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1. INTRODUCTION

Consider the following minimax optimal control problem (MOCP):

Minimize maxg(x(T; ), )
=4

s.t.u: [t,T] — R™ such that u(s) € Q(s) a.e. s € [t,T]

(Pz) | andarcs {x(-,@):[r,T] —R"/occ o/} such that, foreach e o/
x(s,a) = f(s,x(s,a),u(s), o), ae. set,T|

x(t,a) =z
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Here (7,p) is an abstract metric space, R* denotes the k-dimensional Euclidean space, f :
[S,T] x R" x R™ x of — R" and g : R" x &/ — R are given functions, ¢ € [S,T] and z € R",
Q(s) = R™ is a time-dependent set.

Note that this problem formulation takes into account parameter uncertainties both in the cost
function and in the control system constraints. The goal is to find control strategies that perform
optimally under the worst-case scenario for these parameters.

Richard Vinter, in his pioneering paper [1], developed a framework for deriving necessary
conditions for the minimax optimal control problem, known as the minimax maximum princi-
ple, which generalizes the classical maximum principle to minimax problems. This framework
addresses robust control problems, where the control strategy must be effective despite un-
certainties in the system parameters. This is crucial for designing systems that can withstand
variations and uncertainties in real-world applications. Vinter’s minimax maximum principle
captures several special cases, including optimal control problems with minimax costs, prob-
lems with semi-infinite endpoint constraints, and state-constrained optimal control problems
[1]. Vinter’s results were then extended by Karamzin et al. in [2], where the method employed
in the proof allows for the inclusion of state constraints in the minimax control problem for-
mulation. Later, Aquino, De Pinho, and Silva [3] further extended the minimax principle to
include mixed equality and inequality constraints with dependence on both the state and the
control. Their necessary optimality conditions is known as a weak minimax principle.

We point out that currently, the literature offers only necessary conditions in the form of the
minimax principle. Typical sufficient conditions require some kind of (generalized) convexity
and are challenging to verify in practice. This article proposes a new approach to minimax prob-
lems, offering both necessary and sufficient conditions of optimality for this class of problems
using Dynamic Programming theory via Hamilton-Jacobi-Bellman (HJB) equations.

Hamilton-Jacobi-Bellman’s theory is well established for the following optimal control prob-
lem.

Minimize g(x(7)) over control functions
u:[S,T] - R™and arcs x : [S,T] — R”" obeying
(P) x(t) = f(t,x(t),u(r)), ae. te[S,T];

x(0) = xp;and

u(t) e Qr), ae tel[S,T].
The value function for this problem is V (t,z) := inf(F/ ), where (z,z) € [S,T] x R”" and
Minimize g(x(T)) over,
x(s) = f(s,x(s),u(s)), ae. selt,T];

x(t) = z;and
u(t) e Q(t), ae. te[S,T].

A continuously differentiable function ¢ is a solution of the Hamilton-Jacobi-Bellman Equa-
tion (HIB) when

¢ (1,2) + eigf[)(l)x(t»z) f(t,z,u) =0 V(t,z) €[S, T] xR,
0(T,z) =g(z), VzeR"

The Hamilton-Jacobi-Bellman (HJB) equation is a fundamental partial differential equation
in optimal control theory, central to the theory of dynamic programming developed by Richard

(F)
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Bellman [4], albeit in a somewhat different context. If the value function were continuously dif-
ferentiable, it would uniquely solve the HIB equation. However, in general, the value function
is not continuously differentiable ([5], p.36). Thus, over the past four decades, several authors
have contributed with generalized solutions to HIB equations, which allow for solutions that are
not differentiable in the classical sense. Crandall and Lions [6] introduced the concept of viscos-
ity solutions in the early 1980s and showed that the value function is the only viscosity solution
for the equation Hamilton-Jacobi in the class of uniformly continuous functions. In their work
the derivative is replaced by superdifferentials and subdifferentials, which coincide with the
derivative when it exists. Alexander Subbotin made notable contributions to the theory of vis-
cosity solutions, especially in the context of differential games and optimal control [7]. In fact,
his research demonstrated how viscosity solutions can be applied to Hamilton-Jacobi-Isaacs
equations, which are crucial in game theory, and bridged the gap between dynamic program-
ming and viscosity solutions, showing that the value functions in optimal control problems are
indeed viscosity solutions of the associated PDEs. Together, these contributions have laid the
foundation for modern approaches to solving complex PDEs, particularly in fields like dynamic
programming, optimal control, and differential games. The concept of viscosity solutions con-
tinues to be a vital tool in mathematical analysis and applications. Other types of continuous
solutions, such as Dini solutions or Proximal solutions, which are also very useful, can be found
in [5, 8, 9], for example. We note that due to the uniqueness of solutions for the HIB equation,
all solutions coincide, allowing us to use the one best suited for the particular application.

A function ¢ is a proximal solution to the HIB equation if for all (¢,z) € ([S,T] x R") ndom¢
with 0P (t,z) # &,

E ~|—irulfn - f(t,z,u) =0 foreach (£,n) € ’¢(t,z);
¢(T,z) = g(z) foreachzeR".

Here 0¥ ¢ (t,z) denotes the proximal subdifferential of ¢ in (¢,z). For example, consider the
function f(#,x,u) = |x|u, where f:[0,1] xR x [-1,1] — R, g(z) =z, Q(t) =[-1,1], S =0,
and T = 1. It is straightforward to verify that the function

1

a-e* ' ifa>0,
T,a) =
¢(z.a) {a-el_f ifa<O0

is a continuous, nondifferentiable function that serves as a proximal solution to the Hamilton-
Jacobi-Bellman (HJB) equation.

Reference [10] introduces the well-known generalized solutions that involve generalized gra-
dients, which coincide with the derivative when the function is strictly differentiable. The ap-
proach used in [10] allows for a verification technique even when the HIB equation does not
have a classic solution. Reference [11] provides a comparison between viscosity solutions and
generalized solutions, showing that a locally Lipschitz function is a viscosity solution of the
HJB equation if and only if the function is a generalized solution. A characterization of the
value function of an optimal control problem of Bolza with state constraints as the only lower
semicontinuous solution of the associated HIB equation is given in [12]. However, regard-
less the type of solution used, under fairly general hypotheses, it can be proved that the value
function is a solution of the HIB equation.
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It is now clear by our previous discussion that there are general techniques for studying op-
timal control problems via dynamic programming and HJB equations and the theory is almost
a closed chapter. Thus, it is also natural to address minimax control problems using Dynamic
Programming, typically employing Hamilton-Jacobi-Bellman equations, as is done for standard
optimal control problems [5]. This approach is justified by the fact that Dynamic Programming
provides not only necessary conditions but also sufficient conditions of optimality without re-
quiring convexity. Di Marco, Gonzélez [13, 14, 15] work in the sense of Dynamic Program-
ming, but dealing with minimax control problems in which the cost function to be minimized is
not given in the integral form. Instead, it is taken as an essential supremum over time ¢ € [S, T|
with dependence on the state and the control. The minimax optimal control problems we con-
sider involve data dependent on unknown parameters within the set </. We aim to provide
necessary and sufficient conditions for these problems, drawing on classical theory as outlined
by [5] and [9]. When &7 is finite, the minimax control problem can be transformed into a stan-
dard optimal control problem, for which established results are available. Our proof technique
begins by addressing the finite case, formulating the problem as a standard optimal control
problem. This allows the application of known dynamic programming techniques to achieve
the desired results. Subsequently, we tackle the general minimax control problem through the
approximation of finite subsets of .o/

The significance of initially addressing the finite case lies in its ability to approximate the
more complex general control problem where .7 is a compact metric space. By approximating
this space with finite sets .<7;, we conduct a rigorous convergence analysis to extend the results to
the general problem. This method demonstrates that as .7 approaches the compact metric space
7, the results remain robust, thereby bridging the gap between finite and infinite considerations
in minimax control problems.

This paper proceeds as follows. Section 2 introduces the necessary notation and reviews some
preliminary results that will be used throughout the analysis. In Section 3, we present the main
results of this paper, namely the necessary optimality conditions for the minimax problem via
dynamic programming approach. We begin by deriving these conditions for the case of finitely
many parameters and then extend the results to the more general case of an uncountable number
of parameters through a careful convergence analysis. The detailed proof of the latter result is
provided in Section 4. Section 5 explores sufficient conditions for optimality and investigates
the properties of the value function associated with the minimax problem. Finally, Section 6
concludes the paper with a summary of the key findings and a discussion of potential future
research directions.

2. NOTATION AND PRELIMINARILY RESULTS

In this section, we gather some basic notions and preliminary results that will be needed
in this work. |- | denotes the Euclidean norm and B represents the closed unit ball centered
at the origin. The vector space L!([S,T];R?) denotes the space of integrable functions, and
L™ ([S,T];RP?) the space of essentially bounded functions and W' ([S, T]; R”) denotes the vec-
tor space of absolutely continuous functions from [S, 7| to R”, respectively.

The set

limsupA;

1—00
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the Kuratowski limsup) comprises all points x € R” satisfying the condition: there exist a sub-
sequence {A;;} of {A;} and a sequence x; — x such that x; € A;, for all j. For any contin-
uous function x : [a,b] — R" and & > 0, we define the set T'(x, 5) called the 8-tube around
x, as T(x,0) := {(t,y) € [a,b] x R" | t € [a,b],|y — x(¢)| < 8}. The graph of a multifunction
D : A = R¥ is denoted by GrD, GrD := {(x,y) € A x R* | y e D(x)}. Given a closed set C = R*
and a point x € C, the proximal normal cone to C at x, written N ¢ (x), is the set

NE(x) = {peRk IM > 0 such that p-(y—x) < My —x[2 vyec}

Elements in NJ(x) are called proximal normals to C at x. The limiting normal cone to C at x,
written N¢(x), is the set

Ne(x) = {p e R¥: there exists x; £ x, p; — p such that p; € N&(x;) for all i} .

Elements in N¢(x) are called limiting normals to C at x. Take a function f : R" — R U {+0}
and a point x € domf. Here, domf is the set domf = {y € R"| f(y) < +o0}. The epigraph
of f is the set epif := {(x,y) € R" x R| f(x) < y}. The proximal subdifferential 0*f(x) of
f:R" >R U {+0o0} at a point x € domf is the set

O f(x) = {n [ (n,—1) € Njpp(x, f(x)}-
The limiting subdifferential 6-f(x) de £ : R” — R U {+00} at a point x € domf is the set
8Lf(x) = {TI ‘ (77,—1) ENepij'(x7f(x))}'
Let dc : R" — [0, 0) be the distance between the point x € R” and a set (i.e. d¢(x) = ing lx—al.)
ae

This is a Lipschitz continuous function with Lipschitz constant 1. Given 6 > 0, the “truncation”
trs : R* — R", is defined by

&, if |&]<é
"5(5)::{ 6, if > 8.

A feasible control is a measurable function u : [t,T] — R satisfying u(s) € Q(s) almost
everywhere (a.e.). The set of feasible control functions is denoted by %. A feasible control
process (u, {x(-;o) | @ € &7}) comprises a feasible control function u and a family {x(-; &) €
WUL([¢, T];R") | o € o7} of arcs satisfying, for each a € <7,

{ X(s;0) = f(s,x(s,a),u(s),a), ae. 2.1)

x(t,o0) = z.

Given u € % , we occasionally use the notation {x(-,u,a)/a € </ }, for the corresponding family
of trajectories.
A feasible control process (i, {X(.; ) | & € &7}) is said to be optimal (or minimal) if

max g(x(T; &), @) > max ¢(¥(T; ), @)

for all feasible processes (u, {x(.;&) | o € o7}). A feasible process (i, {x(.; &) | & € o7'}) is said
to be a local minimum when there exists € > 0 such that

max g(x(T; @), @) > max ¢(¥(T; ), @)
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for all feasible processes (u, {x(.;a) | o € o7}) satisfying |x(-, &) —%(-; @) |y11 < € forall a e
</ . A feasible process (i, {X(.;a) | a € o/}) is said to be a strong local minimum when there
exists € > 0 such that

max g(x(T; o), ) = max g(X(T; ), )
ol ol
for all feasible processes (u, {x(.; @) | a € «7}) satisfying |x(-, @) —%(-; &)= < e forall a € o7 .

2.1. Preliminary results. Next, we state a result about measure convergence which we need
in our analysis; for more details see ([S], Proposition 9.2.1) or ([1], Proposition 6.1).

Proposition 2.1. Take a compact metric space X, a sequence {L;} of nonnegative Radon mea-
sures in C*(X), a sequence {D; : X v~ R"} of multifunctions and a sequence of Borel measur-
able functions {y; : X — R"}. Take also a measure 1 € C*(X) and a multifunction D : X v~
R". Assume that GrD is compact, D(x) is convex for each x € X, limsup,_,., GrD; < GrD,
Y;(x) € Di(x) wi—a.e. x€ X for i=1,2,... and W; — W weakly*. Define n; € C*(X;R") ac-
cording to Mi(dx) = y;(x)ui(dx) i = 1,2,.... Then, along a subsequence, N; — 1M weakly* for
some 1 € C*(X;R*) and some Borel measurable function y such that 1 (dx) = y(x)u(dx), and
Y(x) € D(x), u—a.e.

2.1.1. The value function. We define the value functionV : [S,T| x R" — R u {+0o0} of Problem
P := P(S,xp) to be the infimum of the parametrized problem (P, ;), for (¢,z) € [S,T] x R™:
V(t,2) :=inf{ ma}Q)i(g(x(T;u, o),a) | (u,{x(.;) | ¢ € o/}) is feasible process of P(t,z)}.
[0S
Most of the time, we simplify notation and write:

V(t,2) = inf maxg(x(T, @), ).

V satisfies the following terminal condition
V(T,z) = maxg(z, a).
acsf

The next proposition states that the value function is Lipschitz continuous if the cost function
is Lipschitz continuous. This result extends the concept of the value function for standard
optimal control problems. To understand this, note that when the parameter set is a singleton,
the minimax problem reduces to a standard control problem.

Consider the following hypotheses, where (i, {X(.; &) | @ € 27}) is a feasible control process
and 6 > 0.

H1): The function f(-,x,-,-) is £ x B™ x %< mensurable for each x € R" (£ denotes
the Lebesgue subsets of [S,T], %™ denotes the Borel subsets of R” and % denotes
the Borel subsets of 7).

H2): There exists a function k¢ integrable and C > 0 such that, for each @ € A,

|f(s,x,u,0€)—f(s,x’,u,0€)| <kf(s)|'x_xl| and |f<S,X,I/t,(X)| <C
for all x,x" € (s, &) + OB, u € Q(s) and for almost every s € [S,T].
H3): There exists 0 : [0,+o0) — [0, 400) such that lim,_, 6(s) = 0 and, for all a, &’ € &,

T
|| sup F(siva) ~ fsxuol)ds < 6(pus(oa). Vxess.a)+ 3B
S ueQ(s)
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H4): The multifunction Q : [S,7] =3 R™ has a Borel mensurable graph.
HS5): The function g is continuous and g(-, &) is Lipschitz with Lipschitz constant kg, for
all o e &7
H6): For each a € o7, the set F(s,x,a) := {f(s,x,u, &) : u € Q(s)} is closed and convex,
for each (s,x) € [S,T] x R™.
If 6 = oo, then in the above hypotheses 0B is interpreted as R”. Given a control function, a
parameter & € o/ and a initial condition; the conditions HI-HS above guarantee the existence
and uniqueness of trajectories for the control system (2.1). The convexity of F(s,x,c) is to
guarantee the existence of optimal processes.

The next two lemmas gather some useful facts regarding the dependence of the arc trajectories
on the initial condition, controls and parameters.

We remark that given an arbitrary point (z,z) € [S,T] x R" and any control function u €
% , it is common to make explicit the dependence of the arc trajectory over them by writing
x(;a,t,z,u). However, to avoid notation overloading we will use simplified notation which
will be evident in each situation below, emphasizing only when needed.

Lemma 2.2. Let (t,z) € [S,T] x R" be given and let (u,{x(.; &) | & € <7}) be a feasible process.
If the hypotheses (H1) — (H5) are satisfied, then:
i): The function oo — x(s; @) for all s € [t,T| satisfies

x(s;a) —x(s;0)| < Mo (a,a)), Va0 € .

ii): lim |x(s;00) —x(s; )| =0 and lim |g(x(T, @), a) — g(x(T,a'),a)| = 0.
o—o’

a—a’

Proof. Assertion i) follows from the combination of (H3), (H4) and Gronwall Lemma. Asser-
tion ii) an immediate consequence of i), (H5) and of the continuity property of the composition
of continuous functions. O

Let A : R* x R¥ — R be the metric on % defined as

Au,u') = J, lu(t) — i (1)|d.

The following lemma consolidates some useful facts regarding the dependence of trajectories
on controls and parameters.

Lemma 2.3. Assume that H1) — H4) are valid. Let (t,z) € [S,T] x R" be given. Then, for any
o > 0, we can choose a finite subset o/ < o/ and p > 0 such that

i) sup sup inf |x(;o,u)—x(;a  u)| <o
ueQ(t) aee €'’

i) sup {Hx(-;a,u) —x(o,u)| cuu € %, Au,u') < p} <o.

oes/
Proof. Let (t,z) €t €[S,T] x R", ue % and a € < be given. Then there exists only one trajec-
(0
tory x(-;7,z,u, &) that satisfies (2.1). Let 6 > 0 and take 6’ = T where L := exp (Xflq(f)df).
As limg_o ®(s) = 0, there exists 6” > 0 such that |@(s)| < §’, whenever |s| < 6”. Since o
is compact there exists a finite set &/ = {0, ..., ov} such that &7 = | J;_; B(;,6"). So, there
exists @’ € &7 = o such that p(at, @') < 8.
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It folllows from Lemma 2.2(i) that

x(s;0,u) —x(s;0 ,u)| < o(p(a,a’))exp (flskf(r)d‘c) =6'-L=o,

which validates assertion (i).
The proof of the assertion (ii) follows standard arguments involving two applications of the
Dunford-Pettis Theorem [16].
0

3. THE MAIN RESULTS: NECESSARY OPTIMALITY CONDITIONS FOR PROBLEM (P)

In Subsection 3.1, we derive necessary optimality conditions using the Hamilton-Jacobi-
Bellman inequality for a finite set of parameters .«#. The general case, where <7 is an infinite
compact metric space, is addressed in Subsection 3.2, culminating in Theorem 3.3. Due to the
length and complexity of the proof for the general case, it is deferred to the next section.

3.1. Case where the Set <7 is Finite. Let o/ = {;,,...,0} be a finite set of parameters.
Suppose that ((i, {%(.;&) | o € <7})) is a strong local minimum for the MOCP and, for some
0 > 0, the following hypotheses hold.

H1’): The function f(-,x,-, @) is £ x 9™ measurable for each (x, ) € R" x 7.
HS’): The function g is bounded and there exists k, > 0 such that
8(x, 0t) — g (v, 0)| < kglx— |
forall x,y e ¥(T, ) + 6B and a € 7.

We define the minimized Hamiltonian by

h(s,x,p,0) := urelgg)p-f(s,x,u,(x).

Let ¥ = col{x(-; @), X(; ), ...,X(-; an)} be the collection of trajectories corresponding to i.

~

Then (i,X) is a minimum process of the optimal control problem (P):

minimize g(x(1)) (3.1a)
subjectto  x(t) = f(t,x(t),u(t)) ae.te[S,T], (3.1b)
x(S) = xo, (3.1¢)
u(t) e Q(r) ae.re[S,T], (3.1d)
where each component is in R” and
x = col{xy,x2,...,%,},

f(l‘,)@l/l) = COl{f(taxiauaai)}é\/:b
X0 = COl{xO;XOa-“,xO}?

8(x) = maxg(x(1 o), ).

As (i, %) is a strong local minimum for (P), let us choose &’ € (0,8) such that |x(-) —%(-)| <

', Then, by (Proposition 12.4.3b, [5]) there is a locally Lipschitz continuous function & :

E.
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T(%(-),€) — R (with £ € (0,&’)) such that for each (¢,Z) € intT (%,€) in which 0*®(¢,Z) # ¢,
we have

£ +minn f(t,%u) =0 forall (E,n)ed’®(t,2), (3.2)
®(T,y) < g(y) forallyex(T)+JB, (3.3)
(S, %) = §(x(T)). (3.4)

Let z € X(t,) + OB, for all ¢ € [S,T] and for all & € /. Define the following application
ij:R" > R"xR"x..xR" foreach j=1,2,...,N, as being i;(a) = (z,z,...a,...,z), where a is
in the j—th position. Denote by ¢; = P o (id x i;).

Claim 3.1. The functions ¢; are locally Lipschitz on T (%(-, @;), €), and, for (a;,b;) € ' 9;(s,a),
aj+minb;- f(s,a,u,0;) >0, Vj=1,...,N.
u

Proof. Indeed, take (s,a), (s',a") € T(x(-, ;), €). We may write
9(s,a) — ¢;(s',d)| = |®(s,2,..,a,..2) —D(s', 2, ...,d, ..., 2)|
< kfI>|S_S a—da | = kq;‘(S,a) - (Slva/)|'

This implies that the functions @; obey the required locally Lipschitz condition. If (a;,b;) €
oP9;(s,a), then there exists M; > 0 such that

(3, b)((5,d) — (5,0)) < 95(5',) — By(s,0) + M| (5 — (5,0)
for all (s',a") e T(x(-, ;) €). By definition of the ¢;, we have
(aj,0,..,b;,..,0)((s',2,..,d,...2) — (5,2, ..,a,..7)) <
&(s',z,..,d ,...2) = P(s,2,..,a,.2) + M| (s, 2,...d, ..,2) — (5,2, .., a, ..,z)|2,
which implies that (a;, (0, ..,b;,..,0)) € 07 ®(s,z,..,a,..z). It follows from (3.2) that
aj+muinbj-f(s,a,u,ocj) >0, Vj=1,...,N,
concluding the proof. 0

We now pause to make some considerations. Note that each ¢; satisfies ¢;(t,z) = ®(t,z, ...,2)
for all (t,z) € T (X(-, otj), €). In particular, for (¢,z) = (S,xp), we have

0;(S,x0) = ®(T,x0,...,x0) = max g(xX(T,a;),c;).

1<j<N

Thus we may define the following application

¢(t,2) —1mjaXN¢J(f 2), V()€ ﬂT

which is locally Lipschitz and satisfies

©(S,x0) = 1maxNg( x(T,aj),o;);and

\\

¢(T,z) < max g(z,q;).

1<j<N

Let us write ¢ (z,z, Oc,-) = q),-(t z) for all i and define
= {aeo// max g(X(T, o), &) = g(¥(T, @), )}



10 P. G. PATZI AQUINO, G. N. SILVA

and A(t,z) :={aec o/ mag);q)(t,z, a') = ¢(t,z,0)}. Then the max rule ([5], Theorem 5.5.2)
o'e

implies that
N N
olo(t,z) < {Zﬁﬁ%(l,z,%) B = O,Zﬁi =1, and B; = 0if o; ¢ %’(I,Z)}- (3.5)
i=1 i=1

Bearing the above in mind, let us define the probability measure A = va: | Bi6o, which satisfies
suppA < ZA(t,z). For any subset E of o/, P(E) denotes the collection of Probability Radon
measures supported on E. So it follows from (3.5) that

oLo(t,z) {J Lo (1,2, 0)A(dar) : AeP[,%’(t,z)]}. (3.6)
o

Each (&,m) € 0 ¢(t,z) corresponds to an application o — &g € 0L (t,z,a) and A € P[A(t,7)]
such that, for each (v,vp) € [S,T] x R",

(€M), (n1v2)) = L«éa,na),<v1,vz>>A<da>.

It is also known that &; + min, {ni - f(t,z,u, OC,')} > 0 for all (&,m;) € %¢i(t,z) and for all i =
1,...,N,ie.,

E+minn - f(t,z,u,0) = f (8o +h(t,z, N0, ))dA(a) = 0,
u o

where

_ aL(p (t,Z, OC) if ¢(I,Z, (X) = MaX /e o7 q’(t?Za 06/)
09 (t,2, @) = { %) otherwise.

As it is for all (z,z), in particular for (S,xp) we have that there is a Radon probability measure
such that suppA < # and

0(S,x0,a) =g(x(T,a),a), A—ae oed.
Thus we have the following proposition.

Proposition 3.2. Let (i1,{%(.; &) | ¢ € <7}) be a minimum for the MOCP (P). Assume that </
is a finite set and, for some 8 > 0, satisfies the hypotheses H1'),H2) — H4),H5') and H6).
Then, for some € > 0, there exist a family of uniformly bounded Lipschitz continuous functions
{¢(-,-,0) : T(x(-,&x),€) > R/ox € <7} and a Radon probability measure A € C*(<f) satisfying:

(i) The application o — ¢(t,z, &) is continuous.
(ii) suppA < {a € | maXa’eﬂg('f(Tu a/)7 a/) = g(X(T7 a)? OC)} and

O(S,x0,a) =g(x(T,a),a) A-a.e. dxe .

(iii) For each (t,z) € int ﬂ T(x(-,&),€) and for all (£,m) € OF@(t,z), we have
ocg

E+h(t,z,n,a) = J Eq +minng - f(t,z,u,a)Ad(a) >0 VEe BY (3.7)
E u

for some family {Eq, No Yooy such that (Eg,Ng) € C00 (2,2, Q) for A-a.e. oL € o .
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(iv) Defining @(t,z) := maxye s ¢ (1,2, ), the following statements hold:
¢(T,z) < maxg(z, o), (3.8)
©(S,x0) = maQ){(g( X(T,a), o). (3.9)

The set 0o (¢,z, ) can be empty unless it is active in the sense of our previous comments.
As <7 is a finite set, the application o — @ (z,z, ¢) is continuous for all (¢,z) € [S,T] x R".

3.2. Case where the Set .7 is Infinite. To obtain results for this case, we first considereded the
scenario where the set .o/ of parameters is finite in the previous subsection. The proof concept
is as follows: we approximate the compact metric space </ by increasing finite sets <7, and
through convergence analysis, we extend the results to the general problem. However, when the
set of parameters is any compact metric space, the situation becomes much more complex as
certain techniques and properties break when .27 is infinite. The multifunction dy¢ (¢,z,-) may
not be convex, which is necessary to obtain the limit. Therefore, it is convenient to define a new
type of gradient that accounts for variations in the parameters.

We need to replace ¢ (t,z,-) with a larger set. We incorporate dp@(z,z,-) with a family of
multifunctions {Js¢(z,z,-) | 8 = 0} defined as follows. For any 6 > 0 and « € <7, let’s define

_ 8L¢)(t,z7a) ifq)(t?Z?a)>maxa’€%¢(t7zva,)_6
s9(t:2,0) = { %) otherwise.

We denote by 9 (t,z, @) the following set
O (t,2, 1) ﬂ o U 250(t,z,0') (3.10)

6>0 o’eB(a,d)

where €0 means the strong*-closed convex hull and B( ¢, ) is the open ball of radius & centered
at . This ensures that the new subdifferential has closed graph and convex values. Set

T(E(-),€) = [ ) T(E(, @), 8).
acsf
We are now prepared to state the main result.

Theorem 3.3. Let (i1,{X(.;) | @ € &7}) be a strong local minimum for the general minimax
optimal control problem (P). Assume the hypotheses H1 to H6 are satisfied for some & >
0. Suppose also that g is bounded. Then there exists a family of locally Lipschitz functions
(parameterized by € > 0) {¢(-,-,a) : T(x(-),€) » R | o« € &/} and Radon probability measure
A e C* () satisfying:

(i) The application o — ¢ (t,z, Q) is continuous.

(i1) suppA < {a € | max e,y g(R(T, o), o) = g(%(T, @), @)} and

O(S,x0,a) =g(x(T,a),a) A-a.e. e .
(iii) For each (t,z) € intT (X(-,); €) and family {(Ey,Ne) | @ € '} such that (Eq,Ma) €
19t z,0) A—a.eae o, wehave

J (Ea +h(t,z,Mq, 0))dA(0r) = 0. (3.11)
4
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(iv) Defining

¢(t,7) ;= max §(f,z,Q), (3.12)
aced
one has
o(T,z) <maxg(z,a) and (3.13)
acw
©(S,x0) = maxg(x(T,a), ). (3.14)
oacod

Given the hypotheses of the theorem, the application

t — i - Tt
(t,a) min P ft,x,u, o)

is . x % measurable. Additionally, due to H2), the function a@ — h(t,x, p, &) is A-integrable.
Since |&q| < k and || < k, where k is the Lipschitz constant of ¢(-,-, ) for each o € &7, it
follows that &, and 1, are A-integrable. Thus, the Hamiltonian condition (3.11) in the theorem
is well defined.

4. PROOF OF THE THEOREM 3.3

Without loss of generality, we can replace H2),H3) and H5) with stronger hypotheses, where
6 = +0o0. This means the hypotheses hold for all x,x’ € R”, not just within the ball. This can be
achieved by transforming f and g as follows:

(t,x,u,a) — f(t,trs(x—x(t,a)),u,a), and (x,00) — g(trs(x—x(t,a)),a).
Recall that the truncation function trg(&) is defined in Section 2. The property that X is a
strong local minimizer is preserved with these data modifications. As a result of the strength-
ened hypotheses, for each u € % and o € 7, there corresponds a unique trajectory on [S,T]

with the initial state xp, which we denote as x(-; @, u).
Let A: R"” x R" — R be a metric on %, defined as:

Al un) = L 1 (£) — (1) di.

Since (i, {¥(.; &) | o € o7}) is a strong local minimum, there exists € > 0 such that

max g(x(T; o), ) = max g(X(T; @), ),
ocg ocgs

for all feasible processes (u,{x(.;&) | @ € &7}) satisfying ||x(-, ) — X(t,a)| < € for all a € 7.
Consider a sequence &; | 0, & € (0, €). Without loss of generality, assume that max e 7 g(X(T; ), Q) =
0. Let {;}, be a countable everywhere dense set contained in /. Since </ is compact, for
every i there exists N = N(i) such that

max g(x(T; ), c) = maxg(¥(T; ), o) — &7, 4.1)
acdly ac

where oy = {Qy, -, 0y} can be chosen such that @y S @y 1.
We define, for each i, J; : % — R, Ji(u) = maxgeq g(x(T; 0, u), ) + €2. Thus defined,
Ji(u) = 0 for all u and J;(i1) = maxgeoy, §(X(T; @), @) + €7 = €2. We also have

Ji(i) < infJ;(u) + € Vi
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Applying Ekeland’s Theorem (see [5, 9]), for each i, there exists u; € % such that A(u;,i1) < g
and

Ji(u) + €A (u,u;) = uierqu/{Ji(u) + &A(u,u;)}.

U=u;
So we have the following conditions:
i): Jl(u) + Sl'A(l/ti,l/l> _ = infue% {Jl<u> + Sl'A(l/t, Mi)}v
ii): J,‘(M,') > O,
iii): A(u;, 1) >0 as i — 0.

=u;

We denote the trajectories corresponding to u; as {x;(-; @) | & € o/y}. The above properties
can be expressed as follows: For each i, (u;, {xi(-;0x) | k =1,2,...,N}) is a minimum for the
optimal control problem.

Minimize max e, ¢(x(T;Q), &) + & St |u(t) — uit)|dt
subject to measurable functions u: [S,7] — R™ such that
u(t)e Q(t) ae. te|S,T],
(P;) < andarcs {x(.;04),x(:;),...,x(;;ov)} such that for all
k=1,2,....N,
x(t;0q) = ft,x(t,0p),u(t), ) ae. tel[S,T],
L x(S, o) = xo.

We also have u; — i with respect to the A-metric, and x(-;u;, ) — X(-, @) for all o € &7
as i — o0, by Lemma 2.3. It follows from Proposition 3.2, of the finite case, that there exists
a family {¢;(-,-, o) : T(x;(-),0;) — R/ € @y} of locally Lipschitz functions (with parameter
0; | 0) such that

(Pi(l,Z) .= max ¢i(t7zv OC) (42)
acady
satisfies
T
P(T.2) < max g(z.c) 4 | [ule) ~ () dr (43)
OCEQYN Ky
(Pl'(S?xO) = max g(xi(T7 OC), OC); (44)
OCEQQ{N

and for, all (&%, ') € oL g;(t,z),

E 4 h(t,z,nu, ) = f (&L + h(t,2, i, ) )JdA(t) > O,

<y

which can be rewritten as

| (€t minng - 76500 ~ el (o)) > 0 @5)

N
for some Radon probability measure A; with suppA; = %' (t,z) and a family {(E},,ni)/o e o/}
such that
(éfx,n&) eao@(hz, OC) Ai—a.e. (XEJZ{N,



14 P. G. PATZI AQUINO, G. N. SILVA

where

_ an’i(taZaa)a if  ¢;(t,z,00) = maxg/eorpy ¢;(t,z, ')
09ilt2, @) = { g, otherwise.

Additionally, we have

supp/; € {ove ey | max g(xi(T, o), a) = glx(T, ), o)}, (4.6)
a'e N

0i(S,x0,a) = g(x;(T,a),x) Aj-a.e. x€ oy and 4.7)

o — ¢;(t,z, ) is continuous for o € oy. (4.8)

It follows from (4.4) and the increasing density of .27y in o/ that

lim ¢;(S,x0) = maxg(x(T, o), ). 4.9)
i—00 4
Taking the limit at (4.3), as i — o0, we obtain
lim ¢;(7,z) < maxg(z, o). (4.10)
i—00 4
Note that if (¢,z) € ﬂ T(xi(-,a),0), then (¢,z) € ﬂ T(x(-,),€).

aedy oo/
We know that o — ¢;(f,z, o) is continuous for & € o/y. By Tietze’s theorem, for each

<y there is a continuous extension o — @;(t,z, o) for the whole set .7 such that ¢;(¢,z, ) =
0i(t,z, o) for all o € .

Claim 4.1. ¢;(-,-, ) is Lipschitz for each a € <7.

Proof. In fact, let (1,z),(',7)) € T(x(-,@);€) < [S,T] x R™. Tt follows from the compactness of
A that, for each i, there exists o; € &y such that o; — ¢. Thus

16i(r.2.00) = Gilt',2', )| = lim [Gi(r,z. 00) = 4i(t'.2', )|
= hn;) ‘q)i(t?Z; ai) - ¢i(tlazl7 ai)‘
< lim k[(t,2) — (¢',2))
1—00
= k|<l‘,Z) - (t/7Z/)|7
concluding the claim. O

As a consequence of the claim proof, the family {¢;(-, -, @) | o€ &7} is Lipschitz with the same
Lipschitz constant. Additionally, they are bounded by the same constant that bounds g. By the
Arzela-Ascoli theorem, in each compact subset of [, T] x R", the family {¢;(-,-, &) | oz € o7} is
a relatively compact set. This means that the sequence {@;(-,-, &) | &t € o7 };cry has a convergent
subsequence to some function ¢ (-, -, &), i.e., @;(-,-, ) — @ (-,-, c) for all o € 7.

Claim 4.2. ¢(-,-, o) is a family of Lipschitz functions, and the application o — ¢(z,z, @) is
continuous for all (¢,z) € T (x(z, @), €).

Proof. In fact, let (,7),(t',7) € T(%(t,€),8) and @ € <. Then,
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‘(P(t,Z, OC) - ¢(Zlazl7a)| = lll)n;) |($j(l,Z,(X> o ¢~)i(t/aZ/7a)|
< hm k|([,Z) - (l/7zl>’
1—00
< k’(t7z) - (t/7zl>’ﬂ

verifying the Lipschitz condition of ¢(-,-, ). Since the function o« — ¢(¢,z, &) is a limit of
continuous functions, it must also be continuous, completing the proof of Claim 4.2. OJ

Using the same argument used for validating (4.1), we see that

max 6i(1,z, ) > max (1,2,0) > max §i(r,z, &) ~ &

Taking the limit as i — o0, we have

lim max ¢;(f,z,0) = max ¢ (¢,z, ). (4.11)
i—00 ey acs/

Since the limit exists, let us denote ¢(¢,z) := lim ¢;(¢,z). So, it follows from (4.2), (4.9) and
1—00

(4.10) that the conditions (3.12)-(3.14) of the theorem are verified.
It remains to prove (3.11). Consider a family of control functions {v j} j=12,...» which is
countably everywhere dense in %/ . It follows from (4.5) that, for each j,

T . .
L Lf (Eh+ Mo f(t,x,vj,00) — &v; —ui(t)]) dAi(a) dt =0,

for some (&, Ml € 851.5,-(t,z, o), Aj-a.e. o € @y. Since A; is a Radon probability measure, the
sequence of measures {A;} has a weakly* convergent subsequence

Aj— A weakly* as i — o0,

for some Radon probability measure A defined on the o-algebra of the Borel sets of .o7.
Take an integer M and define BY, = (¥(@),Yi(),...,v,(@)), a sequence of multifunctions

‘zi(a) = {(7’0(0‘)77’1(05)»~--a?’M(OC))/H(éa,na) € a5,~¢;i(t7z’ OC);'}/()(OC) = max ¢i(t7z’ OC/) and

o'y
T
7i(@) =J Ea+Na- flt,z,vj(t),a)dt, j= 1,2,...,M},
N
i=1,2,... and a multifunction

T(@) = { (00(0), 1 (@)1 (@0))/3(Ea M) € 8y (0.2, 00 20(@) = max 9(s.2,0)  and

T
(@) = |t e flezvy(0,00dr, =120}
S
We affirm that this sequence of multifunctions satisfies the following:

Claim 4.3. limsup; Gr%; < Gr¥.
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Proof. Let (o,x) € limsup; Gr¥;. Then, there exists a subsequence {Gr¥; } of the graph se-
quence {GrT;} and (og,x) € GrE;, such that (og,x;) — (@,x), where x = (p(), 71 (), -, yu(or)).
Since x; € T;, (i), there exists (Soy, Moy ) € O, Pk (2,2, 0 ) such that

T
’)/]IF(OCk)ZL ig’ak—f—nak'f(t,Zk,Vj(t),OCk)dt, j=1..M, 4.12)
where

5 itz o) i Gilr, 2, 0%) > maxge . Gi(t,2, @) — &
OacDelt2, k) = { 6] otherwise. .

Fixing k, by the definition of subdifferential, there exist (o, ;Mey, ) — (So» Ny ) and (ty 2m) —
(t,z) such that (§q, ,Me,, ) € 6P(5k(tm,zm, 0y). By Proposition 4.4.2 in [5], we have
Ou(t' 2, k) =@ (tm, zm, o) + (. My, ) - (325 0k) — (tmy 2y 1))
—M|(t',2, 04) = (tmszms o) |-
Letting k — o0, we obtain
o', 2, 0t) =0 (tm, zm, @) + (éakmynakm> (1,2, &) = (tmy zmy @)
—M|(t',2, ) = (ty zm, &) |*.

Consequently, (€, Mgy, ) € 7 (tm,2m, 0), which implies that (&, Na, ) € 005 (1,2, 0t).

Since the set {¢(-,-,a)/a € &/} is uniformly Lipschitz, the sequence (&g, , N, ) has a conver-
gent subsequence. Without loss of generality, assume (&g, , Mo, ) — (Ea,Ne). By Proposition
4.3.5in [5], we have (&x, Na) € 09" (1,2, o), which implies that (4, Na) € 019 (2,2, ). Taking
k — o0 in (4.12), it follows that

T
:J é(x‘i‘na'f(t,z,\)j(l),a)dt, j=1,..,M.
S
Therefore, (¢, x) € Gr¥, concluding the proof of Claim 4.3. U

Being GrT(a) compact, T(a) convex, limsup; GrT; = Gr¥ and Bi,(a) € T;(a), it follows
from Proposition 2.1 that there exists By(¢) € () such that

J Bfw(a)Aid(a) — f BM(OC>Ad(OC) = 0.
o o

By the definition of By, there exists some (&', n¢/) € 0171 (,z, &) that satisfies

f f EX 4l f(t,2,vi(t), @)dtAd(@) =0 Yj=1,2,..,M. (4.13)

For each M, consider o — hM () := (EM nM) as a representative of an equivalence class of
A — a.e. equal elements in the Hilbert space

H =Ly (o L*([S, T;R x RY))

with inner produt

o= [ [ (smen@sne)assata - [ [ (ge6) < non')assda)
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The correspondence mentioned above can be viewed as
a— () = (&' ng): [S,T] — RxR"
s M) = (EM(s)nY(s)).

The sequence {a — hM(o)}55_, is norm bounded. In fact, since the family {¢(-,, &) /o € <7}
is uniformly Lipschitz, then the sequence (EY, nM )37—1 is norm bounded

3= [ aPaaa) = [ [ ets Pandta)
- [ [ vz ntspPanda) < .

It implies that the sequence {a — A" (@)}3_, has a subsequence with a weak limit given by
some {o¢ — (Eg,MNe)}- But

B:= {hej‘f : h(a) € 09 (t,2, ), aeszf}

is strongly closed and convex, so it is weakly closed. It follows that (§g, M) € Opo 9 (2,2, ).

Therefore, taking the limit when M — <0 in the inequality of the integral (4.13) and taking
into account the weak convergence and the fact that v; is everywhere dense in %, we deduce
that

T
LL (& +minn - £(r,7,u,))dtdA(@) > 0.

This is equivalent to the corresponding condition stated in the theorem, concluding the proof. o

5. SUFFICIENT OPTIMALITY CONDITIONS FOR PROBLEM (P) AND THE VALUE FUNCTION

In this section, we provide sufficient conditions for MOCP (P) and its relationship with the
value function. We suppose that hypotheses H1) — H6) are satisfied throughout this section.

5.1. Sufficient optimality conditions. We have the following Proposition.

Proposition 5.1. Let (i1,{x(.;&) | o« € &7}) be a feasible process for the problem (P). Then
(a,{x(;a) | ae }) is a strong local minimizer if, for some € > 0, there exist an equicontinu-
ous family of functions {¢(-,-, ) : T(%(-,),€) —> R/o € o7} and a Radon probability measure
A e C* () satisfying:
(i) The application o, — ¢ (t,z, Q) is continuous.
(ii) suppA < {0t € 7 | maxgrey ¢(X(T, &), &) = g(X(T’, @), )}
(iii) For each (t,z) € intT (X(-, );€) and all (8o, Na) € 0719 (1,2, &) A-almost everywhere
oc o, we have

J Ey+minng- F(t.z,u,)Ad(a) >0 VEe B 5.1)
E u
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(iv) Defining @(t,7) := maxge s 02,2, &), we have

O(S,x0,a) =g(x(T,a),a) A-ae. axe, (5.2)
o(T,2) < man(Za ) (5.3)
(S, %0) = maxg(x(T, @), ). (5.4)

Given a feasible process (i, {X(.; ) | @ € 2}) of problem (P), an equicontinuous family
of functions {¢(-,-, ) : T(x(-,a),€) — R/ € o/} is called verification function for the local
optimality of this process if there exists a Radon probability measure A € C*(.27), in which the
pair (¢(-,-, &), (,{x(.; ) | ¢ € &7})) satisfies conditions (i)-(iv) of Proposition 5.1

Proof. Taking (i, {%(.; o) | o € &7}), the feasible process for problem (P), we want to check the
optimality. Let (u,{x(.; ) | & € &7}) be an arbitrary feasible process of the problem such that
|lx(-,00) —x(;0)|po <€ forall o€
Suppose that the statements of the proposition are valid. It follows from condition (5.1) that,
Eoq+minng - f(t,z,u,a) >0, A-ae ae.
u
By Proposition 6.5 in [9], we have ¢ (S,xp, @) < ¢(T,x(T, o), ), A-a.e. o € o7 . Then, it follows
from the definition of ¢, (5.2) and (5.3) that:
maxg( (T,a),00) < maxg(x(T, @), ).
ol

acd

Therefore, the feasible process (i, {X(.;a) | a € <7}) is a strong local minimum for problem
(P). O
5.2. The value function. Consider the following family of control problems, parameterized in
(t,z,00) €[S, T] x R" x .

Minimize g(x(T;a),a) over

(Qr7) ((s;0) = f(s,x(s,@),u(s), ), ae. te[S,T],

x(t,a) =zandue % .
nW(,-,a):[S,T] x R" — Ris defined by:
W(a,t,z) = iql}f(){g(X(T,a)va) / X(S;a) = f(s,x(s, ), u(s), ) and x(z,0) = z}.

=.

For each o € <7, the value functio

Proposition 5.2. Assume the hypotheses H1) — H5) are satisfied. Then,
V(t,z) = maxW(t,z,@). (5.5)
acs/

Proof. We need to prove (5.5), which is equivalent to

inf maxg(x(T,), ) = max inf g(x(T, ), @).
ue e o uEU

Let (i, {%(.;) | o € o7}) be an arbitrary feasible process of the problem (P ;). For any fixed
o € o/, we have the following inequality:

max ¢(5(T, ), @) > g(¥(T, &), &) > inf g(x(T, ), )
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Given the arbitrariness of (iZ, {%(.; &) | @ € &7 }), it follows that
f T,o0),00) > inf T,0),a),
Inf maxg(x(T, @), ) > inf g(x(T’ o), @)
and consequently,

f T,a > f T,a),a). 5.6
o} meys(oT, ), @) > ma Iof (ol 0), ) 0

Note that this last inequality does not need hypothesis H5), which will be necessary next.
It follows from Proposition 2.62 in [5] that the problem (7, ;) has an optimal process. Let
(@,{%(;a) | a € o/}) be an optimal process and (u,{x(.;c) | & € <7}) be an arbitrary feasi-
ble process of (P ;). Given € > 0, take 6’ = £, where L := exp (Sgkf(t)dt). Let {0}, be
a countable everywhere dense subset of 7. Due to hypothesis H3, there exists 6” > 0 such
that s € [0,00), |s| < 6” implies |6(s)| < &’. As the application o — h(a) = g(x(T, @), @) is
continuous, there exists 6" > 0 such that p(ay, ) < 6” implies |h(oy) —h(op)| < €. Let
8 =min{8”,8"}. As </ is a compact metric space, there exists a finite subset &7 = {1, ..., oty }
of ./ such that

N

o= B0

So, for all o € o7, there exists o € <7 such that p(a,a’) < . It follows from Lemma 2.2(if)
that

x(s, ) —x(s, ') < O(p(at,a))L < &,

g(x(T, ), &) — g(x(T,a'), )| < €. (5.7)
As a consequence of the latter, we have

max g(x(T, o), o) < g(x(T,a’),0) + €. (5.8)

ace

Since (4, {£(.; @) | @ € &7}) is a minimum process for (P ;), there exists some o' € </ such that
S(E(T, o), o) < maxg(4(T, 0), @) < maxg(x(T, 1), @) < g(x(T, ), &) + &
[04SX

Fix this o € «/. Thus, by the arbitrariness of € > 0 and the process (u,{x(.;a) | o € &/}), it
follows that (4, £(-, &’)) is minimum of the problem (Qf‘zl) Thus, for this o’ € <7, we have

W(t,z,a') = g(X(T,a'),a).
We know that V (z,z) = maxge s g(£(T, @), o), which implies that
V(t,z) <g(x(T,o),a') + e < g(R(T,a'), ) +2e =W(t,z, ') +2¢€ < gl:éW(t,Z,(X) +2¢.
Combining this last inequality with (5.6), we obtain (5.5), concluding the proof. U
As an immediate consequence, we get the following Corollary.

Corollary 5.3. Assume that the hypotheses H1) — H4) are valid, g is continuous and g(-, Q) is
Lipschitz continuous with Lipschitz constant kg for each o € /. Then the value function V is
Lipschitz.

We also have the usual constancy property of the Value function for the minimax control
problem.
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Proposition 5.4. Let (t,z) € [S,T] x R" and (u,{x(.;a) | a € <7}) be a feasible control process
that satisfies x(t,0) = z. Assume that the hypotheses (H1) — (H4) are satisfied. Then the
following properties are verified:

a): for all s1,s; € [t,T], with s| < s2, we have
V(s1,x(s1,00)) < V(s2,x(s2,00));

b): if the process ({x(-,a)|a € </}, u) is optimal for the problem (P, ;), then, for all s1,s, €
[t,T], with s1 < s, we have

V(s1,x(s1,@)) = V(s2,x(s2,x)).
Proof. (a) Suppose that V (s1,x(s1, &¢)) < V(s2,x(s2, ) is false. Then there exists € > 0 such
that V(s1,x(s1,@)) > V(s2,x(s2, 0t)) + €. Note that there exists i : [s2,7 ] — R™ such that

E
V(s27x(327 OC)) = maxg(i(T, OC), (X) A
ocd 2

where X(-, @) : [s2,T] — R”" for each a € o7 satisfies
X(L (X) Zf(t,f(t, (X),IZ(I), (X)
X(s2,00) =x(s2,0t).

Define the control

() — { u(t), telsy,s)

IZ(Z‘), te [SQ,T].
By the uniqueness of the trajectories, for every a € o7, there exist
_ ) ox(t,@), te[si,s)
2t @) = { Ht.a), 1. T].
such that the process ({Z(-, &)|a € @7}, i) is feasible for the problem Py, (s, o). SO

V(Sl,X(Sl,(X)) < maxg(Z(T,OC),Ot) = maxg(i(T, a)aa)
acd acd

€ €
< V(s2,x(s2,@)) + 5= Vst x(s1,a)) — ok
which it is absurd. Therefore V (sy,x(s1, @)) < V(s2,x(s2,¢)). Thus the value function is in-
creasing over feasible processes.

(b) Since that the process (u, {x(.; &) | a € o/}) is optimal for the problem (7, ;) then for item

a)
V(I,Z) < V(SI,X(SI,(X)) < V(S27x(s27 (X)) < mel;g(x(T, OC), OC) = V(I7Z)'
ae
Thus we have that the value function is constant over optimal processes. 0

6. CLOSING REMARKS AND FUTURE PERSPECTIVES

This work addresses the evolution problem for optimal control of Ordinary Differential Equa-
tions (ODEs) under parameter uncertainty, modeling the uncertainty as a worst-case scenario
and then minimizing over controls. The primary novelty lies in deriving optimality condi-
tions through a dynamic programming approach for the minimax control problem under con-
sideration. Notably, this approach yields sufficient conditions for optimality without requiring
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convexity assumptions, which are often difficult to verify in practice. This demonstrates the
significance of our findings for a broader class of optimal control problems for ODEs.

Furthermore, the techniques developed in this work offer a promising foundation for extend-
ing the analysis to optimal control problems governed by Partial Differential Equations (PDEs)
under parameter uncertainty. By adapting the dynamic programming principle to the context of
PDEs, researchers can potentially derive novel optimality conditions and develop more efficient
numerical algorithms for solving these challenging problems.

Potential avenues for future research include:

e Developing a generalized dynamic programming principle for Hamilton-Jacobi-Bellman
equations associated with PDE-constrained optimal control problems with parameter
uncertainties.

¢ Investigating the role of viscosity solutions in establishing sufficient conditions for op-
timality in the PDE setting.

¢ Exploring numerical methods for approximating solutions to the Hamilton-Jacobi-Bellman
equations associated with PDEs, leveraging insights gained from the ODE case.

These extensions for minimax control problems have the potential to significantly advance
the field of optimal control of PDEs, with applications in areas such as fluid dynamics, materials
science, and biological systems.
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