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Abstract. In this paper we deal with the feasibility-seeking problem for unions of convex sets (UCS) sets and
propose an iterative process for its solution. Renewed interest in this problem stems from the fact that it was
recently discovered to serve as a modeling approach in fields of applications and from the ongoing recent research
efforts to handle non-convexity in feasibility-seeking.
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1. INTRODUCTION

The feasibility problem is to find a point in the nonempty intersection of a finite family of
sets. It is a modeling framework for many real-world problems and problems in physics and
mathematics. The literature about it in the convex case, when all sets are convex, is huge
and diverse, see, e.g., [1, 4, 5]. The non-convex situation is more difficult to address but has
witnessed many works in recent years, see, e.g., [3, 8, 10, 12, 13], to name but a few.

A particular kind of non-convexity that occurs when the sets for the feasibility problem are
unions of convex sets was studied by Chrétien and Bondon [6, 7]. This was recently discovered
to serve as a modeling approach in the application field of floorplanning with I/O (input/output)
assignment [15], bringing up again the topic of investigating iterative processes for it. Recent
work [2] discusses the Douglas—Rachford algorithm to solve the feasibility problem for two
closed sets that are finite unions of convex sets.

Related, although indirectly, to this subject are the recent papers on algorithms that are based
on unions of nonexpansive maps, [9, 14, 16].
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In this paper, we deal with the feasibility-seeking problem for unions of convex sets (UCS)
sets and propose an iterative process that is different from earlier proposed ones. Further work
is needed to assess the practicality of this algorithm as well as that of the earlier proposed ones
mentioned above.

We use the term “Feasibility-Seeking Problem” and not just “Feasibility Problem” because
the latter sometimes refers to the problem of deciding whether or not an intersection of sets is or
is not feasible, i.e., nonempty, see, e.g., [11]. The term we use here more accurately describes
that one is interested in finding a point rather than deciding feasibility or manipulating the
problem to reach feasibility.

2. NOTIONS AND NOTATIONS

Let (7, (-,-)) be a real Hilbert space equipped with an inner product (-, -) which induces the
Euclidean norm ||x|| = (x,x)'/2, x € #. For each x € s and each r > 0 the closed ball with
radius r centered at x is B(x,r) :={y e | ||x—y| <r}.

For each x € J# and each nonempty set Q C 7 the distance between x and the set Q is
dist(x,Q) :=inf{||x—y|| | x € Q}.

Let Q C 7 be a nonempty, convex, and closed set. Then for each x € 7 there exists a
unique point Pg(x) € Q, called the orthogonal projection of x onto Q, such that

|x — Po(x)|| = dist(x,Q).
3. THE FEASIBILITY-SEEKING PROBLEM FOR SETS THAT ARE UNIONS OF CONVEX SETS
Sets that are unions of convex sets are defined as follows.

Definition 3.1. (union of convex sets set). Let mq be a natural number and let Q; C 7,
s=1,2,...,mq, be nonempty closed convex sets that are pairwise disjoint, i.e.,
QN =0, foralls,r € {1,2,...,mq}, s #t. (3.1)
The union of these sets
Q:=U" Q
is called a “union of convex sets (UCS) set”.

Such sets were called, under different conditions, “expandable in convex sets” in [6, Defini-
tion 1] and in [7, Definition 1]. In [9, Subsection 6.1] such sets were considered under the name
“union convex sets”. We define, the possibly non-unique, orthogonal projections onto a UCS
set as follows.

Definition 3.2. Let Q be a UCS set, Q :— U;”jl Q,. For each x € 77, the standard definition of
projection onto €2 is

Po(x) :={y€ Q] |x—yl| <[lz—x[|, forallzc Q}.

Remark 3.3. Let 7 C {1,2,...,mq} be the set of indices of the sets ; whose distances to x
are smallest, compared to the distances of x to the other sets Q. Then Pq(x) is the, obviously
nonempty, set

Pa(x) = {Po,(x), 1 € T | |x = Po, (x)[| < [lx = Po,(x)[[, s = 1,2,...,mq}.

The feasibility-seeking problem for UCS sets is defined next.
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Problem 3.4. (The feasibility-seeking problem for UCS sets). Let m be a natural number and
assume that, for each i € {1,2,...,m}, the set C; is a UCS set

e M
Ci:= Ujélcl}j?

so that the integer m; is the number of sets whose union constitutes the set C;. The feasibility-
seeking problem for UCS sets is to find a point x* in the intersection

X eC:=n",C. (3.2)

Throughout this work, we assume that the feasibility-seeking problem for UCS sets is feasi-
ble, i.e., the intersection is nonempty C # 0.

4. THE ITERATIVE PROCESS

During the iterative process, we will perform projections onto the sets C;, which are them-
selves unions of sets. Such projections might not be unique. For the definition of our algorithm'
and for its convergence analysis we use a condition that guarantees the uniqueness of the pro-
jections onto the UCS sets involved in the problem. To this end we append Problem 3.4 with
an additional UCS set which is a copy of C;. This clearly does not change at all the problem.
Thus, we define

Cny1=C1, myy1=my, Cuqqj=0Cy; forall je {1,2,...,m}. 4.1)

Condition 4.1. For each i € {1,2,...,m} and each j € {1,2,...,m;}, there exists a unique
integer
0(i,j) €{1,2,...,mis1}
such that for every x € C; ;
Fe, (x) = PCi+1,e(i_j) (x),
and
dist(x,Ciy 1 o1 ;) < dist(x,Civ10), £ € {1,2,...,mis1}\ {0, j)}- (4.2)

Observe that inequality (4.2) does not follow from the pairwise disjointedness condition (3.1)
in Definition 3.1 because the latter does not rule out that there could be two (or more) sets in
the union of sets to which they belong that will have equal distances to a point x. Condition 4.1
plays a crucial role in our study. Proposition 4.3, presented in the sequel, shows that it holds if
foreachie {1,2,...,m—1} and each x € G, Pc,,, (x) is a singleton.

For all natural numbers k, define the cyclic “control sequence” {i(k)};>_, such that i(k) €
{1,2,...,m} for all k and

i(k) := (k—1)modm+1.

This sequence serves to index the sets that are used by the algorithm which is now described.

Algorithm 1. Projections onto Unions of Convex Sets (PUCS) Algorithm
(1) Initialization: Set i = 1 and pick C. For each r € {1,2,...,m;}, pick an arbitrary initial
point
yr €Cy, (4.3)

' As common, we use the term algorithm for the iterative process studied here although no termination criteria,
which are by definition necessary in an algorithm, are present and only the asymptotic behavior is studied.
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and define
T(r,1):=r. 4.4)
(2) First sweep:
Set k =1 and as long as k < m do:
Given an iteration vector Y%, calculate the next iteration vector for it by

y]}f—i_] € Pci(k+1) (y]r{')a
and denote the index of the set in the UCS set Cj1) which is closest to Y by t(rk+1) €
{1,2,...,mi(41) }, so that

k+1 __ k
e = PCi(k+l),r(r‘k+l) )

After m consecutive iterations of these iterative steps, we have completed the first sweep and
we reach, for each r € {1,2,...,m },

y:‘n+1 GPCm—H(y:n) :PCI (y’}:’1) and T(r7m+1)‘

Define
R:={r|1<r<m; forwhich 7(r,m+1) # r has occurred} 4.5)

and go to Step (3).

(3) Iterative step: Forall r € {1,2,...,m;}\R, set k=1 and y! < y"*! obtained from Step
(2), and do for all k > 1:

Given an iteration vector y’ﬁ , calculate the next iteration vector for it by

k+1 k
e Py (),

and denote the index of the set in the UCS set Cl-(k +1) which is closest to y’r‘ by t(rnk+1) €
{1,2,...,m1}, so that actually

k+1 __ k
Vi = e )

Observe that (3.2) and Condition 4.1 guarantee that R # {1,2,...,m} thus allowing the
iterative step (3) in the algorithm to proceed. We give now a verbal description that sheds some
light on the logic behind the algorithm. For the purpose of this discussion, let us nickname the
sets C; that constitute the feasibility-seeking problem as “the large sets” and nickname the sets
whose unions constitute large sets as “inner sets”.

The set C must be an intersection of a family of inner sets that includes at least one inner set
from each large set C;. The multitude of inner sets presents the algorithm with the, nontrivial,
task of “discovering” those inner sets whose intersection is the set C. The algorithm is initialized
by picking one large set, say C1, and picking a set of arbitrary points, each from one of its inner
sets as in (4.3). This is done because it is not known, at the beginning, which one of the inner
sets of C; participates in the intersection C. Integer parameters are set as in (4.4).

From each of those initial points y!, the algorithm preforms a full sequential cycle (nick-
named “a sweep”) of successive projections onto the remaining large sets. For each projection
the parameter 7(r,k+ 1) (for every r € {1,2,...,m}) indicates the specific inner set that was
projected on. The algorithm is parallel in the sense that the latter activity, as well as others in it,
can be performed simultaneously on several processors.

At the end of this first sweep we have a set of “end-points” y”*! and the parameters 7(r,m+1)
associated with each. The parameters tell the index of the inner set on which the last projection
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of each sweep occurred. An end-point for which 7(r,m + 1) = r means that the orbit initiated
by it returns to the inner set C , from which it was initialized. These are the orbits that we wish
to follow, thus, the set R is defined as in (4.5) and its indices are deleted at the beginning of the
iterative step (3). We need the initial sweep to identify orbits on whose progress the algorithm
“has no control” about which we can not say where they are leading to.

The remaining orbits, for r € {1,2,...,m} \ R are being retained and sequential cyclic suc-
cessive projections are performed along them. The convergence result in Theorem 4.2 shows
that the distance between each sequence {y’; }o_,» generated by the algorithm, and any large set
converges to zero. In fact, the algorithm solves, in parallel, some pruned convex feasibility-
seeking problems via an iterative sequential projection method.

The convergence of Algorithm 1 can now be established as follows in the next theorem.

Theorem 4.2. Consider feasibility-seeking for UCS sets of Problem 3.4 with an additional
UCS set as in (4.1). Assume that the problem is feasible and that Condition 4.1 holds. Let
re{1,2,...,m} be such that

CNC,#0 (4.6)
and let {ylr‘},"::1 be a sequence generated by Algorithm 1. Then
lim [|yx — /(| =0 (4.7)
k—yo0
and for eachi € {1,2,...,m},
lim dist (y*,C;) = 0. (4.8)
k—yoo

Proof. There exists a z € CNCy . By (4.6), Condition 4.1, and the choice r ¢ R in the algo-
rithm’s iterative step (3), one sees that sequence y is well-defined for all integers k. Since y**!
is the projection of yX, for each integer k > 1, we have

k12 k41112 k k+1112
lz=y5 > = e =y 17+ s =y ]I (4.9)

Consult, e.g., Theorem 1.2.4 and Lemma 1.2.5(c) in [4]. Using Equation (4.9), it follows that
for each natural number g > 2

q—1 q—1
lz=yel? = Yz =y 12 = llz= 2 = ) e =12
k=1 k=1

which, in turn, implies that ||z — y}|> > Y5, [|[v% — 51| so that, as claimed in (4.7),
: k k+1
lim Hyr _yrjL H =0.
k—yo0
Let € > 0. There exists a natural number p such that, for each integer k > pm,
k k+1
lyr =il < &/m.
Therefore, for each pair of integers ky,ky > pm, satisfying |k; — ka| < m, we have
k k
Iy =2l <e.

Thus, for each integer g > p and eachi € {1,2,...,m}, dist (3" ,C;) < e foralls =1,2,...,m.
This completes the proof of the theorem. U
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Note that in our theorem we do not require the bounded regularity property [1, Definition
5.1] to hold. If one adds this assumption then the convergence of the sequence {y* e toa
point of C could be shown in a quite standard manner as follows. Fix z € CNCy,. Then our
sequence of iterates is Fejér monotone with respect to z, thus, it is bounded. Then, because of
(4.8) and bounded regularity, for any € > 0 the sequence is in an €-neighborhood of some point
from C N Cy , and, therefore, it converges to a point of CNCy .

Proposition 4.3. Let Q = U;njl Qg be a UCS set. Assume that D C J is a nonempty convex
set and that for each x € D, Pg(x) is a singleton. Then there exists an 1 < s < mg such that
Po(x) € Qq forall x € D.

Proof. Assume to the contrary that there exist x,y € D and s € {1,2,...,mq} such that
Pg(x) c Q.S, Pg(y) ¢ Q. (4.10)
Define
E:={ac0,1]| Po(Bx+(1—=PB)y) € Q, forall B € [a,1]}.

Clearly, 1 € E. Define v := inf(E). Since the set Q; is closed we have y € E. By (4.10),0 € E.
There exists a sequence {w;};>; C (0,7) such that

limw; =y (4.11)

[—roo
and Po(wix+ (1 —w;)y) ¢ Q. For each integer i > 1,
PQ(Wix+(1 _Wl)y) S U{ng | te {1,2,...,}719}\{5‘}},

which is a closed set. In view of (4.11), one has

Pg(’)/x-i— (1 — ’)/)y) S U{PQ/K | (e {1,2, . ,WLQ} \ {S}},
which is a contraction that proves the proposition. 0J

Example 4.4. Assume that .77 is a two-dimensional Euclidean space, and define

C1,1 = B((O, 1), 1), C172 = C171 + (100, 1), C173 = C171 + (200, 1),

C174 = C171 + (—100, 1), C:= U?:1C17,',
and
C271 = B((O, —1), 1), C272 = C271 + (100,—1), Cy = C271 UC272.

In this example, Condition 4.1 holds and R = {1,2} so that if = 1 we solve a convex feasibility-
seeking problem with two sets Cj 1,C>,1 which has a unique solution (0,0), and if j =2 we deal
with an inconsistent convex feasibility-seeking problem with sets C; »,C> » which does not have
a solution.
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5. CONCLUSION

We proposed an iterative process for the solution of the feasibility-seeking problem for unions
of convex sets (UCS) sets. This problem was recently discovered to serve as a modeling ap-
proach in fields of applications and is part of the ongoing recent research efforts to handle
non-convexity in feasibility-seeking problems.

Our convergence analysis relies on a technical condition (Condition 4.1) for whose existence
we present a sufficient condition (Proposition 4.3). We give an example (Example 4.4) that
shows that Condition 4.1 is not a vacuous condition. However, to identify and/or characterize
classes of problems that satisfy the condition is another question which we are unable to answer
at this point.

Acknowledgments

The work of the first author was supported by the ISF-NSFC joint research plan Grant Num-
ber 2874/19, by U.S. National Institutes of Health Grant Number RO1CA266467 and by the
Cooperation Program in Cancer Research of the German Cancer Research Center (DKFZ) and
Israel’s Ministry of Innovation, Science and Technology (MOST).

REFERENCES

[1] H.H. Bauschke and J.M. Borwein, On projection algorithms for solving convex feasibility problems, SIAM
Rev. 38 (1996) 367-426. https://doi.org/10.1137/S0036144593251710.
[2] H.H. Bauschke and D. Noll, On the local convergence of the Douglas—Rachford algorithm, Archiv der Math.
102 (2014) 589-600). https://doi.org/10.1007/s00013-014-0652-2
[3] H.H. Bauschke, H.M. Phan and X. Wang, The method of alternating relaxed projections for two nonconvex
sets, Vietnam J. Math. 42 (2014) 421-450. https://doi.org/10.1007/s10013-013-0049-8.
[4] A. Cegielski, Iterative Methods for Fixed Point Problems in Hilbert Spaces, Springer-Verlag Berlin, Heidel-
berg, 2012. https://link.springer.com/book/10.1007/978-3-642-30901-4.
[5] Y. Censor and A. Cegielski, Projection methods: an annotated bibliography of books and reviews, Optimiza-
tion, 64 (2015) 2343-2358. https://doi.org/10.1080/02331934.2014.957701.
[6] S. Chrétien and P. Bondon, Cyclic projection methods on a class of nonconvex sets, Nuer. Funct. Anal. Optim.
17 (1996) 37-56. http://dx.doi.org/10.1080/01630569608816681.
[7] S. Chrétien and P. Bondon, Projection methods for uniformly convex expandable sets, Mathematics, 8 (2020)
1108. https://doi.org/10.3390/math8071108.
[8] J.-N. Corvellec and S.D. Flam, Non-convex feasibility problems and proximal point methods, Optim. Meth.
Softw. 19 (2004) 3—-14. https://doi.org/10.1080/10556780410001654223.
[9] M.N. Dao and M.K. Tam, Union averaged operators with applications to proximal algorithms for min-convex
functions”, J. Optim. Theory Appl. 181 (2019) 61-94. https://doi.org/10.1007/s10957-018-1443-x.
[10] N.D. Dizon, J.A. Hogan and S.B. Lindstrom, Circumcentering reflection methods for nonconvex feasibility
problems, Set-Valued Var. Anal.30 (2022) 943-973. https://doi.org/10.1007/s11228-021-00626-9.
[11] EF. Firouzeh, J.W. Chinneck and S. Rajan, Faster maximum feasible subsystem solutions for dense constraint
matrices, Comput. Oper. Res. 139 (2022) 105633. https://doi.org/10.1016/j.cor.2021.105633.
[12] R. Hesse and D.R. Luke. Nonconvex notions of regularity and convergence of fundamental algorithms for
feasibility problems, SIAM J. Optim. 23 (2013) 2397-2419. https://epubs.siam.org/doi/10.1137/120902653.
[13] G.Liand T.K. Pong, Douglas—Rachford splitting for nonconvex optimization with application to nonconvex
feasibility problems, Math. Program. 159 (2016) 371-401. https://doi.org/10.1007/s10107-015-0963-5.
[14] M.K. Tam, Algorithms based on unions of nonexpansive maps, Optim. Lett. 12 (2018) 1019-1027.
https://doi.org/10.1007/s11590-018-1249-7.
[15] S. Yu, Y. Censor, M. Jiang and G. Luo, Per-RMAP: Feasibility-Seeking and Superiorization Methods for
Floorplanning with I/O Assignment, In: Proceedings of the 2023 International Symposium of Electronics



8 Y. CENSOR, A.J. ZASLAVSKI

Design Automation (ISEDA) ISEDA-2023, pp. 286-291, Nanjing, China, 2023.
https://ieeexplore.ieee.org/document/10218694.

[16] A.J. Zaslavski, Approximate solutions of a fixed-point problem with an algorithm based on unions of nonex-
pansive mappings, Mathematics 11 (2023) 1534. https://doi.org/10.3390/math11061534.



