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Abstract. Consider a decentralized partially-observed Markov decision problem (POMDP) with multiple cooper-
ative agents aiming to maximize a long-term-average reward criterion. We observe that the availability, at a fixed
rate, of entangled states of a product quantum system between the agents, where each agent has access to one of
the component systems, can result in strictly improved performance even compared to the scenario where common
randomness is provided to the agents, i.e., there is a quantum advantage in decentralized control. This observation
comes from a simple reinterpretation of the conclusions of the well-known Mermin-Peres square, which underpins
the Mermin-Peres game. While quantum advantage has been demonstrated earlier in one-shot team problems of
this kind, it is notable that there are examples where there is a quantum advantage for the one-shot criterion but it
disappears in the dynamical scenario. The presence of a quantum advantage in dynamical scenarios is thus seen
to be a novel finding relative to the current state of knowledge about the achievable performance in decentralized
control problems.
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1. INTRODUCTION

Consider a pair of agents, Alice and Bob, where Alice has access to the random variable A
and Bob has access to the random variable B, with (A, B) having some joint distribution which,
for simplicity, we assume is on a finite set. It is of interest to study the set of all joint probability
distributions p(x,y,a,b) where X is a finite random variable created by Alice without access to
B andY is a finite random variable created by Bob without access to A. Technically, the concept
of “without access” corresponds to the so-called “no-signaling” conditions /(X;B|A) = 0 and
I(Y;A|B) = 0 on the respective conditional mutual information terms. The availability of an
entangled state of a product quantum system between Alice and Bob, i.e., where Alice has
access to the first component of the product state and Bob has access to the second component,
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allows for a larger class of such joint distributions to be created than those that can be created
even with unlimited common randomness provided to Alice and Bob. This quantum advantage
has been widely studied in the foundations of quantum mechanics, associated with the topic of
Bell inequalities; for an overview of some of this literature, see e.g. [3, 9]. Since we think of
Alice and Bob as working together to explore the space of all possible p(x,y,a,b) for a given
p(a,b), for a control-theorist this problem belongs to the general subject of team theory, see e.g.
[19]. For an interesting perspective on the origins of team theory in control see [4].

Recently, several works have begun to appear exploring the value of such a quantum advan-
tage in the framework of problems of decentralized control and game theory, see e.g. [5, 6, 7, 8,
14, 16]. See also [1] for an earlier work suggesting both the need to develop a theory of games
between teams and the importance in distributed control of recognizing the gap between joint
distributions satisfying the no-signaling condition and those achievable by common random-
ness between the individual decision-makers. This work can be considered as belonging to this
general stream of ideas. For recent works building a theory of games between teams, see e.g.
[10, 12, 17].

In this work we consider a decentralized partially-observed Markov decision problem (de-
centralized POMDP) with multiple cooperative agents aiming to maximize a long-term-average
reward criterion. For simplicity, we focus on the case with two agents, who we might as well
call Alice and Bob. We observe that the availability of a stream of entangled product quantum
states between the agents can result in strictly improved performance, i.e. there is a quantum
advantage in a decentralized control. As opposed to the earlier works exploring quantum advan-
tage in decentralized control and team theory referenced above, our framework is dynamical,
and the quantum advantage is established relative to all possible adapted classical strategies in
this dynamical framework. We also give an example where there is a quantum advantage in the
static (one-shot) problem of maximizing the expected reward at a given time, but where there is
no quantum advantage in the underlying dynamical problem. Thus the presence of dynamical
quantum advantage in decentralized control, demonstrated in this paper, is a genuinely new find-
ing. For static team problems the presence of such a quantum advantage has been established
earlier, see e.g. [5, Section 4.2], [16, Example 5.2].

Our observation is based on a simple reinterpretation of the well-known and astonishing ex-
ample in the theory of quantum information called the Mermin-Peres square, which is used in
the so-called Mermin-Peres game, see e.g. [2], [11, Sec. 3.2.2], [13, 15]. No prior familiarity
with quantum information is needed to read this paper, since all the essential quantum mechan-
ical background is rigorously and succinctly developed in Appendix B and Appendix C. This
paper should therefore be accessible to a broad community of control theorists.

This paper is dedicated to the memory of Pravin P. Varaiya, who contributed several seminal
works to the early development of decentralized control and team theory, and who, throughout
his career, was fascinated by the intricate questions about knowledge arising from decentralized
information structures.

2. A MODEL FOR A CLASS OF DECENTRALIZED POMDPs

Our purpose is to make a qualitative point about the advantage provided by quantum en-
tanglement in decentralized control. Therefore, we eschew generality and focus on a simple
decentralized POMDP model with two agents, Alice and Bob, who are working together to
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maximize a long-term-average-reward criterion. Further, we assume that the observations of
Alice and Bob at each time are drawn from finite sets, as are their actions. Indeed, we will
simply assume that Alice and Bob each see one of the components of a two-component state at
each time.

Formally, the state of the system evolves in discrete time in the finite set 2~ x % under the
influence of an action pair drawn from the finite set % x #". The initial condition is (X, Yp), pos-
sibly random, with Alice observing X, and Bob observing ¥, and both knowing the initial prob-
ability distribution. The one-step transition probabilities at time n > 0 are time-homogeneous,
given by the Markovian kernel

Q(xn+17yn+1 ’xnaYnyumVn):

1.€.,
P((Xn—i-l»Yn—O—l) = (xn—i-l7Yn+1)‘(XnaYn>Un7Vn)

= (X, Yns Uny V), Xoin—1,Yorn—1, Uon—1, Vorn—1, Worn)

= q(Xnt1,Yn+11%n5 Y0, tn, Vn) -
Here, we allow for an unlimited amount of common randomness between Alice and Bob, repre-
sented by the sequence of random variables (W,,,n > 0), which are assumed to be independent
and can each have an arbitrary distribution taking values in an arbitrary complete separable met-
ric space. Further, (W,,,n > 0) is assumed to be independent of the pair (Xp,Yy). For n > 0, we
think of W, as being provided to both Alice and Bob at time n. Alice observes ((X,, Wy),n > 0)
and chooses (U,,n > 0) (causally), while Bob observes ((Y,,,W,),n > 0) and gets to causally
choose (V,,;,n > 0). Both agents know the structure of the one-step transition probabilities.

Formally, the control strategy of Alice is given by deterministic functions

U, = un(Xo:n, Woun),n > 0, (2.1)
and that of Bob by deterministic functions
Vi = vu(Y0:n-Woun),n > 0. (2.2)
Let
r. X XY XU <V —R,

be some given fixed reward function. The shared aim of Alice and Bob is to choose their
strategies so as to maximize the long-term-average reward

o 1 N—1
liminf r;E[r(Xn,Yn,Un,Vn)]. (2.3)

A decentralized POMDP of the kind described above will be characterized via
(%7@7%7 7/,6],1", (Wnan Z 0)7 (X()aYO))'

The strategies (u,,n > 0) and (v,,n > 0) are chosen by Alice and Bob respectively in order to
maximize the performance objective given in eqn. (2.3).

Since our aim is to demonstrate the existence of a quantum advantage relative to classical
strategies, proving this for classical strategies that allow for common randomness, as above,
immediately implies that there is a quantum advantage relative to strategies that only allow
private randomization. This is because in defining privately randomized strategies the individual
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random seeds involved in the private randomizations can be thought of as being provided to both
players, while each player just ignores the random seed intended for the other player.

In contrast to the case when there is a centralized controller, there is no broadly applicable
general theory that allows one to determine the optimal strategies of Alice and Bob in problems
of this kind. It is clear that what one needs to come to grips with is the beliefs of each of the
controllers about what the other controller believes, but this is a hierarchical construct, which
is not tractable. For instance Alice has a belief (i.e. a conditional probability distribution, given
her observations) over the state (i.e. the pair (X,,Y,)) at time n, as does Bob. Alice would then
need to maintain a belief about Bob’s belief about the state, as would Bob about Alice’s belief
about the state, but then Alice would need to maintain a belief about Bob’s belief about her belief
about Bob’s belief about the state, and so on. To the best of this author’s knowledge, nothing of
broad applicability that allows one to penetrate this thicket of beliefs has been discovered in the
work so far on decentralized control problems of this nature except, of course, if one imposes
various kinds of restrictive assumptions on the underlying dynamics.

Nevertheless, we will show, by example, that the availability of quantum entanglement be-
tween Alice and Bob at a fixed rate can result in strictly improved performance in problems
of this kind. We will do this in the context of a specific example, which is introduced in next
section.

3. A SPECIFIC EXAMPLE OF A DECENTRALIZED POMDP

We restrict attention now to a specific example of a decentralized POMDP with two con-
trollers fitting the general model of the preceding section. The existence of a quantum advantage
in the decentralized control of POMDP will be demonstrated in the context of this example.

Specifically, we take 2" = % = {1,2,3}. We let

% ={u=w,u® u®): 4D e {1,—1} forall I € {1,2,3} and [[}_, u®) = 1},
and we let
¥ ==V 30 e {1, -1} forall k € {1,2,3} and [[_, v¥ = —1}.
Let % > 6 > 0. The Markovian kernel
q(Xn+1, Y1 Xns Yns Uny Vi)
is some fixed kernel, with the only requirement being that
q(i, j|1Xn, Yns tn, vi) > 6 for all (xp, yp,ty,vy) € X XY XU X V. (3.1)

The reward function is given by
r(i, ju,v) = uy), (3.2)

Together with the initial condition, described by the random pair (X, Yp), and the structure of
the common randomness, described by the sequence of indepednent random variables (W,,,n >
0) (which are also independent of (Xp,Yy)) this completely describes a specific decentralized
POMDP

(%,@,%,%,q,l’} (thn Z 0)7(X07Y0>)'
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3.1. Anupper bound on performance with classical strategies. A simple coupling argument
establishes that for the decentralized POMDP under consideration we will have
1 N—-1
limsup— Y E[r(X,,Y,, Uy, V,)] < 1-26, (3.3)
N—poo n=0
for all (classical) control strategies (even in the presence of an arbitrary amount of common ran-
domness between Alice and Bob, as in our formulation of the control problem). This argument
depends on the assumption made on the transition probabilities in equation (3.1).

In our formulation a strategy is given by the family (u,(Xo.,, Wo.n),n > 0) determining the
action of Alice at each time and the family (v,(Yo.,, Wo.n),n > 0) determining the action of
Bob at each time. Let us relax the notion of a strategy to allow each player to have ac-
cess to the past observations of the other player. Thus, we now consider control strategies
of the form U, := in(Xo:n, Yon—1,Woum),n > 0, giving the action of Alice at each time and
V, = U (X0:n—1, Y0, Woun ), n > 0, giving the action of Bob at each time. Clearly the perfor-
mance objective achievable by the players with relaxed strategies of this kind is can be no
worse that achievable with strategies as originally defined. Therefore if we prove that

18! .
limsup— Y E[r(X,,Y,,0,,V,)] <1286, (3.4)
n=0

N—roo

holds for all relaxed control strategies of Alice and Bob, then we will have proved that the
inequality in eqn. (3.3) holds for all control strategies of Alice and Bob.
To prove the inequality in eqn. (3.4) holds, it suffices to prove that for each n > 0 we have

E[r(X,,Y,,U0,,V,)] <1-28.
This is an immediate consequence of Corollary A.4 in Appendix A. To see this write

E[F(XmYn;UnaVn)]
= E[r(Xn;Yn;ﬂn(XO:naYO:nfhWO:n):‘jn(XO:nflaYO:mWO:n))]
- E[E[F(Xn; Yna Izn(XO:na YO:nfhWO:n)y‘jn(XO:nfl;YO:na WO:n)) |X01n717Y0:n71 ; WO:n]]

Y B (X, 2,)78) (Y. 22)|Z]
(c)
<1-28.

Here in step (a) we have used the notation Z, for the triple (Xo.,—1, Yo:n—1, Wo:n); in step (b) we
have used the definition in eqn. (3.2) for the reward function in the example under consideration;
and in step (c¢) we have used Corollary A.3 in Appendix A, which tells us that

P (X,.,2,)05%) (Y,,2,) = —1|Z,) > 8.

This concludes the proof of an upper bound on the achievable performance with classical control
strategies, even in the presence of an arbitrary amount of common randomness between Alice
and Bob, in the example under consideration.



6 V. ANANTHARAM

3.2. Achieving quantum advantage. This section will use language that is standard in the
study of quantum mechanics and, more specifically, quantum information. For an introduction
to the basics of quantum information and the phenomenon of quantum entanglement in product
quantum systems, see Appendix B. Further, this section will refer to the Mermin-Peres square,
which is discussed in Appendix C.

Consider now the decentralized POMDP of our example, but assume that at each time n > 0
Alice and Bob are provided with two pairs of entangled qubits, denoted p,(1) and p,(2). More
specifically, each p,(m), for n > 0 and m € {1,2}, is of the form

1 1
Pn(m) :E|00>+%|11> eC’eC?

and Alice is provided with the first component, while Bob is provided with the second compo-
nent. All the entangled pairs of qubits are assumed to be independent.

To demonstrate quantum advantage in our example, it is not necessary for us to engage with
the most general definition of strategies for Alice and Bob in this context (which would in
general allow a measurement to be carried out at each time n by Alice, based on the common
randomness received up to that time and her observations up to that time, on the portion of the
system, comprised of the first components of each pair of qubits received at each time from
0 through n, and then act based on the outcome of this measurement; note that some of those
qubits might have already been measured in the past, and so their state might have changed
based on what the outcomes of the measurements were in the past; and similarly for Bob).
Rather, it suffices to restrict attention to a class of strategies for each agent that are easier to
discuss: at each time Alice just measures the system comprised of the first components of the
two fresh qubits received at that time and then acts based on the result of this measurement and
her observations so far and the common randomness received so far; and similarly for Bob).

To be even more specific, we will simply consider strategies of this more restricted kind for
Alice and Bob that are based on the Mermin-Peres square, which is discussed in Appendix C.

At time n > 0 Alice ignores the common randomness and her past observations Xj.,—. For
1 <i <3, if X, =i she carries out the measurements on the pair of qubits corresponding to
the first components of the entangled pairs of qubits p,(1) and p,(2) (which she has access
to) as described by the i-th row of the Mermin-Peres square. As discussed in Appendix C.2
the resulting outcomes will be in {1,—1} and will not depend on the order in which these
measurements are carried out. For 1 </ <3, Alice chooses the /-th component of U,(X,), i.e.

vl (Xy), to be the result of the measurement corresponding to the (X,,/) entry of the Mermin-
Peres square.

Similarly, at time n > 0 Bob ignores the common randomness and his past observations
Yo.n—1. For 1 < j <3,if Y, = j he carries out the measurements on the pair of qubits corre-
sponding to the second components of the entangled pairs of qubits p, (1) and p,(2) (which he
has access to) as described by the j-th column of the Mermin-Peres square. As discussed in
Appendix C.2 the resulting outcomes will be in {1,—1} and will not depend on the order in
which these measurements are carried out. For 1 < k < 3, Bob chooses the k-th component of

Va(Yn), ie. Vn(k) (Y,), to be the result of the measurement corresponding to the (k,Y,) entry of
the Mermin-Peres square.
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As argued in Appendix C.2, this has the amazing consequence that
U (x,)v (v,) = 1,

pointwise. Hence we have E[r(X,,Y,,U,,V,)] = E [U,EY")(Xn)Vn(X”)(Yn)] = 1, so that, for this
strategy aided by quantum entanglement we have
1 N—1
z%ii‘loﬁ r;)E[r(Xn,Yn,Un,Vn)] =1.
Since 1 > 1 — 24, this establishes the existence of a quantum advantage in the decentralized
control of POMDPs, which was the main point of writing this paper.

4. AN EXAMPLE WHERE ONE-SHOT QUANTUM ADVANTAGE EXISTS BUT DYNAMICAL
QUANTUM ADVANTAGE DOES NOT

We give an example to emphasize that the existence of a quantum advantage at the static
(one-shot) level does not imply that there is a quantum advantage at the dynamic level. Let us
first define formally what we mean by this statement. Consider a decentralized POMDP defined
by

(3{7@7%7 7/,(],1”, (Wnan > 0)7 (X07YO)):
as in Section 2, and where the strategies (u,,n > 0) and (v,,n > 0) are chosen by Alice and
Bob respectively as in eqns. (2.1) and (2.2) respectively, in order to maximize the performance
objective given in eqn. (2.3).
We will say that there is no quantum advantage at the dynamical level if the supremum of

o Nz

liminf ’;)E[r(Xn,Yn,Un,Vn)]
over all classical strategies is the same as that over all strategies for Alice and Bob where
they are also provided with quantum entanglement at a fixed rate. We will say that there is
a static quantum advantage if there is an initial probability distribution for (Xy,Yp) such that
the supremum of E[r(Xo, Yo, Uy, V)| over all classical strategies (given by Uy = ugp(Xo, Wy) for
Alice and Vy = vo(Yp,Wp) for Bob) is strictly smaller than this supremum when, in addition,
Alice and Bob are provided with quantum entanglement.

With this formalism in mind, consider the following example to establish our claim. Once
again, as in Section 3, we have 2" = % = {1,2,3}. We again have

U ={u= ), u® u®):u € {1,~1} forall I € {1,2,3} and [[}_, u) = 1},
and
YV ={v= (v(l),v(2)7v(3)) k) {1,—1} forall k € {1,2,3} and szlv(k) =1}

Further, the reward function is given by r(i, j,u,v) = uv( | as in eqn. (3.2). However, now
the Markovian kernel is given by

Q(Xn—kl’)’n—o—l’xn,)’munvvn) = 1((xn+layn+l) = T((xnvyn))v

where

T X XY — X XY,
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defines a periodic walk through the state space that visits each state exactly once before return-
ing to the initial state, given by the sequence

—(1,1) = (1,2) = (2,3) = (2,2) — (3,3) — (3,1) = (1,3) —» (2,1) = (3,2) — (1,1) —,

ie. t((1,1)) =(1,2), 7((1,2)) = (2,3), etc.

It is not hard to see that, whatever the initial condition, within two steps each agent becomes
aware not only of its own observations but also of those of the other agent. Namely, for all
n > 2 we have that Y., is a deterministic function of Xj.,, and vice versa. This means that the
following classical strategies can be implemented by the two agents for n > 2. Alice ignores
any available common randomness and chooses U,, based on X,,, which she knows, such that

U,EY") (X,) = 1 (this is possible because, as we just argued, Alice also knows ¥, when n > 2) and

she chooses U,El) (X,) for 1 <1#Y, <3 in some way such that the constraint []>_, U,gl) (Xn) =1
is satisfied. Similarly Bob ignores any available common randomness and chooses V,,, based
on Y,, which he knows, such that Vn(X”)(Yn) =1, and Vn(k) (Y,) for 1 <k # X,, < 3 such that the
constraint szl Vn(k) (Y,) = —1 is satisfied. This is possible for n > 2 because Bob also knows
X,,. One then has

E[F(Xu, Y, Un, Vi)l = EIU ()W (1)) = 1,

for all n > 2 and so, with this classical strategy, we have

1N—1
lim — Y E[r(X,,Y,, Uy, V,)] = 1.
ENIERNAD

There can be no dynamical quantum advantage, since it is impossible to beat a long term average
reward of 1 given that the reward at each time is pointwise bounded by 1.

On the other hand, from our earlier discussion, we can conclude that one-shot quantum ad-
vantage exists in this example. Indeed, suppose that the initial distribution of the state is uniform
over all the nine possibilities. Then, from Corollary A.4 in Appendix A we can conclude that
no classical strategy can achieve an expected reward of more than % (this was also discussed in
detail in Appendix C.1). But, as seen in Appendix C.2, if Alice and Bob are provided with two
pairs of entagled qubits, each in the state \% |00) + \% |11), the two pairs being independent,
with Alice being provided with the first coordinate of each pair and Bob being provided with
the second coordinate of each pair, then they can each carry out measurements as prescribed the
appropriate row (for Alice) and column (for Bob) of the Mermin-Peres square, and can thereby
achieve a one-shot reward of 1, which is strictly bigger than %.

5. CONCLUDING REMARKS

We have demonstrated via an example that the provision of quantum entanglement at a fixed
rate to two agents who are working together to maximize a long term average reward criterion in
a partially-observed Markov decision scenario can lead to a strict improvement in performance,
i.e. a quantum advantage. The argument to show this builds on a well-known and astonishing
example in the theory of quantum information, called the Mermin-Peres square. While quantum
advantage is already known to exist in static team problems, in Section 4 we have given an
example suggesting that it may be too facile to take for granted that the existence of a quantum
advantage in static problems implies its existence in dynamical scenarios.
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This work suggests the investigation of what seems to be a central question: for which de-
centralized POMDP

(3{797%;7/;%7@ (ann Z 0)7(X07Y0>)

do we have quantum advantage and for which ones do we not? To address this question in
the case where quantum entanglement is provided to the two agents at a fixed rate, one should
ideally work with the most general notion of adapted control strategies for the two players in
the presence of quantum entanglement, which allows for repeated measurement of previously
measured quantum systems.
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APPENDIX A. SOME AUXILIARY RESULTS

In this appendix we gather some auxiliary results that are used in the main discussion.

Lemma Al Letu=(u <1),u(2),u(3)) and v = (v() v2) v3)) have entries in {1,—1} and satisfy
Hl 1” =1 and Hk |V k) — _1. Then there is at least one choice of a pair of indices (i, J)
with i, j € {1,2,3} such that u/y() = —1,

Proof. Note that u/)v() € {1,—1} for all i,j € {1,2,3}. Hence suppose to the contrary, that
we have ul/v() = 1 for all i, j € {1,2,3}. It follows that ([T;_, ) )([T{_, v¥)) = 1. But this is
false. This concludes the proof. U

Remark A.2. Clearly the conclusion of Lemma A.1 can be strengthened. However, our overall
aim is just to make a qualitative point about decentralized control, so we do not attempt to
optimize lemma statements in unnecessary ways. 0J

The following result can be viewed as a corollary of Lemma A.1, since it has a similar proof.

Corollary A.3. Fix 0 > 0. Let (X,Y) € {1,2,3} x {1,2,3} be a pair of random variables
with P(X,Y) = (i,j)) > 0 forall i,j € {1,2,3}. Let u(X) and v(Y) be as in the statement of
Lemma A.1, i.e. we have [T}_,u)(X) = 1 and [T;_, v (Y) = —1 pointwise. Then we have
P (X)X (y)=—-1)> 8.

Proof. We have

P OOW(r) = 1) = 3 3 PIY) = ()00 = —1)

N
|
—_

~.
I

where for the last step we observe that if we were to have 1) (i)v() (j) equal to 1 for all (i, j)
then we would have

3 3 3 33
00 - ([0 ) (A0 -

=11=1 j=1k=1

which is false, because the term in the middle should be —1. L]

We also have the following corollary, which can be viewed as a version of Corollary A.3
where there is common randomness between the agents creating the components u and v of
Lemma A.1 from the respective indices in the pair (X,Y). The proof is similar to that of Corol-
lary A.3 and will be omitted.

Corollary A4. Fix 6§ > 0. Let & be an arbitrary complete separable metric space. Let
(X,Y,Z) € {1,2,3} x {1,2,3} x & be a random triple with P((X,Y) = (i, j)|Z) > & almost
surely, for all i,j € {1,2,3}. Let u(X,Z) = (u"(X,2),u®(X,2),u®(X,2)) and v(Y,Z) =
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(Y, 2), v (Y,Z2),v3)(Y,Z)) be measurable, with each coordinate being a {1,—1}-valued
function, and such that H?: ! ull(x ,Z)=1and Hi:l y(®) (Y,Z) = 1 almost surely. Then we have

P (x,2v¥)(v,z2) = -1|2) > 6. (A.1)
O

APPENDIX B. QUANTUM INFORMATION

We will focus only on what is needed to formalize the notion of quantum entaglement be-
tween a pair of qubits, since this suffices to discuss the Mermin-Peres square. For a more
thorough introduction to the basics of quantum information we refer the reader to the textbooks
[11] and [18].

B.1. A single quantum system. As usual, C"*" denotes the set of n X n matrices with complex
entries, where n > 1. Let L, denote the set of all linear mappings from C" to C", which we
identify with C"*" via the choice of the standard orthonormal basis in C". We write Tr(M) for
the trace of the linear mapping M € L,,. For a vector v € C" (thought of as a column vector), we
write v* for its complex conjugate transpose, and for any M € L, we write M* for its complex
conjugate transpose, these conventions being consistent for n = 1.

Let D,, C L, denote the subset of positive-semidefinite matrices with trace 1. Elements of
D,, are called density matrices. The state of a quantum system is described by a density matrix.
Every density matrix is Hermitian, since this is part of what it means to be positive-semidefinite.
We write Pos,, C L, for the subset of positive-semidefinite matrices, so D,, C Pos,, C L,,. Vectors
of norm 1 in C" correspond to the pure states of the quantum system: the vector v € C" cor-
responds to the pure state vv* where v* denotes the complex conjugate transpose of v. We will
say that the quantum system is of dimension n when its states are described by density matrices
in D,,.

As an example, let n = 2. The corresponding quantum system is called a qubit. Using Dirac
notation we write |0) and |1) for the vectors of the standard orthonormal basis in C2. Any
element of D, (which one can identify with a positive-semidefinite matrix in C2*?) is a state for

the qubit. For instance, the state {(1) 8} is the pure state corresponding to the vector |0), {8 ﬂ
11
is the pure state corresponding to the vector |1), and [% %] is the pure state corresponding to

2

S]]

1
the vector \/Li 0) + \/LE |1). The state {é

] is not pure.
4

PR~

B.2. Measurements. Let <7 be a finite set. By a measurement we mean a map of the form
U : </ — Pos,, with the property that ¥, tt(a) = I, where I denotes the identity mapping
in L,. Such a measurement is also called a positive operator-valued measurement (POVM).
The basic ansatz of quantum mechanics is that carrying out the measurement ¢ on a quantum
system in state p results in observing a € </ with the probability Tr(u(a)p). Carrying out the
measurement also results in a change of state, depending on which a € &/ was observed and
indeed on how the measurement was implemented, but this is of no interest to us in this paper,
so we will not discuss it. The intuitive picture that suffices for us corresponds to the case where
each i (a) is a projection, i.e. when we have p(a)?> = u(a) for all a € <7. Such a measurement
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is called a projection-valued measurement (PVM). After carrying out a PVM p, if the outcome
p(a)pp(a)
, ) _ Tr(u(a)p)”
it can be checked that this expression defines a density matrix.

Assuming that o7 is a subset of R (or identifying </ with such a subset) the PVM u gives
rise to the Hermitian matrix Y ,c s apt(a). With this in mind, it is customary to think of every
Hermitian matrix as giving rise to the PVM (with & a subset of R) defined by its spectral
decomposition based on the eigenspaces corresponding to its distinct eigenvalues. For example,

the Hermitian matrix
0 1 1 1 1 _1
Oy = [1 0:| = [% %} - |:_2l 12:| (Bl)
2 2 2 2

can be thought of as defining a PVM u : {1,—1} — D, on qubits, given by

w=[1 ] ucn=[4 ®2)

11 1
2 2 2 2

is a € o/, the quantum system is left in the state . Recalling that pi(a) is a projection,

1 1

When this measurement is carried out on the qubit in state p := [ 4 %} it results in the observ-

4 4
ing 1 with probability Tr(u(1)p) = % and observing —1 with probability Tr(u(—1)p) = % In
this example, after the measurement the qubit is left in the state (1) if the outcome is 1 and in
p(a)pp(a)

Tr(u(a)p)
out the post-measurement state of a PVM; what happens in this example is special because each

(a) is of rank 1).

It can be checked that if two Hermitian matrices commute then, when each is viewed as
a measurement, it does not matter in what order the two measurements are performed in the
sense that for either order of performing the measurements the joint probability distribution of
the pair of outcomes will be the same, and the state in which the system is left after the two
measurements, given the respective outcomes, is the same in both cases.

the state i (—1) if the outcome is —1 (in general one needs to use the formula to figure

B.3. Pauli matrices. This is a good point at which to introduce the Pauli matrices, which are
central to the understanding of the Mermin-Peres square. There are four Pauli matrices, each of
which is a Hermitian matrix in C2*2, namely

) 101 0 —i 1 O
oy :=1, 0y := 1 0 , Oy = L0 , Oy = 0o —1l-

It can be checked that these matrices obey the following multiplication rule:

Oy Oy O;
Oy | Op 10; | —10y
Oy | —10; Op 10y
O, | 10y | =10y | Oy

where the row labels are in the first column, the column labels are in the first row, and each of
the other entries represents the multiplication of the row index followed by column index, e.g.
0,0; = 10;.

The Pauli matrix oy has the unique eigenvalue 1, while each of the other three has eigenvalues
1 and —1. Thus, when a Pauli matrix is viewed as a measurement on a qubit, the observation will
always be 1 for oy and will be either 1 or —1 in each of the other three cases. The probability
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of the observation will depend on the state of the qubit being measured in each of the three
nontrivial cases, but it can be checked that the post-measurement state of the qubit depends only
on the observation and not on the pre-measurement state in each of these cases (on the other
hand, the post-measurement state equals the pre-measurement state in case the measurement oy
is carried out).

B.4. Products of quantum systems. Given two quantum systems of dimensions m and n re-
spectively, the joint system is of dimension mn. A state p € D,,, of the joint system can be
thought of as element of C""*"™" by the choice of the standard orthonormal basis in C™". Recall
that the tensor product C" @ C" can be identified with C"™". Recall also that given A € L, and
B € L,,, their tensor product A ® B can be viewed as an element of L,,,. In matrix terms, the
((i,k),(j,1)) entry of A® B is a(i, j)b(k,l), where the entries of A are denoted a(i, j) those of B
are denoted b(k.l) and where in A ® B the rows and columns are listed in lexicographic order.
Of course, A® B € L, ® L, but recall that L, ® L,, is naturally identified with L,,,, because the
notation L, ® L,, encompasses all linear combinations (with coefficients in C) of elements of
the form A ® B where A € L,, and B € L,,.

Not every element of L,,, can be expressed in the form A ® B where A € L, and B € L,,.
If the product system is in a state p € D,,, which can be written in the form p4 ® pp where
pa € D,, and pp € D,, then the component systems are said to be independent (in this overall
state), and the state itself is called a product state. It can be checked that the use of the term
“independent” in this sense is consistent with its use in classical probability theory (i.e. when
the states involved are diagonal matrices with nonnegative entries and trace 1).

As an example of the kind of calculations needed to understand the Mermin-Peres square,
consider the product of two qubit systems. This is a 4-dimensional system, which can be de-
scribed in matrix notation by the choice of the basis {|00),]01),[10),[11)} for C> ® C?, where
|ij) denotes |i) ® |j) for i,j € {0,1}. As an example, the Hermitian matrix oy ® o, can be
thought of as a measurement on this product system (this measurement has two possible out-
comes, i.e. 1 or —1). Similar to the way that we wrote o, = (1) — u(—1) in the notation of
eqns. (B.1) and (B.2), we can write 6, = V(1) — v(—1), where

0 —; L L
o= =11 F-13 ] (8.3
2 2 2 2
corresponding to PVM v : {1,—1} + D, on qubits, given by
L L
v =[] oven=|2 4] B.4)
2 2 2 2

Thus o, ® oy can be thought of as corresponding to the PVM
ﬁ : {1 y — 1} — Dy
given by

B =pMev1)+u(=)@v(=1)and B(=1) = u(1)@v(=1)+u(=1)@v(1).
Suppose now that we carry out the measurement corresponding to 0y ® O, on the pure state in
Dy coresponding to the vector
eC’@C*=C"

2 100) 4 2101} 42 110) 4 2 [11) = (5[0} + —= 1)) @ (—1510)

1
+E\1>)

Sl
=
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We can compute that the outcome of this measurement will be 1 with probability %, and will be
—1 with probability +. Writing u for % |0) + % 1) € C?, we can compute that, conditioned on
the outcome being 1, the overall 4-dimensional system will end up in the pure state correspond-
ing to the vector u ® (14 |0) + 15 [1)), while conditioned on the outcome being —1 it will end
up in the pure state corresponding to the vector u ® (15%]0) + 1 |1)).

B.5. Entanglement. We now discuss the concept of entanglement, which is the extraordinary
feature of quantum information that enables the magic of the Mermin-Peres square, and hence
its consequences for strict improvement of performance in decentralized control as discussed in
this paper.

We start with a simple fact about joint probability distributions. Suppose 2" and % are finite
sets and (p(x,y), (x,y) € Z" x %) is a probability distribution on 2~ x %. Then, for some L > 1,

there exists a probability distribution (¢;, 1 < < L) and probability distributions (a\”,x € 2°)
and probability distributions (by) ,y € %) such that, for all (x,y) € 2" x %, we have

5,0
p(x,y) = ZQIax by .
=1

Indeed, there is an obvious and simple way to accomplish this by taking L = nm where n = |2 |
and m = |%/|.

This simple fact can be phrased as follows: any joint probability distribution on 2" x % is a
convex combination of product probability distributions. This can be interpreted as a property
that every joint probability distribution on a “product system” needs to satisfy in the world
of classical probability distributions. Here we think of .2 x % as being the state space of a
classical “product system” comprised of the individual classical “component systems” having
state spaces .2 and % respectively.

It is now natural to ask if, in the framework of quantum information, it holds in general
that any density matrix of the product system can be expressed as a convex combination of
tensor products of density matrices (i.e. as a convex combination of density matrices in D,,,
which can each be written as a tensor product of a density matrix in D,, with one in D). Any
density matrix in D,,,, which admits of a representation as such a convex combination is called
separable. Any density matrix in D,,, that is not separable is called entangled.!

B.6. Existence of entanglement. The heart of the matter is that there are entangled density
matrices (i.e. states) in product systems. For an example, which is the one used in the discussion
of the Mermin-Peres square, let us take n = m = 2 (i.e. the component systems are qubits). We

Note that the notion of separability is not an intrinsic property of a density matrix of the product system when
the product system is viewed as just a system. It only makes sense when the product system is viewed as a
product system. Namely, we are not just discussing C"™" as a complex vector space of dimension nm; rather, we
discussing it with its explicit product structure in terms of its specified component systems when C™” is identified
with C" ® C™. Thus the discussion of entanglement only makes sense in the context of the way we choose to
think of the product system as having been created from specified component systems. Indeed, a density matrix
of a system can be entangled for some particular way of writing that system as a product system while being not
entangled, i.e. separable, when it is thought of in terms of some other way of writing the system as a product
system.
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will show that the density matrix vv* corresponding to

1 1
—=100) + — 11
75100+ |

in the product system is entangled. Note that we have

00

)

Vi=

wh =

S O O

0
0
0

= O O NI=
= O ONI=

and we want to show that it is impossible to write vv* 2 lL:1 q1p /gl) ® p(l), where (¢;,1 <I <L)
is a probability distribution’> and where each p/gl) is qubit density matrix and each pl(;l)
density matrix.

Since every density matrix is a convex combination of pure states, it is equivalent to show

that it is impossible to write

is a qubit

% ! m m)\ % m m)y x
w = Z rmuf4 )(ug )) ®v1(3 )(vé )) ,

where (r,,,1 < m < M) is a probability distribution® and the ugm) and vg") are unit vectors in
C2.
Suppose this were possible. Write

" = o™ 10y + ™ 1),

and

5= By" 0 +ﬁf’"> ).
where, for each 1 < m < M, the coefficients O‘o [30 B](m) are complex numbers satis-
fying

oo™ = 1 and rﬁé”’>|2+ B =1
Note that the (|01),|01)) entry of vw* is 0, so we must have

M
Y. ralay” P18 =0,
m=1
from which it follows that for each 1 < m < M we either have a(()m) =0or ﬁl(m) = 0 (or both).
But the (|00),|11)) entry of vww* needs to be %, and this condition turns out to be the same as

1

Zrmao ﬁo (ﬁ ) :E'

This is a contradiction and so this establishes the claimed impossibilty. We have shown that the
phenomenon of entanglement exists and, more specifically, that the pure state vv* corresponding
tov= % 100) + % |11) in the product of two qubit systems is entangled. This observation about

entanglement is all that we need for the purposes of this paper.

2We can assume without loss of generality that all the g; are strictly positive.
3We can assume without loss of generality that all the r,, are strictly positive.
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APPENDIX C. THE MERMIN-PERES SQUARE

The Mermin-Peres square [11, Sec. 3.2.2] is the following 3 x 3 array:
oHhRo0;, | 0,000 | O;,R 0,
Gx@GO GO®GX Gx®6x

—0,®0; | —0,® Oy | Oy X Oy

Each entry is a Hermitian matrix in C2® (2, viewed as a measurement on states in Dy (which
is viewed as a subset of L, ® L,). It can be checked that each of these Hermitian matrices has
eigenvalues in {1, —1}. It can be checked that in each row i € {1,2,3} the three such Hermitian
matrices in the locations (i, 1), (,2), (i,3) commute with each other, and in each column j €
{1,2,3} the three such Hermitian matrices in the locations (1, j),(2,/),(3,/) commute with
each other.

C.1. The Mermin-Peres game. The Mermin-Peres square reveals its magic in the so-called
Mermin-Peres game [11, Sec. 3.2.2]. The game is cooperative in the sense that either both
Alice and Bob win or both Alice and Bob lose. Let Alice be the row player and Bob the column
player. Alice and Bob receive indices i and j respectively, chosen independently and uniformly
over i,j € {1,2,3}. Alice does not know Bob’s index and Bob does not know Alice’s index.
Alice is required to place a number a; € {1,—1} in each column / € {1,2,3}, and Bob is
required to place a number by; € {1,—1} in each row k € {1,2,3}. The constraint on Alice
is that H?Zl a;; = 1, and the constraint on Bob is that szl byj = —1. Alice and Bob win if
a; jbi j= 1.

If one restricts oneself to classical strategies then, even with an arbitrary amount of com-
mon randomness between Alice and Bob (this common randomness being independent of the
choices of the indices revealed to Alice and Bob respectively) the overall probability of win-
ning has to be strictly less than 1. This is because, whatever the realization (based on the
common randomness) of the strategies of Alice and Bob, we must have H?:l H?: (a; = 1and
szl H?:l byj = —1. Thus it is impossible to have a;;b;; = 1 for each choice of i, j € {1,2,3},
which would be necessary if winning were to occur with probability 1. Indeed, there must be
at least one pair (i, j) for which we have a;;b;; = —1 on this realization; see Lemma A.1 in Ap-
pendix A for a formal proof of this obvious fact. From this we can conclude that with classical
strategies Alice and Bob cannot manage an overall probability of winning of more than g.

C.2. The Mermin-Peres square in the Mermin-Peres game. Now suppose Alice and Bob
are provided with two pairs of entangled qubits. The first pair is in the product state
1 1
1) = —=00)+ —=|11) e C*® C*.
p(1) 7 100) 7 1)

Here Alice is provided with the first component and Bob with the second component. The
second pair is in the product state
1 1

p(2) 7 7

Here also Alice is provided with the first component and Bob with the second component. The
overall product state is

00) + — |11) € C? @ C2.

p(N@p2) e (C?2CH e (C*eC?),
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i.e. the two entangled qubit pairs are independent (see Appendix B.4 for the definition of inde-
pendence in this context). Note that Alice has access to the first and third factors, while Bob
has access to the second and fourth factors of this overall quantum product state.

Consider now the following strategies for Alice and Bob. On receiving the row index i, Alice,
for each / € {1,2,3}, carries out the measurement given by the (i,/) entry of the Mermin-Peres
square on her pair state (i.e. the pair qubit comprised of the first and the third components of the
overall product state). Since the three entries in that row all commute with each other, it does
not matter in what order these measurements are performed. The outcome of each measurement
isin {1,—1} and Alice writes the corresponding outcome in the corresponding column of the
row i. It can be checked that these three measurements satisfy the constraint on Alice (i.e. their
product will always be 1). Similarly, on receiving the column index j, Bob, for each k € {1,2,3}
carries out the measurement given by the (k, j) entry of the Mermin-Peres square on her pair
state (i.e. the pair qubit comprised of the second and the fourth components of the overall
product state). Since the three entries in that column all commute with each other, it does not
matter in what order these measurements are performed. The outcome of each measurement is
in {1,—1} and Bob writes the corresponding outcome in the corresponding row of the column
j. It can be checked that these three measurements satisfy the constraint on Bob (i.e. their
product will always be —1). The incredible thing is that, with these strategies, we will have,
for each i, j € {1,2,3} that the product of the outcome of Alice in column j of row i and the
outcome of Bob in row i of column j will always be 1. Hence the winning probability of Alice
and Bob in the Mermin-Peres game becomes 1 if they are provided with two pairs of entangled
qubits as above and then use the strategies based on the Mermin-Peres square, as just described.
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