [24, 25] and in [9, 28]
for single- and multivalued maps, respectively. Theorem 2.2 not only has the advantage that its
proof is much more elementary than the proof of generalizations of Browder’s theorem based
on the sophisticated theory of chain approximations and the mod-p-property. It has also the ad-
vantage that, in our above considerations, we can relax the hypothesis of “uniform dissipativity”
to “initial dissipativity”:

Definition 2.3. Problem (2.1) or (2.3) is initially dissipative if there is a constant D > 0 such
that for each initial value x0 ∈ X there is a constant tx0 such that all solutions satisfying x(0) = x0
satisfy ‖x(t)‖< D for all t > tx0 .
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Clearly, we have the implications

uniformly dissipative =⇒ initially dissipative =⇒ dissipative.

Moreover, in case of uniqueness (i.e. if for each x0 there is at most one solution x satisfying
x(0) = x0) the last two properties are of course equivalent.

If X = Rn, then the closed ball with radius D > 0 is for initially dissipative problems a
compact attractor for F := Tτ , and so Theorem 2.2 applies which shows that Theorem 2.1 holds
also in the lack of uniqueness, provided one assumes that the problem is initially dissipative.
However, using the result of this paper, we obtain a generalization also in infinite-dimensional
X . We point out that this result seems to be new even in case of single-valued Tτ , since we
require in this case only dissipativity without any uniformness.

Theorem 2.4. Let X be a Banach space. Suppose that Problem (2.1) or (2.3) is such that the
translation operator Tτ : X ( X is admissible and condensing on bounded sets. If the problem
is initially dissipative, then it has a τ-periodic solution.

Proof. By Theorem 8.6, F := Tτ : X ( X has a compact attractor and thus a fixed point by
Theorem 2.2. �

3. NOTATIONS

Let X and Y be sets. By 2X and 2Y we denote the corresponding power sets. We are mainly
interested in maps F : 2X → 2Y where we usually assume that F is monotone. By the latter, we
will always mean monotonicity with respect to the subset relation, i.e.

A1 ⊆ A2 ⊆ X =⇒ F(A1)⊆ F(A2)⊆ Y .

If F is a self-map, the symbol Fn always denotes the n-th iterate, where we define F0 := id, the
identity map.

We use the symbol F : X ( Y to denote a multivalued map from X to Y , i.e. F associates to
each x ∈ X a (possibly empty) subset of Y , denoted by F(x). For a multivalued map F : X(Y ,
it is usual to define the image and the large preimage by

F(A) :=
⋃
x∈A

F(x) (A⊆ X),

F+(B) := {x ∈ X : F(x)∩B 6= /0} (B⊆ Y ),

respectively. Note that, by the first of these conventions (which is actually a slight misuse of
notation, because we use the same symbol F), each single- or multivalued map F : X ( Y can
be understood as a monotone map F : 2X → 2Y . However, not each monotone map F : 2X → 2Y

is generated in such a way. For example, if X is a topological vector space and F0 : X(Y , then
the monotone map F : 2X → 2Y , defined by

F(M) := conv(F0(M)∪{y0}) (3.1)

with a fixed y0 ∈ Y , is not generated from any map G : X ( Y (except in some pathological
cases). Actually, this example is the main reason why we consider such general monotone
maps F : 2X → 2Y as we explain now. If F0 : X ( X is a multi-valued map of a closed con-
vex subset of a topological vector space and if the monotone map (3.1) has the property that
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K :=
⋂

∞
n=0 Fn(X) is relatively compact (and thus compact) then K is a nonempty compact con-

vex subset satisfying F0(K)⊆K, and so standard variants of Schauder’s fixed point theorem can
be applied for F0 : K(K. Note that the precompactness of K can be shown if F0 is condensing.
This argument proves in particular the celebrated fixed point theorem of Darbo [6] (and exten-
sions thereof, e.g. in locally convex spaces). More general, in the context of degree theory (or
so-called 0-epi maps), one frequently uses similar considerations concerning iterates of maps
of the form

F(M) := conv(F0(M∩Ω)∪V ) (3.2)

with certain fixed sets Ω⊆ X , V ⊆ Y ; see, e.g., [27]. This motivates why we are interested also
to study iterates (and attractors) of general monotone F : 2X → 2X and not only of multivalued
maps F : X ( X or even only of single-valued maps F : X → X . For F : X ( X , we use of
course the symbols id = F0 and Fn to denote the multivalued maps Fn : X( X which generate
the iterates of Fn : 2X → 2X (i.e., we keep the slight ambiguity in notation).

Clearly, one can identify F : X ( Y with its graph

Graph(F) := {(x,y) ∈ X×Y : y ∈ F(x)} .

Note that, conversely, to each subset U ⊆ X ×Y there is a multivalued function FU : X ( Y
with Graph(FU) = U . For this reason, we will tacitly identify F with its graph without any
further distinction, i.e. F : X ( Y means also F ⊆ X ×Y and vice versa. To each U ⊆ X ×Y ,
one associates the inverse

U−1 := {(y,x) ∈ Y ×X : (x,y) ∈U} .

For example, with the above identification, we have F+(B) = F−1(B) (for F : X ( Y and
B⊆ Y ).

It will be convenient for us to describe (quasi-)uniformities in terms of multivalued functions.

Definition 3.1. Let X be some set. A family U of multivalued maps U : X ( Y is a quasi-
uniformity on X (and the pair (X ,U ) a quasi-uniform space) if U is a filter on X×X , i.e.

(1) U,V ∈U implies U ∩V ∈U , and
(2) U ∈U and U ⊆V ⊆ X×X imply V ∈U ,

and if each U ∈U has the following properties:
(1) x ∈U(x) for each x ∈ X .
(2) There is some V ∈U with V 2 ⊆U .

If additionally U−1 ∈U for each U ∈U , then U is a uniformity (and (X ,U ) a uniform space).

It is well-known that each quasi-uniform space is in particular a topological space when one
defines the neighborhoods of a point x ∈ X as the sets U(x) (U ∈ U ). Since we are mainly
interested in metric spaces, we are also mainly interested in uniformities. However, our reason
to consider quasi-uniformities instead of uniformities is that every topology can be generated
in such a way, see [8, Section 2.1]. In contrast, topological spaces which can be generated by
uniformities are precisely the T3a spaces. This advantage of quasi-uniformities will become
relevant in particular in Corollaries 7.16 and 7.17.

Recall that each topological group (and thus in particular each topological vector space with
the addition as group operation) is a uniform space (with the same topology) where U consists
of all sets U ⊆ X×X which contain a set of the form {(x,y) ∈ X×X : y−1x ∈ O}, where O is a
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neighborhood of the neutral element. It is also known that (X ,U ) is a uniform space if and only
if there is a family D of pseudometrics on X (i.e., in contrast to a metric, it is not required that
d is finite or that d(x,y) = 0 implies x = y) such that D generates U , i.e., such that U ⊆ X ×X
belongs to U if and only if there are ε > 0 and finitely many d1, . . . ,dn ∈ D with

{(x,y) ∈ X×X : di(x,y)< ε for i = 1, . . . ,n} ⊆U .

Actually, it can be arranged that each d ∈ D assumes only finite values. If the filter U has a
countable base, D can clearly be chosen to consist of only one element. An analogous result
holds for quasi-uniform spaces if we consider a so-called quasi-metric which is not required to
be symmetric [8, Section 1.5].

Of particular interest for us is the case of a metric space, but it will make no difference to
consider the more general case of a q-quasi-pseudometric, i.e. d : X×X → [0,∞] is assumed to
satisfy only (for all x,y,z ∈ X)

(1) d(x,x) = 0
(2) d(x,z)≤ q · (d(x,y)+d(y,z))

where q is a finite constant. If additionally d(x,y) = d(y,x), we speak of a q-pseudometric. An
example where the choice q = 1 is not possible in general is Lp(S) (0 < p < 1) with

d(x,y) :=
(∫

S
|x(s)− y(s)|p ds

)1/p
.

In this example, d is a 21/p-pseudometric. It is easily checked that D := {d} induces a quasi-
uniformity as above, and that the topology induced by d corresponds with the topology of that
quasi-uniformity. By the above remarks, we have in particular:

Proposition 3.2. For each q-(quasi-)pseudometric there is a 1-(quasi-)pseudometric assuming
only finite values inducing the same (quasi-)uniformity and thus the same topology.

In the above example, such an equivalent 1-pseudometric is given by

d(x,y) :=
∫

S
|x(s)− y(s)|p ds.

In the case of a q-quasi-pseudometric d there is a certain correspondence between the quasi-
uniformity and (0,∞]. For simplicity, we use the same letter d to denote this correspondence:

Definition 3.3. Let d be a q-quasi-pseudometric on X . For ε ∈ [0,∞], we use the notation

Ud,ε := {(x,y) ∈ X×X : d(x,y)< ε} ,

and we denote by d(ε) the family of all sets U ⊆ X×X satisfying Ud,ε ⊆U .
Conversely, for U ⊆ X×X , we put

d(U) := sup{ε ∈ [0,∞] : U ∈ d(ε)}= sup{ε ∈ [0,∞] : Ud,ε ⊆U} .

Note that for ε = 0, we always have U ∈ d(0), i.e. the supremum is defined.

It follows from the very definition:

Proposition 3.4. The uniformity U generated by a q-quasi-pseudometric d is the union of the
sets d(ε) (ε > 0). In particular, U ⊆ X×X belongs to U if and only if d(U)> 0.

It will turn out that the Hausdorff measure of noncompactness will be in a natural correspon-
dence with precompact sets:
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Definition 3.5. Let (X ,U ) be a quasi-uniform space. Then M ⊆ X is precompact (with respect
to U ) if and only if for each U ∈U there is a finite set N ⊆M with M ⊆U(N).

In the case of a q-quasi-pseudometric space X this means that for each ε > 0 there is some
finite ε-net N ⊆ M. The latter means, by definition, that for each y ∈ M there is some x ∈ N
such that d(x,y)< ε .

Recall that a filter F on a quasi-uniform space (X ,U ) is a Cauchy filter if for each U ∈U
there is some x ∈ X with U(x) ∈F . (X ,U ) is called complete if each Cauchy filter converges.
If the quasi-uniformity is induced by a q-quasi-pseudometric (and thus is actually induced by
a quasi-metric) this is the case if and only if each Cauchy sequence converges, see [8, Sec-
tion 7.33]. Recall in this connection that if U is a quasi-uniformity, a sequence xn ∈ X is called
a Cauchy sequence if for each U ∈ U there is some x ∈ X such that xn ∈U(x) for all except
finitely many n.

A set M ⊆ X is compact if and only if M is precompact and complete with respect to the
induced quasi-uniformity

UM := {U ∩ (M×M) : U ∈U } .

In particular, if X is complete, then a closed subset is compact if and only if it is precompact.
Note, however, that the nontrivial implication of the just mentioned two equivalences requires

the (uncountable) axiom of choice.

Proposition 3.6. In ZF (without AC) the following statements are equivalent:
(1) PI (Boolean prime ideal theorem: “every Boolean algebra contains a prime ideal”).
(2) Every filter is contained in an ultrafilter.
(3) Each product of compact Hausdorff spaces is compact.
(4) Each precompact complete quasi-uniform space is compact.
(5) Each precompact complete uniform Hausdorff space is compact.

Proof. The equivalence of the first three statements is well-known, see [21] (for the formulation
in terms of ultrafilters see e.g. the discussion in [22]). If every filter is contained in some ultra-
filter, then the proof of [8, Section 3.24] shows that every precompact complete quasi-uniform
space is compact. Conversely, suppose that each precompact complete uniform Hausdorff space
is compact. If X = ∏i Xi with compact Hausdorff spaces Xi, then the topology on each Xi is in-
duced by a uniquely determined uniformity. Hence, there is a corresponding product uniformity
on X which induces the product topology. Since each Xi is precompact and Hausdorff, a stan-
dard calculation shows that X is precompact and Hausdorff. Similarly, each Cauchy filter F
on X induces a Cauchy filter Fi on each Xi; since Fi has a unique limit point xi in Xi (because
Xi is Hausdorff and complete), we can define a point x ∈ X by x := (xi)i without using AC. A
standard calculation shows that F has the limit point x. Hence, X = ∏i Xi is complete (and
precompact) and thus compact, by hypothesis. �

Although it is known that PI is logically strictly weaker than AC [13], PI is (like AC) in the
author’s opinion still an unnatural axiom for applications of analysis in physics. Thus, unless
stated explicitly, we will only work in ZF with the so-called axiom of dependent choices (DC)
which allows only countably many recursive choices and thus allows to prove all “standard”
results of analysis. In particular, we will not use any of the (equivalent) statements of Proposi-
tion 3.6 without further remark.
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4. THE HAUSDORFF MEASURE OF NONCOMPACTNESS IN QUASI-UNIFORM SPACES

Throughout this section, let (X ,U ) be a quasi-uniform space, and Y ⊆ X .

Definition 4.1. For M ⊆ X , we define the fine quasi-uniform Hausdorff measure of noncom-
pactness of M ⊆ X with respect to Y as the family

H ◦
Y (M) := {U ∈U : There is no finite set N ⊆ Y with M ⊆U(N)} .

The smaller the family H ◦
Y (M) is, the more precompact is M:

Proposition 4.2. (1) If M is precompact then H ◦
M(M) = /0.

(2) Conversely, if H ◦
Y (M) = /0 for some Y ⊆M then M is precompact.

(3) If U is a uniformity and H ◦
Y (M) = /0 for some Y ⊆ X then M is precompact.

(4) If M1 ⊆M2 and Y1 ⊇ Y2 then H ◦
Y1
(M1)⊆H ◦

Y2
(M2).

(5) In particular, if U is a uniformity then H ◦
M(M) = /0 if and only if H ◦

Y (M) = /0 (M ⊆
Y ⊆ X).

(6) If U ∈H ◦
Y (M) and V ∈U satisfy V ⊆U then V ∈H ◦

Y (M).

Proof. Only the third claim is not immediate. Thus, assume H ◦
Y (M) = /0, and let U ∈ U .

Choose some V ∈ U with V 2 ⊆ U . Since U is a uniformity, we have W := V ∩V−1 ∈ U .
Since W ∈U \H ◦

Y (M), there is a finite set N0 ⊆ Y with M ⊆W (N0). Let N1 = {y1, . . . ,yn} be
the collection of all y∈N0 which satisfy W (y)∩M 6= /0. Since W (N0\N1)∩M = /0, we have M =
W (N0)∩M⊆W (N1). For k = 1, . . . ,n, choose some xk ∈W (y)∩M. Then N := {x1, . . . ,xn}⊆M
satisfies N1 ⊆W+(N) = W−1(N) = W (N), and so M ⊆W (N1) ⊆W 2(N) ⊆ V 2(N) ⊆ U(N).
Hence, M is precompact. �

In view of the last property of Proposition 4.2, it might be tempting to consider the comple-
ment FY (M) :=U \H ◦

Y (M) as a filter which measures the noncompactness of M (i.e. with the
inverse order as is usual for filters: the larger the filter the smaller the measure). Indeed, by the
above observation and since FY (M)⊆U , one clearly has

(1) X×X ∈FY (M).
(2) U1, . . . ,Un ∈FY (M) implies U1∩·· ·∩Un 6= /0.
(3) U ∈FY (M) and U ⊆V ⊆ X×X implies V ∈H ◦

Y (M).
Unfortunately, FY (M) is in general not a filter, even if U is a uniformity. Although the above
properties imply that FY (M) is a base of a filter, this filter contains no information about M as
the following disappointing observation shows. (Note in this connection that all our definitions
are only useful if Y is infinite.)

Example 4.3. Let Y contain at least two points. Then for each M ⊆ X the filter generated by
the set FY (M) := U \H ◦

Y (M) is U .

Proof. Let y1,y2 ∈ Y satisfy y1 6= y2. For U ∈U define Ui := U ∪ ({yi}×X) (i = 1,2). Then
Ui(yi) ⊇ M, and so Ui ∈ FY (M). Hence, U = U1 ∩U2 (recall y1 6= y2) belongs to the filter
generated by FY (M). �

Hence, it does not seem appropriate to consider any other concepts from the theory of filters,
but (as we do) to consider the family H ◦

Y (M) (or the “almost-filter” FY (M)) as the measure
itself.
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For the case that U is induced by a q-quasi-pseudometric d, one can of course measure this
family by the (possibly infinite) number

χY (M) := sup{d(U) : U ∈H ◦
Y (M)} . (4.1)

Here and in the following we use the conventions sup /0 := 0 and inf /0 := ∞. By this convention
and Proposition 3.4 it is clear that

χY (M) = 0 ⇐⇒ H ◦
Y (M) = /0.

The quantity χY is indeed what is usually called the Hausdorff measure of noncompactness with
respect to Y (with respect to the q-quasi-pseudometric d):

Proposition 4.4. χY (M) = inf{ε > 0 : M has a finite ε-net in Y} ( ∈ [0,∞]).

Proof. Let S denote the right-hand side. Assume first χY (M) > S. Let S < ε0 < ε < χY (M).
Then M has a finite ε0-net N ⊆ Y . Hence, for each U ∈ U satisfying d(U) ≥ ε , we have
U(N)⊆M and thus U /∈H ◦

Y (M). Consequently, χY (M)≤ ε , a contradiction
Conversely, assume S > χY (M). Let χY (M) < ε < S. Then U := Ud,ε does not belong to

H ◦
Y (M), since otherwise χY (M)≥ d(U)≥ ε . Hence, there is a finite set N ⊆Y with M⊆U(N).

By the definition of U this means that N is a finite ε-net. Hence, S≤ ε , a contradiction. �

In view of (4.1), one might be tempted to think that, in the case of q-quasi-pseudometric
spaces, the Hausdorff and the fine quasi-uniform Hausdorff measure of noncompactness share
practically the same properties. However, this is not true, since the formula (4.1) contains a
“sup”. Roughly speaking, H ◦ is a much finer “measure” than χ . For example, in contrast to
the Hausdorff measure of noncompactness χX the fine quasi-uniform Hausdorff measure H ◦

X
can “measure the difference in noncompactness” of the open and closed unit ball in a normed
space X .

Example 4.5. Let B be the open unit ball in an infinite-dimensional normed space X , and
let 0 ∈ Y ⊆ X . Then H ◦

Y (B) 6= H ◦
Y (B). More precisely, U := {(x,y) ∈ X×X : ‖x− y‖< 1}

belongs to H ◦
X (∂B)⊆H ◦

Y (B) but not to H ◦
{0}(B)⊇H ◦

Y (B).

Proof. The second claim follows from B ⊆U(0). For the first claim, assume by contradiction
that there is a finite set N ⊆ X such that U(N) contains the unit sphere ∂B. Then X0 := spanN
is a finite-dimensional subspace, and so a well-known variant of Riesz’s Lemma implies that
the unit sphere ∂B contains some “orthogonal” element x0 with dist(x0,X0) = 1. In particular,
x0 /∈U(N), a contradiction. �

In particular, H ◦
X (M) 6= H ◦

X (M) in general, although it is well-known that χX(M) = χX(M)
for each M ⊆ X . Similarly, H ◦ is lacking another useful property which χ has in case of an
1-quasi-pseudometric space: The definition of H ◦ is not equivalent to the definition

H ∞
Y (M) := {U ∈U : There is no precompact set N ⊆ Y with M ⊆U(N)} ,

as the following example shows.

Example 4.6. Consider Example 4.5 with X = c0. Then there is a countable compact set N ⊆ B
with B⊆U(N). In particular, U ∈H ◦

Y (B)\H ∞
Y (B) for each Y with B⊆ Y ⊆ X .
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Proof. Each element of c0 assuming only values in {0,±1} is an eventually 0 sequence, and so
the set of these elements is countable. Let {xk : k = 1,2, . . .} ⊆ B be an enumeration of this set,
and put

N := { xk

2k
: k = 1,2, . . .} ⊆ B.

Then N is the union of a null sequence with {0} and thus compact. For each x = (ξn)n ∈ B there
is some index n0 with |ξn| < 1 for all n > n0. There is some k such that xk = (ηn)n satisfies
ηn = sgnξn for n≤ n0 and ηn := 0 for n > n0. Hence, ‖x− xk/(2k)‖< 1, i.e. x ∈U(xk). Thus,
B⊆U(N). �

Remark 4.7. Although the same construction works also in X = `p (1≤ p < ∞), it is not clear
whether Example 4.6 holds for each separable Banach space, because for an arbitrary dense set
{xk : k = 1,2, . . .} ⊆ B it is not necessarily true that B⊆U(N).

To get rid of the problems of Examples 4.5 and 4.6, we choose the following variant of H ◦

to define the Hausdorff measure of noncompactness in a uniform space:

Definition 4.8. The left/right quasi-uniform Hausdorff measure of noncompactness and the
quasi-uniform Hausdorff measure of noncompactness of M ⊆ X with respect to Y ⊆ X are
defined by

H −
Y (M) := {U ∈U : There is V ∈U with V ◦U ∈H ◦

Y (M)} ,

H +
Y (M) := {U ∈U : There is W ∈U with U ◦W ∈H ◦

Y (M)} , (4.2)

HY (M) := {U ∈U : There are V,W ∈U with V ◦U ◦W ∈H ◦
Y (M)} , (4.3)

respectively.

The definition immediately implies

HY (M)⊆H ±
Y (M)⊆H ◦

Y (M). (4.4)

The above definitions do not have the disadvantages of Examples 4.5, 4.6, or both, respec-
tively, although we still have the connection with the usual Hausdorff measure of noncompact-
ness:

Proposition 4.9. For each M,Y ⊆ X , we have

H −
Y (M) = H −

Y (M), HY (M) = HY (M), (4.5)

and in (4.2) and (4.3) one may equivalently replace H ◦
Y (M) by H ∞

Y (M). In particular,

HY (M)⊆H +
Y (M)⊆H ∞

Y (M)⊆H ◦
Y (M). (4.6)

Moreover, in Proposition 4.2 and, if X is an 1-quasi-pseudometric space also in (4.1), one can
equivalently replace H ◦ by any of H ±, H ∞, or H .

In particular, H actually measures the non-precompactness and shares the above mentioned
nice properties with χ . For this reason, H can indeed be considered as the “quasi-uniform
Hausdorff measure of noncompactness”.

Proof. For the first claim, note that for each V ∈U there is some V0 ∈U with V 2
0 ⊆V . Hence,

if M ⊆ (V0 ◦U)(N) then M ⊆ V0((V0 ◦U)(N)) ⊆ (V ◦U)(N). Thus V ◦U ∈H ◦
Y (M) implies

V0 ◦U ∈H ◦
Y (M), and the same statement holds of course if one replaces U by U ◦W .
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For the second claim, choose similarly for W ∈U some W0 ∈U with W 2
0 ⊆W and note that

for each precompact set N ⊆Y there is some finite set N0 ⊆ N ⊆Y with N ⊆W0(N0). Hence, if
M ⊆ (U ◦W0)(N) then M ⊆ (U ◦W0)(W0(N0))⊆ (U ◦W )(N0). Thus, U ◦W ∈H ◦

Y (M) implies
U ◦W0 ∈H ∞

Y (M), and the same statement holds of course if one replaces U by V ◦U .
The first inclusion of (4.6) is part of (4.4), and the second inclusion follows from the second

claim which we had proved above. The last inclusion follows from the fact that each finite set
is precompact.

Now we prove the claim about Proposition 4.2. If M⊆X is precompact then H ◦
M(M)= /0, and

so (4.4)/(4.6) implies that also HM(M),H ±
M (M),H ∞

Y (M) = /0. Conversely, let some of the sets
HM(M),H ±

M (M),H ∞
Y (M) be empty; by (4.4)/(4.6) we have HY (M) = /0. For each U ∈ U ,

there are V,W ∈U with V 2⊆U and W 2⊆V . Since W /∈HY (M), we have V ◦W ◦W /∈H ◦
Y (M),

and since V ◦W ◦W ⊆ V 2 ⊆ U , this implies U /∈ H ◦
Y (M). Hence Proposition 4.2 implies

that U is precompact. The proof of the other claims of Proposition 4.2 for H ,H ±,H ∞ is
straightforward.

The claim about (4.1) follows in view of (4.4)/(4.6) from the fact that for each U0 ∈H ◦
Y (M)

and each ε < d(U0) there are U,V,W ∈ U with d(U) ≥ ε and V ◦U ◦W ⊆U0 and thus U ∈
HY (M); hence also U ∈H ±

Y (M),H ∞
Y (M) by (4.6). �

If U is a uniformity or if Y ⊆M, the following result is an immediate consequence of Propo-
sition 4.2/4.9. However, in general, a separate proof is needed.

Proposition 4.10. For each M,Y ⊆ X either none or all of the 10 sets HY (M) = HY (M),
H −

Y (M) =H −
Y (M), H +

Y (M), H +
Y (M), H ∞

Y (M), H ∞
Y (M), H ◦

Y (M), and H ◦
Y (M) are empty.

Although an elementary proof might be given, we postpone it until we have shown the more
general Propositions 5.2 and 5.6.

We show now that all of the above definitions yield different sets, in general, even for normed
spaces. Since (as we already have seen) H ◦

Y (M) 6= H ◦
Y (M) in general, (4.5) implies H ◦ 6=

H −,H . The following example shows that H +
Y (M) 6= H +

Y (M) in general, and thus H + 6=
H −,H .

Example 4.11. Consider in Example 4.5 the set

U0 := {(x,y) ∈ X×X : ‖x− y‖< 1/2}∪ ({0}×B).

Then U0 belongs to H +
Y (∂B)⊆H +

Y (B)⊆H ◦
Y (B) but not to H ◦

Y (B)⊇H +
Y (B).

Proof. The second statement follows from B ⊆ U0(0). For the first statement, observe that
U0 ∈U and put

W0 := {(x,y) ∈ X×X : ‖x− y‖< 1/2} . (4.7)
Then U0 ◦W0 ⊆U ∈H ◦

Y (∂B) by Example 4.5, and so U0 ∈H −
Y (∂B). �

The following examples imply the remaining inequalities H ◦ 6= H + and H − 6= H :

Example 4.12. The set U in Example 4.5 satisfies U ∈H ◦
Y (B)\H ±

Y (B).

Proof. U ∈H ◦
Y (B) has been shown in Example 4.5. For each V ∈ U the sets (V ◦U)(0) and

(U ◦V )(0) both contain
{x ∈ X : ‖x‖< d(U)+d(V )} ⊇ B,

and so V ◦U,U ◦V /∈H ◦
Y (B). Hence, U /∈H ±

Y (B). �
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Example 4.13. In Example 4.5, the set

U1 := {(x,y) ∈ X×X : ‖x− y‖< 1/2}∪
⋃
x 6=0

({x}× span{x})

belongs to H −
Y (∂B)⊆H −

Y (B) but not to H +
Y (X)⊇H (X)⊇HY (B).

Proof. For each W ∈U the set W (0) is a neighborhood of 0, and so U1(W (0))=X , i.e. U1◦W /∈
H ◦

Y (X). Hence, U1 /∈H +
Y (X).

Let W0 ∈ U be defined by (4.7). Assume by contradiction that there is a finite set N ⊆ Y
with ∂B⊆ (W0 ◦U1)(N). As in Example 4.5, we find for X0 := span(N) by a variant of Riesz’s
Lemma some x0 ∈ ∂B with dist(x0,X0) = 1. Since x0 ∈W0(U1(N)), there is some y0 ∈U1(N)
with ‖x0− y0‖ < 1/2. Since in particular dist(y0,N) > dist(x0,N)− 1/2 ≥ 1/2, the definition
of U1 implies y0 ∈ spanN = X0 and thus dist(x0,X0)≤ ‖xy− y0‖< 1/2, a contradiction. Since
U1 ∈U , we thus have shown W0 ◦U1 ∈H ◦

Y (∂B), hence U1 ∈H −
Y (∂B). �

It is well-known that if X = Y is a normed space (and even in more general situations) the
formula

χY (convM) = χY (M) (M ⊆ X)

holds. The reader should be warned that an analogous result fails for each of the “quantities”
H ◦, H ∞, H and H ∞. For example, if M is the unit sphere in an infinite-dimensional normed
space, then H ◦

X (M) does not contain the set

U := {(x,y) : ‖x− y‖< 1/2}∪ ({0}×M),

because M ⊆U(0) while a similar argument as in Example 4.5 shows that U ∈H ◦
X (convM).

5. CONDENSIFYING MAPS

As announced in the introduction, we are interested in iterates of monotone maps F : 2X→ 2X

(which are considered as generalizations of maps F : X → X or F : X ( X). The crucial role
will be played by the sets Xn := Fn(X) which in view of the monotonicity of F are monotoni-
cally decreasing. However, as far as possible, we work with arbitrary sequences of sets Xn ⊆ X
which are not necessarily decreasing.

5.1. Condensifying Sequences. Throughout this section, let (X ,U ) be a quasi-uniform space,
Y ⊆ X , and (Xn)n be a sequence of subsets of X . Actually the following definition was the moti-
vation to define HY (M) as a family of sets. Although we will soon give a characterization also
in terms of the “classical” Hausdorff measure of noncompactness, it appears that this definition
is much more natural and convenient (even if X is a metric space).

Definition 5.1. The sequence (Xn)n is called condensifying (with respect to Y ) if⋂
n

∞⋃
k=n

HY (Xk) = /0,

almost condensifying (with respect to Y ) if⋃
n

∞⋂
k=n

HY (Xk) = /0,
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and weakly condensifying (with respect to Y ) if⋂
n

HY (Xn) = /0.

Clearly, each condensifying sequence is almost condensifying, and each almost condensify-
ing sequence is weakly condensifying.

For decreasing sequences (i.e. Xn+1 ⊆ Xn) the three definitions coincide. Indeed, Proposi-
tion 4.2/4.9 implies HY (Xn+1)⊆HY (Xn) for all n. However, in general, it seems to be a good
idea to consider (at least) the three cases of Definition 5.1; the reason will become clearer in
Proposition 7.4. Our first observation is that the particular choice of the Hausdorff measure
plays no role here.

Proposition 5.2. In Definition 5.1, one may equivalently replace H by any of H ±, H ∞, or
H ◦.

Proof. In view of (4.4) and (4.6), it suffices to show that any (weakly/almost) condensifying
sequence satisfies⋂

n

∞⋃
k=n

H ◦
Y (Xk) = /0,

⋃
n

∞⋂
k=n

H ◦
Y (Xk) = /0, or

⋂
n

H ◦
Y (Xn) = /0, (5.1)

respectively. Thus, let (Xn)n be (weakly/almost) condensifying, and let U ∈U . Choose V ∈U
and W ∈U with V 2 ⊆U and W 2 ⊆V . By hypothesis, we find some index n with W /∈HY (Xk)
for k = n, infinitely many k, or for all k ≥ n, respectively. In particular, V ◦W ◦W /∈H ◦

Y (Xk).
Since V ◦W ◦W ⊆ V 2 ⊆U , this implies U /∈H ◦

Y (Xk) for all the corresponding k. This shows
the respective property of (5.1). �

In case of a q-quasi-pseudometric space, the following result shows that one can rewrite the
above definition in terms of the usual Hausdorff measure of noncompactness. However, the
above definition will be more convenient for our purposes (and is possible even if U is not
induced by a quasi-pseudometric).

Proposition 5.3. Let X be a q-quasi-pseudometric space. A sequence (Xn)n is condensifying
with respect to Y if and only if

lim
n→∞

χY (Xn) = 0, (5.2)

almost condensifying with respect to Y if and only if

liminf
n→∞

χY (Xn) = 0, (5.3)

and weakly condensifying with respect to Y if and only if

inf
n

χY (Xn) = 0. (5.4)

Proof. We apply Proposition 5.2. If (Xn)n is not (almost/weakly) condensifying, then there is
some U ∈U such that U ∈H ◦

Y (Xn) for infinitely many n (almost all n/all n). Put ε := d(U)>
0 (Proposition 3.4). For each n with U ∈ H ◦

Y (Xn), we have χY (Xn) ≥ ε by (4.1). Hence,
limsup χY (Xn) (or (5.3)/(5.4), respectively), is bounded from below by ε > 0.

Conversely, suppose that (5.2) (or (5.3)/(5.4)) is false. Then there is some ε > 0 such that
χY (Xn) > ε for infinitely many n (almost all n/all n). For each such n, we find by (4.1) (and
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Proposition 4.9) some Un ∈HY (Xn) with d(Un) > ε , i.e. Ud,ε ⊆ Un. Hence, Proposition 4.2
implies Ud,ε ∈H ◦

Y (Xn) all these n, i.e. (Xn)n is not (almost/weakly) condensifying. �

For later reference, we write down two simple but useful properties.

Proposition 5.4. (Xn)n is condensifying with respect to Y if and only if (Xn)n is condensifying
with respect to Y .

Proof. This follows immediately from (4.5). �

Proposition 5.5. If Yn ⊆ Xn and if (Xn)n is (almost/weakly) condensifying with respect to Y
then so is (Yn)n.

Proof. HY (Yn)⊆HY (Xn) by Proposition 4.2/4.9. �

As one might expect, there are relations between (weakly/almost) condensifying sequences
and the precompactness/empty Hausdorff measure of noncompactness of the respective topo-
logical limit sets

lim
n

Xn :=
⋂
n

∞⋃
k=n

Xk, (5.5)

lim
n

Xn :=
⋃
n

∞⋂
k=n

Xk, (5.6)

and
⋂

n Xn. The precompactness of the limit sets limn Xn ⊆ limn Xn will be obtained in Proposi-
tions 5.9 and 7.8, respectively, under some additional requirements which are sufficient or nec-
essary for condensifying sequences, respectively (the latter under a further hypothesis). How-
ever, the precompactness of the third set is rather immediate.

Proposition 5.6. Let (Xn)n be weakly condensifying with respect Y ⊆X . Then H ◦
Y (
⋂

n Xn)= /0.
In particular, if U is a uniformity then

⋂
n Xn is precompact.

Proof. For each U ∈U there is some V ∈U with V 2 ⊆U . By Proposition 5.2, there is some
nU with XnU /∈H ◦

Y (V ). Hence, there is a finite set N ⊆ Y with XnU ⊆V (N), and so⋂
n

Xn ⊆ XnU ⊆V (XnU )⊆V (V (N))⊆U(N),

i.e. U /∈H ◦
Y (
⋂

n Xn). The last claim follows from Proposition 4.2. �

Proposition 5.2/5.6 contains the earlier announced Proposition 4.10 as a special case.

Proof of Proposition 4.10. If one of the sets mentioned in Proposition 4.10 is empty, then Propo-
sitions 5.2 and 5.4 imply that the constant sequence Xn := M is condensifying. By Proposi-
tion 5.6, we obtain H ◦

Y (M) = /0 (and thus also H ◦
Y (M) = /0). Hence, (4.4) and (4.6) imply that

each of the sets mentioned in Proposition 4.10 is empty. �

It will become clear later on why it is sometimes useful to restrict our considerations to
countable subsets.

Lemma 5.7. Let U be a uniformity. (Xn)n is (almost/weakly) condensifying with respect to Y if
and only if for each choice of countable subsets Cn ⊆ Xn the sequence (Cn)n is (almost/weakly)
condensifying with respect to Y .
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Proof. One implication follows by Proposition 5.5. For the converse implication, suppose that
(Xn)n is not (almost/weakly) condensifying. We find by Proposition 5.2 some U ∈ U which
belongs to H ◦

Y (Xn) for almost all n (some n/infinitely many n). Choose V1,V2 ∈U with V 2
1 ⊆U ,

V 2
2 ⊆ V1, and put W := V2 ∩V−1

2 . For each n with U ∈H ◦
Y (Xn), we will show that there is

an (at most) countable set Cn ⊆ Xn such that W ∈H ◦
Y (Cn). Hence, the claim follows from

Proposition 5.2.
If there is some x ∈ Xn such that there is no y ∈ Y with x ∈W (y), then the set Cn := {x}

already has the required property W ∈H ◦
Y (Cn). Thus, assume that for each x ∈ Xn there is

some y ∈ Y with x ∈W (y).
Now we choose inductively sequences xk,yk according to the following rule. If x1, . . . ,xk−1 ∈

Xn and y1, . . . ,yk−1 ∈ Y are already chosen, note that Nk := {y1, . . . ,yk−1} ⊆ Y is finite (or
empty). Since U ∈H ◦

Y (Xn) (and thus Xn is not precompact by Proposition 4.2, in particular
nonempty), we find some xk ∈ Xn \U(Nk). By our assumption we also find yk ∈ X such that
xk ∈W (yk).

We claim that Cn := {x1,x2, . . .} has the required property W ∈H ◦
Y (Cn). Assume by con-

tradiction that there is a finite set N ⊆ Y with Cn ⊆W (N). Then there is some y ∈ N such that
W (y) contains infinitely many of the elements xk, in particular there are k1 < k2 with xki ∈W (y)
(i = 1,2). Since xk1 ∈W (yk1) and W ⊆V2 ⊆V 2

2 ⊆V1, we have

xk2 ∈W (y)⊆W (W−1(xk1))⊆V2(V2(xk1))⊆V 2
2 (W (yk1))⊆V1(V1(yk1))⊆U(yk1),

and so xk2 ∈U(Nk1)⊆U(Nk2−1), contradicting our choice of the sequence (xk)k. �

Corollary 5.8. Let (X ,U ) be a uniform space and M ⊆ X. If M is not precompact then there
is a countable subset C ⊆M which is not precompact.

Proof. Apply Lemma 5.7 with Y := X and the constant sequence Xn := M, and observe that
Propositions 4.2 and 4.9 imply that A ⊆ X is precompact if and only if HY (A) = /0 and that
HY (M) = HY (M). �

Another sufficient criterion is sometimes convenient. To formulate it, we introduce the further
notation

FinY (Xn)n :=
{⋃

n
Nn : Nn ⊆ Xn∩Y is finite for every n

}
. (5.7)

Proposition 5.9. Let U be a uniformity and assume that all sets in FinY (Xn)n are precompact.
Then the following holds:

(1) If Xn ⊆ Y ⊆ X for infinitely many n, then (Xn)n is condensifying with respect to Y .
(2) limn(Y ∩Xn) is precompact.

Proof. To see the first claim, assume by contradiction that (Xn)n fails to be condensifying. Then
there is some U ∈ U and a sequence nk → ∞ such that Xnk ⊆ Y and U ∈H ◦

Y (Xnk) for all k.
By induction on k = 1,2, . . . , we define a sequence xk ∈ Xnk ⊆ Y . as follows. If x1, . . . ,xk−1
are already defined, we note that Mk := {x1, . . . ,xk−1} (M1 := /0) is a finite subset of Y . Since
U ∈H ◦

Y (Xnk), it follows that the set Xnk \U(Mk) is not empty and thus contains some xk.
For the thus defined sequence, we put C := {x1,x2, . . .}. Since C is the union of the sets
{xk} ⊆ Xnk ⊆ Y , we have C ∈ FinY (Xn)n. Hence, our hypothesis implies that C is precompact.
Choose some V ∈ U with V 2 ⊆ U . Then W := V ∩V−1 ∈ U . Since C is precompact, we
find some finite N ⊆ Y with C ⊆W (N). However, for each y ∈ N there is at most one k with
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xk ∈W (y). (Hence, W (N) contains xk for at most finitely many k which is a contradiction.)
Indeed, assume that there are k1 < k2 and y ∈ N with xk1 ,xk2 ∈W (y). Then y ∈W−1(xk1), and
so

xk2 ∈W (y)⊆W (W−1(xk1))⊆V 2(xk1)⊆U(xk1).
Since xk1 ∈Mk1 , this implies xk2 ∈U(Mk1) which contradicts our choice of xk2 .

To see the second claim, assume that

lim
n
(Y ∩Xn)⊆

⋃
n

∞⋂
k=n

(Y ∩Xk)

fails to be precompact. By Corollary 5.8, we find a countable C ⊆ Y ∩
⋃

n
⋂

∞
k=n Xk which is not

precompact. However, since for each x ∈C and each n, we find some k > n with x ∈ Xk, we can
by induction write C as a union of singletons Nkn = {xn} where xn ∈ Y ∩Xkn and k1 < k2 < · · · ,
and so C ∈ FinY (Xn)n, contradicting our hypothesis. �

6. CONDENSING MAPS

In connection with fixed point theory, condensing maps have a long history. On a metric space
X , one essentially distinguishes between strictly condensing maps F : X → X which satisfy

χX(F(M))≤ kχX(M) (M ⊆ X) (6.1)

with some k < 1 (typical examples are compact perturbations of contractions), and condensing
maps which satisfy

χX(F(M))< χX(M) (M ⊆ X , χX(M)> 0). (6.2)

If χX(X) < ∞ (i.e. if diamX < ∞) then the latter is considerably less restrictive as it can be
shown that, generically, condensing maps fail to be strictly condensing. It is easily seen in case
χX(X)< ∞ that every strictly condensing map satisfies

lim
n→∞

χX(Fn(X)) = 0

and thus Proposition 5.3 implies that its induced map of power-sets is condensifying in the
following sense (with Y = X).

Definition 6.1. A map F : 2X → 2X is (weakly/almost) condensifying with respect to Y if the
sequence (Fn(X))n is (weakly/almost) condensifying with respect to Y .

However, in many situations (e.g. if F involves an integral operator of vector-valued func-
tions), one can usually obtain good estimates of type (6.1) only for countable sets M, see
e.g. [4, 14, 16, 18, 23]. Moreover, one can often obtain such estimates only if one replaces
χX by another measure of noncompactness, e.g. by the Kuratowski measure α of noncompact-
ness (recall that α(M) is the infimum of all ε > 0 such that M can be covered by finitely many
sets of diameter at most ε). Finally, if e.g. X is a locally convex space, it is more natural to
consider families of measures of noncompactness which are induced by an appropriate family
of seminorms. Sometimes one might also want to replace the function ϕ(r) := kr occurring
in (6.1) by another function with ϕ(r)< r.

We will show now that, roughly speaking, in all these situations maps which are only strictly
condensing in such a generalized sense are condensifying. Moreover, we will show that, surpris-
ingly, even maps which are only condensing (in a certain generalized sense) are condensifying.
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Since the details of the generalizations differ, these results do not strictly contain each other,
and we treat them in separate sections.

6.1. Strictly Condensing Maps. In order to deal with Fréchet spaces or, more general, with
locally convex spaces, we recall that the uniformity on such a space is generated by a family of
(usually much simpler) uniformities in the following way.

Definition 6.2. Let I be some nonempty index set. A family (Ui)i∈I of (quasi-)uniformities Ui
on X generates a (quasi-)uniformity U by the following definition: A set U ⊆ X ×X belongs
to U if and only if there are a finite set I0 ⊆ I and Ui ∈Ui (i ∈ I0) such that⋂

i∈I0

Ui ⊆U . (6.3)

The family (Ui)i∈I is almost directed if for each finite set I0 ⊆ I and each choice Ui ∈Ui (i∈ I0)
the set

⋂
i∈I0

Ui belongs to U j for some j ∈ I.

Remark 6.3. The family (Ui)i∈I is almost directed if it is totally ordered with respect to set
inclusion. This is typically the case in examples of locally convex spaces X which occur in
applications (if Ui denotes uniformities generated by appropriate seminorms). We will give a
typical example later on (Example 6.8).

Note that in Definition 6.2 one clearly always has⋃
i∈I

Ui ⊆U . (6.4)

The inverse inclusion is equivalent to the fact that (Ui)i∈I is almost directed:

Lemma 6.4. The family (Ui)i∈I is almost directed if and only if it generates the quasi-uniformity
U =

⋃
i∈I Ui.

Proof. If (Ui)i∈I is almost directed, then for each U ∈U there is some V ∈U j with V ⊆U for
some j ∈ I. Since U j is a filter, this means U ∈U j. Hence, equality holds in (6.4). Conversely,
if equality holds in (6.4) and if I0 ⊆ I is finite and Ui ∈Ui (i ∈ I0), then U :=

⋂
i∈I0

Ui belongs
to U , and so there is some j ∈ I with U ∈U j. �

Proposition 6.5. Let a quasi-uniformity U on X be generated by a family (Ui)i∈I . Let Y ⊆ X ,
and let (Xn)n be a sequence of subsets of X .

(1) If (Xn)n is (almost/weakly) condensifying with respect to Y in (X ,U ) then (Xn)n is
(almost/weakly) condensifying with respect to Y in each (X ,Ui) (i ∈ I).

(2) If (Xn)n is (almost/weakly) condensifying with respect to Y in each (X ,Ui) (i ∈ I) and
if (Ui)i∈I is almost directed, then (Xn)n is (almost/weakly) condensifying with respect
to Y in (X ,U ).

Proof. Let H ◦
i,Y and Hi,Y denote the (fine) quasi-uniform Hausdorff measure of noncompact-

ness with respect to Y in (X ,Ui).
Let (Xn)n be (almost/weakly) condensifying with respect to Y in (X ,U ), and let i ∈ I. Let

U ∈Ui. By (6.4), we have U ∈U , and by Proposition 5.2, we have U /∈H ◦(Xn) for almost all
n (infinitely many n/some n). For each such n, we thus find a finite set N ⊆ X with Xn ⊆U(N),
and so U /∈H ◦

i,Y (Xn)⊇Hi,Y (Xn). Hence, (Xn)n is (almost/weakly) condensifying with respect
to Y in (X ,Ui).
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Conversely, let (Xn)n be (almost/weakly) condensifying with respect to Y in each (X ,Ui)
(i∈ I), and let (Ui)i∈I be almost directed. Let U ∈U . By Lemma 6.4, there is some index j with
U ∈U j. By Proposition 5.2, we have U /∈H ◦

j,Y (Xn) for almost all n (infinitely many n/some n).
For each such n, we thus find a finite set N⊆X with Xn⊆U(N), and so U /∈H ◦

Y (Xn)⊇HY (Xn).
Hence, (Xn)n is (almost/weakly) condensifying with respect to Y in (X ,Ui). �

Definition 6.6. Let Γ be a class of maps γ : 2X → [0,∞], and let F : 2X → 2X , and Y ⊆ X . We
write Γ�F HY if for each sequence of sets Xn ⊆ Fn(X) with Xn+1 ⊆ Xn for all n we have(

lim
n→∞

γ(Xn) = 0 for each γ ∈ Γ

)
=⇒

⋂
n

HY (Xn) = /0.

We write Γ�c
F HY if the above holds under the additional hypothesis that each Xn is a countable

set.

Clearly,
Γ�F HY =⇒ Γ�c

F HY .
The notation is explained by the following test which for all practical purposes suffices to verify
the above property.

Theorem 6.7. Let the quasi-uniformity U on X ⊇Y be generated by an almost directed family
(Ui)i∈I , and let F : 2X → 2X and Y ⊆ X. Let Γ = {γi : i ∈ I} where γi : 2X → [0,∞] are such that
for each i ∈ I the following holds.

Ui is induced by a qi-quasi-pseudometric di such that for the corresponding Hausdorff mea-
sure of noncompactness χi,Y with respect to Y the implication

lim
n→∞

γi(Xn) = 0 =⇒ inf
n

χi,Y (Xn) = 0 (6.5)

holds for each sequence of (countable) sets Xn ⊆ Fn(X) with Xn+1 ⊆ Xn for all n.
Then Γ�F HY (or Γ�c

F HY , respectively).

Note that if F is monotone then (6.5) holds in particular if there is a finite constant Ci and a
number ni with

χi,Y (M)≤Ciγi(M) (6.6)
for each (countable) M ⊆ Fni(X). This explains our notation Γ�F HY .

Note that (6.6) holds e.g. in case Y ⊇ Fn(X) if γi denotes the Kuratowski measure of non-
compactness with respect to the qi-quasi-pseudometric di.

Proof of Theorem 6.7. Let (Xn)n be a family of (countable) sets with Xn ⊆ Fn(X), Xn+1 ⊆ Xn,
and

lim
n→∞

γi(Xn) = 0 (i ∈ I).

We are to show that (Xn)n is weakly condensifying with respect to Y with respect to the quasi-
uniformity U . Since (Ui)i∈I is almost directed, it suffices by Proposition 6.5 to show that, for
each i ∈ I, (Xn)n is weakly condensifying with respect to Y with respect to the quasi-uniformity
Ui. Since (6.5) implies (5.4), this follows from Proposition 5.3. �

The following typical example shows that Fréchet spaces but also spaces which are not even
locally convex fall under our consideration with very natural choices for Γ. In particular, in
case of Fréchet spaces, the family Γ in this example is defined in terms of a generating family
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of seminorms and not in terms of the metric (in contrast to the usual Hausdorff measure of
noncompactness).

Example 6.8. For 0 < p < ∞, let I ⊆ (0,∞) be unbounded, and let

X := Lloc
p (R) = {x | x : R→ R satisfies x|[−i,i] ∈ Lp([−i, i]) (i ∈ I)} ,

endowed with the uniformity U generated in the obvious way by the family of q-quasi-pseudo-
norms

‖x‖i :=
(∫ i

−i
|x(s)|p ds

)1/p
(i ∈ I)

or, equivalently, by the q-pseudometrics

d(x,y) :=
∫ i

−i
|x(s)− y(s)|p ds (i ∈ I).

Let Γ = {γi : i ∈ I} where γi is either the Hausdorff measure of noncompactness (with respect
to di or with respect to ‖·‖i) or some other equivalent measure of noncompactness (e.g. the
Kuratowski measure of noncompactness).

Then Γ := {γi : i ∈ I} �F HY and thus also Γ �c
F HY whenever F : 2X → 2X is monotone

and Y ⊆ Fn(X) for some n.

Proof. The claim is an immediate consequence of Theorem 6.7. Note that the exact definition
of γi (e.g. whether it is an equivalent measure of noncompactness or defined with respect to di
or with respect to ‖·‖i) plays no role, since we only need the property (6.5) which is obviously
satisfied in all these cases.

Observe that the corresponding family (Ui)i∈I of uniformities is indeed almost directed by
Remark 6.3, because

i≤ j =⇒ Ui ⊆U j (i, j ∈ I).
�

Definition 6.9. Let Γ be a class of maps γ : 2X→ [0,∞]. A map F : 2X→ 2X is strictly monoton-
ically Γ-condensing if for each γ ∈ Γ there is a function ϕγ : [0,∞]→ [0,∞] which is continuous
from the right and satisfies ϕγ(r)< r on (0,∞) and

γ(M∩F(M))≤ ϕγ(γ(M)) (M ⊆ X). (6.7)

F is strictly monotonically countably Γ-condensing if instead of (6.7) we require

γ(C∩C0)≤ ϕγ(γ(C)) (C ⊆ X , C0 ⊆ F(C) countable).

As remarked earlier, in most applications one will actually have ϕγ(r) = kγr with some kγ ∈
[0,1).

In order to deal with countable subsets in case of monotone maps F : 2X → 2Y which do not
stem from a multivalued map F : X ( Y , we need another definition:

Definition 6.10. F : 2X → 2Y is of finite/countable type if for each M ⊆ X and each y ∈ F(M)
there is a finite/countable set Cy ⊆M with y ∈ F(Cy).

Maps of countable type are general enough to contain all multivalued maps F : X ( Y and,
moreover, all maps of the form (3.1) or (3.2):

Example 6.11. (1) If F is of finite type, then F is of countable type.
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(2) Each multivalued map F : X ( Y is of finite type (even if it assumes empty values).
In fact, for each y ∈ F(M) there is some x ∈M with y ∈ F(x), i.e. one can choose the

singleton CY := {x}.
(3) If F : 2X → 2Y and G : 2Y → 2Z are of finite/countable type and F is monotone, then

also G◦F is of finite/countable type. In particular, if F : 2X → 2X is of finite/countable
type and monotone, then so is Fn for n = 0,1, . . .

(4) If X is a vector space, then conv: 2X → 2X is of finite type.
In fact, each y∈ convM is a convex combination of finitely many elements x1, . . . ,xn ∈

M, i.e. one can choose Cy := {x1, . . . ,xn}.
(5) If X is a q-quasi-pseudometric space then id : X ( X , defined by id(M) := M, is of

countable type.
In fact, for each y ∈M there is a sequence xn ∈M with xn→ y, and so one can choose

Cy := {x1,x2, . . .}.
(6) If Y is a subset of a vector space and F0 : X ( Y , Ω⊆ X , and V ⊆ Y are such that

F(M) := conv(F0(M∩Ω)∪V ) (M ⊆ X)

satisfies F(X) ⊆ Y , then F : 2X → 2Y is of finite type (because it is a composition of
conv with a multivalued map).

(7) If Y is a quasi-pseudometrizable subset of a topological vector space and F0 : X ( Y ,
Ω⊆ X , and V ⊆ Y are such that

F(M) := conv(F0(M∩Ω)∪V ) (M ⊆ X)

satisfies F(X)⊆ Y , then F : 2X → 2Y is of countable type (because F0 is a composition
of id with a map of finite type).

Theorem 6.12. Let F : 2X → 2X be monotone and Y ⊆ X.
(1) If F is strictly monotonically Γ-condensing where Γ�F HY and if for each γ ∈ Γ there

is some nγ with γ(Fnγ (X))< ∞, then F is condensifying with respect to Y .
(2) If U is a uniformity, F is of countable type and strictly monotonically countably Γ-

condensing where Γ �c
F HY , and if for each γ ∈ Γ there is some nγ with γ(C) < ∞ for

each countable C ⊆ Fnγ (X), then F is condensifying with respect to Y .

The proof of Theorem 6.12 is based on the following observation.

Lemma 6.13. Let F : 2X → 2X be monotone and of countable type, and let Cn ⊆ Fn(X) count-
able. Then there are countable sets Dn⊆ Fn(X) with Cn⊆Dn⊆ Fn(X) and Dn+1⊆Dn∩F(Dn)
for all n = 0,1,2, . . .

Proof. Define by induction on k= 0,1,2, . . . a countable family of countable sets {Ck,0,Ck,1, . . .}
with Ck,n ⊆ Fn(X) as follows. For k = 0, put Ck,n := Cn, and if {Ck,0,Ck,1, . . .} are already de-
fined, observe that for each n= 0,1,2, . . . the set Ck,n+1 is countable and contained in Fn+1(X)⊆
Fn(X) and that Fn+1(X) = F(Fn(X)). Since F is monotone and of countable type, there is a
countable set Ck+1,n ⊆ Fn(X) containing Ck,n+1 such that Ck,n+1 ⊆ Fn(Ck+1,n). This defines the
family {Ck+1,0,Ck+1,1, . . .}, completing the inductive definition.

Now the sets Dn :=
⋃

k Ck,n have the required properties. Indeed, Cn =Cn,0 ⊆ Dn, and since
Cn,k ⊆ Fn(X) for all k, we have Dn ⊆ Fn(X). Moreover, if x ∈ Dn+1, say x ∈Ck,n+1, we have
x ∈Ck+1,n∩Fn(Ck+1,n) by construction, and so x ∈ Dn∩Fn(Dn) since Fn is monotone. �
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Proof of Theorem 6.12. For the proof of the first claim, we put Yn := Fn(X).
For the proof of the second claim, it suffices in view of Lemma 5.7 to show that for each

countable Cn ⊆ Fn(X) the sequence (Cn)n is condensifying with respect to Y ; in this case, we
put Yn := Dn with Dn as in Lemma 6.13 and use Cn ⊆ Yn and Proposition 5.5.

In both cases, we thus have to show that (Yn)n is condensifying with respect to Y , and we
have

Yn+1 ⊆ Yn and Yn+1 ⊆ F(Yn)

for all n. Let γ ∈ Γ. Since F is strictly monotonically (countably) Γ-condensing, there is some
ϕγ : [0,∞]→ [0,∞] which is continuous from the right and satisfies ϕγ(r)< r on (0,∞) and such
that γ(Yn+1)≤ ϕγ(γ(Yn)) for all n. By hypothesis, we find some nγ such that rγ := γ(Ynγ

)< ∞.
An induction by k implies

γ(Ynγ+k)≤ ϕ
k
γ (rγ) (k = 0,1,2, . . .). (6.8)

Note that an induction implies that the sequence rk := ϕk
γ (rγ) is strictly decreasing and thus

convergent from the right to some number ` ∈ [0,∞). Since ϕγ is continuous from the right,
we obtain, passing to the limit k→ ∞ in rk+1 = ϕγ(rk) that ` = ϕγ(`), and so ` = 0. Hence,
ϕk

γ (rγ)→ 0 as k→ ∞, and so (6.8) implies limn→∞ γ(Yn) = 0. Since γ ∈ Γ was arbitrary and
Γ�F HY (or Γ�c

F HY , respectively) we obtain
⋂

n HY (Yn) = /0. Since Yn+1 ⊆ Yn for all n this
means that (Yn)n is condensifying. �

6.2. Condensing Maps. Throughout this section, we assume that (X ,U ) is a quasi-uniform
space, Y ⊆ X , and that F : 2X → 2X .

Definition 6.14. Let ΓY denote the class of all functions γ such that there is a set R equipped
with a partial order ≤ such that γ : 2Y → R has the following properties.

(1) (R,≤) is super Dedekind complete, i.e. each nonempty order bounded from above set
M ⊆ R has a supremum and there is a countable set C ⊆M with supM = supC.

(2) γ is monotone, i.e. A⊆ B⊆ Y implies γ(A)≤ γ(B).
(3) γ(C∪{y}) = γ(C) for each countable C ⊆ Y and each y ∈ Y .

We denote by Γ∗Y the subclass of all γ ∈ ΓY which satisfy

γ({x1,x2, . . .}) = γ({y1,y2, . . .})

whenever xn,yn ∈ Y are such that for each U ∈ U there is some nU with (xn,yn) ∈U for all
n≥ nU .

The most important example of some γ ∈ Γ∗Y is the Hausdorff (or Kuratowski) measure of
noncompactness.

Note that typically one will have R = [0,∞]I with some index set I (which may depend on γ)
and the coordinatewise order≤. Obviously, (R,≤) is super Dedekind complete in this example.

Our crucial assumption will involve FinY F := FinY (Fn(X))n, where the right-hand side is
defined by (5.7).

Definition 6.15. We call a subclass Γ⊆ ΓY admissible for F if, for each C ∈ FinY F , there exists
some A ∈ FinY F with γ(F(A))≥ γ(C) (γ ∈ Γ).
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For multivalued maps F : X ( X this is no additional requirement for Γ. More general, this
is the case for all monotone maps of finite type (Definition 6.10) as the following result shows.
Even for the most important examples of maps of countable type this is no severe restriction on
Γ. In fact, we will show that e.g. the maps (3.1) and (3.2) are contained in our considerations.
Nevertheless, the hypothesis is slightly more restrictive than the hypothesis we made in the
previous section.

Proposition 6.16. Suppose that F : 2X → 2X is monotone and of finite type.

(1) If there is some k with Fk(X)⊆ Y ⊆ X then each subclass Γ⊆ ΓY is admissible for F .
(2) Define F : 2X → 2X by

F(M) := F(M) (M ⊆ X).

If there are k1,k2 such that (F)k1(X) ⊆ Y and the restriction of U to (F)k2(X) has
a countable filter base (i.e. is induced by a q-quasi-pseudometric) then each subclass
Γ⊆ Γ∗Y is admissible for F .

Proof. Let C ∈ FinY F . Then C =
⋃

nCn with finite sets Cn ⊆ Fn(X). Since an induction shows
Fn+1(X) ⊆ Fn(X), we have for n > k that the set In := Fn−1(X) is contained in Fk(X) ⊆ Y .
Since Cn ⊆ F(In) and F is of finite type, we thus find a finite set An ⊆ In ⊆ Y with Cn ⊆ F(An).
Then A :=

⋃
∞
n>k An belongs to FinY F , and with the remaining set C∗ :=

⋃
n≤k Cn we have F(A)⊇

C \C∗. Since C∗ ⊆C is finite, this implies for each γ ∈ ΓY that

γ(F(A))≥ γ(C \C∗) = γ((C \C∗)∪C∗) = γ(C),

and so each Γ⊆ ΓY is admissible for F .
For the proof of the second claim, put Xn := (F)n(X), and let U1,U2, . . . ∈ U be such that

U j ∩ (Xk2 ×Xk2) is a base for the inherited uniformity on Xk2 . Let C ∈ FinY F , i.e. C =
⋃

nCn
with finite sets Cn ⊆ (F)n(X). For all n > k := max{k1,k2}, we see similarly as above that
Xn−1 ⊆ Xk1 ∩Xk2 ⊆ Y ∩Xk2 satisfies Cn ⊆ F(Xn−1). For each x ∈Cn choose some yn,x ∈ F(Xn)
with (x,yn,x) ∈U1∩·· ·∩Un. Since F is of finite type, we find a finite set An,x ⊆ Xn−1 ⊆ Y such
that yn,x ∈ F(An,x). Then A :=

⋃
n>k

⋃
x∈Cn

An,x belongs to FinY F , and

F(A)⊇ A0 := {yn,x : n > k, x ∈Cn} .

By construction, we can write A0 = {y1,y2, . . .} and C = {x1,x2, . . .} such that for each j, we
find some n j with xn,yn ∈ Xk2 and (xn,yn) ∈Uk for all n≥ k. Since U j∩ (Xk2×Xk2) is a base for
the inherited uniform structure on Xk2 , we thus find for each U ∈U some nu with (xn,yn) ∈U
for all n≥ nU . Consequently, we have for each γ ∈ Γ∗Y that

γ(C) = γ(A0)≤ γ(F(A))≤ γ(F(A)),

and so each Γ⊆ Γ∗Y is admissible for F . �

Example 6.17. Let X be a metrizable subset of a topological vector space and F0 : X ( X and
Ω,V ⊆ X be such that

F(M) := conv(F0(M∩Ω)∪V ) (M ⊆ X)

satisfies F(X)⊆ X . Then F = : G0 for a map G0 : X( X of finite type (Example 6.11), and so
each subclass Γ⊆ Γ∗Y is admissible for F , provided that Fn(X)⊆ Y ⊆ X for some n.
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Definition 6.18. We call F countably condensing with respect to Γ⊆ ΓY if for each countable
set C ⊆ Y which is not precompact and satisfies F(C)⊆ Y there is some γ ∈ Γ such that

γ(F(C)) 6≥ γ(C).

Note that γ ∈ Γ may even depend on C.
Now we are in a position to prove that countably condensing maps are condensifying.

Theorem 6.19. Let F : 2X → 2X be monotone and countably condensing with respect to a
countable family Γ ⊆ ΓY which is admissible for F. Then each set in FinY F is precompact. If
U is a uniformity, we have in addition:

(1) Y ∩ limn Fn(X) is precompact.
(2) If Fn(X)⊆ Y for some n then F is condensifying with respect to Y .

The proof of Theorem 6.19 makes use of the following generalization of [2, Lemma (I.5.30)].
It is not surprising that the proof makes use of such type of lemma, because Theorem 6.19 will
allow us to prove Theorem 7.20 which is a generalization of [2, Theorem (I.5.29)] (whose
proof also depends on [2, Lemma (I.5.30)]). Actually, the idea to use a similar lemma for the
proof of the compactness of

⋂
n Fn(X) with F(M) := conv(F0(M)∪{x0}) (which in view of

Example 6.17 is contained in the second claim of Theorem 6.19, even for a multivalued map
F0) goes back to [15] and [27].

Lemma 6.20. Let Γ ⊆ ΓY be a countable family, and let Xn,Y ⊆ X. Then there is a set CΓ ∈
FinY (Xn)n such that γ(CΓ) = max{γ(C) : C ∈ FinY (Xn)n} (γ ∈ Γ), i.e., these maxima actually
exist and are attained for the same set CΓ.

Proof. We use the shortcurt Fin := FinY (Xn)n. Let Γ = {γ1,γ2, . . .} with γk : 2X → Rk, and let
Mk := {γk(C) : C ∈ Fin}. Since γk(C)≤ γk(X) for all C ⊆ X , the set Mk ⊆ Rk is order bounded
from above. Hence, sk := supMk exists, and there are countably many Ck,1,Ck,2, . . . ∈ Fin with
sk = sup

⋃
j γ(Ck, j). Put Cm :=

⋃
k, j≤mCk, j. Since a finite union of sets from Fin belongs to

Fin, we have Cm ∈ Fin. Thus, we find finite sets Am,n ⊆ Xn with Cm =
⋃

n Am,n. The set An :=⋃
m≤n Am,n is finite and satisfies An ⊆ Xn. Hence, CΓ :=

⋃
n An =

⋃
m
⋃

n≥m Am,n belongs to Fin.
To see that CΓ has the required property, let k and j be given. Put m := max{k, j}. Since⋃

n<m Am,n is finite, we have

γk(CΓ)≥ γn

(⋃
n≥m

Am,n

)
= γk

(⋃
n

Am,n

)
= γk(Cm)≥ γk(Ck, j).

Since this holds for all j, we conclude

sk = supMk ≥ γk(CΓ)≥ supγk(Ck, j) = sk,

and so γk(CΓ) = sk for all k, as required. �

Proof of Theorem 6.19. Let CΓ be the set of Lemma 6.20. Since Γ is admissible for F , we find
some set A ∈ FinY F with γ(F(A)) ≥ γ(CΓ) (γ ∈ Γ). Let C ∈ FinY F be arbitrary. Since finite
unions of sets from FinY F belong to FinY F , we have CC := A∪CΓ ∪C ∈ FinY F . Hence, the
choice of CΓ implies, for each γ ∈ Γ,

γ(CC)≤ γ(Cγ)≤ γ(F(A))≤ γ(F(CC)).

Since F is countably condensing with respect to Γ, this implies that CC is precompact, and so
also C ⊆CC is precompact. The remaining claims follow now from Proposition 5.9. �
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7. EXISTENCE OF COMPACT UNIFORM ATTRACTORS

For multi-valued maps, it makes sense to distinguish between orbitwise attractors, uniform
attractors, and attractors. While the former means that each orbit is attracted, the other mean that
the attraction is uniform or uniform with respect to the initial value of the orbit. In case of single-
valued maps, orbitwise attractors and attractors coincide, of course. If one considers more
general monotone set-maps or even sequences of sets, only the notion of a uniform attractor
makes sense. Although it might appear redundant to use the word “uniform” in this connection
(since no other type of attractor can be defined in this general setting), we keep this word anyway
to avoid confusion when we will pass later to the setting of single- or multivalued maps.

7.1. Uniform Attractors for Sequences of Sets. Throughout this section, let (X ,U ) be a
quasi-uniform space, and Xn ⊆ X .

Definition 7.1. A set M ⊆ X is an (almost/weak) uniform attractor for the sequence (Xn)n if for
each open set O⊇M we have Xn ⊆ O for almost all n (infinitely many n/some n).

M ⊆ X is an (almost/weak) uniform U -attractor for the sequence (Xn)n if for each U ∈ U
we have Xn ⊆U(M) for almost all n (infinitely many n/some n).

Proposition 7.2. Each (almost/weak) uniform attractor M for (Xn)n is an (almost/weak) uniform
U -attractor for (Xn)n. The converse holds if M is compact.

Proposition 7.2 is an immediate consequence of the following well-known observation. For
completeness, we provide a proof anyway.

Lemma 7.3. Let M ⊆ X.
(1) For each U ∈U there is an open set O⊆ X with M ⊆ O⊆U(M).
(2) Conversely, if M is compact then for each open O ⊇ M there is some U ∈ U with

U(M)⊆ O.

Proof. The first statement follows from the fact that U(M) is a neighborhood of M (i.e. of each
point x ∈M). For the second statement, assume that M ⊆ X is compact, and let O⊇M be open.
For each x ∈ M we find some U ∈ U with U(x) ⊆ O and some V ∈ X with V 2 ⊆ U . Then
V 2(x)⊆U(x)⊆ O. Since V (x) is a neighborhood of x, we thus have proved that the family

M := {N : N is open and there are x ∈M, V ∈U with x ∈ N ⊆V (x) and V 2(x)⊆ O}

is an open cover of M. By the compactness of M, we thus find finitely many N1, . . . ,Nn ∈M
and corresponding x1, . . . ,xn ∈M and V1, . . . ,Vn ∈U such that

M ⊆ N1∪·· ·∪Nn ⊆V1(x1)∪·· ·∪Vn(xn)

and V 2
k (xk) ⊆ O (k = 1, . . . ,n). Put U := V1 ∩ . . .∩Vn. For each x ∈ M, we find some k with

x∈Vk(xk), and so xk ∈Vk(x) implies U(x)⊆Vk(x)⊆Vk(Vk(xk)) =V 2
k (xk)⊆O. Hence, U(M)⊆

O. �

It is the aim of this section to establish a connection between condensifying (Xn)n and those
with a (pre)compact uniform U -attractor. One of these implications is easily seen:

Proposition 7.4. If (Xn)n has a precompact (almost/weak) uniform U -attractor M then (Xn)n
is (almost/weakly) condensifying with respect to each set Y satisying M ⊆ Y ⊆ X .
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Proof. Let U ∈ U . Choose some V ∈ U with V 2 ⊆U . By hypothesis, we have Xn ⊆ V (M)
for almost all n (infinitely many n/some n). Since M is precompact, there is a finite set N ⊆
M ⊆ Y with M ⊆ V (N). Hence, Xn ⊆ V (V (N)) = V 2(N) ⊆U(N) which implies U /∈H ◦

Y (Xn)
and thus U /∈HY (Xk) for almost all n (infinitely many n/some n). This means that (Xn)n is
(almost/weakly) condensifying. �

However, even in R, one cannot expect that condensifying sequences (Xn)n have some sort
of compact uniform attractor if they are not decreasing as the following example shows:

Example 7.5. Let xn ∈ X be a sequence without a limit (or even without accumulation points).
Then Xn := {xn} is condensifying with respect to X , but there is no precompact (almost) uniform
U -attractor.

Obviously, the problem in this example is that the sequence of sets Xn is not decreasing. For
this reason, we will consider the converse implication essentially only for decreasing sequences.
Actually, the following milder requirement will be sufficient.

Definition 7.6. (Xn)n is U -compactly decreasing (with respect to Y,Y0 ⊆ X) if for each U ∈U
there is some VU ∈ U with the following property: For each n0 there are j0 and a set K ⊆ X
with HY0(K) = /0 such that

VU /∈
∞⋃

n=n0

H ◦
Y (Xn) =⇒

∞⋃
j= j0

X j ⊆U(K).

Each decreasing sequence Xn+1⊆Xn is U -compactly decreasing. It suffices even that Xn+1⊆
Xn∪K or in locally convex spaces even, e.g., Xn+1 ⊆ conv(Xn ∪K) with a fixed set K ⊆ X
satisfying HY0(K) = /0. More general, we have the following sufficient criteria.

Proposition 7.7. (Xn)n is U -compactly decreasing with respect to Y,Y0 ⊆ X if one of the fol-
lowing holds.

(1) For each n there are j0 ≥ m≥ n and a set K ⊆ X satisfying HY0(K) = /0 with

∞⋃
j= j0

X j ⊆
m⋃

k=n

Xk∪K.

(2) X is a subset of a topological group Z, and there is a natural number c such that for each
n there are j0 ≥ m≥ n, and a map F : 2Z → 2Z which is built from at most c operations
of the form A 7→ A, A 7→ A−1, (A,B) 7→ A ·B, (A,B) 7→ A∪B, composing either previous
results or precompact sets such that F(Y )⊆ Y0 and

∞⋃
j= j0

X j ⊆ F
( m⋃

k=n

Xk

)
.

(3) If Z in the previous part is a topological vector space (not necessarily Hausdorff), then in
addition the operation A 7→ΛA with a set Λ of scalars is allowed for F if all these scalars
are bounded by c. Moreover, if Z is locally convex, then also the operation A 7→ convA
is allowed for F .
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Proof. We prove only the last claim, since the proof of the others is similar. Let U ∈ U be
given and choose V =VU ∈U such that V (2c)c ⊆U . Shrinking V if necessary, we may assume
in addition that there is a balanced (convex) neighborhood C ⊆ X of 0 with

V = {(x,y) ∈ X : x− y ∈C} .

We verify the property of Definition 7.6, putting n = m in our above hypotheses. Suppose that
V /∈

⋃
∞
k=m H ◦

Y (Xk). In particular, we find for each k = n, . . . ,m some finite set Nk ⊆ Y with
Xk ⊆V (Nk). Then

K := F
( m⋃

k=n

Nk

)
is a precompact subset of Y0, hence H ◦

Y0
(K) = /0, and

∞⋃
j= j0

X j ⊆ F
( m⋃

k=n

Xk

)
⊆V (2c)c

(K)⊆U(K).

For the second inclusion, we used (by induction on the structure of F) that the operations
are compatible with V in the sense that M ⊆ V (M), −M ⊆ V (−M), V k1(M1) +V k2(M2) ⊆
V k1+k2(M1 +M2), V k1(M1)∪V k2(M2) ⊆ V k1+k2(M1 ∪M2), ΛV n(A) ⊆ V cn(ΛA), and (if C is
convex) convV k(M)⊆V k(convM). To see the latter, note that the convexity of kC and convM
implies that also kC+ convM is convex, and so conv(kC+M)⊆ kC+ convM. �

Under the hypothesis of Definition 7.6, we can prove some powerful converse of Proposi-
tion 5.9.

Proposition 7.8. Let (Xn)n be U -compactly decreasing with respect to Y,Y0 ⊆ X and conden-
sifying with respect to Y . If a set M ⊆ X satisfies

M ⊆ lim
n

Xn∪
⋃
n

Kn

with some Kn ⊆ Xn where HY∪Y0(Kn) = /0, then H ◦
Y∪Y0

(M) = /0. In particular, each set

C ∈ FinY∪Y0 (Xn)n∪{lim
n

Xn, lim
n

Xn}

satisfies H ◦
Y∪Y0

(C) = /0 (hence, C is precompact if U is a uniformity).

Proof. For each U0 ∈ U there is some U ∈ U with U3 ⊆U0. Choose some VU according to
U ∈U as in Definition 7.6. By Proposition 5.2, there is some n0 such that VU /∈

⋃
∞
n=n0

H ◦
Y (Xn).

With j0 as in Definition 7.6, we thus find a set K ⊆ X with HY0(K) = /0 such that
∞⋃

j= j0

X j ⊆U(K).

Hence, putting Pj0 :=
⋃

j< j0 K j, we have

M ⊆ Pj0 ∪
∞⋃

j= j0

X j ⊆ Pj0 ∪U(K)⊆U(Pj0 ∪K)⊆U(U(Pj0 ∪K)).

Since Proposition 4.10 implies that H ◦
Y∪Y0

(Pj0 ∪K) is empty and thus does not contain U ∈U ,
there is a finite set N ⊆ Y ∪Y0 such that Pj0 ∪K ⊆ U(N). Hence, M ⊆ U3(N) ⊆ U0(N), i.e.
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H ◦
Y∪Y0

(M) = /0. Proposition 4.10 implies H ◦
Y∪Y0

(M) = /0. The second claim is an immediate
consequence of the inclusion limn Xn ⊆ limn Xn and of the fact that each finite set Kn = Nn ⊆
Y ∪Y0 satisfies HY∪Y0(Kn) = /0. �

Nevertheless, we will have to require some additional properties on the quasi-uniform space
X to prove the existence of a (pre)compact attractor: Either, we will have to require some sort
of completeness or we assume that U is a uniformity and has a countable filter base.

Of course, the set limn Xn is a good candidate for a precompact attractor. Nevertheless, even
if this set is nonempty and compact, and if X =R and the set sequence (Xn)n is decreasing, this
set need not necessarily be a uniform attractor.

Example 7.9. Let X = R. Then Xn := {0}∪ (n,∞) is a decreasing sequence without any pre-
compact uniform U -attractor. Nevertheless, limn Xn = limn Xn = {0}.

We will see that it is not accidental that the sequence (Xn)n in this example fails to be con-
densifying. In fact, we will see soon that under some mild completeness hypothesis limn Xn
actually is a uniform attractor if (Xn)n is condensifying. Such a completeness hypothesis cannot
be omitted, even if X ⊆ R, coren Xn is nonempty and compact and (Xn)n is decreasing.

Example 7.10. Let X := (0,1] and Xn := (0,1/n]∪{1}. Then limn Xn = limn Xn = {1} is not a
uniform attractor for the decreasing sequence (Xn)n.

Nevertheless, in this example (Xn)n has a precompact uniform attractor (e.g. the whole space
X is such an attractor). This is not accidental. In fact, the following result establishes the exis-
tence of such attractors without any completeness hypothesis, but under a certain metrizability
assumption.

Theorem 7.11. Let (Xn)n be U -compactly decreasing with respect to Y,Y0 ⊆ X. Assume in ad-
dition that U is a uniformity with a countable filter base (i.e. it is induced by a q-pseudometric).
Then the following three statements are equivalent and imply the fourth one.

(1) (Xn)n is condensifying with respect to Y .
(2) (Xn)n has a precompact U -attractor M ⊆ Y .
(3) (Xn)n has a precompact countable uniform U -attractor M ⊆ Y .
(4) (Xn)n has a precompact countable uniform U -attractor M ∈ FinX (Xn)n (not necessarily

M ⊆ Y ).

Proof. In view of Proposition 7.4, we only have to show that if (Xn)n is condensifying with
respect to Y , then also the other statements hold. Put Hn :=

⋃
∞
k=n H ◦

Y (Xk). We have (Proposi-
tion 5.2)

∞⋂
n=1

Hn = /0, Hn+1 ⊆ Hn. (7.1)

Choose some countable filter base U1,U2, . . . ∈U for U . Replacing Uk by Ũk :=U1∩ ·· ·∩Uk
if necessary, we may assume without loss of generality that Uk+1 ⊆Uk (k = 1,2, . . .). For each
k = 1,2, . . . we find by (7.1) some index nk with Uk /∈ Hn (n ≥ nk). Choosing nk inductively,
we can assume that nk+1 > nk (k = 1,2, . . .). For each n ≥ n1, let kn denote the unique index
satisfying nkn ≤ n < nkn+1 and observe that Ukn ∈ U \Hn ⊆ U \H ◦

Y (Xn). Hence, there is a
finite set Nn ⊆ Y with Xn ⊆Ukn(Nn). Then the set Mn := Nn∩U+

kn
(Xn) is finite and satisfies

Xn ⊆Ukn(Nn)∩Xn ⊆Ukn(Mn) (n≥ n1). (7.2)
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Since Mn ⊆ U+
kn
(Xn) = U−1

kn
(Xn) is finite, there is a finite set An ⊆ Xn (of at most the same

cardinality than Mn) such that

Mn ⊆U−1
kn

(An) (n≥ n1). (7.3)

We claim that the countable sets

M :=
∞⋃

n=n1

Mn ⊆ Y and A :=
∞⋃

n=n1

An ∈ FinX (Xn)n

are precompact uniform U -attractors for (Xn)n.
Let U ∈ U . Choose some V ∈ U with V 2 ∈ U and note that W := V ∩V−1 ∈ U . Hence,

there is some nU ≥ n1 such that Uk ⊆W whenever k ≥ kn for some n≥ nU . By (7.2) and (7.3),
we have for all n≥ nU that

Xn ⊆Ukn(Mn)⊆Ukn(U
−1
kn

(An))⊆W (W−1(An))⊆V 2(An))⊆U(An)⊆U(A),

and
Xn ⊆Uk(Mn)⊆U(Mn)⊆U(M).

Hence, A and M are uniform U -attractors for (Xn)n. Moreover, A is precompact by Proposi-
tion 7.8, and we have for all n≥ nU by (7.3) that

Mn ⊆U−1
kn

(An)⊆W−1(An)⊆U(A).

Hence, putting K :=
⋃

n<nU
Mn, we have

M ⊆ K∪U(A)⊆U(K∪A).

Since K∪A is precompact, this shows U /∈H ∞
X (M). Since U ∈U was arbitrary, we thus have

shown that H ∞
X (M) = /0, i.e. M is precompact in view of Proposition 4.2/4.9. �

Since we do not want to assume completeness of the whole space, we introduce a weaker
form of sequential completeness with respect to the sequence of sets Xn ⊆ X .

Definition 7.12. X is core-complete with respect to (Xn)n if each infinite set from FinX (Xn)n
with a precompact closure actually has a compact closure.

Recall that these sets are precisely those whose elements consist of sequences xk ∈ X such
that there are n1 ≤ n2 ≤ . . . with nk→ ∞ and xk ∈ Xnk and such that {x1,x2, . . .} is precompact.
The set of all accumulation points of such sequences is called the completeness core coren Xn of
the sequence (Xn)n.

Using the notation (5.5), we have clearly⋃
k

∞⋂
n=k

Xn ⊆ core
n

Xn ⊆ lim
n

Xn. (7.4)

Since limn Xn is closed, we conclude, using also the notation (5.6), that

lim
n

Xn ⊆ core
n

Xn ⊆ lim
n

Xn. (7.5)

In particular, if Xn+1 ⊆ Xn for all n, we have⋂
n

Xn = lim
n

Xn = core
n

Xn = core
n

Xn = lim
n

Xn, (7.6)
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and so coren Xn is closed in this case. In general, it is usually not true that coren Xn is closed,
even if the sets Xn are closed, because the definition involves only sequences and not arbitrary
nets/filters. However, if the uniformity is quasi-pseudometrizable, we have a much stronger
statement even if the sets Xn are not necessarily closed.

Lemma 7.13. Let U be a uniformity with a countable filter base. If X is core-complete with
respect to (Xn)n, then coren Xn is closed and complete.

The converse is of course not true, as can be seen in the space X = (0,∞) with Xn := (0,1/n).

Proof. Since U has a countable filter base, it suffices to show that each Cauchy sequence in
coren Xn converges to an element in coren Xn. Let (xn)n be a Cauchy sequence with xn ∈ coren Xn.
By definition, we find nk,1 ≤ nk,2 ≤ ·· · with nk,n → ∞ as n→ ∞ and xk,n ∈ Xnk,n such that xk
is an accumulation point of the sequence (xk,n)n. Let U1,U2, . . . ∈ U generate a filter base for
U . Passing to subsequences of (xk,n)n and (nk,n)n if necessary, we may assume without loss
of generality that nk,n ≥ n. Moreover, using a diagonal argument to pass to a subsequence, we
can also assume without loss of generality that xk,n ∈U j(xk) for all n ≥ j. Finally, since (xn)n
is a Cauchy sequence we can assume, passing to subsequences of (xk)k, (xk,n)k and (nk,n)k if
necessary, that (xn,xm) ∈U j for all n,m≥ j.

Let N = (N1,N2) : N→ N×N be one-to-one and onto, and put yn := xN1(n),N2(n) and kn :=
nN1(n),N2(n). Choose m j such that N1(n),N2(n) ≥ j for all n ≥ m j. Then kn ≥ j for all n ≥ m j,
and so kn→ ∞ as n→ ∞. Moreover, we have for all n,m≥ m j that

yn ∈U j(xN1(n))⊆U j(U j(xN1(m)))⊆U2
j (U

−1
j (ym)),

Since we find for each U ∈ U some j with U2
j ◦U−1

j ⊆ U , the sequence (yn)n is a Cauchy
sequence; in particular, {y1,y2, . . .} is precompact. Since yn ∈ Xkn and kn→ ∞ as n→ ∞, the
assumption implies that (yn)n has some accumulation point x ∈ coren Xn. For V ∈ U , choose
some j with U−1

j ◦U j ⊆V . For infinitely many n, we have

xN1(n) ∈U−1
j (yn)⊆U−1

j (U j(x))⊆V (x).

We thus have shown that x is also an accumulation point of (a subsequence of our original
sequence) (xn)n. Since the original sequence was a Cauchy sequence, we have xn→ x. �

Recall that a quasi-component Q of a subset M ⊆ X is a maximal (with respect to set-
inclusion) set Q⊆M with the property that the relations

M = A∪B, A∩B = /0, A∩B = /0 (7.7)

imply that either Q ⊆ A or Q ⊆ B. In particular, each connected subset of M has the latter
property and thus is contained in some quasi-component, i.e. each connected component of M
is contained in some quasi-component of M.

Theorem 7.14. Let U be a uniformity. Let (Xn)n be U -compactly decreasing with respect to
Y,Y0 ⊆ X, and let X be core-complete with respect to (Xn)n. Assume in addition that for each
C ∈ FinX (Xn)n and each C ⊆ limn Xn the implication

H ◦
Y∪Y0

(C) = /0 =⇒ C is precompact (7.8)

holds (if U is a uniformity, (7.8) holds automatically also without closures by Proposition 4.2).
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Then the first of the following statements implies all others; in case Y ⊇ coren Xn (if (7.8)
holds without closures also in case Y ⊇ coren Xn) the statements are equivalent.

(1) (Xn)n is condensifying with respect to Y .
(2) (Xn)n has a precompact uniform U -attractor.
(3) coren Xn is a uniform U -attractor for (Xn)n with a precompact closure.
(4) (If (7.8) holds without closures). coren Xn is a precompact uniform U -attractor for

(Xn)n.
(5) (If U is a uniformity with a countable filter base.) coren Xn is a compact uniform at-

tractor for (Xn)n.
(6) limn Xn is a precompact uniform U -attractor for (Xn)n.

Moreover, if one of these statements holds and K ⊆ X is closed and complete, coren Xn ⊆K, and
if

K is contained in a quasi-component of Xn (7.9)
for infinitely many n, then K is compact and connected.

Proof. Let (Xn)n be condensifying with respect to Y . By Proposition 7.8, the set B := limn Xn
satisfies H ◦

Y∪Y0
(B) = /0. By (7.5), the set C := coren Xn satisfies C⊆ B, and so also H ◦

Y∪Y0
(C) =

/0. Using (7.8), we obtain that C ⊆ B are both precompact (if (7.8) holds without closures, also
C is precompact).

We show that C (and thus also B ⊇ C) is a uniform U -attractor. Assume by contradiction
that this is not the case. Then there is some U ∈ U such that Xn is not contained in U(C)
for infinitely many n, i.e. we find a sequence xk ∈ Xnk \U(C) with nk → ∞. However, the set
A := {x1,x2, . . .} belongs to FinX (Xn)n. By Proposition 7.8, we have H ◦

Y∪Y0
(A) = /0, and so A

is precompact by (7.8). Since X is core-complete, the sequence (xk)k has some accumulation
point which by definition belongs to coren Xn = C. Hence, xk ∈ U(C) for infinitely many k,
contradicting the choice of the sequence xk.

If in addition U has a countable base, then Lemma 7.13 implies that the precompact set
coren Xn is actually compact and thus a uniform attractor by Proposition 7.2.

Conversely, if some of the other statement holds, then in particular (Xn)n has some pre-
compact uniform U -attractor (Proposition 7.2). Hence, Proposition 7.4 implies that (Xn)n is
condensifying with respect to X . By what we have shown, then coren Xn (or even coren Xn) is a
precompact uniform U -attractor, and applying Proposition 7.4 once more, we obtain that (Xn)n
is condensifying with respect to Y if Y ⊇ coren Xn (or Y ⊇ coren Xn, respectively).

To see the last statement of the theorem, note first that the previous results imply that if one
the statement holds with some Y ⊆ X then (Xn)n is condensifying with respect to Y = X . Note
also that the hypothesis on K implies K ⊆ limn Xn, and so K is precompact by Proposition 7.8
and (7.8). Hence, K is actually compact. Assume by contradiction that K = A0 ∪ A1 with
disjoint nonempty closed (in K and thus in X) sets A0,A1 ⊆ X . Since A0 is compact, we find by
Lemma 7.3 some U ∈U such that U(A0)⊆ X \A1. Choose some V ∈U with V 2 ⊆U , and let
O⊆ X denote the interior of V (A0). Then

A0 ⊆ O⊆ O⊆V (O)⊆V (V (A0))⊆U(A0)⊆ X \A1. (7.10)

Let N denote the set of all indices n satisfying (7.9). For each n ∈ N, we have Xn∩∂O 6= /0.
Indeed, we would otherwise have A := Xn∩O = Xn∩O. Hence, A is closed and open in Xn, and
so also B := Xn \A is closed and open in Xn. This implies (7.7) (with M := Xn), and since K is
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contained in a quasi-component of Xn, we have either K ⊆ A or K ⊆ B. But both is impossible,
because (7.10) implies in view of Ai⊆K⊆Xn that A0⊆A and A1⊆B: In particular, K =A0∪A1
intersects both of the disjoint sets A and B (since Ai 6= /0) and thus cannot be contained only in
A or only in B.

The contradiction shows that for each n ∈ N there is some xn ∈ Xn∩∂O. The set {xn : n ∈ N}
belongs to FinX (Xn)n and thus has a precompact closure by Proposition 7.8 and (7.8). Since
X is core-complete, the sequence (xn)n∈N has some accumulation point x which by definition
belongs to coren Xn ⊆ K. In particular, either x ∈ A0 or x ∈ A1. In view of (7.10) we thus have
either x ∈ O or x /∈ O. In both cases, x /∈ ∂O. However, this is a contradiction because x is an
accumulation point of a sequence xn from the closed set ∂O. �

We obtain as a trivial special case the following generalization of Kuratowski’s classical
result [19] to quasi-uniform spaces. Recall in this connection that each quasi-component of M
is contained in a quasi-component of M.

Corollary 7.15. Let (X ,U ) be a complete quasi-uniform space. If U is not a uniformity,
assume in addition

H ◦
X (C) = /0 =⇒ C is precompact (C ⊆ X). (7.11)

Let (Xn)n be a condensifying sequence of nonempty sets in X satisfying Xn+1 ⊆ Xn. Then
⋂

n Xn
is nonempty and compact. Moreover, this set is connected if, for infinitely many n, it is contained
in a quasi-component of Xn.

Proof. Replacing Xn by Xn if necessary, we may assume without loss of generality that Xn =
Xn for all n. By (7.6), we have then K := coren Xn =

⋂
n Xn. Note that K is closed and thus

complete. By Theorem 7.14, K is precompact (hence compact) and a uniform U -attractor for
(Xn)n; moreover, K is connected if Xn is connected for infinitely many n. Now observe that
K = /0 cannot be a uniform U -attractor for a sequence of nonempty sets. �

If X is compact, Corollary 7.15 boils down to the following two special cases which are well-
known for a compact Hausdorff space X . However, our arguments did not need any separation
properties, and it seems that even these special cases were unknown (for non-Hausdorff spaces).

Corollary 7.16. Each quasi-component Q of a compact topological space X is connected, i.e.
in X the notions “component” and “quasi-component” coincide.

Proof. Recall that Xn := Q is closed, and apply Corollary 7.15, using some quasi-uniformity U
generating the topology of X , see [8, Section 2.1]. Note that the compactness of X automatically
implies that (X ,U ) is complete and that (7.11) holds, because closed subsets of compact sets
are compact and thus precompact. �

Corollary 7.17. Let Xn be closed subsets of a compact topological space X with Xn+1 ⊆ Xn for
all n. Then

⋂
n Xn is nonempty, compact, and connected if each Xn is connected.

Proof. Apply Corollary 7.15 using some quasi-uniformity U generating the topology of X . �

The previous corollaries were our main reason for considering quasi-uniformities instead
of uniformities: Otherwise, the previous corollaries would apply only for those spaces whose
topology stems from a uniform structure; this is precisely the class of T3a spaces.
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7.2. Uniform Attractors for Monotone Maps of Power-Sets. Let (X ,U ) be a quasi-uniform
space.

Definition 7.18. A set M ⊆ X is a uniform attractor for a map F : 2X → 2X if for each open set
O⊆ X with M ⊆ O there is some index nO with Fn(X)⊆ O for all n≥ nO.

M ⊆ X is a uniform U -attractor for a map F : 2X → 2X if for each U ∈ U there is some
index nU with Fn(X)⊆U(M) for all n≥ nU .

Proposition 7.19. M ⊆ X is a uniform attractor for F if and only if M is a uniform attractor for
(Fn(X))n.

M⊆ X is a uniform U -attractor for F if and only if M is a uniform U -attractor for (Fn(X))n.

We call X F-core-complete with respect to F : 2X → 2X if it is core-complete with respect
to (Fn(X))n. Recall that this is in particular the case if X is complete. We use the shortcut
coreF := coren Fn(X) and note that, if F is monotone and thus Fn+1(X)⊆ Fn(X) for all n, (7.4)
and (7.5) simplify to ⋂

n
Fn(X)⊆ coreF ⊆ coreF ⊆

⋂
n

Fn(X). (7.12)

Now we can summerize some of our previous results as follows.

Theorem 7.20. Let F : 2X → 2X be monotone, and let U be a uniformity. Then for each Y ⊆ X
the first six of the following statements are equivalent and imply the others; if Y = X (or at least
if Y contains the respective attractors) all these statements are equivalent.

(1) F is condensifying with respect to Y .
(2) All sets in FinY F are precompact.
(3) All sets in FinY F and

⋂
n Fn(X) are precompact.

(4) (If X is a q-pseudometric space.) lim
n→∞

χY (Fn(X)) = 0.
(5) (If X is a q-pseudometric space.) F has a precompact uniform U -attractor M ⊆ Y .
(6) (If X is a q-pseudometric space.) F has a countable precompact uniform U -attractor

M ⊆ Y .
(7) (If X is a q-pseudometric space.) F has a countable precompact uniform U -attractor

M ∈ FinX F.
(8) (If X is F-core-complete.) F has a precompact uniform U -attractor.
(9) (If X is F-core-complete.) coreF is a precompact uniform U -attractor for F.

(10) (If X is a q-pseudometric space and F-core-complete.) coreF is a compact uniform
attractor for F.

(11) (If X is complete). coreF is a compact uniform attractor for F.
(12) (If X is complete).

⋂
n Fn(X) is a compact uniform attractor for F.

(13) (If X is complete and, for infinitely many n, coreF is contained in a quasi-component of
Fn(X).) coreF is a connected compact uniform attractors for F.

(14) (If X is complete and, for infinitely many k,
⋂

n Fn(X) is contained in a quasi-component
of Fk(X).)

⋂
n Fn(X) is a connected compact uniform attractors for F.

These statements are satisfied if one of the following holds.
(1) F is strictly monotonically (countably) Γ-condensing (and of countable type) where

Γ�F HY (or Γ�c
F HY ) is such that for each γ ∈ Γ there is some nγ with γ(Fnγ (X))< ∞

(or γ(C)< ∞ for each countable C ⊆ Fnγ (X), respectively).
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(2) F is countably condensing with respect to a countable family Γ⊆ΓY which is admissible
for F.

We note that if U does not have a countable base (i.e. if it is not induced by a q-pseudometric),
we assume the axiom of choice (or at least PI) for the last 4 of the above equivalent statements
for the claim that the respective sets are actually compact uniform attractors; without this axiom,
we claim only that they are precompact complete uniform U -atttractors (recall Proposition 3.6).

Proof. In view of Proposition 7.19, each of the implications (implying or requiring that F is con-
densifying with respect to Y ) is just a special case of one of the previous results, keeping (7.12)
and Proposition 7.2 in mind. �

As remarked earlier, the last statement of Theorem 7.20 contains [2, Theorem I.5.29]. How-
ever, our result is more general in several respects.

(1) We allow a much wider class of measures of noncompactness, and we require only that
F is countably condensing with respect to a (countable) family of such measures.

(2) We consider monotone set-maps instead of just multivalued maps.
(3) Even in case of multivalued maps, we obtain the existence of a uniform attractor, not

only of an attractor.
In particular, the last statement will be important in the next section for multivalued maps. We
point out that it would not have been possible to prove Theorem 7.20 directly along the lines
of [2, Theorem I.5.29], because the argument given there only shows that

⋂
n Fn(X) is compact

for condensing multivalued F . Unfortunately, even if this set is nonempty and compact, it is in
general not an attractor for F , even if F : X → X is a single-valued continuous map, as can be
seen by the right-shift operator F(ξ1,ξ2, . . .) = (0,ξ1,ξ2, . . .) in the space X := `∞. Although
it was known that

⋂
n Fn(X) is an attractor if F has precompact orbits (see e.g. [24, Lemma 6]

or [2, Proposition I.5.9] for the single- or multivalued case, respectively), we could not directly
use such kind of arguments, because we cannot speak about orbits in our situation and because
we want a uniform attractor.

8. EXISTENCE OF COMPACT ATTRACTORS

Throughout this section, let (X ,U ) be a quasi-uniform space, and F : X ( X be a multival-
ued map. If X is e.g. an unbounded subset of a normed space, then F will typically not have a
compact uniform attractor, but we will see that often F will have a compact attractor.

Definition 8.1. A set M ⊆ X is an attractor for F : X ( X if for each open set O ⊆ X with
M ⊆ O and each x ∈ X there is some index nO,x with Fn(x)⊆ O for all n≥ nO,x.

M ⊆ X is a U -attractor for F : X( X if for each U ∈U and each x ∈ X there is some index
nU,x with Fn(x)⊆U(M) for all n≥ nU,x.

Using Lemma 7.3, we obtain immediately:

Proposition 8.2. Each attractor M for F is an U -attractor F . The converse holds if M is
compact.

In order to show the existence of a compact attractor the following notions will be useful:

Definition 8.3. A set B⊆ X is a collector for F : X ( X if for each x ∈ X there is some index
nx with Fn(x)⊆ B for all n≥ nx.
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Definition 8.4. The multivalued map F : X ( X is called occasionally finite if for each x ∈ X
the set Fn(x) is finite (or empty) for infinitely many indices n.

Of course, each single-valued map F : X → X is occasionally finite. More general, each
multivalued maps with finite images F(x) is occasionally finite.

Nevertheless, most multivalued maps occurring in analytic problems fail to be occasionally
finite. For this reason, it is crucial to observe that if the attractor M for the restriction of F is
uniform, no such requirement is needed in the following result.

Theorem 8.5. Suppose that F : X ( X has a collector B⊆ X. Define F |B∩B : X ( X by

(F |B∩B)(x) :=

{
F(x)∩B if x ∈ B,
/0 if x ∈ X \B.

(8.1)

Then the following holds for M ⊆ X.
(1) If M is a uniform attractor for F |B∩B then M is an attractor for F.
(2) If M is a uniform U -attractor for F |B∩B then M is an U -attractor for F.
(3) If M is an attractor for F |B∩B and if F is occasionally finite then M is an attractor for

F.
(4) If M is an U -attractor for F |B ∩ B and if F is occasionally finite then M is an U -

attractor for F.

Proof. Let M ⊆ X be a (uniform) (U -)attractor for F |B, and let O := U(M) for some U ∈ U
(or let O ⊇ M be open, respectively). Let x ∈ X be given. We are to show that there is some
index n0 with Fn(x)⊆ O for all n≥ n0.

By assumption, we find some index n1 with Fn(x) ⊆ B for all n ≥ n1. We show now by
induction on k = 0,1,2, . . . that

Fk(K) = (F |B∩B)k(K)⊆ B for all K ⊆
∞⋃

n=n1

Fn(x). (8.2)

Indeed, since B0 :=
⋃

∞
n=n1

Fn(x) ⊆ B, we have for each K ⊆ B0 that id(K) = K ⊆ B0 ⊆ B,
i.e. (8.2) holds with k = 0. Assume that (8.2) holds with some k ≥ 0, and let K ⊆ B0. By
hypothesis, we have Fk(K) = (F |B∩B)k(K)⊆ B, and so

Fk+1(K) = F(Fk(K)) = F((F |B∩B)k(K)) = (F |B∩B)((F |B∩B)k(K)) = (F |B∩B)k+1(K).

Hence, (8.2) holds with k+1 in place of k. This completes the proof of (8.2).
We consider first the case that M is a uniform (U -)attractor for F |B∩B. In this case, we find

some index n2 with (F |B∩B)k(X)⊆O for all k≥ n2. Using the shortcut K := Fn1(x), we obtain
in view of (8.2) that

Fn1+k(x) = Fk(K) = (F |B∩B)k(K)⊆ (F |B∩B)k(X)⊆ O (n≥ n2),

i.e. Fn(x)⊆ O for all n≥ n0 := n1 +n2.
Now we assume that F is eventually finite. In this case, we find some index n′1 ≥ n1 such that

K := Fn′1(x) is finite or empty. Since M is a (U -)attractor for F |B∩B and since K is finite, there
is some index n2 with (F |B∩B)k(y)⊆ O for each k ≥ n2 and each y ∈ K. Hence, (8.2) implies

Fn′1+k(x) = Fk(K) = (F |B∩B)k(K)⊆ O (k ≥ n2),

i.e. Fn(x)⊆ O for all n≥ n′0 := n′1 +n2. �
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Combining Theorems 7.20 and 8.5, we obtain:

Theorem 8.6. Let (X ,U ) be a complete uniform space, and let F : X( X. Suppose that there
is a collector B⊆ X for F such that the restriction F |B∩B : X ( X defined by (8.1) satisfies at
least one of the following properties for some Y ⊆ X.

(1) F |B∩B is condensifying with respect to Y .
(2) limn→∞ χY ((F |B∩B)n(B)) = 0.
(3) F |B ∩ B is strictly monotonically (countably) Γ-condensing (and of countable type)

where Γ �F |B∩B HY (or Γ �c
F |B∩B HY ) is such that for each γ ∈ Γ there is some nγ

with γ((F |B∩B)nγ (X)) < ∞ (or γ(C) < ∞ for each countable C ⊆ (F |B∩B)nγ (X), re-
spectively).

(4) F |B ∩B is countably condensing with respect to a countable family Γ ⊆ ΓY which is
admissible for F |B∩B.

If B is complete, then F has a compact attractor in B. If the restriction of U to B is induced by
a q-pseudometric, then F has a countable precompact U -attractor in Y .

If U does not have a countable base (i.e. if it is not induced by a q-pseudometric), we assume
the axiom of choice (or at least PI) for the first claim in Theorem 8.6. Without this axiom, we
claim only that F has a precompact complete U -attractor in B (recall Proposition 3.6).

Proof. Theorem 7.20 implies that F |B∩B : B( B has a compact uniform attractor M ⊆ B or
that F |B ∩B : X ( X has a countable precompact uniform U -attractor in Y , respectively. In
both cases, M is a uniform (U -)attractor for F |B ∩B : X ( X , and so the claim follows from
Theorem 8.5. �

We point out once more that for multivalued maps we were only able to apply Theorem 8.5
in the previous proof because we proved in Theorem 7.20 that the attractor is uniform.
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R. Acad. Sci. 282 (1976), no. 22, A1283-A1286.
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