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Abstract. Current prostate cancer treatment protocols, based on continuous use of the maximum tolerated dose
of an anticancer drug, rapidly destroy drug-sensitive cancer cells in the patient’s body. As a result, they change
the competition between drug-sensitive and drug-resistant cancer cells in favor of the latter. As drug-resistant
cancer cells begin to dominate in the patient’s body, continued therapy may become ineffective. A new direction
in prostate cancer treatment is adaptive therapy. It allows a significant number of drug-sensitive cancer cells
to survive using only minimally effective doses of drugs with temporary breaks in drug administration. As a
result, drug-sensitive cancer cells compete for common limited resources and suppress the proliferation of drug-
resistant cancer cells. Finding optimal moments for switching between dosing and resting intervals by monitoring
patient characteristics in real time is critical for the success of adaptive therapy. In this paper, for a given time
interval representing the total period of prostate cancer treatment, the corresponding Lotka-Volterra mathematical
models describing the competition between drug-sensitive and drug-resistant cancer cells during adaptive therapy
are investigated, taking into account both the direct and indirect effects of the targeted drug. These models contain
time control functions that are responsible for switching between the stage of active adaptive therapy to the stage
of its absence and vice versa. To find the optimal moments of switchings, it is necessary to minimize the total
load of cancer cells both during the entire period of prostate cancer treatment and at its final moment. The optimal
control problems are solved using the Pontryagin maximum principle and the non-oscillatory theory of differential
equations. The optimal scenarios of drug administration are obtained analytically. The results are discussed.
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1. INTRODUCTION

Prostate cancer is a malignant tumor that develops from the cells of the prostate gland. It
occurs due to the uncontrolled growth and division of prostate cells. These abnormal cells can
form a tumor that can spread to surrounding tissues and organs, and form metastases (secondary
lesions) in other parts of the body. Treatment for prostate cancer depends on the stage of the
disease, the patient’s age, general health, and other factors. Treatment options include surgical
removal of the prostate gland, radiation therapy, chemotherapy, and hormonal therapy. Prostate
cancer is one of the most common cancers in men, especially in older men. Prostate cancer
detected at an early stage has a favorable prognosis, and most men are successfully treated.
With late diagnosis, the prognosis may be less favorable, but modern treatment methods can
significantly prolong life and improve the quality of life of patients.

Mathematical modeling of prostate cancer helps to describe and predict the development of
this disease. Such models include a description of tumor growth and take into account such
factors as the rate of cell division, availability of nutrients, and the influence of the micro-
environment. They also reflect the response to various treatment methods (radiation therapy,
chemotherapy, hormonal therapy) and the spread of cancer cells to other organs and tissues
(metastases). Mathematical controlled models are used to optimize treatment strategies, evalu-
ate the effectiveness of various treatment methods, and personalize the approach to each patient.

Adaptive therapy in the context of mathematical models of prostate cancer treatment refers
to an approach in which treatment is modified depending on the tumor’s response to previous
stages of therapy, which is monitored and analyzed using mathematical models. These models
help predict optimal treatment strategies for a specific patient, taking into account the individ-
ual characteristics of the tumor and the body. The essence of adaptive therapy lies in regular
monitoring of tumor parameters (volume, growth rate, sensitivity to drugs) using visualization
and blood tests (determination of the PSA level). In this case, mathematical models are actively
used that describe the dynamics of the tumor and its interaction with various types of treatment.
Based on the results of such monitoring, the most effective treatment strategy is selected. This
may include changing drug dosages, switching to another type of therapy, or adding new treat-
ments. Thus, adaptive therapy using mathematical models is a promising approach to prostate
cancer treatment, allowing to increase the effectiveness of treatment and improve the prognosis
for patients.

Optimization in mathematical models of prostate cancer is aimed at improving treatment
results, reducing side effects and increasing the quality of life of patients. In this regard, we will
highlight the works [2, 3,6, 8, 11, 12, 13, 14, 15, 17, 18] devoted to assessing the effectiveness of
various treatment methods and treatment plans taking into account the individual characteristics
of the patient. In our recent paper [6] we used mathematical optimization to identify effective
and personalized treatment strategies for prostate cancer, particularly with regard to the timing
of hormonal therapy, with the goal of maximizing tumor control and potentially improving
patient outcomes. However, in [6] the anticancer drug was used indirectly, under the assumption
that when the drug is administered, it is taken at the maximum dose. Some researchers have
wondered whether this would be true if, instead of the maximum tolerated dose, there was an
option to take a lower dose of the drug, as is done in metronomic treatment or with a gradual
dose reduction over time. To answer these questions, in this paper we created a controlled model
that contains direct drug use, the intensity of which varied from O (no drug) to M (maximum
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tolerated dose), and compared our results with the control model that reflects indirect use of the
drug. Although the two models are different, the optimal control type is similar in structure: it
has a maximum of two switchings, between treatment at the maximum tolerated dose and rest
intervals, and it always ends with drug administration. No other treatment protocol or use of a
lower drug dose has been shown to be optimal.

This paper is organized as follows. Section 2 contains a description of the control system
based on the Lotka-Volterra competition model that describes the interaction between drug-
sensitive and drug-resistant cancer cell populations and that does not directly consider the effect
of the drug on the patient’s body during adaptive therapy for prostate cancer. It also includes the
formulation of the corresponding optimal control problem and the discussion of the existence of
an optimal solution to such a problem. Section 3 demonstrates the application of the necessary
optimality condition in the form of the Pontryagin maximum principle to these optimal control
problem. Section 4 presents the properties of the switching function that determines the behav-
ior of the corresponding optimal control, as well as its possible types. Section 5 describes a
more complex control system, also based on the Lotka-Volterra competition model, which uses
the relationships between populations of drug-sensitive and drug-resistant cancer cells and di-
rectly takes into account the effect of the drug on the patient’s body during adaptive therapy for
prostate cancer. It also contains the formulation of the corresponding optimal control problem
and the discussion of the existence of an optimal solution to such a problem. Section 6 again
shows the application of the Pontryagin maximum principle to such an optimal control prob-
lem. Section 7 describes the properties of the switching function that determines the behavior
of the corresponding optimal control, as well as its possible types. Finally, Section 8 contains
conclusions and discussion based on our analytical investigation.

2. OPTIMAL CONTROL PROBLEM FOR LOTKA-VOLTERRA COMPETITION MODEL
WITHOUT THE DIRECT INFLUENCE OF THE TARGETED DRUG

For a mathematical description of the interaction between populations of drug-sensitive and
drug-resistant cancer cells during adaptive therapy for prostate cancer without taking into ac-
count the direct influence of the targeted drug in [12, 13] the following Lotka-Volterra compe-
tition model is used:

anTi(t)+apnh(t
T{(%) = LT (7) <1 (14 vy LTl >K L)
1
a1 Ti(7) +anT(t
( ( )Kz ( ))) — w2 Tr(7),

>—N1Tl(f)7
2.1)

Té(f) = lsz(T) <1 —

in which:

e T1(7) is population size of drug-sensitive cancer cells;

e T>(7) is population size of drug-resistant cancer cells;

e A;,i=1,2 are the intrinsic growth rates of drug-sensitive and drug-resistant cancer cells,
respectively;

e K;, i = 1,2 are drug-sensitive cancer cells carrying capacity and drug-resistant cancer
cells carrying capacity, respectively;

e u;, i = 1,2 are the death rates of drug-sensitive and drug-resistant cancer cells, respec-
tively;
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® a;j,1,j= 1,2 are elements of the competition matrix of drug-sensitive and drug-resistant
cancer cells;

e K is patient sensitivity to the maximum tolerated dose of the targeted drug;

e v(7) €{0;1} is the control function that shows in what sequence the medication regimen
v(7) = 1 and the non-medication regimen v(7) = 0 should alternate, and how long each
of them should last.

We assume that

e clements a;;, i, j = 1,2 of the competition matrix are positive and ay,a2 < 1;
e parameters A;, U; and K;, i = 1,2 are positive;
e inequality ap; /a;; # K> /K] is true.

Remark 2.1. Taking a medication leads to a decrease of the carrying capacity of drug-sensitive
cancer cells Kj.

We add initial conditions to the system (2.1):
T1(0) =T, T,(0)=T1; T € (0,K,), Ty € (0,K,), (2.2)

and consider system (2.1), (2.2) for a given period of time [0, ®], which is the total period of
prostate cancer treatment.

Let us perform scaling of variables, time, as well as parameters and initial conditions in this
system:

x=(anT)/Ki, y=(anT)/Ks, xo0=(anT{)/Ki, yo=(anTy)/Ka,
t=1/l, T =0/, my = W/ A2, my = /A2,
r=»MA/2s, Y2 = (a12/ax) - (K2 /K1), Y1 = (a21/an) - (K1 /K2).

As a result, we have the control system:
¥(1) = rx(e) (1= (14 kv(0)) (x(0) + 125(0)) ) = m1x(0), £ € 0,71,

Y (1) = (1) (1 — (Y21x(1) +y(t))) —my(t), (2.3)
x(0) =x0, y(0) =yo; x0 € (0,1), yo<(0,1),

in which 9| # 1. In addition, values x and y become concentrations of drug-sensitive and drug-
resistant cancer cells, respectively. The value r represents the growth rate of drug-sensitive
cancer cells relative to drug-resistant cancer cells.

By the set of admissible controls Q(7') we mean all possible Lebesgue measurable functions
v(t) which, for almost all ¢ € [0, T], satisfy the inclusion v(z) € V = {0;1}. Here V is a control
set.

Let us introduce the set:

A={(xy):0<x<1,0<y<1}

that is an invariant set of the system (2.3).
Then, following the arguments from [5], the validity of the following lemma can be estab-
lished.
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Lemma 2.2. For an arbitrary admissible control v(t), the corresponding absolutely continuous
solution (x(t),y(t)) of the system (2.3) is defined on the entire interval [0,T| and satisfies the
inclusion:

(x(t),y(1) €A, 1€[0,T]. (2.4)
For system (2.3) on the set of admissible controls Q(7'), we consider the objective function:

T

J(v) = a(x(T) +y(T)) +ﬁ/(X(t) +y(1))dt, >0, >0, (2.5)
0

which is a weighted sum of the concentrations of drug-sensitive and drug-resistant cancer cells
both at the final moment T of the total treatment period [0, 7] and throughout its entire duration.
The medical meaning of this objective function is

e the cancer load in the patient’s body both at the final moment 7 and over the entire
interval [0, T];

e the most effective tumor marker (PSA), showing the severity of the disease and having
a direct relation to the sum (x(7) + y(t)).

Then, we consider the problem of minimizing the objective function (2.5):

J(v) — min . (2.6)
( ) v(-)eQ(T)

The control set V' is not convex that can lead to the absence of an optimal solution to the
minimization problem (2.6) in the classes of admissible regimes traditional for applications. To
avoid this problem, the convex hull of the control set V is taken. As a result, the two-point set
V turns into the interval U = [0, 1]. Then, instead of the set of admissible controls Q(7), we
consider the set of admissible controls W(7'). It consists of all possible Lebesgue measurable
functions v(¢) that satisfy the inclusion v(¢) € U for almost all ¢ € [0,T]. Here U is a new control
set.

As a consequence of this, the relaxed minimization problem arises, which consists in mini-
mizing the objective function (2.5) for the control system (2.3) on the set of admissible controls
Y(T):

J(v) — v(‘)rg\l}r‘lm, (2.7)
which we will now consider.

Since the inclusion (2.4) remains valid for an arbitrary admissible control v(z) from ¥(7),
then together with the convexity of the control set U and linearity of the system (2.3) in control
v(t), they guarantee the existence of an optimal solution in the relaxed minimization prob-
lem (2.7) [9], which consists of the optimal control v, (7) and the optimal solution (x.(z),y.(t))
of the system (2.3) corresponding to it.

Remark 2.3. If the inclusions v.(f) € V and v.(t) € U are simultaneously satisfied for the
optimal control v,(¢), then the optimal solution in the relaxed minimization problem (2.7) is
simultaneously the optimal solution in the original minimization problem (2.6).
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3. APPLICATION OF THE PONTRYAGIN MAXIMUM PRINCIPLE

To analyze the optimal control v, (7) and the corresponding optimal solution (x.(7),y.(t)) of
the system (2.3) in the relaxed minimization problem (2.7), we apply the Pontryagin maximum
principle [16]. First, we write the corresponding Hamiltonian:

H(x,y,v, y1,¥2) = (r(1 = (1+xv) (x+ Yi2y)) —mi)xyn + ((1 = (arx+y)) —m2)yyo — B (x+y),

where Y and y» are the adjoint variables. Second, we use it to calculate the required partial
derivatives:

H(x,y,v,¥1,¥) = (r(1 — (14 kv) (x+ Yi2y)) —m1) 1 — r(1 + kv)xyi — piyys — B,
Hy(x,y,v, w1, ¥2) = (1 = (Y1x+y)) = ma) y2 — rya(1+ kv)xyy —yyn — B,
H(/(-xvy7 V, Wl)ll/Z) - —rK'(x—|— }’12)’)3“//1-

Then, in accordance with the Pontryagin maximum principle, for the optimal control v, (r)
and the optimal solution (x.(¢),y.(¢)) corresponding to it, there exits such a vector function

y(1) = (y1(1), ya(r)) that
e y(r) is a nontrivial solution of the adjoint system:

(i (t) =— (r(1 — (14 5vi(2)) (0 (7) + 1129 (1)) — m1) y (1)
+ (1 + Kkvi(t))x (1) Wi () + 1219« () w2 () + B,

v () = — (1= (1212 (1) + 34 (1)) — m2) o (t) 3.1)
+ Y2 (L+ kv (1))x () i (1) + y: (1) w2 (1) + B,

Wi(T)=—a, w(T)=—a;

e the control v, (¢) maximizes the Hamiltonian H (x,(t),y.(t),v, w1 (t), w2 (t)) with respect to the
variable v € [0, 1] for almost all # € [0, T], and therefore it satisfies the relationship:

1 Af = k(e (1) + 12y (1)) () i (1) > 0
vi(t) =< anyve[0,1] ,if —rk(x(r)+ Y2y«@))x(t)wi(z) =0, (3.2)
0 it — k(e () + Y2y« (1)) x (D) wi (1) <O

It is convenient to introduce new adjoint variables:

01(1) = —x()w1(2),  92(t) = —y:(1)y2(1).
Then, there exits such a vector function ¢ (1) = (¢1(¢),¢(¢)) that the adjoint system (3.1) is
transformed into a new adjoint system:

01() = r(1+kvi (1))x (1) 91 (1) + Yorx. (1) §2(r) — B (1),
92(1) = rvia(1+ kva (1)« (1) 91 (1) + 3+ (£) $2(t) — By-(1), (3.3)
01(T) = oxu(T), ¢2(T) = ay«(T),

and the relationship (3.2) for the control v, (¢) is rewritten as

1 ,if Ly(t) >0,
vi(t) =4 anyve|[0,1] ,if L,(t) =0, (3.4)
0 cif Ly(t) <0,

where, due to Lemma 2.2, the function L, (1) = ¢;(¢) is the switching function. It describes the
behavior of the control v, (¢) using the formula (3.4).
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4. SWITCHING FUNCTION AND ITS PROPERTIES

Since the switching function L,(z) is directly the function ¢;(¢), then to determine the prop-
erties of the function L, (r), we study the equations of the system (3.3) and its initial conditions.
The analysis of the initial conditions of the system (3.3) and Lemma 2.2 lead to the relation-
ship:
L,(T)=¢1(T) =o0x.(T) >0,

which, due to the continuity of the switching function L, (¢), ensures the validity of the following
lemma.

Lemma 4.1. There is a moment ty € (0, T) such that on the interval (to, T| the switching function
L,(t) is positive.

Then, formula (3.4) implies the conclusion.

Corollary 4.2. A neighborhood is defined adjacent to t = T, at which the optimal control v, (t)
takes the value 1.

An analysis of the equations of system (3.3) shows that the switching function L, (¢) does not
vanish identically on any subinterval of the interval [0, 7]. Namely, the following lemma holds.

Lemma 4.3. The switching function L,(t) cannot be zero on any subinterval of the interval
[0,T].

Proof. We assume the contrary. Let the function L,(¢) become zero everywhere on the interval
A C [0,T]. Then, it is obvious that L, () = 0 almost everywhere on this interval. Therefore, the
first equation of system (3.3) and Lemma 2.2 imply the equality:

v1o2(t) =B, teA 4.1)

Hence, the derivative ¢;(¢) becomes zero everywhere on the interval A. Therefore, the second
equation of the system (3.3) and Lemma 2.2 lead to the expression ¢, (¢) = 3, which together
with (4.1) gives a contradictory equality »; = 1. Our assumption was wrong, and the switching
function L, (¢) does not vanish on any subinterval of the interval [0, T]. O

Lemma 4.3 implies the following conclusions.

Corollary 4.4. The switching function L,(t) can vanish only at separate points of the interval
[0,T].

Corollary 4.5. Formula (3.4) shows that the optimal control v, (t) is a bang-bang function
taking values {0;1}. This means that the control v, (t) obtained from the analysis of the mini-
mization problem (2.7) is also the optimal control in the original minimization problem (2.6).

Now we show how the number of zeros of the switching function L, () can be estimated.
To do this, consider on the interval [0, 7] the linear homogeneous differential equation of the
second order:

20+ (20 )40 001 0))200)

x4 (1) 4.2)

— Y1211 (14 &vi (1)) x4 (1) v« (t)2(2) = 0.



8 E. GRIGORIEVA, E. KHAILOV

We extend by continuity the optimal control v, (¢) to the interval [0, 7 +2¢] [1], where € is some
given small positive number. Then the optimal solution (x,(¢),y«(t)) is also extendable to this
time interval. Thus, the equation (4.2) is defined on the interval [0, T + 2¢].

Let us consider the function w(¢) = 1 on the interval [0,7 + 2¢]. It is positive and after its
substitution into the left side of the equation (4.2) we have the inequality:

—rY12Y1 (1 + kvi (1)) 2. (2)y« () <0, t€[0,T +2¢].

Then, due to the de La Vallée-Poussin non-oscillation criterion [10], any non-zero solution of
the equation (4.2) has at most one zero on the interval [0, T + 2¢]. Let us take the solution 1 (%)
of this equation with initial conditions:

N(T+€e)=0, n'(T+¢e)=-1. (4.3)

Then, everywhere on the interval [0, 7] the function 1(¢) is positive.
Let us define on the interval [0, 7| the following function:

N
Yix(t) )

It is easy to see that this function on the entire interval [0, 7] satisfies the Riccati equation [7]:

q (1) = =112 (1) (1) + (e () = r(L+ kv (1) (1)) g (1) + ra(L+ kvi(0)ya().  (4.4)

The adjoint system (3.3) is the linear inhomogeneous system of differential equations. Let us
make the following change of variables in it:

x1(t)=01(1),  x2(t) = $a(t) — h(t)$1 (1) — By

Using the equations of the system (3.3), as well as equation (4.4), for the new variables y; (¢)
and x»(¢) we find the following system:

x1() = (r(1+ ke (1)) + varh(0))Jx () 11 (t) + Yo (1) x2(1),

25(t) = (1) = Y10 (Oh(0) x2(1) + B (15, = 1) (),

x1(T) = o (T),
defined over the entire interval [0,7]. Involving the generalized Rolle’s theorem [4] in it, one
can show that the function ¢; (¢) = x;(¢) has at most two different zeros on the interval [0, T].

Using the definition of the switching function L, (), we have shown that the following lemma
is true.

Lemma 4.6. The switching function L, (t) has at most two different zeros on the interval [0,T).
Combining the results of Lemmas 4.1 and 4.6, we arrive at the conclusion.

Corollary 4.7. The switching function L,(t) is either positive for all t € [0,T];
or it has one zero 0, on the interval (0,T) and

<0, if 0<t<8,,

LV(t) :07 lf t:9*7
>0, if 0,<t<T,
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or it has two distinct zeros 0}, 05 on this interval and

>0, if 0<r<0/,

=0, if t=6,
L,(t)s <0, if 6f <t<05,
=0, if 1=06],

>0, if 6; <t<T.
Then, formula (3.4) implies the conclusion.

Corollary 4.8. The optimal control v.(t) is either of the type vi(t) = 1 for all t € [0,T],
or
0 ,if 0<t<8,
V*(I)_{ 1 ,if 6, <t<T,
or
1 if0<r<e;,
v(t)=4q 0 ,if 6 <r<865,
1 if 05 <t<T,

where 0, € (0,T) and 05,05 € (0,T) are moments of switching.

5. OPTIMAL CONTROL PROBLEM FOR LOTKA-VOLTERRA COMPETITION MODEL WITH
THE DIRECT INFLUENCE OF THE TARGETED DRUG

In cancer treatment, the term “drug” presents the dose of the drug. The controlled model (2.1)
takes into account the effect of drug dose. After the treatment, the number of drug-sensitive can-
cer cells decreases, which influences drug-resistant cancer cells. In turn, the concentration of
the drug means the constant accumulation of doses of the drug in the patient’s body. When the
concentration of the drug is too low, it may not be enough to kill enough drug-sensitive cancer
cells. When the concentration of the drug is too high, it can affect normal cells and cause harm
to the human body. Therefore, it is important to consider the effect of drug concentration on the
treatment. Within the framework of the above, to mathematically describe the interaction be-
tween populations of drug-sensitive and drug-resistant cancer cells during adaptive therapy for
prostate cancer with taking into account the direct influence of the targeted drug, the paper [14]
presents the following Lotka-Volterra competition model:

anTy (T) —l—alsz(T))
K

(a1 Ti(7) +anTh(7))
K>

(

1i(e) = () (1 (14 xe(e)! )-wiTi(0). z€ 0.0),

(5.1)

Tzl(T) = ;Lsz(T) (1 —

| (1) = —yz(7) +u(7),

in which we additionally have:

)~ ema(o)

e 7(7) is drug concentration in the patient’s body;

e u(7) € [0,M] is the control function that reflects the intensity of drug entry into the
patient’s body;

e K is patient’s sensitivity to the targeted drug;

e 7 is dissipation coefficient.
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By performing a transformation in the system (5.1) similar to that carried out in the sys-
tem (2.1), we obtain the following control system:

¥ (0) = ra(e) (1= (14 K2(0)) ((0) + 1123(0)) ) = mia(e), £ € 0, ],

Y (0)=3(0) (1= (prx(0) +3(0)) ) = may(0), 52)
(1) = —8z(t) +ult),
L x(0) =x0, ¥(0) =0, 2(0)=0; xo € (0,1), yo € (0,1).

By the set of admissible controls ®(7') we mean all possible Lebesgue measurable functions
u(t) which, for almost all ¢ € [0, T, satisfy the inclusion u(z) € IT = [0,M]. Here M is a given
positive constant and Il forms a control set.

We consider the interval [0, 7] that determines the duration of the treatment period. Let us
fix an arbitrary control u(-) € ®(T). Then, due to the third equation of the system (5.2) and its
initial condition, the solution z(¢) is determined on the entire interval [0, 7] and is expressed by
the formula:

t
z(t) = e_&/essu(s)ds, t€10,7T]. (5.3)
0
Constraints on the control u(¢) and formula (5.3) yield the inequalities:

0<z(t) <M8 '(1—e ) <M&™', te[0,T].

Now we substitute the function z(#) into the first equation of the system (5.2). After which,
carrying out in this system the same reasoning as used to substantiate Lemma 2.2, we arrive at
the validity of the following lemma.

Lemma 5.1. For an arbitrary admissible control u(t), the corresponding absolutely continuous
solution (x(t),y(t),z(t)) of the system (5.2) is defined on the entire interval [0,T| and satisfies
the inclusion:

(x(2),y(t),z(t)) €X, t€]0,T], (5.4)
where the set:
T={(x,02):0<x<1,0<y<1,0<z<Ms§'}
is an invariant set of the system (5.2).

For system (5.2) on the set of admissible controls ®(7), we consider the objective function
similar to the objective function (2.5):

T
J(u) = a(x(T)+y(T))+B /(X(t) +y())dt, a>0, >0,
0

and the minimization problem similar to the minimization problem (2.6):

J(u) = min . 55

(u) o Jnin | (5.5)
Due to the inclusion (5.4), the reasoning carried out in Section 2 to justify the existence of
the optimal solution in the relaxed minimization problem (2.7) is also valid in this section for
the minimization problem (5.5) that we consider for the control system (5.2). Therefore, an
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optimal solution is defined, consisting of the optimal control u,(7) and the optimal solution
(x4(2),y4(t),z4(t)) of the system (5.2) corresponding to it.

6. USING THE PONTRYAGIN MAXIMUM PRINCIPLE

To study the optimal control u,(¢) and the corresponding optimal solution (x(¢),y«(¢),z«(t))
of the system (5.2) in the minimization problem (5.5), we again use the Pontryagin maximum
principle. To do this, first, we write down the corresponding Hamiltonian:

H(x,y,z,u, Vi, Y2, ll/3> = (}"(1 - (1 + KZ)(X—F’}/lZy)) —ml)X‘Ifl
+ (1= (rax+y)) —=m2)yyr + (= 8z +u)ys — B(x+y),

where Y1, Y, and y3 are the adjoint variables. Second, we apply it to calculate the desired
partial derivatives:

H(x,3,2,u, W1, W2, 93) = (r(1 = (14 %2) (x + 112y)) — m1) w1 — r(1+ k2)xy1 — ya1yy2 — B,
Hy(x,y,2,u, 1, Y2, ¥3) = ((1 = (1x+y)) —m2)ya — ryia(1 + kz)xyr — yyo — B,
HL(x,,2,u, Y1, Y2, ¥3) = —rk(x+12y)xy1 — 8y,

H,\(x,9,2,1, Y1, V2, ¥3) = Y3.

Then, according to the Pontryagin maximum principle, for optimal control u, () and the
optimal solution (x,(7),y.(t),z«(t)) corresponding to it, there exists such a vector function

w(1) = (vi(1), ya(2), w3 (1)) that
e /(1) is a nontrivial solution of the adjoint system:
(wi(1) == (r(1 = (14 Kzu (1) (e (1) + 11295 (1))) —m1) wi (1)
+ (1+'<Z*()) (O i) + () ya(t) + B,
Yo (t) = — (1= (Y1 (1) +3:(1))) — m2) ya (1)
+r712(1 + Kz (1)) () Wi (2) + 34 (1) v (2) + B,
W3 (1) =ric(xa(t) + Yoy« ())x () wi (1) — S s (1),
(Wi(T) =—a, yo(T) = —a, y3(T) =0;

6.1)

e the control u, () maximizes the Hamiltonian H (x, (1), y.(¢),z«(t),u, w1 (1), ya(t), w3(r)) with
respect to the variable u € [0, M] for almost all 7 € [0, T], and therefore it satisfies the formula:

M ,if  Ly(t) >0,
u.(t)=< anyuec[0,M] ,if L,(t)=0, (6.2)
0 ,if  Ly,(r) <O,

where function L, (f) = y3(t) is a switching function that describes the behavior of the control
u,(t) according to the relationship (6.2).
It is convenient to introduce into the adjoint system (6.1) new adjoint variables:

(Pl(t):x*(t)l//l(t)a ¢)2<t>:y*(l)l[/2(t)
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and then rewrite it taking into account the definition of the switching function L,(¢) as follows
L, (1) = 8Ly (1) + ric(x.(t) + Y12y« (1)) 91 (1),

91(1) = r(1+ k2. (1))x ()91 (1) + Varxa (1)92(1) + P (1),

92(t) = ryia(1+ Kz (1) )y (1) 91 (1) +y:(£) 92(t) + By (1),

Ly(T) =0, ¢\(T) = —ax.(T), $2(T) = —0y.(T).

This system will be useful in subsequent arguments.

(6.3)

7. PROPERTIES OF THE SWITCHING FUNCTION

To clarify the properties of the switching function L, (), we study the equations of the sys-
tem (6.3) and its initial conditions.

Analysis of the initial conditions of the system (6.3) and its first equation, as well as the use
of Lemma 5.1, lead to relationships:

L(T)=0, L,(T)=—arkx.(T)(x(T)+ n2y«(T)) <0

that, due to the continuous differentiability of the switching function L,(t), ensure the validity
of the following lemma.

Lemma 7.1. There is a moment ty € (0,T), when the switching function L,(t) is positive on the
interval (0,T).

Then, formula (6.2) gives the conclusion.

Corollary 7.2. A neighborhood is defined adjacent tot =T, at which the optimal control u.(t)
takes the value M.

Studying the equations of the system (6.3) demonstrates the impossibility of identical van-
ishing of the switching function L, () on any subinterval of the interval [0,7]. Indeed, the
following lemma is satisfied.

Lemma 7.3. The switching function L, (t) cannot be identically equal to zero on any subinterval
of the interval 0,T).

Proof. We assume the opposite. Let the function L,(¢) be identically zero on the interval A.
Then its derivative L],(¢) is also zero everywhere on this interval. Therefore, the first equation
of the system (6.3) and Lemma 5.1 lead to the equality ¢;(#) = O that holds on the interval A.
Then the derivative ¢ (z) also vanishes identically on this interval and the second equation of
the system (6.3) together with Lemma 5.1 give the equality:

Liga(t) =—B, teA (7.1)

Hence, the derivative ¢5(¢) is zero on the interval A. Then the third equation of the sys-
tem (6.3) together with Lemma 5.1 provide the equality ¢,(¢) = —f3, which together with the
formula (7.1) implies a contradictory equality y»; = 1. Therefore, the original assumption was
incorrect, and the switching function L, (¢) does not vanish identically on any subinterval of the
interval [0, T]. O

Lemma 7.3 leads to the following conclusions.
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Corollary 7.4. The switching function L,(t) vanishes only at separate points of the interval
[0,T].

Corollary 7.5. The formula (6.2) shows that optimal control u(t) is a bang-bang function that
takes values {0; M }.

Now we introduce new variables:

01(t) = 91(t),  a(r) = (1) + B3,

after which we rewrite the system (6.3) in a more convenient form:

Ly (1) = SLu(1) + ri(xe(t) + 1i2y<(£)) 91 (1),

¢1’(f): r(1+ Kz (1))x *(l)al(t)+721x*(f)fﬁzz(f)y 7.2)
93(1) =r7’12(1+'€2*( Y(0)91(1) +y:(0)62(t) +B (1= 15" ) 1 (0),
L(T) =0, ¢:(T) = —ax.(T).

Now let us estimate the number of zeros of the switching function L,(z). To do this, we
consider again on the interval [0, 7] a linear homogeneous differential equation of the second
order:

o)+ (-5 8 1)+ (1 4 Rz (O ) ) @' ()
— 21 % (1) y (1) (1 + k24 (2)) (1) = 0.

We extend by continuity the optimal control u,(¢) to the interval [0, 7 + 2¢|, where € is some
given small positive number. Then the optimal solution (x. (), y.(t),z«(t)) is also extendable to
this time interval. Thus, the equation (7.3) is defined on the interval [0, T + 2¢].

Let us consider the function v(¢) = 1 on the interval [0,7 + 2¢]. It is positive and after its
substituting into the left side of the equation (7.3) we have the inequality:

(7.3)

—r’)/lz’)/zlx*(l‘)y*(t)(l + K‘Z*(l‘)) <0, re [0,T—|—28].

Then, again, due to the de La Vallée-Poussin non-oscillation criterion, any non-zero solution of
the equation (7.3) has at most one zero on the interval [0, T + 2¢]. Let us take the solution 7 (%)
of this equation with initial conditions (4.3). Then, the function 7 () is positive everywhere on
the interval [0, T].

Next, let us define on the interval [0, T] the following function:

L @)
Yorxi(t) n(r)
It is easy to check that this function on the entire interval [0, 7] satisfies the Riccati equation:
q'(t) = Prx()g* (1) + (9 (1) = rx () (14 K2 (1))g() = 72y () (1 + K2 (1) (74)

The system (7.2) is the linear inhomogeneous system of differential equations. Let us perform
in its second and third equations the following change of variables:

x1(t)=01(t), x2(t) = da(t) +h(t) 91 (¢).
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Using the corresponding equations of the system (7.2), as well as equation (7.4), for the vari-
ables L, (), x1(¢) and x»(t ) we find the following system:

L, (t) = 8Ly (t) + ric(x. (1) + N2y« (1) 21 (1),
xi(t) = ( (1+ Kz(1)) = Yarh(0) 2 () 21 (1) + Y212 (1) 22(1),
25(1) = (1) + Y21x (OR(0)) 2(1) + B (1= 91') 3 (0),
Ly(T) =0, 2:(T) = —ax(T),

defined over the entire interval [0, 7). Involving again the generalized Rolle’s theorem in it, we
conclude that the switching function L, (¢) has no more than three different zeros on the interval
[0,T]. Considering the presence of zero for this function at r = T', we have the following lemma.

Lemma 7.6. The switching function L,(t) has at most two different zeros on the interval [0,T).
Combining the results of Lemmas 7.1 and 7.6, we arrive at the conclusion.

Corollary 7.7. The switching function L,(t) is either positive for allt € [0,T);
or it has one zero &, on the interval (0,T) and

<0, if 0<tr<é,,

:Oa iftzg*v
Lu(?) >0, if E&<t<T,
=0, if t=T

or it has two distinct zeros &, &5 on this interval and

(>0, if 0<t<Ef,

:07 lf t:€1*7
<0, if &<t<és,
LY <o i =g,

>0, if &<t<T,
| =0, if t=T.

Then, formula (6.2) implies the conclusion.

Corollary 7.8. The optimal control u,(t) is either of the type u.(t) =M forallt € [0,T],

or &
[0 Lif0<i<é&.
”*(t)_{M df E <t<T,

or
M if 0<r<Ef,

u(t)=4¢ 0 if & <t<ES,
M if & <t<T,
where &, € (0,T) and &;,&; € (0,T) are moments of switching.

8. CONCLUSIONS AND DISCUSSION

It is known that standard prostate cancer treatment methods, which rely on using the max-
imum tolerated dose of an anti-cancer drug throughout the treatment, often expose patients to
toxic chemicals that suppress their immune systems. Moreover, cancer cells are divided into two
main populations: those that die when exposed to the drug, and those that perceive it as food and
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begin to proliferate even faster. Although using only the maximum dose of an anti-cancer drug
can cure some patients, it can also lead to an increase in drug-resistant cells and the suppression
of drug-sensitive cells, and in fact, many patients die despite treatment. So how should a doctor
treat a patient? There are various cancer treatment protocols, including metronomic treatment,
in which a lower concentration of a drug is given periodically over a long period of treatment by
switching between periods of receiving chemotherapy (“drug on”) and periods of not receiving
it (“drug oft”). Some physicians practice alternating the maximum tolerated dose with periods
of rest from any drug, and there are also some methods of continuous drug administration by
gradually reducing the dose, similar to how one would take prednisone or an antibiotic (e.g.,
4 tablets for 3 days, 3 tablets for 3 more days, 2 tablets for the next 3 days, and finally one tablet
for each of the remaining 3 days. The only difference is that the cancer drug is usually given by
injection.)

Which method is optimal for a cancer patient? In this paper, we attempt to answer this
question by modeling the interactions of drug-sensitive and drug-resistant cells under different
drug dosing regimens. In our first model (2.1), we model the behavior of drug-sensitive and
drug-resistant cells when the maximum tolerated dose of a drug is alternated with drug-free
intervals. In the second model (5.1), we also consider the dynamics of competition between
two types of cancer cells, when the drug dose can continuously change from 0 (no treatment)
to M (maximum tolerated dose).

We considered and studied in detail using the Pontryagin maximum principle two optimal
control problems with the same objective function, but for different control systems. The first
control system (2.3), based on the Lotka-Volterra competition model, describes adaptive therapy
of prostate cancer without taking into account the direct influence of the targeted drug. Its effect
on the patient is carried out through the parameter k. The second control system (5.2), also
based on the Lotka-Volterra competition model and also defining adaptive therapy of prostate
cancer, on the contrary, takes into account the direct influence of the targeted drug. Indeed, the
control function u(z) represents the limited intensity of its intake into the patient’s body.

What is important here is that despite the obvious differences in the control systems, the
corresponding optimal controls have the same structure: in both models, the optimal treatment
protocols have no more than two switchings between the maximum tolerated dose and rest
intervals, with the drug intake required at the end of the treatment period. We found that no
other drug administration scenario can be optimal.

Mathematical models play an important role in optimizing prostate cancer treatment, allow-
ing to increase the effectiveness of therapy, reduce side effects and improve the quality of life
of patients. The development and application of these models in cooperation with doctors is
a promising direction in the fight against prostate cancer. Depending on the patient’s health
condition, the model parameters will differ in each specific case, so it is possible to numerically
find the exact positions of the switchings and, therefore the optimal treatment protocol for a
specific cancer patient.
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