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both the results presented here and our earlier work on control under information-theoretic
constraints.

Professor Sanjoy Mitter and his collaborators were at the forefront of investigating the inter-
action between information and control. This was in fact a vibrant area of research during the
mid-to-late 20th century, before information theory, control theory, and probability/dynamics
diverged into essentially disjoint communities with distinct scholarly venues and discipline-
specific research questions. Sanjoy Mitter was one of the few scholars who consistently studied
all aspects of this interface, leaving a lasting legacy with fundamental contributions in each of
these domains. The authors of this paper have been greatly influenced by this scholarship; the
last author recalls that during the first days of his graduate studies he received copies of then-
recent papers [1, 2, 3, 4] co-authored by Sanjoy Mitter, and Ph.D. theses of his students Anant
Sahai [5] and Sekhar Tatikonda [6]. Together with [7] and [8], these works generated much
enthusiasm and provided encouragement for further study. In part because of this intellectual
legacy, many generations of scholars - including the authors of this paper - have studied the
interaction between information, control, and probability.

1. Introduction

A commonly studied problem in the field of control under communication constraints is to
characterize the minimum amount of information required by a controller to achieve a given
task. In this paper, we study systems with dynamics of the form

xt+1 = f (xt,wt)+But, (1.1)

and consider the control objective of rendering the RN -valued state process stochastically stable
in the sense of (asymptotic) ergodicity. In the above display, xt,wt and ut are the state, noise,
and control at time t, respectively, and B is an appropriately sized matrix. Additionally, we
impose that the state information travel through a finite capacity noiseless channel at each time
step before reaching the controller, as depicted in Figure 1. We formalize the notion of a coding
and control policy as follows. First, letM B {1, . . .,M} denote the alphabet of the channel, thus
its capacity in bits is given by C B log2 M . At time t, the coder (also known as the encoder)
generates a channel input qt from past state realizations x0, . . ., xt . The channel input qt ∈ M

is therefore determined by a map γe
t : (RN )t+1 →M. The symbol qt is transmitted over the

channel, reaching the controller. The controller generates ut based on channel outputs q0, . . .,qt
according to a map γc

t :Mt+1→ RN . A coding and control policy is therefore a sequence of
functions (γe

t )t∈N and (γc
t )t∈N. Once we fix a coding and control policy, (xt)t∈N is a well defined

autonomous stochastic process, with randomness coming from the possibly random initial state
x0, and the noise process (wt)t∈N.

Figure 1. Control of a system over a finite capacity noiseless channel.
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While our analysis will primarily focus on the case where the channel is a finite capacity
noiseless channel, later on in the paper, and also during the literature review, we will additionally
discuss the noisy channel case, as depicted in Figure 2. In this case, a channel input qt leads to
a channel output q′t , and the receiver has access also to the noisy channel outputs q′

[0,t] at time t,
whereas the encoder has access to the state/action history up to time t (including xt at time t),
past channel inputs q[0,t−1], and past channel outputs q′

[0,t−1], prior to the selection of the channel
input qt at time t under an encoder policy.

Channel

Plant

Coder Controller

Figure 2. Control of a system over a noisy channel with feedback.

In this paper, we establish a necessary lower bound on the channel capacity (i.e. the data-rate)
required for the existence of coding and control policies which result in asymptotic ergodicity
of the state process (xt)t∈N. The lower bound is obtained by integrating (over the unstable
coordinates only) the base two logarithm of the determinant of the system linearization with
respect to the noise law and (asymptotic) state law. This main result is Theorem 4.1, and
requires some regularity assumptions on f and on the law of x0 which are discussed in the
theorem statement and proof.

Notation: Throughout this paper, Z denotes the integers, R the real numbers, andN the non-
negative integers. The Lebesguemeasure is denoted bymwhere the dimensionwill be clear from
context. A discrete interval in the integers is denoted by [a; b] (i.e., [a; b] = {a,a+1, . . .,b−1,b}
for a ≤ b in Z). Given a topological space X, B(X) denotes its Borel σ-algebra. For a function
f : Rn → Rm, we denote the Jacobian (matrix of partial derivatives) by D f . For n ∈ N, f n

denotes the n−fold composition of f with itself whenever the expression makes sense (we use
the convention that f 0 is the identity). We use t to emphasize that a union in question is disjoint.
When applied to a set, | · | denotes cardinality. Given a sequence x B (xn)n∈N, θ denotes the
left shift map so that (θx)n = xn+1 for every n ∈ N. Given a topological space X, we let XN
denote the set of sequences taking values in X and endow XN with the product topology. Given
a map f : X×W →X we write fw(·) B f (·,w) to denote the resulting map from X to itself
when w ∈W is fixed. We write µ� ν to denote that measure µ is absolutely continuous w.r.t.
measure ν.

Asymptotic Ergodicity: A brief discussion on the stochastic stability notion considered
throughout is in order. We begin by recalling some basic facts from ergodic theory: Ameasurable
map T : Ω→ Ω on a probability space (Ω,F ,P) is called measure-preserving if P(T −1(A)) =
P(A) for all A ∈ F . An event A ∈ F is T -invariant if A = T −1(A) (up to a set of measure
zero). We denote by Finv(T ) the set of all T -invariant measurable sets, which is a σ-algebra.
A measure-preserving map T is called ergodic if P(A) ∈ {0,1} for all A ∈ Finv(T ). Note that
ergodicity is a property of a system (Ω,F ,P,T), but sometimes we also say that “T is ergodic”,
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or occasionally “P is ergodic”, when the other components of the system are clear from the
context. A fundamental result in ergodic theory is the following pointwise ergodic theorem.

Theorem 1.1. (Pointwise Ergodic Theorem) Let (Ω,F ,P) be a probability space and T :Ω→Ω
a measure-preserving map. Then for any f ∈ L1(Ω,F ,P) we have

1
N

N−1∑
k=0

f ◦T k a.s.
−−−−→
N→∞

ϕ

for some ϕ ∈ L1(Ω,Finv(T ),P |Finv(T)) satisfying
∫
ϕdP =

∫
f dP. If, in addition, T is ergodic, then

ϕ is almost everywhere constant and thus

1
N

N−1∑
k=0

f ◦T k a.s.
−−−−→
N→∞

∫
f dP.

We refer the reader to [9, Theorem 1.14] for a proof of this result and a detailed study of
ergodic theory.

We now turn back to the setting of the paper at hand. In this context, the transformation of
interest will be the left shift map, the underlying space will be the sequence space in which the
controlled state process takes values in, and the measure will be the process measure on this
sequence space. More explicitly, let (Ω,F ,P) denote the common probability space on which
all random variables are defined. Fix a coding and control policy, specify an initial state law for
x0 in (1.1), and let µ ∈ B((RN )N) denote the resulting state process law.

Definition 1.2. We say that µ (or alternatively, the discrete-time stochastic process (xn)n∈N
taking values in RN with process law µ) is:

• stationary iff µ(θ−1(B)) = µ(B) for all B ∈ B((RN )N),
• asymptotically mean stationary (AMS) iff there exists a probability measure Q (called
the asymptotic mean of the process) on B((RN )N) such that

lim
T→∞

1
T

T−1∑
k=0

µ(θ−k(B)) =Q(B) for every B ∈ B((RN )N),

• ergodic iff it is stationary, and for A ∈ B((RN )N) we have that A = θ−1(A) =⇒ µ(A) ∈
{0,1},
• AMS ergodic iff it is AMS, and the asymptotic mean is ergodic.

Note that if a process isAMS, then the asymptoticmean is a stationarymeasure on the sequence
space. Note also that a stationary measure on B((RN )N) can be unambiguously projected to
a measure on B(RN ). By slight abuse of notation, we use the same notation for a stationary
measure on the sequence space and its projected coordinate measure. In this paper, the stability
notion considered is AMS ergodicity (or informally, asymptotic ergodicity). Suppose that the
stochastic process in Definition 1.2 is AMS ergodic with process measure µ and asymptotic
mean Q. The application of the pointwise ergodic theorem (Theorem 1.1) to the L1 map
1x0∈B : (RN )N→ {0,1} for B ∈ B(RN ) yields

µ
({

x ∈ (RN )N : lim
T→∞

1
T

T−1∑
k=0
1B(xk) =Q(B)

})
= 1. (1.2)
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In principle, Theorem 1.1 tells us that the set in (1.2) has measure one with respect to Q. From
[10, Lem. 7.5 and Eq. (7.22)], it follows that µ and Q agree on all Q-trivial sets, justifying (1.2).
This equation, which provides almost sure guarantees on asymptotic sample path behavior, is a
crucial ingredient for the proofs in this paper. This concludes our discussion on ergodicity, and
we now turn to a discussion on the motivation for the problems considered in this paper.

ProblemMotivation: Suppose that system (1.1), controlled over a noiseless channel of finite
capacity C, is rendered asymptotically ergodic with AMS mean Q. Under different sets of
assumptions, [11] and [12] establish that∫ ∫

log2 | det D fw(x)|dQ(x)dν(w) ≤ C (1.3)

where ν is the distribution of the i.i.d. noise and fw denotes the map x 7→ f (x,w) for a fixed
w ∈W, whereW is a standard Borel space. This bound, however, is in general not tight, as the
following two examples illustrate.

Example 1.3. Consider the two dimensional linear system given by[
xt+1
yt+1

]
=

[
2 0
0 1/2

] [
xt
yt

]
+wt +ut (1.4)

where ut and wt take values in R2 and the noise is i.i.d with zero mean. The LHS of (1.3) is
easily seen to equal zero for this system, thus providing a vacuous bound on channel capacity.
It is well known from the literature, however, that a tight bound on data-rate for linear system
stabilization is the log-sum of the unstable eigenvalues. Note that by replacing 1/2 in the above
matrix with any number no smaller than one, the bound in (1.3) recovers the tight linear bound.
As we will see, the refinement of the channel capacity bound in this paper will recover the tight
bound in the general linear case (thus, also with stable eigenvalues).

Example 1.4. Consider the system (xt, yt)t∈N in R2 evolving with scalar-valued i.i.d. noise
according to [

xt+1
yt+1

]
=

[
(x3

t + xt)(1+ y2
t )

1
2 yt +wt

]
+ut (1.5)

with x0 and y0 independent and admitting bounded densities. We note that the y-component of
the above system is stochastically stable. Moreover, the presence of the y-term in the dynamics
of the x-component cannot be modeled as noise, as the i.i.d. assumption required in data-rate
theorems of non-linear systems is not satisfied. Suppose the above system ismade asymptotically
ergodic via a coding and control policy with AMS mean Q. We compute

D fw(x, y) =
[
(3x2+1)(1+ y2) (x3+ x)2y

0 1/2

]
(1.6)

and apply (1.3) to obtain ∫
log2 |

(1+ y2)

2
(3x2+1)|dQ(x, y) ≤ C. (1.7)

Note that there is a factor of 1/2 coming from the stable second component in the integrand. It
seems sensible that the bound should hold without this factor, as the coding and control policy
need not be concerned with the stochastically stable component. Indeed, the result in this paper
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establishes that the above bounds holds when removing the factor of 1/2 and is therefore a strict
refinement for certain systems. We now proceed with a literature review.

2. Literature Review and Information Requirements for Stochastic Stability

In the field of control under communication constraints, one wishes to study if and how it
is possible to accomplish a control task under varying degrees of imperfect information. A
ubiquitous problem in the field is to characterize minimum data rates required to stabilize a
dynamical system. This problem has been considered extensively for linear deterministic and
stochastic systems, for which one can usually characterize the minimum data rate required for
closed-loop stability as the log-sum of the unstable open-loop eigenvalues.

Some related earlier papers considering the linear case include [2, 3, 7, 13, 14, 15, 16]. More
recent contributions include [17, 18, 19, 20, 21, 22], and [23, 24, 25, 26, 27], with this latter
group of resources presenting necessary and sufficient conditions for stability criteria such as
existence of invariant measures, positive Harris recurrence and (asymptotic) ergodicity. There
has been a separate line of work for the special Gaussian channel setup, which we do not review
in this paper (see [28] for an extensive review).

For non-linear systems, the majority of papers have focused on deterministic systems. Some
early works include [29], where it was established that global asymptotic stabilization of a
non-linear continuous time system is feasible provided that data rates exceed a quantity related
to system dimension and a Lipschitz constant, and [30] where non-linear feed-forward systems
were considered. In [31] the authors presented the first systematic approach for determining
minimal data rates for stabilization and introduced the notion of topological feedback entropy, a
notion inspired by the classical open cover definition of topological entropy in dynamical systems
due to Adler et al. [32]. It was established in [31] that a necessary and sufficient condition for
stabilization to a compact set is that the data rate in the control loop exceeds the topological
feedback entropy. For the same stabilization problem, invariance entropy was introduced in [33].
This notion serves as a way to quantify the difficulty of a control task through the minimum
number of open loop control sequences required to achieve it. The monograph [34] provides a
detailed account of the applications of invariance entropy in determining minimum data rates,
particularly for continuous time (non-linear) systems. In [35], it was further established that
under a strong invariance condition, the notions of topological feedback entropy and invariance
entropy coincide in the discrete time case. A recent related development was the introduction
of metric invariance entropy in [36]. Many more interesting results have been obtained under a
wealth of settings, and we refer the reader to [37], [38], and [39] for a more detailed overview
of the literature. The paper at hand builds on the techniques involving stabilization entropy, and
provides a refinement for the lower bound in [11] and [12] for the stability notion of (asymptotic)
ergodicity discussed in the previous section. Before proceeding with our main result, we outline
specific data-rate theorems for non-linear systems in the next section.

3. Review of Information Theoretic and Stochastic Geometric Bounds

To the best of our knowledge, the first converse result on channel capacity for non-linear
stochastic systems was established in [12] using information theoretic methods. The paper
provided lower bounds on channel capacity necessary for stochastic stabilization of discrete
time non-linear systems over both noisy and noiseless channels for stability notions of ergodicity
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and entropy growth conditions. With a fundamentally different approach via stochastic growth
properties, a similar result was established in [11] for the ergodic case, relying on the notion of
stabilization entropy. This notion, introduced in [40], was a modification of invariance entropy
for the stochastic case and was first used to obtain lower bounds on channel capacity required
for AMS stability. In the remainder of this section, we review both the information-theoretic
and stabilization entropy results and techniques used respectively in [12] and [11].

3.1. Information Theoretic Approach for Lower Bounds and Fundamental Limits.
We start our review with several information theoretic bounds. In this subsection, we allow

the channel to be noisy as depicted in Figure 2.

3.1.1. Sublinear entropy growth for non-linear systems. In this section, instead of a general
RN -valued non-linear state model

xn+1 = f (xn,un,wn), (3.1)
we will consider non-linear systems in either one of the following three forms:

xn+1 = f (xn,wn)+Bun, (3.2)
xn+1 = f (xn)+Bun+wn, (3.3)
xn+1 = f (xn,un)+wn. (3.4)

We will also have an occasion to study non-linear systems of a fourth form:
xn+1 = f (xn,wn)+B(xn)un. (3.5)

In all of the models above, xn is the RN -valued state, wn is the RN -valued noise variable, un
is Rs-valued, B is appropriately sized, and wn is assumed to be an i.i.d. process with wn ∼ ν.
We assume throughout that f is measurable and continuously differentiable in the state

variable. For a possibly non-linear differentiable function f : Rn→ Rm, the Jacobian matrix of
f is an m×n matrix function consisting of partial derivatives of f such that

(D f (x))i j =
∂ fi
∂x j
(x), 1 ≤ i ≤ m,1 ≤ j ≤ n.

We have the following two assumptions.

Assumption 3.1. In the models considered above f (·,w) : RN → RN is invertible for every
realization of w.

In the second assumption below, |D( f )| will denote the absolute value of the determinant of
the Jacobian. Furthermore, with fw(x) = f (x,w), we define D( f (x,w)) := D( fw(x)).

Assumption 3.2. There exist M1 ∈ R and L1 ∈ R so that for all x,w

L1 ≤ log2(|D( f (x,w))|) ≤ M1

The channels we consider satisfy the conditions given in the following definition.

Definition 3.3. [12, Definition 1.1] Channels are said to be of Class A type, if
• they satisfy the Markov chain condition:

q′t ↔ qt,q[0,t−1],q′[0,t−1]↔ {x0,wt, t ≥ 0},
for all t ≥ 0, and
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• their capacity with feedback is given by:

C = lim
T→∞

max
{P(qt |q[0,t−1],q′[0,t−1]), 0≤t≤T−1}

1
T

I(q[0,T−1]→ q′
[0,T−1]),

where the directed mutual information is defined by

I(q[0,T−1]→ q′
[0,T−1]) =

T−1∑
t=1

I(q[0,t]; q′t |q
′
[0,t−1])+ I(q0; q′0).

DiscreteMemoryless Channels (DMCs), including noiseless channels, naturally belong to this
class. We note that for DMCs, feedback from channel outputs does not increase the capacity [41].
Such a class also includes finite state stationaryMarkov channelswhich are indecomposable [42],
and non-Markov channels which satisfy certain symmetry properties [43]. Further examples
can be found in [44] and [45].

The result below provides conditions for sublinear entropy growth (in time) which implies
quadratic stability. Let πt(B) = P(xt ∈ B) for all Borel B.

Theorem 3.4. [12] Let (i) f have the form in (3.2), (ii) Assumptions 3.1 and 3.2 hold, and (iii)
x0 have finite differential entropy. Then,

a) If there is an admissible coding and control policy such that

liminf
t→∞

h(xt)/t ≤ 0,

where h(xt) denotes the differential entropy of xt , it must be that

C ≥ liminf
T→∞

1
T

T−1∑
t=0

∫
πt(dx)

(∫
ν(dw) log2(|D( f (x,w))|)

)
. (3.6)

b) If L := infx,w log2 |D( f (x,w))|, then C ≥ L.

Remark 3.5. In the theorem, we would have arrived at the same results if we had replaced
limsupt→∞ h(xt)/t ≤ 0 with limsupt→∞

1
t h(xt |q′[0,t−1]) ≤ 0. This condition would be more rel-

evant for state estimation problems, where the goal is not necessarily to make the state stable,
but to make the estimation error stable (where ut would be the state estimate and xt −ut would
be the estimation error). Since h(xt |q′[0,t−1]) ≤ h(xt), it is evident that the condition h(xt)/t ≤ 0
implies that h(xt |q′[0,t−1])/t ≤ 0. �

Remark 3.6. We note that if the system had been of the model (3.5), the expression involving
D( f (x,w)) would explicitly depend on the control policy, which would in turn depend possibly
on the entire past channel outputs, making the expression computationally more involved. �

Consider now the system (3.3), under some admissible policy, controlled over a communica-
tion channel.

Assumption 3.7. Assume that

M := sup
x∈RN

log2 |D( f (x))| <∞,

L := inf
x∈RN

log2 |D( f (x))| > −∞.
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Lemma 3.8. [12] Consider the system (3.3) with noisy channel with feedback and where h(x0) <

∞ under Assumption 3.7. If C < L, under any admissible policy,

limsup
T→∞

P(|xT | ≤ b(T)) ≤
M −(L−C)

M
,

for all (sequences) b(T) > 0 such that limT→∞
1
T log2(b(T)) = 0.

Theorem 3.9. [12] Consider the system (3.3) controlled over a Class A type noisy channel with
feedback, and let Assumption 3.1 hold. If, under some causal encoding and controller policy,
the state process is AMS, then the channel capacity C must satisfy C ≥ L.

3.1.2. Stationarity and positive Harris recurrence under structured (stationary) policies. In
many applications, one uses a state-space formulation for coding and control policies. In the
following, we will consider stationary update rules which have the form

qt = γ
e(xt,mt),

ut = γ
d(mt,q′t),

mt = η(mt−1,q′t−1), (3.7)

for functions γe, γd , and η. Here, m is an S-valued memory or quantizer state variable. A large
class of adaptive encoding policies have this form. This includes delta modulation, differential
pulse coded modulation (DPCM), adaptive differential pulse coded modulation (ADPCM),
Goodman-Gersho type adaptive quantizers (see, e.g., [46, 47]), as well as the coding schemes
used for stabilization of networked control systems under fixed-rate codes [23]. Even further,
jointly optimal source and channel codes for zero-delay coding schemes under infinite horizon
optimization criteria also have the form above (where S is a space of probability measures [48]).
We now present a necessary structural result on the encoders.

Now, instead of asymptotic mean stationarity, we will consider the more stringent condition
of (asymptotic) stationarity of the controlled source process. For ease in presentation we will
assume that mt takes values in a countable set, even though the extension to more general spaces
is possible, without substantial changes in the derivation of the results.

Lemma 3.10. If the channel is memoryless, the process (xt,mt) is a Markov chain.

In the following, we assume that the channel is memoryless. For the Markov chain (xt,mt),
let πt(B) = E[1{(xt∈B)}] for all Borel B, that is, πt is the marginal occupation probability for the
state process xt .

Theorem 3.11. [12] Suppose that the encoding, control and the memory update laws are given
by (3.7). Let (i) f have the form (3.2), (ii) Assumptions 3.1 and 3.2 hold, and (iii) h(x0) < ∞.
For the positive Harris recurrence of the process (xt,mt) (which implies the existence of a unique
invariant measure π (and thus ergodicity)), it must be that

C ≥
∫

π(dx)
(∫

ν(dw) log2(|D( f (x,w))|)
)
, (3.8)

provided that limsupt→∞
1
t h(xt) ≤ 0.
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3.2. Stochastic and Geometric Volume Growth Approach.

3.2.1. Some intuition via a visit to the deterministic setup. For deterministic nonlinear systems,
invariance entropy, a concept introduced by Colonius and Kawan [33], measures the smallest
average data rate of a noiseless channel above which a compact subsetQ of the state space can be
made invariant by a controller receiving its state information through this channel. The essence
of the idea behind this concept is as follows: If the controller has n bits of information available,
it can distinguish between at most 2n different states, and hence generate at most 2n different
control inputs.

To explain the concept of invariance entropy [33] (which can be shown to be equivalent to
the notion of topological feedback entropy [31]), let X be a topological space, U a non-empty
set, and

xn+1 = f (xn,un) (3.9)
be a discrete-time control system on X, where f : X×U→ X is a map with the property that
fu := f (·,u) :X→X is continuous for each u ∈ U. We merge all solutions of (3.9) into one map
ϕ :N×X×UN→ X,

ϕ(n, x,u) := fun−1 ◦ · · · ◦ fu0(x),
where UZ+ is the set of all sequences in U and u = (u0,u1, . . .).
LetQ ⊂X be a compact set with non-empty interior satisfying the following strong invariance

condition (essentially, this is assumption SI in [31, p. 1586]): For every x ∈ Q there is ux ∈ U
with f (x,ux) ∈ intQ.

For a number τ ∈ N, a set S ⊂ Uτ is called (τ,Q)-spanning if for every x ∈ Q there is u ∈ S
such that ϕ( j, x,u) ∈ intQ for j = 1, . . ., τ. The minimal cardinality of such a set is denoted by
rinv(τ,Q) and the invariance entropy of Q is defined by

hinv(Q) := lim
τ→∞

1
τ

logrinv(τ,Q), (3.10)

where subadditivity guarantees the existence of the limit. We note also that in [35] it was proved
that hinv(Q) = hfb(Q), where hfb(Q) denotes topological feedback entropy [31].

Theorem 3.12. [31] (see also [35]) Consider system (3.9). Suppose that a sensor measures its
states and is connected to a controller via a noiseless digital channel which carries one discrete-
valued symbol per sampling interval, selected from a coding alphabet Sk of time-varying size.
If the transmission data rate

R = liminf
k→∞

1
k

k−1∑
j=0

log |Sj |

of the channel satisfies R > hinv(Q), then a coder-controller pair exists, which renders Q invari-
ant. If R < hinv(Q), then no such coder-controller pair exists.

An important result in the deterministic formulation is with regard to stabilization to a point:
Under the assumptions that (i) f has the form in (3.9) with X = RN , U = Rm and has continuous
partial derivatives, (ii) there exists an equilibrium pair (x∗,u∗), i.e., x∗ = f (x∗,u∗), (iii) a local
strong invariability condition is satisfied which relates the size of an invariant set and the size
of a control action set in the sense that for any ε > 0, there exists ρ > 0 so that for all ε′ ∈ (0, ρ],
the set {x : |x − x∗ | ≤ ε′} is strongly invariant with the control action set U = {u : |u−u∗ | ≤ ε},
and (iv) the pair (A,B) is controllable, where A,B are the Jacobians of f with respect to state
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and control at x∗,u∗, [31] has shown that for convergence to the equilibrium an average rate
R >

∑
|λi |>1 log(|λi |) is sufficient, where {λi} are the eigenvalues of the Jacobian of fu∗ at x∗.

Consequently, the number of control inputs needed to achieve the control objective (on a finite
time interval) is a measure for the necessary information, leading to the notion of invariance
entropy (3.10) above, where in the definition rinv(τ,Q) is the minimal number of control inputs
needed to achieve invariance of Q on the time interval [0, τ] for arbitrary initial states in Q.
It is relatively immediate to observe that the growth rate of rinv(τ,Q) is directly related to the
rate of volume expansion for subsets of Q under the evolution of the system. Indeed, the faster
the volume is expanded, the more coding regions, and hence the more different control inputs,
would be necessary to keep the whole volume inside Q. Since, for every reasonable stabilization
objective, it is necessary to keep certain volumes bounded (or even shrink them to zero), the same
ideas as used in the definition of invariance entropy should work universally for stabilization
over discrete channels. This intuition was rigorously verified in [33, 35, 49, 50].

3.2.2. The Stochastic Setup: Stability Under the AMS Criterion. We next demonstrate that an
approach similar to the one discussed above is also applicable to stochastic systems, stochastic
channels, and to stochastic stability, and this can also be utilized to recover the deterministic
theory as a special case.

As before, we will have two criteria: Asymptotic mean stationarity (AMS) and ergodicity.
We will see that one can arrive at complementary conditions.

As an auxiliary quantity to derive lower bounds on the necessary channel capacity for gen-
erating an AMS state process, we discuss a new concept of stabilization entropy, introduced in
[51] (and an ergodic theoretic generalization in Section 3.2.6 introduced in [52]), inspired by
both invariance entropy and measure-theoretic entropy of dynamical systems, in particular by a
characterization of the latter due to A. Katok [53] and a generalization thereof developed in [54].
Roughly speaking, stabilization entropy looks at the exponential growth rate of the number of
length-n control sequences necessary to keep the state inside some set for a certain fraction of
the number n of times with a certain positive probability. The corresponding set, the frequency
of times, and the probability are parameters that can be adjusted, and the relation to channel
capacity can only be established for certain choices of these parameters.

Recall that XN denotes the set of all (one-sided) sequences with values in some set X and
θ denotes the left-shift map on a sequence space. In this section, we will write x̄ = (xt)t∈N
for elements of XN. Moreover, we write x̄[0,t] = (x0, x1, . . ., xt) for t ∈ N. We assume that all
measurable spaces are standard Borel and all random variables associated with a given control
system are modeled on a common (standard Borel) probability space (Ω,F ,P). The standard
Borel space assumption leads to useful universal measurability properties which are utilized in
this chapter: A measurable image of a Borel set is called an analytic set [55, App. 2]. We note
here that this is equivalent to the seemingly more restrictive condition of being a continuous
image of a Borel set. The following property will be utilized in our analysis: The image of a
Borel set under a measurable map, and hence an analytic set, is universally measurable [55].

Consider
xt+1 = f (xt,ut,wt), t = 0,1,2, . . . (3.11)

This defines a measurable map f : RN ×U ×W → RN , where RN is endowed with the Borel
σ-field B(RN ), (U,FU) is a measurable space and (W,FW, ν) a probability space. The noise is
modeled by an i.i.d. sequence (wt)t∈N of randomvariables on (W,FW )with associated probability
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measure ν. The initial state x0 is modeled by another random variable with probability measure
π0 on (RN,B(RN )) and is assumed to be independent of (wt)t∈N.
We write ϕ(t, x0, ū, w̄), t ∈ N, for the unique trajectory with initial value x0 ∈ R

N associated
with the noise realization w̄ ∈WN and the control sequence ū ∈ UN.

We assume that an encoder, knowing the states x0, x1, . . ., xt at time t ∈ N, transmits at time
t ∈N a symbol qt through a noiseless discrete channel to a decoder/controller. We assume that
the decoder receives the signals without delay. The finite coding alphabet is denoted byM and
the capacity of the channel is

C = log#M = log M .

Thus, at time t, the controller has the symbol string q[0,t] = (q0,q1, . . .,qt) ∈ M
t+1 available to

generate the control input ut . Any coding and control policy of this form is called a causal
coding and control policy. The control objective considered is to render the state process (xt)t∈N
asymptotically mean stationary (AMS).

3.2.3. A New Concept: Stabilization Entropy.

Definition 3.13. [51] For any Borel set B ⊂ RN , T ∈ N and ρ,r ∈ (0,1), a set S ⊂ UT is called
(T,B, ρ,r)-spanning if there exists a set Ω̃ ∈ F with P(Ω̃) ≥ 1− ρ so that for every ω ∈ Ω̃ there
is ū ∈ S with

1
T

# {t ∈ [0;T −1] : ϕ(t, x0(ω), ū, w̄(ω)) ∈ B} ≥ 1− r . (3.12)

We write sB(T, ρ,r) to denote the smallest cardinality of a (T,B, ρ,r)-spanning set (where
sB(T, ρ,r) = ∞ if no finite (T,B, ρ,r)-spanning set exists) and define the (B, ρ,r)-stabilization
entropy of system (3.11) by

hB(ρ,r) := limsup
T→∞

1
T

log sB(T, ρ,r).

Some remarks about this definition are now in order:

Remark 3.14. (i): As noted earlier, in (3.12), ϕ(·, x0(ω), ū, w̄(ω)) denotes the solution of
the recursion xt+1 = f (xt,ut,wt) with x0 = x0(ω), with ut being the t-th element in the
sequence ū and wt = wt(ω), w̄(ω) = (wt(ω))t∈N. In particular, the control sequences ū in
the above definition are not generated by a coding and control policy. Indeed, hB(ρ,r) is
an intrinsic quantity of the open-loop system.

(ii): The existence and finiteness of (T,B, ρ,r)-spanning sets are not immediately clear
from the definition. However, as we will see below, in relevant cases this is guaranteed.
In general, we always have 0 ≤ hB(ρ,r) ≤ ∞.

(iii): There are some immediate monotonicity properties of the function hB(·, ·). Namely,
if r or ρ become smaller, hB(ρ,r) increases. This in particular implies the existence of
corresponding limits as r→ 0 and ρ→ 0 (which may be infinite).

We now present a key lemma which relates the channel capacity necessary for stabilization
to the stabilization entropy. In particular, it shows that finite (T,B, ρ,r)-spanning sets exist for
appropriate choices of B, ρ,r , provided that the AMS property can be achieved.

Lemma 3.15. [51] Assume that the AMS property is achieved via a causal coding and control
policy over a noiseless channel of capacityC. Then, for everyBorel set B ⊂RN with 0<Q(B)< 1,
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and all sufficiently small ε > 0, we have

C ≥ hB

(1+ ε
2

1+ ε
, (1+ ε)Q(Bc)

)
.

If Q(B) = 1, then for all r ∈ (0,1) and ε > 0 sufficiently small, we have

C ≥ hB

(1+ ε
2

1+ ε
, (1+ ε)r

)
.

Lemma 3.15, while sounding technical, has significant consequences, since it allows for the
application of volume-growth arguments that have been used in the literature for deterministic
settings.

3.2.4. Volume-expanding systems. Here, we assume throughout that the measure π0 of the
random variable x0 is absolutely continuous with respect to the Lebesgue measure m on RN and
that the associated density is essentially bounded.

Consider a system of the form

xt+1 = f (xt)+ut +wt (3.13)

with U =W = RN and an injective C1-map f : RN → RN satisfying

|detD( f (x))| ≥ 1 for all x ∈ RN . (3.14)

If µ, ν are two measures on the same measurable space, we write µ�b ν to denote that µ is
absolutely continuous with respect to ν and its density is essentially bounded.

Theorem 3.16. [51] Consider system (3.13) satisfying (3.14) and π0 �b m. Assume that the
AMS property is achieved with an associated AMS measure Q via a causal coding and control
policy over a noiseless channel of capacityC. Then for all Borel sets B ⊂ RN with 0 < m(B) <∞,
we have

C ≥ Q(B) log inf
x∈B
|det(D f (x))|. (3.15)

Remark 3.17. The preceding theorem recovers, as a special case, Theorem 3.9, which shows
that C ≥ infx∈RN log |detD( f (x))|. However, the result there is more general with regard to the
allowed class of channels.

Remark 3.18. In the inequality (3.15), we see a trade-off between the Q-measure of the set B
and the infimal volume growth on B. If some characteristics of the measure Q are known, one
can try to optimize the lower bound by a careful choice of B. We also note that∫

Q(dx) log |detD( f (x))| ≥ Q(B) inf
x∈B

log |detD( f (x))|

holds for all Borel sets B, where the left-hand side is the expected volume expansion with respect
to the AMS measure Q. Hence, it is tempting to conjecture that also the integral above is a
lower bound on the capacity. Under the stronger criterion of asymptotic ergodicity, we will show
further below that this is indeed the case.

The next corollary shows that imposing further properties on the AMS measure Q can lead
to more concrete bounds.
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Corollary 3.19. Consider system (3.13) satisfying (3.14) and π0 �b m. Assume that the AMS
property is achieved via a noiseless channel of capacity C and the measure Q satisfies for some
M, p > 0 the moment constraint ∫

Q(dx)|x |p ≤ M .

Then the channel capacity satisfies

C ≥ sup
κp≥M

(
1−

M
κp

)
min
|x |≤κ

log |detD( f (x))|. (3.16)

The next example shows that for nonlinear systems the supremum in (3.16) is not necessarily
attained as κ→∞, i.e., the lower bound (3.15) indeed expresses a trade-off between the measure
of B and the minimal volume expansion on B.

Example 3.20. Consider a map f : R→ R with derivative

f ′(x) =

{
2 if |x | ≤ 1

2
1√
|x | if |x | > 1

and note that | f ′(x)| = f ′(x) > 1 for all x ∈ R. Since f ′ is symmetric and monotonically
decreasing on [0,∞), we obtain

min
|x |≤κ

log | f ′(x)| = log | f ′(κ)| for all κ > 0.

Corollary 3.19, applied with M = p = 1 thus yields the capacity bound

C ≥ sup
κ≥1

(
1−

1
κ

)
1
√
κ
.

A straightforward analysis shows that this supremum is attained as a maximum at κ = 3, and
hence C ≥ 2/(3

√
3). �

3.2.5. The noisy channel case. For discrete noiseless channels, the key idea combining the
volume-growth based approaches for deterministic models with the stochastic system setup was
the observation that the number of control sequences is bounded from above by the total number
of received messages. This approach clearly does not directly apply to the noisy channel setup,
for there can be an arbitrarily large number of possibly distinct received channel outputs, but
these may not carry reliable information. In the following, we develop a new method to address
this for a discrete memoryless channel (DMC).

The results in this section apply for channels with feedback for data transmission from the
encoder to the controller, as depicted in [52, Fig 1]. The channel has a finite input alphabet
M and a finite output alphabetM′. The channel input qt at time t is generated by a function
γe

t so that qt = γ
e
t (x[0,t],q

′
[0,t−1]). The channel maps qt to q′t in a stochastic fashion so that

P(q′t ∈ ·|qt,q[0,t−1],q′[0,t−1]) = P(q′t ∈ ·|qt) is a conditional probability measure on M′ for all
t ∈ N, for every realization qt,q[0,t−1],q′[0,t−1]. The controller, upon receiving the information
from the channel, generates its decision at time t, also causally: ut = γ

c
t (q
′
[0,t]).

Consider a DMC with channel capacity C. The following property, known as the strong
converse, holds, see [56], [57, Problem 10.17]: For any R > C, under any coding policy:

lim
T→∞

pe(T) = 1, (3.17)
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where pe(T) is the average probability of error among 2RT equally likely messages after the
channel is usedT times under coding and decoding policies admissible according to the standard
information-theoretic formulation of communication with noiseless feedback, cf. [58].

Now we consider a scalar system of the form

xt+1 = f (xt)+ut +wt (3.18)

with a C1-function f : R→ R satisfying

| f ′(x)| ≥ 1 for all x ∈ R. (3.19)

Theorem 3.21. [51] Consider system (3.18) satisfying (3.19). Assume that π0 � m with p
denoting the density with respect to m, that K := supp(π0) is a compact interval, and

pmin := ess inf
x∈K

p(x) > 0, pmax := ess sup
x∈K

p(x) <∞.

Then, if the AMS property is achieved via a causal coding and control strategy over a DMC of
capacity C, we have

C ≥ inf
x∈R

log | f ′(x)|.

Wenext state the following variationwhere the initial measuremay have non-compact support.

Theorem 3.22. [51] Consider system (3.18) satisfying (3.19). Assume that π0 � m with p
denoting the density with respect to m, and that for every ε > 0, there exists a compact interval
Kε such that, π0(Kε ) ≥ 1− ε , and with

pK
min := ess inf

x∈K
p(x) > 0, pK

max := ess sup
x∈K

p(x) <∞,

the following condition holds:

lim
ε→0

∫
R\Kε

p(x)dx

pKε
min

= 0. (3.20)

Then, if the AMS property is achieved via a causal coding and control strategy over a DMC of
capacity C, we have

C ≥ inf
x∈R

log | f ′(x)|.

Remark 3.23. A sufficient condition for (3.20) is that p is differentiable, positive everywhere,
and monotone decreasing in either direction as |x | increases for sufficiently large values of |x |,
and lim|x |→∞ p′(x)/p(x) =∞. This follows from an application of L’Hospital’s theorem to the
expression

lim
x→∞

∫
|s |>x p(s)ds

min(p(x), p(−x))
.

Probability densities which decay faster than an exponential (such as the Gaussian) satisfy this
condition. An exponential density (if one-sided, the denominator will just be p(x)) keeps this
ratio a constant as |x | increases and densities with a heavier tail than an exponential do not
satisfy this condition.
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3.2.6. Stability under the Ergodicity Criterion via the Stochastic Geometric Method. In this
section, we consider the criterion that the closed-loop process is AMS Ergodic (see Definition
1.2).

Consider the system
xt+1 = f (xt,wt)+ut (3.21)

where xt and ut are RN -valued for some N ∈ N and wt takes values in a standard probability
spaceW. Recall that for a fixed w ∈W, the map x 7→ f (x,w) is denoted by fw. Suppose also
that the following holds:
(A1) The map f : RN ×W→ RN is Borel measurable.
(A2) The noise process (wt)t∈N is i.i.d. By abuse of notation, ν denotes both the law of any

individual wt , as well as the process measure.
(A3) The map fw : RN → RN is C1 and injective for any w ∈W.
(A4) The initial state x0 is random and independent of the noise process. We write π0 for the

associated probability measure.
(A5) The measure π0 is absolutely continuous with respect to the N-dimensional Lebesgue

measure m, and its density (which exists by the Radon-Nikodym theorem) is bounded.
(A6) There is a constant c > 0 with |detD( fw(x))| > c for all x ∈ RN and w ∈W.
We write (Ω,F ,P) for the probability space on which both x0 and wt are defined.

Theorem 3.24. [52] Consider system (4.2) satisfying assumptions (A1)–(A6). Suppose the
system is controlled over a discrete noiseless channel with capacity C and a coding and control
policy achieves that the state process is AMS ergodic with asymptotic meanQ. Then, the capacity
must satisfy ∫ ∫

log |detD( fw(x))|Q(dx)ν(dw) ≤ C.

Our second main theorem relaxes the condition of the channel being noiseless. On the other
hand, the class of nonlinear systems considered is more restrictive.

Theorem 3.25. Consider the scalar system
xt+1 = f (xt,wt)+ut

satisfying assumptions (A1)–(A5). Additionally, suppose that the following holds:
(1) | f ′w(x)| ≥ 1 for every x ∈ R.
(2) The support of π0 is a compact interval K ⊆ R.
(3) The essential infimum and supremum of the density of π0, denoted by ρmin and ρmax,

respectively, satisfy 0 < ρmin ≤ ρmax <∞.
Suppose that the system is controlled over a discrete memoryless channel with feedback of
capacity C and a causal coding and control policy results in the state process being AMS
ergodic with asymptotic mean Q. Then, the channel capacity must satisfy∫ ∫

log | f ′w(x)|Q(dx)ν(dw) ≤ C. (3.22)

The methods involved in the proof of Theorem 3.25 rely on a multi-set stabilization entropy
definition, the observation that ergodicity provides almost-surely exact asymptotic rates of visits
to subsets of the state space, and volume-growth combinatorial arguments. These techniques
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and notions are used in the proof of Theorem 4.1 (the main result of this paper) and are discussed
in detail in the following section.

4. Refined Information Rate Bounds via Coordinate Splitting: A Utility of
Geometric Analysis

4.1. Main Result. Consider a subset p ⊆ {1, . . .,N} of indices listed in increasing order as
p1 < p2 < · · · < p|p|. Let z1 < · · · < zN−|p| denote the elements in {1, ..,N} \ p. We define the
permutation ψp : RN → RN by

ψp(x1, ..., xN )i =

{
xpi i ≤ |p|
xzi−|p | i > |p|

for i ∈ {1, ..,N}. Also, let πp : RN → R|p| denote the natural projection of coordinates p1, .., p|p|.
For a map f : RN → RN , a set p as above, and a fixed vector (y1, .., yN−|p|) we define the map
f p(·, y1, .., yN−|p|) : R|p|→ R|p| by

f p(x, y1, .., yN−|p|)B πp( f (ψ−1
p (x, y1, .., yN−|p|))) (4.1)

where x ∈ R|p|. As an example, consider n = 4, p = {2,4}, a fixed vector (y1, y2), and a function
f : R4→ R4 written as f = ( f1, f2, f3, f4) for maps fi : R4→ R. Then

f p(x1, x2, y1, y2) = ( f2(y1, x1, y2, x2), f4(y1, x1, y2, x2)).

This notation allows us to precisely state our main result. Consider the system

xt+1 = f (xt,wt)+But (4.2)

where xt is RN -valued for some N ∈ N, B ∈ RN×N ′, ut is RN ′-valued, and wt takes values in a
standard probability spaceW. For a fixed w ∈ W, let us denote the map x 7→ f (x,w) by fw.
Suppose that the following holds:

(i) The state evolution map f is Borel measurable.
(ii) The noise process (wt)t∈N is i.i.d. By abuse of notation, ν denotes both the i.i.d. measure

on B(W) and the noise process measure on B(WN).
(iii) The map fw(·) : RN → RN is C1 and injective for any w ∈W.
(iv) The initial state x0 ∈ R

N is random and independent of the noise process, and its law π0
admits a bounded density.

(v) The set Γ =
{

p ⊆ {1, . . .,N} : ∃cp > 0 such that | det D f p
w (xp1, . . ., xp |p |, xz1, . . ., xzN−|p | )| >

cp,∀x ∈ RN,w ∈W

}
is non-empty.

(vi) For {t1, . . ., ts} ∈ Γ and writing the random initial state as x0 = (x1
0, . . ., x

N
0 ), the law of

(xt1
0 , x

t2
0 , . . ., x

ts
0 ) admits a bounded density when conditioned on some possible realization

of the remaining initial state components.
The following is our main theorem. The proof is given in the following section.

Theorem 4.1. Consider system (4.2) satisfying assumptions (i)–(vi), controlled over a noiseless
channel with finite alphabet M and capacity C B log2 |M|. if there exists a coding and
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control policy which renders the state process (xt)t∈N AMS ergodic (asymptotically ergodic)
with asymptotic mean Q, then we must have that

max
p∈Γ

∫ ∫
log | det D f p

w (xp1, .., xp |p |, xz1, .., xzN−|p | )| (4.3)

dQ(x1, .., xN )dν(w) ≤ C,

where the Jacobian above is the |p| × |p| matrix of partial derivatives of f p
w (·, xz1, .., xzN−|p | )

evaluated at (xp1, .., xp |p | ) ∈ R
|p|.

Remark 4.2. Observe that by taking p = {1, ..,M} (if {1, ..,M} ∈ Γ), we recover the bound (1.3)
established previously in [11] and [12]. For a large class of systems however, it is clear that
Theorem 4.1 is a strict refinement, as can be seen by noting that in Example 1.4, taking p = {1}
recovers the sharper bound ∫

log2 |(1+ y2)(3x2+1)|dQ(x, y) ≤ C. (4.4)

It is clear that for linear system, the new bound recovers the tight linear bound such as in Example
1.3.

Remark 4.3. In one dimension, (v) is the requirement that the absolute value of the derivative be
bounded away from zero. This implies that the Lebesgue measure m( f (B)) of the image under f
of a set B ⊆ R can be lower bounded in terms of its own Lebesgue measure, as m( f (B)) ≥ m(B)c
for some c > 0. In higher dimensions, (v) amounts to the requirement that, along some subset
of the coordinates (and uniformly over the remaining inputs) the volume of the image of a set
under the restriction of f to the coordinate subset can be lower bounded proportionality to the
volume of the set itself.

Remark 4.4. Note that the technical assumption (vi) is satisfied if the initial state has independent
components each admitting a bounded density. Suppose now that for a given system, the
assumptions (i-v) of Theorem 4.1 are satisfied, but (vi) only holds for certain subsets of Γ. Then
the theorem will still hold, however the max in (4.3) should be taken only over subsets of Γ for
which the assumption (vi) holds. This last observation will become clear from the proof.

Remark 4.5. Noting that the Jacobian determinant is invariant under a linear change of coor-
dinates, we note that the bound in (4.1) is invariant under a linear change of coordinates. Note
however that assumption (v) is not coordinate independent; it is not hard to see that for certain
systems, the choice of coordinates may result in a different (or empty) set Γ. Under a non-linear
coordinate change, it is not clear if the above bound is invariant (or if control even remains
additive), thus a possible future research direction is to consider the problem of optimizing the
coordinate system chosen in order to maximize the bound.

4.2. Proof of Theorem 4.1. We first fix an integer m ≤ M and view the map fw as a function of
two vectors, i.e. we decompose the state into a pair (x, y)where x ∈ Rm and y ∈ RN−m. Consider
the control system in Theorem 4.1 and note that for a fixed sequence of controls u B (ut)t∈N, a
fixed sequence of noise symbols w B (wt)t∈N, and a fixed initial state x0 ∈ R

N , the state process
(xt)t∈N is deterministic. Let us introduce the notation ϕ(t, x0,u,w)B xt for every t ∈N. Letting
πm and π−m denote the natural projection of RN on to the first m and last N −m coordinates
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respectively, we further define ϕm(t, x0,u,w)B πm(xt) and ϕ−m(t, x0,u,w)B π−m(xt) so that
ϕ(t, x0,u,w) = (ϕm(t, x0,u,w), ϕ−m(t, x0,u,w)) for every t ∈N.

Stabilization Entropy: The proof relies on the notion of stabilization entropy and an associated
lemma relating it to channel capacity. Compared to [11], we consider a version of stabilization
entropy with an additional collection of sets since we are decomposing the state space into two
components. The definition follows:

Definition 4.6. (Spanning Sets) Let (D j)
j=d
j=1 ⊆ B(R

m), (Ek)
k=e
k=1 ∈ B(R

N−m) and (Fl)
f
l=1 ∈ B(W)

be finite disjoint unions of Borel sets and define

D B
d⊔

j=1
D j E B

e⊔
k=1

Ek F B
f⊔

l=1
Fl .

Let also R denote a collection of numbers r j,k,l ∈ [0,1] for j ∈ {1, . . .,d}, k ∈ {1, . . ., e} and
l ∈ {1, . . ., f } satisfying

1− r :=
d∑

j=1

e∑
k=1

f∑
l=1
(1− r j,k,l) ∈ [0,1]

and fix T ∈ N and ρ ∈ (0,1). A set S ⊆ (RN )T of control sequences of length T is called
(T,D,E,F, ρ,R)-spanning iff there exists Ω̃ ∈ F such that the following conditions both hold:

• P(Ω̃) ≥ 1− ρ.
• For each ω ∈ Ω̃, there exists a control sequence u ∈ S such that the following both hold:

1
T
|{t ∈ [0;T −1] : (ϕm(t, x0(ω),u,w(ω)), ϕ−m(t, x0(ω),u,

w(ω)),wt(ω)) ∈ D j ×Ek ×Fl}| ≥ 1− r j,k,l

for all j, k and l.

We slightly abuse notation writing (T,D,E,F, ρ,R)-spanning instead of
(T, (D j)

d
j=1, (Ek)

e
k=1, (Fl)

f
l=1, ρ,R)-spanning. Wheneverwe do this however, the specific sequences

of sets making up the disjoint unions will be clear from context. We will use the size of spanning
sets to quantify the difficulty of a control task. This leads to:

Definition 4.7. (StabilizationEntropy) For the system (4.2), and sequences of sets as inDefinition
4.7, we define the (D,E,F, ρ,R)-stabilization entropy by

h(D,E,F, ρ,R) := limsup
T→∞

1
T

log s(T,D,E,F, ρ,R),

where s(T,D,E,F, ρ,R) denotes the smallest cardinality of a (T,D,E,F, ρ,R)-spanning set. We
define this quantity to be∞ if no finite spanning set exists.

Finite (T,D,E,F, ρ,R)-spanning sets need not exist in general but as we will shortly see,
they exist in desired scenarios. The following lemma relates stabilization entropy with channel
capacity.

Lemma 4.8. Consider system (4.2) with the assumptions of Theorem 4.1 (i.e., a coding and
control policy exists over a noiseless channel of capacity C = log2 |M| which makes the state
process AMS ergodic with asymptotic meanQ). Let D,E and F be as in Definition 4.6 and let ρ ∈
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(0,1) be arbitrary. Let ε > 0 and define the collection of numbers Rε B (r j,k,l)1≤ j≤d,1≤k≤e,1≤l≤ f ,
where

r j,k,l :=


(1+ ε)(1−Q(D j ×Ek)ν(Fl)) if κ j,k,l ∈ (0,1)
1 if κ j,k,l = 0
ε if κ j,k,l = 1

where we use the shorthand κ j,k,l B Q(D j ×Ek)ν(Fl). Although the r j,k,l’s are ε-dependent, we
suppress this from the notation. The claim of the lemma is that for all sufficiently small ε > 0,
the stabilization entropy is well defined and satisfies

h(D,E,F, ρ,Rε ) ≤ C. (4.5)

Proof. We note that for ε > 0 sufficiently small enough, the conditions
(i) 1− r B

∑
j,k,l(1− r j,k,l) ∈ [0,1],

(ii) 1−(1+ ε)(1−Q(D j,Ek)ν(Fl)) ∈ (0,1) for all j, k, l with Q(D j,Ek)ν(Fl) ∈ (0,1),
are both satisfied, thus ensuring that for such an ε the stabilization entropy h(D,E,F, ρ,Rε ) is well
defined. Consider system (4.2) evolving according to the fixed coding and control policy which
renders the state process (xt)t∈N AMS ergodic with AMS mean Q. To prove that inequality we
consider three cases:

Case 1: We first consider the case where Q(D j × Ek)ν(Fl) ∈ (0,1) for all j, k, l. Let ε > 0
be small enough such that ε < ρ as well as conditions (i) and (ii) are satisfied. We will show
that for any such ε the claim holds. Let us denote the process measure by µ, which is AMS by
assumption. Now, for any V ∈ B(W), it is clear by the i.i.d. property that

P
({
ω ∈ Ω : lim

T→∞

1
T

T−1∑
t=0
1V (wt(ω)) = ν(V)

})
= 1.

Noting that xt and wt are independent at each time step t, (wt)t∈N is i.i.d, and recalling equation
(1.2), it follows that P(Ω̂) = 1 where

Ω̂B {ω ∈ Ω : lim
T→∞

1
T

T−1∑
t=0
1Dj (πm(xt(ω)))· (4.6)

1Ek
(π−m(xt(ω))) ·1Fl

(wt(ω)) =Q(D j ×Ek)ν(Fl), ∀ j, k, l
}

where we note that the above set can be written as the intersection of a finite number of full
measure sets. We continue by defining the events

E J
I B

{
ω ∈ Ω :

��� 1
T

T−1∑
t=0
1Dj (πm(xt(ω)))1Ek

(π−m(xt(ω)))

1Fl
(wt(ω))−Q(D j ×Ek)ν(Fl)

��� < 1
I
∀ j, k, l whenever T ≥ J

}
and note that for any I ∈N, it is clear that Ω̂ ⊆

⋃∞
J=1 E J

I therefore P
(⋃∞

J=1 E J
I

)
= 1. Let now I0

be large enough such that
1
I0
≤ ε(1−Q(D j ×Ek)ν(Fl)) for all j, k, l
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and observe that E1
I0
⊆ E2

I0
⊆ E3

I0
⊆ · · · . By continuity of probability, we have

lim
J→∞

P(E J
I0
) = P

( ∞⋃
J=1

E J
I0

)
= 1,

and thus there exists J0 ∈ N such that P(E J
I0
) ≥ 1− ε for all J ≥ J0. For an arbitrary T ≥ J0, we

define the set of control sequences

ST := {u[0;T−1](ω) : ω ∈ ET
I0
}.

We claim that this set is (T,D,E,F, ρ,Rε )-spanning. We use the set Ω̃T := ET
I0
∈ F to show this,

where we note that P(Ω̃T ) ≥ 1− ε > 1− ρ, satisfying the first requirement of the spanning set
definition (Definition 4.6). To check the second condition, observe that for every ω ∈ Ω̃T and
every triple j, k, l, the control sequence u[0;T−1](ω) ∈ ST results in the joint state-noise process
satisfying ��� 1

T

T−1∑
t=0
1Dj (πm(xt(ω)))1Ek

((π−m(xt(ω)))1Fl
(wt(ω))−

Q(D j ×Ek)ν(Fl)

��� < 1
I0
≤ ε(1−Q(D j ×Ek)ν(Fl))

which implies that
1
T
|{t ∈ [0;T −1] : (ϕ(t, x0(ω),u[0;T−1](ω),w(ω)),wt(ω)) ∈

D j ×Ek ×Fl}| ≥ 1−(1+ ε)(1−Q(D j,Ek)ν(Fl)) = 1− r j,k,l

which establishes the second condition, since the triple j, k, l was arbitrary. We have thus
established that ST is (T,D,E,F, ρ,Rε )-spanning. Since the fixed causal coding and control policy
can generate at most |M|T distinct control sequences by time T , it follows that |ST | ≤ |M|

T ,
therefore s(T,D,E,F, ρ,Rε ) ≤ |M|T . Recalling that T ≥ J0 was arbitrary, we find that

log s(T,B,D, ρ,Rε ) ≤ T log2 |M| = TC for all T ≥ J0,

and therefore dividing byT and lettingT→∞ yields the desired capacity bound (4.5), completing
the proof for Case 1.

Case 2: We now consider the case where every triple of sets (D j,Ek,Fl) satisfies Q(D j ×

Ek)ν(Fl) ∈ [0,1). Suppose that j, k, l, is such that Q(D j ×Ek)ν(Fl) = 0. Then 1− r j,k,l = 0 and
the second condition in Definition 4.6 is vacuously satisfied. Combining this with Case 1, the
result follows.

Case 3: Finally, we consider the case where for some indices j, k, l, Q(D j × Ek)ν(Fl) = 1.
Because each collection of sets is disjoint, Q(D j ′ ×Ek ′)ν(Fl ′) = 0 whenever ( j, k, l) , ( j′, k′, l′).
The analysis reduces to establishing the second condition in Definition 4.6 for the single set
D j × Ek × Fl with Q(D j × Ek)ν(Fl) = 1. Using an almost identical argument as in Case 1, the
result follows. Alternatively, the analysis of a single set can be found in [40], where AMS was
considered instead of AMS ergodicity as the control objective. Since AMS ergodicity implies
AMS, and h(D,E,F, ρ,R) reduces to the stabilization entropy notion used in [40] in case of a
single set, the desired inequality follows. �
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Proof of Theorem 4.1 To prove Theorem 4.1, we will approximate the integral in equation
(4.3) from below using simple functions. We will prove that each of these approximations is
upper bounded by the stabilization entropy, which in turn is no larger than the channel capacity.
Taking a limit will yield the result.

Proof. Recalling that we fixed an integer m ≤ N , we define pB {1, ..,m}. WLOG, it suffices to
establish ∫ ∫

log2 | det D f p
w (xp1, ..., xpm, xz1, ..., xzN−m)|dQ(x1, ..., xN )dν(w) ≤ C (4.7)

since by a relabeling of coordinates, any other set p′ ∈ Γ can be written in the form {1,2,3, .., |p′|}.
Recall now that by assumption (v) in Theorem 4.1, there exists a realization x̂ ∈ RN−m such

that when conditioned on the event {ω ∈ Ω : (xm+1
0 , .., xN−m

0 )(ω) = x̂}, the law of the random
vector (x1

0, .., x
m
0 ) admits a bounded density. Let π′0 denote this conditional law. We now

establish inequality (4.7) under slightly different assumptions than those of Theorem 4.1. More
specifically, we impose that

• The last N −m components of the initial state are deterministic, taking the value x̂.
• The initial m components of x0 are distributed according to the law π′0.

We claim that if we can establish (4.7) under these modified assumptions, the inequality will
also hold under the assumptions of Theorem 4.1. To see this, suppose otherwise. Then a coding
and control policy exists which stabilizes the system in Theorem 4.1 over a channel of capacity
strictly less than the LHS of (4.7). Since the stabilizing scheme works for all possible values of
the initial state, this coding and control policy would also stabilize the system under the modified
assumptions above, resulting in a contradiction since we are assuming that (4.7) holds for the
modified system. We now proceed under the modified assumptions, and redefine π0 B π′0 to
refer to the conditional law of πm(x0).

Let c ∈ (0,1) be such that c < | det D f p
w (x, y)| for all (x, y) ∈ Rm×RN−m and w ∈W. Let also

δ > 0 (think of this as small) and ρ ∈ (0,1) (think of this as close to 1) be arbitrary. Next, fix
Borel sets D ⊂ Rm and E ⊂ RN−m satisfying that D× E have finite N-dimensional Lebesgue
measure and that

Q(D×E) > 1−
δ

2| logc |
holds (such sets can easily be found due to continuity of probability). Put also F =W and let
(D j)

d
j=1, (Ek)

e
k=1 and (Fl)

f
l=1 be (disjoint) partitions of D, E and F respectively. Let now ε > 0

be small enough so that Lemma 4.8 holds, resulting in

h(D,E,F, ρ,Rε ) ≤ C,

where Rε is the associated collection of r j,k,l’s as defined in Lemma 4.8. Let also 1−r B
∑
(1−

r j,k,l). Expanding out, it is easy to see (recalling that ν(F)= 1) that r = 1−(1+ε)Q(D×E)+de f ε
(or r = ε if one of the D j ×Ek ×Fl’s has fullQ×ν-measure) thus we see that for every sufficiently
small ε ,

2r <
δ

| logc |
. (4.8)

Now fix a sufficiently large T ∈ N and let ST be a finite (T,D,E,F, ρ,Rε )-spanning set (whose
existence is guaranteed by the proof of Lemma 4.8) with Ω̃T ∈ F , P(Ω̃) ≥ 1− ρ, the associated
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subset ofΩ. Letting xm
0 denote the vector consisting of the first m components of x0, we proceed

by defining

AB {(w(ω), xm
0 (ω)) : ω ∈ Ω̃},

A(u)B {(w, x) ∈WN×Rm : ∀ j, k, l,

1
T

T−1∑
t=0
1Dj×Ek×Fl

(ϕ(t, (x, x̂),u,w),wt) ≥ 1− r j,k,l}.

A(u,w)B {x ∈ Rm : (w, x) ∈ A(u)}.

Letting m denote the m-dimensional Lebesgue measure, we see that

A ⊆
⋃
u∈ST

A(u), (ν×m)(A(u)) =
∫

m(A(u,w))dν(w), (4.9)

where the equality follows from the Fubini-Tonelli theorem (and the containment by definition
of the sets). Letting M > 0 be an upper bound for the density of π0, we have that

1− ρ ≤ (ν× π0)(A) ≤ M · (ν×m)(A). (4.10)

Combining (4.9) and (4.10), we obtain the key inequality:
1
M
(1− ρ) ≤ (ν×m)(A) ≤ |ST |max

u∈ST
(ν×m)(A(u)) = |ST |max

u∈ST

∫
m(A(u,w))dν(w). (4.11)

The next step in the proof is to obtain upper bounds for the volume m(A(u,w)). We proceed by
defining a set consisting of disjoint collections of subsets of {0, . . .,T −1}:

AB {Λ = {Λ j,k,l} j,k,l :
d⊔

j=1

e⊔
k=1

f⊔
l=1
Λ j,k,l ⊆ {0, . . .,T −1},

|Λ j,k,l | ≥ (1− r j,k,l)T,∀ j = 1, ..,d, k = 1, .., e, l = 1, .., f }

and note that as a consequence of the definition, |
⊔d

j=1
⊔e

k=1
⊔ f

l=1Λ j,k,l | ≥ (1−r)T for allΛ ∈A.
We note that such sets can only be found for T sufficiently large, however as we will be taking a
limit as T →∞, this is not a problem. For Λ ∈A, define the set

A(u,w,Λ) := {x ∈ Rm : (ϕ(t, (x, x̂),u,w),wt) ∈ D j ×Ek ×Fl ⇔ t ∈ Λ j,k,l for all j, k, l}.

It is not hard to see that A(u,w) =
⊔
Λ∈A A(u,w,Λ) is a disjoint union, thus (4.11) becomes

1
M
(1− ρ) ≤ |ST |max

u∈ST

∫ ∑
Λ∈A

m(A(u,w,Λ))dν(w). (4.12)

Our next step is to bound the volumes of the formm(A(u,w,Λ)). Writing ϕt,u,w(·) := ϕ(t, (·, x̂),u,w)
we define

At(u,w,Λ) := ϕt,u,w(A(u,w,Λ)), t = 0,1, . . .,T −1,
and observe that

At(u,w,Λ) ⊆ D j whenever t ∈ Λ j,k,l ∀ j, k, l .

Next, we define the following numbers:

c j,k,l B inf
(x,y,w)∈Dj×Ek×Fl

| det D f p
w (x, y)|.
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Recalling that by assumption f p
w (·, y) is injective and C1, it follows that for all ( j, k, l) we have

m(At+1(u,w,Λ)) ≥ c j,k,l ·m(At(u,w,Λ)) whenever t ∈ Λ j,k,l,

m(At+1(u,w,Λ)) ≥ c ·m(At(u,w,Λ)) whenever t <
⊔
Λ j,k,l .

Letting t∗(Λ j,k,l)BmaxΛ j,k,l , t∗(Λ)Bmax j,k,l t∗(Λ j,k,l), applying the above inequalities repeat-
edly, and recalling that c ≤ c j,k,l , it is not hard to see that

m(A(u,w,Λ))
( d∏

j=1

e∏
k=1

f∏
l=1

c |Λj,k,l |−1
j,k,l

)
crT+de f ≤ m(At∗(Λ)(u,w,Λ)).

where in principle, all the exponents of the c j,k,l’s should be |Λ j,k,l |, except for possibly onewhich
should be |Λ j,k,l | −1. We do not know which one though, so we write the weaker inequality as
above. Combining this with (4.12), we obtain

1
M
(1− ρ) ≤ |S |max

u∈ST

∑
Λ∈A

∫
m(At∗(Λ)(u,w,Λ))c−(rT+de f )

d∏
j=1

e∏
k=1

f∏
l=1

c−(|Λj,k,l |−1)
j,k,l dν(w),

and note that the right hand side of the above can be written as

|S | · c−(rT+de f )max
u∈ST

T∑
t1,1,1=(1−r1,1,1)T

· · ·

T∑
td,e, f =(1−rd,e, f )T∫ ∑

Λ∈A: t∗(Λj,k,l)=tj,k,l∀ j,k,l

m(At∗(Λ)(u,w,Λ))

d∏
j=1

e∏
k=1

f∏
l=1

c−(|Λj,k,l |−1)
j,k,l dν(w)

≤ |S | · c−(2rT+de f )max
u∈ST

T∑
t1,1,1=(1−r1,1,1)T

· · ·

T∑
td,e, f =(1−rd,e, f )T∫ ∑

Λ∈A: t∗(Λj,k,l)=tj,k,l∀ j,k,l

m(At∗(Λ)(u,w,Λ))

d∏
j=1

e∏
k=1

f∏
l=1

c−((1−rj,k,l)T−1)
j,k,l dν(w).
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where the last inequality follows by noting that

crT+de f
∏
j,k,l

c |Λj,k,l |−1
j,k,l = crT+

∑
j,k,l |Λj,k,l |

∏
j,k,l

(c j,k,l

c

) |Λj,k,l |−1

≥ crT+
∑

j,k,l |Λj,k,l |
∏
j,k,l

(c j,k,l

c

) (1−rj,k,l)T−1

= crT+
∑

j,k,l |Λj,k,l |−(1−r)T+de f
∏
j,k,l

c(1−rj,k,l)T−1
j,k,l

≥ c2rT+de f
∏
j,k,l

c(1−rj,k,l)T−1
j,k,l .

Observe that the sets At∗(Λ)(u,w,Λ) with Λ ∈A, t∗(Λ) fixed, are pairwise disjoint, since they are
the images of the corresponding sets A(u,w,Λ) under the injective map ϕt∗(Λ),u,w. Moreover, all
of these sets are contained in D, hence∑

Λ∈A:t∗(Λj,k,l)=tj,k,l∀ j,k,l

m(At∗(Λ)(u,w,Λ)) ≤ m(D).

Together with the above chain of inequalities, this implies
1
M
(1− ρ) ≤ |ST | ·m(D) · c−(2rT+de f )·

d∏
j=1

e∏
k=1

f∏
l=1

c−((1−rj,k,l)T−1)
j,k,l

d∏
j=1

e∏
k=1

f∏
l=1
(r j,k,lT +1).

Since this inequality holds for every T sufficiently large, we can take logarithms on both sides,
divide by T and let T →∞. This results in

0 ≤ h(D,E,F, ρ,Rε )−2r logc−
d∑

j=1

e∑
k=1

f∑
l=1
(1− r j,k,l) logc j,k,l .

Recalling the definition of r j,k,l , the fact that ε can be chosen arbitrarily small and (4.8), this
leads to the estimate

C+ δ ≥
d∑

j=1

e∑
k=1

f∑
l=1

Q(D j ×Ek)ν(Fl) inf
(x,y,w)∈Dj×Ek×Fl

log | det D f p
w (x, y)|.

Considering the supremum of the right-hand side over all finite measurable partitions of D,E
and F =W leads to

C+ δ ≥
∫ ∫

1D×E (x1, .., xN ) log | det D f p
w (x1, .., xN )|dQ(x1, .., xN )dν(w),

where we use that the integrand is uniformly bounded below by logc (and hence, we can assume
that it is non-negative). Considering now an increasing sequence of sets Dk ×Ek ⊂ R

N whose
union is RN , we can invoke the theorem of monotone convergence to obtain the desired estimate,
observing that δ can be made arbitrarily small as Dk × Ek becomes arbitrarily large. This
completes the proof. �
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5. Reflection: Comparison of the information theoretic and stochastic growth
(dynamical systems) approaches

In view of our main theorem above and the review presented earlier, we present in this section
a comparison between the information theoretic and the stochastic geometric approaches.

For the AMS criterion, Theorem 3.9 was arrived at via an information theoretic method.
Theorem 3.16 (and the noisy channel generalization Theorem 3.21) was arrived at via the
geometric method. Theorem 3.9 allowed for more general channels, but Theorem 3.16 is more
relaxed.

For the ergodicity criterion, the information theoretic method culminated in Theorem 3.11.
Theorem 3.24 and Theorem 3.25 established ergodicity via the stochastic geometric method.
In particular, Theorem 4.1 allowed for splitting the dynamical system into subsystems that are
stable and unstable via a novel approach building on a stochastic geometric argument.

We note that obtaining the sharper bound established in the main theorem, Theorem 4.1, using
only information theoretic methods does not appear to be possible, with the main impediment
being the fact that when splitting the state and conditioning on a past state realization (or some
other sufficient information), the unstable and stable state components may not be independent
random variables, which was required for the information theoretic methods to be applicable in
this context. The geometric analysis proved to be versatile in allowing us to enhance the results.

In summary, below are some of the benefits of the stochastic geometric approach:

(i) Refined stochastic stability results applicable to a more general class of system mod-
els (Theorem 3.16) and more refined stability criteria such as the AMS property in
combination with moment conditions (see Corollary 3.19);

(ii) A direct derivation, building on volume growth arguments, applicable to a plethora of
criteria;

(iii) More refined bounds for a large class of systems through trading-off growth rates with the
measures of sets under the coordinate projection of a stationary measure (see Theorem
3.16);

(iv) The unification of the theory developed for deterministic systems controlled over noise-
free communication channelswith their stochastic counterparts, involving both stochastic
nonlinear dynamical systems and noisy communication channels (see Theorem 3.21);

(v) For the ergodicity criterion, when we compare Theorem 3.24 and Theorem 3.25 with
Theorem3.11; Theorem3.24 ismore general in the sense that it applies to arbitrary causal
coding and control policies, not just Markov ones. Moreover, it does not require the
assumption of sublinear growth of the differential entropy of the state process. Theorem
3.11 assumes that the state process is positive Harris recurrent, which implies unique
ergodicity, while Theorem 3.24 only assumes ergodicity of the AMS measure. On the
other hand, compared with Theorem 3.25, Theorem 3.11 considers a more general class
of channels (involving memory) as well as systems taking values in higher dimensions.
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Theorem 4.1 allowed for splitting the dynamical system into subsystems that are stable
and unstable via a novel approach. This is a consequential result in that the entropy
growth of a system may be negative but this may be due to the presence of a stable mode
compensating the growth in the direction of an unstable direction. This was already
observed for the linear systems case by the sum of the unstable eigenvalues analysis
[3]. A non-linear generalization of such a splitting turned out to be challenging via
information theoretic methods, but the stochastic geometric method allowed for such a
generalization.

(vi) On the other hand, the information theoretic method allows for the well-developed
machinery of Shannon theory. A stochastic dynamical system generalization of some of
the concepts, such as conditional entropy, requires rather indirect arguments.

6. Concluding Remarks

In this paper, after a general review on the problem of stabilizing a discrete-time non-linear
stochastic dynamical system over a finite capacity channel via information theoretic as well as
geometric methods, we have - for a certain class of non-linear systems - established a sharper
bound on channel capacity required for ergodic stabilization. The techniques involved in our
proof were stabilization entropy, a volume growth argument, and the property that almost surely,
system sample paths visit regions of the state space at a frequency given by an ergodic measure.

There are two possible avenues of further investigation. First, it would be interesting to
enlarge the class of noise processes for which the bounds in this paper hold. We have considered
only i.i.d. noise, however it is possible that an ergodic-like property (i.e. that equation (4.6)
holds) for the joint state-noise process will hold for less restrictive classes of noise. Secondly, it
seems interesting to attempt the generalization of this result for the noisy channel case. Using
stabilization entropy techniques, [11] established the bound (1.3) for scalar systems controlled
over Discrete Memoryless Channels. Given that sharper bounds can be established for multi-
dimensional systems, it seems worthwhile to attempt to generalize the one dimensional result to
many dimensions, and combine it with the arguments in this paper to sharpen the bound.
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