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Abstract. An optimal control problem is considered in which the control system is linear in the control variables
and nonlinear in the state variables, with no control constraints. For this problem, we propose no-gap necessary
and sufficient conditions for the weak minimality of a quadratic order which is the integral of the squared variation
of an additional state variable. Here, the second variation is automatically degenerate, and we transform it to the
classical possibly non-degenerate form that essentially simplifies verification of its sign definiteness.
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1. STATEMENT OF THE PROBLEM AND THE MAIN RESULT

Consider the following optimal control problem of the Mayer type:

J := ϕ0(x(0),x(T ))→min, (1.1)

ϕi(x(0),x(T ))6 0, i = 1, . . . ,d(ϕ), (1.2)

η j(x(0),x(T )) = 0, j = 1, . . . ,d(η), (1.3)

ẋ(t) = f (t,x(t))+F(t,x(t))u(t), (1.4)

where the time t ∈ [0,T ] varies in a fixed interval, x is the n−dimensional state variable, u is
the control of dimensions r. As usual, we assume that x(t) is an absolute continuous function:
x ∈ ACn[0,T ], while u(t) is an essentially bounded function: u ∈ Lr

∞[0,T ].
Note that we do not allow the convenient constraint u(t) ∈U, so actually, our problem is a

general problem of the classical calculus of variations, linear in the derivatives. Obviously, any
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2 A. DMITRUK

extremal in this problem is totally singular. Problems of this type often appear in various tech-
nical, economical and other applied studies, and they have been a subject of many mathematical
studies (see e.g. [7]–[22]). However, the majority of those works consider only second order
necessary optimality conditions, while second order sufficient conditions are proposed only in
[21] with the proof in [22]. Since the last paper is written in Russian and now hardly avail-
able, here we give another, more simple proof of both necessary and close to them sufficient
conditions of a special quadratic order.

The functions of finite-dimensional argument (x(0),x(T )) are defined on an open set P ⊂
R2n, and the functions depending on (t,x) are defined on an open set Q ⊂ R1+n. We assume
that all these functions are twice smooth, i.e., belong to the class C2(P) or C2(Q), resp.

For brevity, the problem (1.1)–(1.4) will be called Problem A. Our main goal is to obtain
second-order conditions for the weak minimality in this problem.

A pair of functions w(t) = (x(t),u(t)) on [0,T ] related by eq. (1.4), will be called a process
of the problem. A process is called admissible if its endpoints (x(0),x(T )) belong to the set
P, there exists a compact set D⊂Q such that (t,x(t)) ∈ D for almost all t, and all constraints
of the problem are satisfied. As usual, we say that an admissible process ŵ(t) = (x̂(t), û(t)))
delivers a weak minimum if there exists an ε > 0 such that J(w) > J(ŵ) for any admissible
process w(t) = (x(t),u(t)) satisfying the conditions ||x− x̂||C < ε, ||u− û||∞ < ε.

Introduce the space W = ACn[0,T ]× Lr
∞[0,T ] with elements w = (x,u), equipped with its

natural norm

||w|| = ||x||AC + ||u||∞ = |x(0)| +
∫ T

0
|ẋ(t)|dt + vraimax

t∈[0,T ]
|u(t)| .

An easy fact is that the minimality in problem A w.r.t. this norm is equivalent to the weak
minimality.

The first order necessary conditions for the weak minimality are well known. They can be
obtained from a general Lagrange multipliers principle (see e.g. [1]–[6] and elsewhere).

Theorem 1.1. If a process ŵ(t) = (x̂(t), û(t))) delivers a local minimum in problem A, then
there exist a number α0 > 0, row vectors α > 0, β of dimensions d(ϕ), d(η), respectively, and
an essentially bounded function ψ(t) of dimension n (adjoint or costate variable), not all equal
to zero, satisfying the complementary slackness conditions

αi ϕi(x̂0, x̂T ) = 0 for all i = 1, . . . ,d(ϕ),

and such that the Lagrange function

L (x,u) =
(
α0ϕ0 +∑αiϕi +∑β j η j

)
(x0,xT ) +

∫ T

0
ψ
(
ẋ− f (t,x)−F(t,x)u

)
dt,

is stationary at the point (ŵ):
L ′(x̂, û) = 0, (1.5)

which means that
L ′(x̂, û)(x̄, ū) = 0 for all (x̄, ū) ∈W. (1.6)

Introducing the endpoint Lagrange function

l(x0,xT ) =
(
α0ϕ0 +∑αiϕi +∑β j η j

)
(x0,xT ),
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and the Pontryagin function H(ψ, t,x,u) = ψ
(

f (t,x) + F(t,x)u
)
, we can represent the La-

grange function in a shorter form

L (x,u) = l(x0,xT ) +
∫ T

0

(
ψ ẋ − H(t,x,u)

)
dt,

whence condition (1.6) means that, for all x̄ ∈ AC, ∀ ū ∈ L∞,

lx0 x̄(0)+ lxT x̄(T )+
∫ T

0

(
ψ ˙̄x −Hx x̄ −Hu ū)dt = 0. (1.7)

An easy decryption of this condition shows that it is equivalent to the following set of condi-
tions: ψ(t) is a Lipschitz continuous function,

(a) ψ̇(t) = −Hx(ψ(t), t, x̂(t), û(t)),

(b) ψ(0) = lx0(x̂0, x̂T ), ψ(T ) = −lxT (x̂0, x̂T ),

(c) Hu(ψ(t), t, x̂(t), û(t)) = 0 for a.a. t ∈ [0,T ].

Relation (a) is known as adjoint (costate) equation, (b) as transversality conditions, and (c)
as condition of stationarity in the control.

Note that the function ψ(t) is uniquely determined by the triple (α0,α,β ), whence the non-
triviality condition can be reduced to the finite-dimensional multipliers only, i.e. to the form
α0 + |α|+ |β | > 0. (Otherwise, if these multipliers vanish, then l ≡ 0, so ψ(0) = 0, and since
ψ satisfies a linear homogeneous ODE, we have ψ(t) = 0 as well, which contradicts the ”full”
normalization.)

Any process of problem A satisfying the above conditions, is called stationary.
Now, let us pass to second order conditions.
Let ŵ(t) = (x̂(t)), v̂(t)) be a stationary process. Fix it and consider the set Λ of all triples

λ = (α0,α,β ) normalized by α0 + |α|+ |β | = 1 and satisfying the above nonnegativity and
slackness conditions, that, together with the corresponding function ψ(t), realize the station-
arity condition (1.7) for the process ŵ, or, what is the same, the above conditions (a), (b), (c).
Obviously, Λ is a nonempty finite-dimensional compact set.

For each λ ∈ Λ consider the corresponding Lagrange function L [λ ](x,u) (now we indicate
its dependence on λ ), and define its second variation

Ω[λ ](x̄, ū) = (l′′x0,x0
x̄(0), x̄(0))+2(l′′xT ,x0

x̄(0), x̄(T ))+(l′′xT ,xT
x̄(T ), x̄(T ))−

−
∫ T

0

(
(H ′′xx x̄, x̄) + 2(H ′′ux x̄, ū)

)
dt. (1.8)

Following [20], along with these quadratic functionals, we introduce the functional

Ω[Λ](x̄, ū) = max
λ∈Λ

Ω[λ ](x̄, ū).

Clearly, it is homogeneous of degree 2, but not quadratic if the set Λ is more than a singleton.
Without loss of generality we assume that ϕ0(x̂(0), x̂(T )) = 0. Introduce the set I of active

indices i ∈ {0,1, . . . ,d(ϕ)} such that ϕi(x̂(0), x̂(T )) = 0, and the cone of critical variations K0
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consisting of all w̄ = (x̄, ū) ∈W that satisfy the relations:

ϕ ′ix0
x̄(0)+ϕ ′ixT

x̄(T )6 0 i ∈ I,

η ′jx0
x̄(0)+η ′jxT

x̄(T ) = 0 ∀ j,

˙̄x = f ′xx̄+(F ′x x̄)û +F ū.

(1.9)

Here, all the data functions are evaluated at the reference process ŵ.
Finally, we introduce a quadratic functional, which will be called the order of minimum:

γ(w̄) = |x̄(0)|2 +
∫ T

0
|ȳ(t)|2 dt + |ȳ(T )|2, (1.10)

where ȳ(t) is an additional, artificial state variable subjected to equation

˙̄y(t) = ū(t), ȳ(0) = 0. (1.11)

Now we are ready to formulate the conditions of order γ (“second order” conditions) for a
weak minimum. Let ŵ be a stationary process of problem A.

Theorem 1.2. a) If ŵ delivers a weak minimum, then

Ω[Λ](w̄) > 0 for all w̄ ∈ K0 . (1.12)

b) If there exists a constant c > 0 such that

Ω[Λ](w̄) > cγ(w̄) for all w̄ ∈ K0 , (1.13)

then ŵ delivers a strict weak minimum; moreover, there exists a constant b > 0 and a neighbor-
hood O(ŵ) in the space W, where the violation function

σ(w) := ∑
i∈I

ϕ
+
i (w)+ |η(w)|+

∫ T

0

∣∣ẋ− f (t,x)−F(t,x)u
∣∣dt

satisfies the estimate σ(w)> bγ(w− ŵ).

Note that, for all admissible w, one has σ(w) = J(w), so the last estimate yields the quadrat-
ical growth of the cost: J(w)> bγ(w− ŵ) in O(ŵ).

Example 1. n = 3,qr = 2, ẋ1 = u1, ẋ2 = u2 + x2u1, ẋ3 = 2x1u1 + 2x2u2 + x2
1 + x2

2, x(0) = 0,
t ∈ [0,1], J = x3(1)→min . The reference process is x̂ = 0, û = 0. Here, H = ψ1u1 +ψ2(u2 +
x2u1)+ψ3(2x1u1 + 2x2u2 + x2

1 + x2
2), l = α0x3 +β1x1(0)+β2x2(0)+β3x3(0), so ψ̇1 = ψ̇2 =

ψ̇3 = 0, Hu1 = ψ1 = 0, Hu2 = ψ2 = 0, ψ3(1) = α0 := 1. The set Λ consists of a single element
λ = (α0 = 1, β1 = β2 = β3 = 0), the second variation is

Ω =
∫ 1

0
(2x̄1ū1 +2x̄2ū2 + x̄2

1 + x̄2
2)dt,

and the critical cone K is given by the relations ˙̄x1 = u1, ˙̄x2 = u2, x̄1(0) = x̄2(0) = 0, whence
x̄1 = ȳ1, x̄2 = ȳ2, and

Ω = x̄2
1(1)+ x̄2

2(1)+
∫ 1

0
(x̄2

1 + x̄2
2)dt = γ(x̄),

so the sufficiency condition (1.13) is satisfied, and hence, the reference process provides a weak
minimum.
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Theorem 1.2 gives a pair of no-gap conditions of the above order γ. It was announced in
[21] and proved in [22] on the base of a general theory of higher order conditions proposed by
Levitin, Milyutin and Osmolovskii in [20]. That theory is very powerful but rather complicated.
Moreover, the paper [22] is now hardly available even to the readers in Russia, not to speak of
other countries. Here, in Sec 6 below, we give another proof, based on a more simple theory,
namely, on the so-called two-norm approach, proposed in [23] and used also in [24] and [25].
Note that we use a slightly modified version of this approach.

Meanwhile, let us show how conditions (1.12) and (1.13) can be in a sense refined by nar-
rowing the set of λ under the max sign. This will be done in the next sections.

2. THE CASE WHEN Λ IS A SINGLETON

Consider first the case when the set Λ consists of a single element λ = (α0,α,β ,ψ), and
represent the quadratic functional (1.8) in a more general form, without the above exact relation
to Problem A:

Ω(x̄, ū) = (S00 x̄(0), x̄(0))+2(ST 0 x̄(0), x̄(T ))+(ST T x̄(T ), x̄(T ))+

+
∫ T

0

(
(Q(t) x̄, x̄)+2(P(t) x̄, ū)

)
dt, (2.1)

where all coefficients are matrices of corresponding dimensions, among which S00, ST T and
Q(t) are symmetric.

Comparing with (1.8) and taking into account that the control û(t) is measurable and bounded,
we assume that the matrix Q has measurable and bounded entries, while P has Lipschitz con-
tinuous entries.

This quadratic functional is considered on a cone K0 ⊂W = AC×L∞ of the form

ai0 x̄(0)+aiT x̄(T )6 0, i ∈ I,

b j0 x̄(0)+b jT x̄(T ) = 0, j ∈ J,

ẋ = Ax̄ + Bū.

(2.2)

Here I, J are some finite sets of indices, the matrix A has measurable and bounded entries, B is
Lip-continuous, and ai0, aiT , b j0, b jT are some vectors of dimension |I|, |J|, respectively.

In view of Theorem 1.2, we have to analyze conditions (1.12) and (1.13) for the quadratic
functional (2.1) on the cone K0. We proceed as follows.

2.1. Goh transformation. First, we make the following transformation. Introduce the above
state variable ȳ of dimension r subjected to equation (1.11), and a new state variable ξ̄ = x̄−Bȳ
of dimension n. Obviously, the last one satisfies the relations

˙̄
ξ (t) = A ξ̄ + B1ȳ, ξ̄ (0) = x̄(0), (2.3)

where the r× r−matrix B1 = AB− Ḃ is measurable and bounded. Note that this equation does
not contain ū; the last one comes (in the simplest form!) only into equation (1.11) for ȳ.

Now, since x̄ = ξ̄ +Bȳ, we can replace the initial state variable x̄ by the pair of new state
variables ξ̄ , ȳ. This passage, proposed by B.S. Goh in [8], is called Goh transformation.
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The endpoint conditions, determining the cone K0 , now take the form:

ai0 ξ̄ (0)+aiT
(
ξ̄ (T )+B(T )ȳ(T )

)
6 0, i ∈ I,

b j0 ξ̄ (0)+b jT
(
ξ̄ (T )+B(T )ȳ(T )

)
= 0, j ∈ J.

(2.4)

Let us rewrite Ω in the new variables, aiming to exclude its explicit dependence on the control
ū. Define by q(x̄(0), x̄(T )) the endpoint terms in (2.1); it is a finite-dimensional quadratic form
in the space R2n. Setting x̄ = ξ̄ +Bȳ, we get

Ω = q
(

ξ̄ (0), ξ̄ (T )+B(T )ȳ(T )
)
+
∫ T

0

(
(Qξ̄ , ξ̄ )+2(Qξ̄ ,Bȳ)+(QBȳ,Bȳ) +

+ 2(Pξ̄ , ū) + 2(PBȳ, ū)
)

dt. (2.5)

We see that here ū comes only in the last two terms. Consider each of them. The term (Pξ̄ , ū)
can be integrated by parts in view of equation (2.3):

T∫
0

(Pξ̄ , ū)dt = (Pξ̄ , ȳ)

∣∣∣∣∣∣
T

0

−
T∫

0

((Pξ̄ )•, ȳ)dt =

=
(
P(T )ξ̄ (T ), ȳ(T )

)
−

T∫
0

(
(Ṗξ̄ , ȳ)+(P(Aξ̄ +B1ȳ), ȳ)

)
dt.

All the terms in the resulting expression do not contain ū and so, can be added to preceding
terms in expression (2.5).

Consider the term (PBȳ, ū). The Lip-continuous r× r-matrix P(t)B(t) can be represented
as the sum of two matrices: PB(t) = S(t) +V (t), where S = PB + B∗P∗ is symmetric and
V = PB−B∗P∗ skew-symmetric ones. Since (S ȳ, ȳ)• = (Ṡ ȳ, ȳ)+2(S ȳ, ū), we have

T∫
0

(Sȳ, ū)dt =
1
2
(
S(T )ȳ(T ), ȳ(T )

)
− 1

2

T∫
0

(Ṡȳ, ȳ)dt.

The obtained expression does not contain ū and, again, can be added to preceding terms in (2.5).
However, the term (V ȳ, ū) cannot be removed a priori.

Gathering similar terms, we come to the following quadratic functional:

Ω = q1
(
ξ̄ (0), ξ̄ (T ), ȳ(T )

)
+
∫ T

0

(
(Qξ̄ , ξ̄ )+2(P1ξ̄ , ȳ)+(R1ȳ, ȳ)+(V ȳ, ū)

)
dt, (2.6)

where

q1
(
ξ̄ (0), ξ̄ (T ), ȳ(T )

)
=

= q
(
ξ̄ (0), ξ̄ (T )+B(T ) ȳ(T )

)
+2(P(T ) ξ̄ (T ), ȳ(T ))+ 1

2(S(T )ȳ(T ), ȳ(T )),

S = PB+B∗P∗, V = PB−B∗P∗, B1 = AB− Ḃ,

P1 = B∗Q− Ṗ−PA, R1 = B∗QB−PB1−B∗1P∗− 1
2 Ṡ.
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These formulas will not be used in below. Note only, that due to the imposed assumptions, the
skew-symmetric matrix V (t) is Lip-continuous, and the symmetric matrix R1(t) is measurable
and bounded.

The resulting expression contains only one term with ū, this is (V ȳ, ū). In general, this term
cannot be removed. Nevertheless, it can in some special case, and this is the main step in the
promised refinement.

Theorem 2.1. If the functional Ω(w̄) > 0 on the cone K0 given by (2.4) and (2.3), then the
following two pointwise conditions hold true on [0,T ]:

a) V (t) = 0, b) R1(t) > 0. (2.7)

Here, condition a) holds for all t ∈ [0,T ], while b) holds for almost all t ∈ [0,T ].

These conditions are well-known as Goh conditions (of equality and inequality types, respec-
tively); the proof was first given in [8] for the case without endpoint constraints and in [22] for
the general case.

2.2. Passage to a new control. By the above theorem, we come to a quadratic functional of
the form

Ω = q1
(
ξ̄ (0), ξ̄ (T ), ȳ(T )

)
+

T∫
0

(
(Qξ̄ , ξ̄ )+2(P1ξ̄ , ȳ)+(R1ȳ, ȳ)

)
dt, (2.8)

that does not contain explicitly the control ū, which comes only into equation ˙̄y = ū.
Then, one may remove this equation and, in view of (2.3), consider the variable ȳ as a new

control(!). Moreover, this variable, initially belonging to the space Lip r
0[0,T ] (consisting of all

Lip-continuous functions y(t) on [0,T ] with the value y(0) = 0), can be now taken from the
wider space Lr

2[0,T ] (see the next two lemmas). The state variable ξ̄ is uniquely determined
from equation (2.3) by the initial condition ξ̄ (0) and the control ȳ.

One may notice an obstacle concerning the endpoint conditions (2.4) that involves the value
ȳ(T ), which is not admissible in the space Lr

2[0,T ]. However, this obstacle is easily overcome
by replacing ȳ(T ) with an arbitrary vector h̄ ∈ Rr. Thus, the quadratic functional (2.8) now
depends on the triple (ξ̄ (0), ȳ, h̄) and have the following form (where we drop the bars):

Ω = q1
(
ξ (0),ξ (T ),h)

)
+

T∫
0

(
(Qξ ,ξ )+2(P1ξ ,y)+(R1 y,y)

)
dt, (2.9)

subject to equation
ξ̇ (t) = Aξ + B1y, (2.10)

and the endpoints relations

ai0 ξ (0)+aiT (ξ (T )+B(T )h)6 0, i ∈ I,

b j0 ξ (0)+b jT (ξ (T )+B(T )h) = 0, j ∈ J.
(2.11)

This extension of the space

U := {(ξ (0),y(·),y(T )) | (ξ (0),y(·)) ∈ Rn×Lip r
0[0,T ]}
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to the space H := Rn×L2[0,T ]×Rr of elements (ξ (0),y(·),h) is justified by the following two
simple lemmas on density (see e.g. [31, 32]), and by the continuity of Ω in the extended space
H.

Denote by K the subset of H determined by relations (2.11).

Lemma 2.2. The subspace U in L2[0,T ]×Rr consisting of the pairs (y(·),y(T )), where y ∈
Lip [0,T ] with y(0) = 0, is dense in L2[0,T ]×Rr.

Lemma 2.3. Let H be a locally convex topological vector space, K be a finite-faced cone in H,
and U be a linear variety (algebraic subspace) dense in H. Then K∩ U is dense in K.

In our case, K∩U=K0 , so Lemma 2.3 says that K0 is dense in K. Therefore, if the functional
Ω of the form (2.8) is nonnegative on K0 in the space U, then it is nonnegative on K in the space
H.

Thus, we have to analyze the sign-definiteness of quadratic functional (2.9) on the cone K
given by relations (2.10)–(2.11) in the space H. This functional has almost classical type; the
only difference from the classics is the presence of the parameter h that comes into the above
relations. However, concerning this parameter we can give one more optimality condition, along
with conditions a) and b) of Theorem 2.1:

Lemma 2.4. If Ω(ξ ,y,h)> 0 on the cone K, then, for any pair (ξ ,y) satisfying (2.10),

c) inf
h

Ω(ξ ,y,h) > 0,

where the infimum is taken over all h such that the corresponding triple (ξ ,y,h) satisfies (2.3)
and (2.4).

Despite the seeming ”awkwardness” of this condition, it proves to be fairly effective in deter-
mining the non-optimal processes. Thus, the nonnegativity of Ω on K implies three necessary
conditions: a), b), c). In a typical case, when Ω is strictly non-degenerate in the control y,
i.e. when R1(t) > const > 0, its sign-definiteness can be analyzed by methods of the classical
calculus of variations (see e.g. [31]–[33]).

Next, consider the general case when the set Λ is not a single point.

3. THE SET Λ IS MORE THAN A SINGLETON

In this case, we must get back to the functional (2.1), involving the original control u, and
then, after the above reductions, to the functional (2.6) on the space U, where all matrices lin-
early depend on λ from the set Λ. Consider its convex hull M = coΛ. Obviously, it is compact
in Rm, where m = |I|+ |J|. Since Ω[λ ](w̄) is linear in λ , conditions (1.12)–(1.13) remain equiv-
alent if one replace Λ by coΛ.

Now, let G be the set of all λ ∈ Rm such that quadratic functional Ω[λ ](w̄) satisfies the two
conditions (2.7). Clearly, it is convex and closed, may be empty. Define the set G(M) = G∩M
and the functional

Ω[G(M)](w̄) = sup
λ∈G(M)

Ω[λ ](w̄).

(As usual, we assume that supØ = −∞.)
The following refined version of Theorem 1.2 holds true.
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Theorem 3.1. If Ω[M](w̄)> 0 on the cone K0 in U, then also Ω[G(M)](w̄)> 0 on the cone K
in H. In particular, it follows that G(M) is nonempty.

Since G(M)⊂M and K0 ⊂ K, the last inequality is obviously stronger than the first one.
The proof will be done in two steps, according to conditions a) and b) in (2.7). The first

step is aimed to prove condition a). Since M is a set in Rm, we can assume that we are given a
vector-valued quadratic functional Ω(w) =

(
Ω1(w), . . . , Ωm(w)

)
, where each Ωi is a functional

of the form (2.6), and so, for any λ ∈ Rm we have a quadratic functional

Ω[λ ](w) = (λ ,Ω(w)) = ∑
i

λi Ωi(w).

Along with this, we consider the vector function (V y,u) =
(
(V1y,u), . . . ,(Vmy,u)

)
and similar

vector functions for all other coefficients of Ω. (Notation V and Ω without indices or square
brackets are used for ordered sets of matrices (V1, . . . ,Vm) and functionals (Ω1, . . . ,Ωm). We
hope this will not cause confusion.)

Now, fix any t∗ ∈ [0,T ]. For any Lip-continuous function y(τ) on the interval [0,1] with the
endpoint values y(0) = y(1) = 0, we define the vector

σ(y) :=
∫ 1

0

(
V (t∗)y(τ), ẏ(τ)

)
dτ ∈ Rm.

Denote by L(t∗) the set of all vectors σ(y) generated by all such functions y(τ). Note that
σ(y) =

∮ (
V (t∗)y,dy

)
, where the integral is taken along the curve traced by the function y(τ).

Therefore, if σ ∈ L(t∗), then k σ ∈ L(t∗) for any real k, and if σ ′, σ ′′ ∈ L(t∗), then σ ′+σ ′′ ∈
L(t∗), because the corresponding curves y′, y′′ can be traced consecutively one after another.
Thus, L(t∗) is a linear subspace in Rm.

Lemma 3.2. For any σ ∈ L(t∗), there exists a sequence of Lip-continuous functions yn(t) sup-
ported on an interval ∆n→ t∗ such that ||ẏn||1 6 O(1), and∫ T

0

(
V (t)yn(t), ẏn(t)

)
dt → σ . (3.1)

Proof. Fix any σ̂ ∈ L(t∗) and a corresponding function ŷ(τ) ∈ Lip [0,1]. Take any sequence
of intervals ∆n = [t1, t2] containing the point t∗ such that δn = t2− t1→ 0, and define the func-
tions yn(t) = ŷ( t−t1

δn
) for t ∈ ∆n and yn(t) = 0 otherwise. Clearly, σ(yn) = σ̂ for all n; moreover,

||yn||C = ||ŷ||C 6 O(1) and ||ẏn||1 = || ˙̂y||1 6 O(1). Finally, since the matrix V is continuous,
whence max |V (t)−V (t∗)| → 0 on ∆n , we obviously have∫ T

0

∣∣∣((V (t)−V (t∗))yn(t), ẏn(t)
)∣∣∣dt 6 o(1) · ||yn||C · ||ẏn||1 → 0,

hence the sequence yn satisfies (3.1), q.e.d. �

Now, take an arbitrary finite set θ = {t1, . . . , tN} in [0,T ], define a subspace L(θ) = ∑L(ti),
and then a subspace

L =
⋃
θ

L(θ) = ∑
θ

L(θ),

where the union and the sum is taken over all possible finite θ -s.
The last equality holds because for any t1, t2 we obviously have L(t1)∪L(t2)⊂L(t1)+L(t2) =

L(t1, t2).
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The key fact in the proof of Theorem 3.1 is the following

Lemma 3.3. Suppose that, for any w̄ ∈ K0,

max
λ∈M

Ω[λ ](w̄)) > 0. (3.2)

Then, for any w̄ ∈ K0 and any σ ∈L ,

max
λ∈M

(
Ω[λ ](w̄) + (λ ,σ)

)
> 0. (3.3)

Proof. Take any w̄ = (ξ̄ , ȳ, ū) ∈ K0 and any σ ∈L . Let yn be a sequence from Lemma 3.2
that generates σ by (3.1), and let wn =(ξn,yn,un) be the corresponding sequence from equations
(1.11) and (2.3) with ξn(0) = 0. Since ||yn||1→ 0, by the Gronwall lemma ||ξn||C→ 0, whence
also Ω(wn)→ σ , i.e.. Ω[λ ](wn)→ (λ ,σ) for any λ ∈ Rm.

Now, we consider the sequence of functions Ω[λ ](w̄+wn), where λ ∈ M and n = 1,2, . . . .
The mixed terms in their decomposition are∫ T

0

(
(Q[λ ]ξ̄ ,ξn)+(P1[λ ]ξ̄ ,yn)+(P1[λ ]ξn, ȳ)+(R1[λ ]ȳ,yn)+

+ (V [λ ]yn, ū)+(V [λ ]ȳ,un)
)

dt.

Since ||yn||1 → 0 and ||ξn||C → 0, the first five terms here tend to zero. The last term can be
reduced to the preceding ones by the integration by parts:∫ T

0
(V [λ ]ȳ,un)dt = −

∫ T

0
(V̇ [λ ]ȳ,yn)dt −

∫ T

0
(V [λ ]ū,yn)dt → 0.

Recall that matrices V [λ ](t) are Lip-continuous, so |V̇ [λ ](t)|6 const . Therefore,

Ω[λ ](w̄+wn) = Ω[λ ](w̄)+Ω[λ ](wn)+o(1) → Ω[λ ](w̄)+(λ ,σ).

Note that the sequence w̄+wn may not belong to the cone K0 given by relations (2.4). However,
since w̄ satisfies these relations, they can be violated only by O(|ξn(T )|)→ 0, hence, by the
Hoffman lemma (see Appendix) there exists a sequence w′n ∈K0 such that ||w′n−(w̄+wn)||U→
0. Since Ω[λ ] is Lip-continuous on any bounded set in U, we have

Ω[λ ](w′n) = Ω[λ ](w̄+wn)+o(1) → Ω[λ ](w̄)+(λ ,σ).

Applying (3.2) for w′n ∈ K0 , we get in the limit:

max
λ∈M

(λ , Ω(w̄)+σ) > 0, q.e.d. �

Since the last inequality holds for all σ ∈L , we have

inf
σ∈L

max
λ∈M

(λ , Ω(w̄)+σ) > 0.

Here, the expression under the max sign is linear both in λ and σ , the sets M and L are convex,
moreover, M is compact. Then, by the Neumann minimax theorem [28] we can interchange the
operations of in f and max, thus obtaining maxλ∈M infσ∈L (λ , Ω(w̄)+σ) > 0. Since L is a
subspace, any λ /∈L ⊥ gives inf

σ∈L
(λ , Ω(w̄)+σ) = −∞, so it can be removed from the max-

operation. On the other hand, any λ ∈L ⊥ gives

inf
σ∈L

(λ , Ω(w̄)+σ) = (λ , Ω(w̄)),
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so we get
max

λ ∈M∩L ⊥
(λ , Ω(w̄)) > 0, (3.4)

which holds for any w̄ ∈ K0. In particular, it follows that M∩L ⊥ is nonempty.
Now we note that for any λ ∈L ⊥ the matrix (λ ,V ) is such that, for all t∗ ∈ [0,T ] and all

cycles y(τ) on [0,1] with y(0) = y(1) = 0 we have
∮
((λ ,V (t∗))y,dy) = 0, which obviously

implies (λ ,V (t∗)) = 0. Then the matrix (λ ,V (t)) is identically zero, so the functional Ω[λ ]
does not involve the control u.

Thus, like in the case of M = {·} (see Sec. 2.2), the control u is now removed from the
functionals Ω[λ ] for all λ ∈L ⊥, and we again can pass to the independent variables (ξ0, y(·), h)
from the extended space H = Rn× L2[0,T ]×Rr, where y is a new control, ξ is a new state
variable, and h an additional parameter. The cone K0 can now be replaced by the cone K given
by relations (2.10)–(2.11), and so, we come to the condition

max
λ ∈M∩L ⊥

(λ , Ω(w̄)) > 0, ∀ w̄ ∈ K. (3.5)

This was the first step in the proof of Theorem 3.1.
The second step concerns condition b) in (2.7) and can be more clearly presented in the

following abstract setting.

3.1. An abstract refinement theorem. Let H be a Hilbert space, in which we are given a finite
number of quadratic functionals

Ωi(x) = (Qix,x), x ∈ H, i = 1, . . . ,m,

where each Qi : H→H is a linear symmetric operator. Thus, we have a vector-valued quadratic
mapping Ω(x) =

(
Ω1(x), . . . , Ωm(x)

)
. For any vector λ ∈ Rm, define the quadratic functional

Ω[λ ](x) = (λ ,Ω(x)) = ∑
i

λi Ωi(x) = ∑
i

λi(Qix,x).

Let S be a convex compact set in Rm. Define the functional

Ω[M](x) = max
λ∈S

(λ ,(Qx,x)),

and let S0 be the set of all λ ∈ S such that the functional Ω[λ ](x) is lower semi-continuous in
the weak topology (w.l.s.c.) in H. Obviously, S0 is a convex closed subset of S (may be empty).
The last is true because any weakly converging sequence xn→ x0 is bounded, the convergence
Ω[λm](x)→ Ω[λ0](x) for λm → λ0 is uniform on any bounded set, and the uniform limit of
semi-continuous functions is semi-continuous.

Define the set R of all vectors σ ∈ Rm such that Ω(xn)→ σ for some sequence xn
wk
⇀ 0.

Obviously, it is a cone, and we claim that it is convex. Indeed, let xn
wk
⇀ 0, Ω(xn)→ σ , and

yn
wk
⇀ 0, Ω(yn)→ ρ. Then there exists a subsequence kn → ∞ such that for any i we have

(Qixn,ykn)→ 0, whence

Ω(xn + ykn) = Ω(xn)+Ω(ykn)+o(1) → σ +ρ, q.e.d.

Denote by R∗ the dual (conjugate) cone to R.

Lemma 3.4. The cone R∗ consists of all α ∈ Rm such that the functional (α,Ω(x)) is weakly
lower semi-continuous.
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Proof. Indeed, if α ∈R∗, then, for any xn
wk
⇀ 0, liminf(α,Ω(xn))→ 0. Otherwise, choosing

a subsequence, we obtain Ω(xn)→ σ ∈R and (α,σ)< 0, a contradiction.

Conversely, if (α,Ω(x)) is w.l.s.c., then for any σ ∈R and a corresponding sequence xn
wk
⇀ 0

with Ω(xn)→ σ , we have (α,σ) = lim(α,Ω(xn))> 0, i.e., α ∈R∗, q.e.d. �
Finally, let K be a cone in H given by a finite number of linear inequalities (ai,x) 6 0,

i = 1, . . . ,s, where all ai ∈ H.

Lemma 3.5. For any h ∈ K and any σ ∈R, there exists a sequence x′n ∈ K such that Ω(x′n)→
Ω(h)+σ .

Proof. Take any sequence xn
wk
⇀ 0 with Ω(xn)→ σ . Clearly, Ω(h+ xn)→ Ω(h)+σ . Note

that we cannot guarantee that h+xn ∈ K. However, since (ai,h)6 0 for all i, then (ai, h+xn)6
o(1), whence by the Hoffman lemma (see Appendix) there is a sequence x′n ∈ K such that
||x′n− (h+ xn)|| → 0. Since Ω is Lip-continuous on any bounded set, we get

Ω(x′n) = Ω(h+ xn)+o(1) → Ω(h)+σ , q.e.d. �

The following assertion, similar to Theorem 3.1 and proved in [30], enjoys perhaps even
wider generality. For the reader’s convenience, we give the proof here.

Theorem 3.6. If Ω[S](x)> 0 on K, then S0 = S∩R∗ is nonempty and Ω[S0](x)> 0 on K. The
converse is trivial.

Proof. Let Ω[S](x)> 0 on K. Fix any h ∈ K. By Lemma 3.5, for any σ ∈R, there exists a
sequence x′n ∈ K such that Ω(x′n)→Ω(h)+σ . Since

Ω(S)(x′n) = max
λ∈S

(λ ,Ω(x′n)> 0,

we have in the limit:
max
λ∈S

(λ , Ω(h)+σ) > 0,

and then
inf

σ∈R
max
λ∈S

(λ , Ω(h)+σ) > 0.

Here, the expression under the max-operation is linear both in λ and σ , the sets S and R are
convex, moreover, S is compact. Then, applying again the minimax theorem [28], we inter-
change the operations of in f and max:

max
λ∈S

inf
σ∈R

(λ , Ω(h)+σ) > 0.

Now, since R is a cone, any λ /∈R∗ gives inf
σ∈R

(λ , Ω(h)+σ) = −∞, so it can be removed from

the max-operation. On the other hand, any λ ∈R∗ gives inf
σ∈R

(λ , σ) = 0, so we obtain

max
λ ∈S∩R∗

(λ , Ω(h)) > 0.

This holds for any h ∈ K. In particular, it follows that S0 = S∩R∗ is nonempty. Theorem 3.6
is proved. �

Proof of Theorem 3.1. Recall that we study a family of functionals Ω[λ ](w) of the form
(1.8) on the cone K0 of the form (1.9), where λ belongs to a convex compact set M = coΛ⊂Rm.
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By the Goh transformation, this situation is reduced to functionals of the form (2.6), considered
on the cone (2.4).

Assume that Ω[M](w̄)> 0 on K0 . Lemma 3.3 and (3.4) imply that Ω[S](w̄)> 0 on K0 , where
S = M∩L ⊥ consists of all λ ∈M such that Ω[λ ] satisfies condition a) in (2.7), i.e. V [λ ](t) = 0.

Further, since the original control ū is eliminated, we can pass to the new control ȳ ∈ Lr
2[0,T ]

and obtain Ω[S](w̄)> 0 on the cone K in the extended space H. Then by Theorem 3.6 we have
Ω[E(S)](w̄)> 0 on K, where E(S) = S∩R∗, and R∗ is the set of all λ ∈ Rm such that Ω[λ ] is
w.l.s.c. in the space H.

Finally, equality E(S) = M∩L ⊥∩R∗ = G(M) is guaranteed by the following simple fact.

Lemma 3.7. The quadratic functional (2.8) is w.l.s.c. in y ∈ Lr
2[0,T ] ⇐⇒ it satisfies the Le-

gendre condition b) in (2.7), i.e. R(t)> 0 a.e. on [0,T ].

Thus, Ω[G(M)](w̄)> 0 on K. This accomplishes the proof of Theorem 3.1.
Combining this result with assertion a) of Theorem 1.2, we obtain the following

Theorem 3.8. If ŵ delivers a weak minimum, then

Ω[G(coΛ)](w̄) > 0 for all w̄ ∈ K. (3.6)

In Section 3.3 below we consider the case when G(coΛ) can be replaced by a more narrow
set G(Λ).

3.2. Refinement of the sufficient condition. Consider the sufficient condition b) of Theorem
1.2 (condition (1.13)) and the similar conditions b′), obtained from that by replacing the set Λ

with M = coΛ, i.e., there exists a constant c > 0 such that

Ω[coΛ](w̄) > cγ(w̄) for all w̄ ∈ K0 . (3.7)

Since the function Ω[λ ](w̄) is linear in λ , its maximum over Λ coincides with that over
coΛ, so conditions b) and b′) are equivalent. Now, we suppose (3.7) holds. Define a family
of quadratic functionals Ω̃[λ ](w̄) = Ω[λ ](w̄)− cγ(w̄), where (λ ,c) ∈ M̃ = M×{c} lies in
Rm×R and m = dimλ . Since γ has the form (1.10), this functional is of the same form, hence
condition (3.7) implies Ω̃[M̃](w̄) > 0. Then, by Theorem 3.1 we can replace the set M̃ with
G(M̃), so condition (3.7) is equivalent to the following one:

Ω̃[G(M̃)](w̄) > 0 for all w̄ ∈ K. (3.8)

The set G(M̃) consists of all (λ ,c) ∈ M̃ such that Ω̃[λ ] satisfies conditions (2.7), i.e. Ω[λ ]
satisfies conditions V [λ ](t) = 0 and R[λ ](t)> c. Therefore, (3.8) means that

Ω[Gc(M)](w̄) > cγ(w̄) for all w̄ ∈ K, (3.9)

where the set Gc(M) consists of all λ ∈M such that V [λ ](t) = 0 and R[λ ](t)> c a.e. on [0,T ],
or, in other words, of all λ ∈G(M) such that R[λ ](t)> c a.e. on [0,T ]. Obviously, (3.9) implies
that

Ω[G(M)](w̄) > cγ(w̄) for all w̄ ∈ K. (3.10)

An advantage of conditions (3.9) and (3.10), which are equivalent to (1.13), is that the cor-
responding functionals might possibly be simpler than that in (1.13), because the maximization
in λ is performed over more narrow sets.
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3.3. On possible strengthening the necessary conditions. Consider the case when the equal-
ity constraints (1.3)–(1.4) are non-degenerate, i.e. when the set Λ does not contain a triple
(α0,α,β ) ∈ R1+d(ϕ)×Rd(η) with α0 = 0, α = 0, so that only β 6= 0. In this case, the function
|β |/(α0 + |α|) , being continuous, is bounded on the compact set Λ from above: |β |/(α0 +
|α|) 6C, i.e. |β | 6C(α0 + |α|) with some C. Hence, the normalization α0 + |α|+ |β | = 1 is
equivalent to α0 + |α| = 1, i.e. to ∑

d(ϕ)
i=0 αi = 1. In the last normalization, the set Λ is convex,

so G(coΛ) = G(Λ). In the original (and any equivalent) normalization we can assert that

G(coΛ) = co(G(Λ)).

However, since Ω[λ ] is linear in λ , we have Ω[co(G(Λ))](w̄) = Ω[G(Λ)](w̄), and therefore,
Theorem 3.8 reads as follows: if ŵ delivers a weak minimum, then

Ω[G(Λ)](w̄) > 0 for all w̄ ∈ K. (3.11)

In the degenerate case, i.e., when the set Λ contains a triple (α0,α,β ) with α0 = 0, α = 0,
only the following inclusion holds true:

G(coΛ) ⊃ co(G(Λ)).

Indeed, coΛ⊃ Λ, then G(coΛ)⊃ G(Λ), and since the first set equals G∩ coΛ, it is convex,
whence G(coΛ)⊃ co(G(Λ)).

Thus, if the equality constraints in Problem A are degenerate, our considerations do not allow
to replace G(coΛ) with G(Λ) in Theorem 3.8. Nevertheless, as was shown by Milyutin [26],
this replacement can be justified, but by quite another, essentially more difficult technique. The
last one is based on the replacement of some degenerate equality constraints by some specific
(not straightforward!) inequality constraints, so that the remaining equality constraints become
non-degenerate. Milyutin proved the following

Theorem 3.9. If ŵ delivers a weak minimum in Problem A, then

Ω[Λ+](w̄) > 0 for all w̄ ∈ K, (3.12)

where Λ+ is the set of all λ ∈ Λ, such that Ω[λ ](w̄) > 0 on a subspace Lλ ⊂W of a finite
codimension cλ that depend on λ .

It can be easily shown that Λ+ ⊂ G(Λ), so this theorem implies (3.11). Moreover, it also
implies the result of [13]. Later, some upper bounds on the codimension cλ were obtained in
[29]. Detailed review of all those results is far beyond the scope of this paper.

4. THE ABSTRACT TWO-NORM APPROACH

Now we pass to the proof of Theorem 1.2. To this aim, consider the following general abstract
problem:

f0(x)→min, fi(x)6 0, i = 1, . . . ,s; g(x) = 0. (4.1)
Here X , Y are Banach spaces, the functionals fi : X → R and the mapping g : X → Y are

defined in an open set D ⊂ X , and we are interested in the local minimality at a given point
x0 ∈D .

For now, we impose the following first order assumptions:
A1) the functionals fi , i= 0,1, . . . ,s, are Frechet differentiable at x0, the mapping g is strictly

differentiable at x0 (smoothness of the data functions);
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A2) the image of the derivative g′(x0) is closed in Y (weak regularity of equality constraint).
Under these assumptions, the following well known Lagrange multipliers rule holds.

Theorem 4.1. Let x0 be a local minimum in problem (4.1). Then there exist Lagrange multi-
pliers αi > 0, i = 0,1, . . . , s, and y∗ ∈ Y ∗, satisfying the normalization ∑i αi + ||y∗|| = 1, the
complementary slackness conditions

αi fi(x0) = 0, i = 1, . . . ,s, (4.2)

and such that the Lagrange function

L (x) = α0 f0(x)+
s

∑
i=1

αi fi(x) + y∗g(x)

is stationary at x0: L ′(x0) = 0, i.e.,

α0 f ′0(x0) +
s

∑
i=1

αi f ′i (x0) + y∗g′(x0) = 0. (4.3)

The set of all tuples λ = (α0,α,y∗) satisfying the above properties, where α = (α1, . . . , αs),
will be denoted by Λ(x0), or simply Λ. Theorem 4.1 claims that, at any local minimum this set
is nonempty. These conditions are of first order, because they involve only first derivative of all
data functions in the problem at a given point.

To obtain second order conditions, we will use the well-known two-norm approach (see, e.g.
[23, 24, 25]), though in a bit modified form. To describe it, we assume that, along with the norm
||x||, the space X is also equipped by another norm ||x||a which is weaker than the basic one:
||x||a 6 const ||x||. Naturally, we also have to impose some assumptions of the second order.

Let be given a mapping F : X→ Z between two Banach spaces, defined in a neighborhood of
a point x0 ∈ X . Introduce the following notion. (Which will be used for mappings to the spaces
R and Y.)

Definition 4.2. We say that the mapping F : X → Z admits an expansion up to second order
terms (or simply, a second order expansion) at the point x0 if

F(x0 + x̄) = F(x0)+F ′(x0) x̄+
1
2

QF(x̄)+ rF(x̄) ∀ x̄ ∈ X , (4.4)

where F ′(x0) : X → Y is a linear bounded operator (the Frechet derivative), and QF(x̄) =
DF(x̄, x̄), where DF : X×X → Y is a symmetric bilinear mapping satisfying the estimate

||DF(x̄1, x̄2)||6 cF ||x̄1||a ||x̄2||, cF = const , (4.5)

and ||rF(x̄) = o(||x̄||2a) as ||x̄|| → 0.

Note that two different norms of x̄ are used in the right-hand side of inequality (4.5). This is
the point that differ our version of the two-norm approach from the standard one, where both x̄1
and x̄2 are taken with the weak norm || · ||a. Therefore, our assumption (4.5) is more week than
the standard one. The term QF(x̄) will be called the second variation of the mapping F at x0.
Note that estimate (4.5) implies

||QF(x̄)|| 6 cF ||x̄||a ||x̄||. (4.6)

Let x0 be a stationary point of problem (4.1), i.e. have a nonempty Λ(x0). In addition to
assumptions A1 and A2, we impose the following assumption:
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A3) the data functions fi and g have expansions up to second order terms at the point x0.
Now, we introduce the quadratic order

γ(x̄) = ||x̄||2a.

Our aim is to obtain necessary and sufficient conditions of this order for a local minimum at x0
in problem (4.1).

Let I = I(x0) be the set of all active indices at x0. Without loss of generality, we may assume
that I = {0,1, . . . , s} and f0(x0) = 0. It follows from expansion (4.4) that, for any λ ∈ Λ(x0),
the corresponding Lagrange function L[λ ](x) has the expansion

L[λ ](x0 + x̄) = L[λ ](x0)+L′[λ ](x0)x̄+
1
2

QL[λ ](x̄)+ rL[λ ](x̄). (4.7)

Since L[λ ](x0) = 0, and by (4.3) also L′[λ ](x0) = 0, we have

L[λ ](x0 + x̄) =
1
2

Ω[λ ](x̄)+ rL[λ ](x̄), (4.8)

where the quadratic form

Ω[λ ](x̄) := QL[λ ](x̄) = ∑
i∈I

αi Qi(x̄)+ y∗Qg(x̄)

(which will be called the second variation of the Lagrange function) is generated by the bilinear
form

DL[λ ](x̄1, x̄2) = ∑
i∈I

αiDi(x̄1, x̄2)+ y∗Dg(x̄1, x̄2) (4.9)

that satisfies (4.5), and the remaining term is

rL[λ ](x̄) = ∑
i∈I

αi ri(x̄)+ y∗rg(x̄) = o(||x̄||2a) as ||x̄|| → 0.

Also, we introduce the cone of critical variations

K = { x̄ | f ′i (x0) x̄6 0, ∀ i ∈ I, g′(x0) x̄ = 0}. (4.10)

Note that it is always nonempty, since contains x̄ = 0.
Following Levitin–Milyutin–Osmolovskii [20], we introduce the function

Ω[Λ](x̄) = sup
λ∈Λ

Ω[λ ](x̄)

and the violation function σ(x) := ∑i∈I f+i (x)+ ||g(x)||, where a+ = max{a,0}.

Theorem 4.3. a) If x0 is a local minimum, then

Ω[Λ](x̄) > 0 ∀ x̄ ∈ K. (4.11)

b) If there exists c > 0 such that

Ω[Λ](x̄) > cγ(x̄) ∀ x̄ ∈ K, (4.12)

then x0 is a strict local minimum of the order γ. The last means that there exists b > 0 such that,
in a neighborhood of x0, the following estimate holds: σ(x)> bγ(x− x0).

Note that, if the two norms coincide: ||x||a = ||x||, this theorem reduces to a well known
theorem from [20].
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5. PROOF OF THEOREM 4.3

Let us pass to the proof. We begin with assertion a), the necessity. First of all, note that
if g′(x0)X 6= Y, then Λ contains an element λ̂ with all αi = 0 and y∗ 6= 0. Then also −λ̂ ∈ Λ,

and hence, for any x̄ ∈ X we have Ω[Λ](x̄) > |Ω[λ̂ ](x̄)| > 0, so the inequality (4.11) holds
independently of the local minimality at x0. Therefore, in below we assume that g′(x0)X = Y.

Recall that, in this regular case, the Lyusternik theorem says (see e.g. [2]–[6]) that there is
a neighborhood O(x0) and a constant b such that for any x ∈ O(x0) there exists a correction x̃
such that g(x+ x̃) = 0 and ||x̃||6 b ||g(x)||.

Lemma 5.1. If x0 is a local minimum, then, for any x̄ ∈ K, the following system is incompatible
with respect to h:

f ′i (x0)h+Qi(x̄)< 0,

g′(x0)h+Qg(x̄) = 0.
(5.1)

Proof. Suppose the contrary: such x̄ and h exist. Then ∃C > 0 such that

f ′i (x0)h+Qi(x̄)<−2C,

g′(x0)h+Qg(x̄) = 0.
(5.2)

Multiplying the inequality in (4.10) by ε > 0, the system (5.2) by 1
2 ε2, and summing the results

up, we obtain the relations:

f ′i (x0)(ε x̄+ 1
2 ε2h)+ 1

2 ε2Qi(x̄)<−Cε2,

g′(x0)(ε x̄+ 1
2 ε2h)+ 1

2 ε2Qg(x̄) = 0.
(5.3)

Note that

Qg
(
ε x̄+

1
2

ε
2h
)
= Dg

(
ε x̄+

1
2

ε
2h, ε x̄+

1
2

ε
2h
)
= ε

2Dg(x̄, x̄)+O(ε3)

and rg(ε x̄+ 1
2 ε2h) = o(ε2). Setting xε = x0 + ε x̄+ 1

2 ε2h, we obtain

g(xε) = g(x0)+g′(x0)
(
ε x̄+

1
2

ε
2h
)
+

1
2

ε
2Qg(x̄)+ o(ε2) = o(ε2) (5.4)

in view of (5.3). By the Lyusternik theorem (see, e.g., [3, 6, 27]), there is a correction x̃ε such
that g(xε + x̃ε) = 0 and ||x̃ε || = o(ε2). Then, applying (4.4) to all fi and taking into account
(5.3), we obtain for x′ε = x0 + ε x̄+ 1

2 ε2h+ x̃ε with all sufficiently small ε > 0:

fi(x′ε) = fi(x0 + ε x̄+ 1
2 ε2h+ x̃ε) =

= fi(x0)+ f ′i (x0)(ε x̄+ 1
2 ε2h+ x̃ε)+

1
2 ε2Di(x̄, x̄)+o(ε2)6−Cε2 +o(ε2)< 0.

So, the point x′ε satisfies all the constraints and gives strictly smaller value to the cost than x0
does, which contradicts the local minimality at x0.

Thus, Lemma 5.1 is proved. �

Now, we get back to the proof of assertion a) in Theorem 4.3. Fix any x̄ ∈ K and consider
system (5.1) with respect to h. It is a particular case of a general linear system of the form

(pi,x)+ξi < 0, i ∈ I,

Ax+η = 0,
(5.5)
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where x is an element of a Banach space X , all pi ∈ X∗, all ξi are real numbers, I is a finite set
of indices, A : X → Y is a linear bounded surjective operator, Y is a Banach space, and η ∈ Y.

Lemma 5.2. System (5.5) is incompatible⇐⇒ there exist multipliers αi > 0, i∈ I, and y∗ ∈Y ∗,
such that ∑αi > 0,

∑αi pi + y∗A = 0, (5.6)

and

∑αi ξi + 〈y∗,η〉 > 0. (5.7)

The proof is relegated to Appendix.
Applying this lemma to system (5.1), we get multipliers αi> 0, i∈ I, and y∗ ∈Y ∗, normalized

by ∑αi + ||y∗||= 1, such that

∑αi f ′i (x0) + y∗g′(x0) = 0, (5.8)

and

∑αi Qi(x̄) + 〈y∗,Qg(x̄)〉 > 0. (5.9)

The first relation means that the collection λ = (αi, i ∈ I, y∗) belong to Λ, and the second
one that Ω[λ ](x̄) > 0. Then, the more so, Ω[Λ](x̄) > 0, and this is true for any x̄ ∈ K. Thus,
assertion a) of Theorem 4.3 (the necessity part) is proved.

Let us prove assertion b), i.e., the sufficiency part. Suppose there is no γ−minimum at x0.
This means that there exists a sequence δxn 6= 0, δxn→ 0, such that

fi(x0 +δxn) 6 o(γn), i ∈ I,

g(x0 +δxn) = o(γn),

where we denote γn := γ(δxn) = ||δxn||2a.
Taking expansion (4.4) for each fi and g in the above relations, we get

f ′i (x0)δxn +
1
2 Qi(δxn)+ ri(δxn) 6 o(δxn),

g′(x0)δxn +
1
2 Qg(δxn)+ rg(δxn) = o(γn).

(5.10)

According to (4.4), all ri(δxn) = o(γn) and rg(δxn) = o(γn). Since

||Qi(δxn)||= ||Di(δxn,δxn)|| 6 const ||δxn||a · ||δxn|| = o(
√

γn),

and similarly |Qg(δxn)|= o(
√

γn), relations (5.10) imply

f ′i (x0)δxn 6 o(
√

γn),

g′(x0)δxn = o(
√

γn).
(5.11)

Thus, δxn violates the cone K by the value o(
√

γn). By the Hoffman lemma (see Appendix),
there exists a correction x̃n such that ||x̃n||6 o(

√
γn) and x̄n := δxn + x̃n ∈ K. Then

γ(x̄n) = ||δxn + x̃n||2a 6 γn +2
√

γn · ||x̃n||a + ||x̃n||2a = γn +o(γn).

Consider system (5.10). Take any λ ∈ Λ. Multiplying (5.10) by αi and y∗, respectively, and
summing up in view of (4.3), we obtain

1
2

Ω[λ ](δxn) 6 −rλ (δxn)+o(γn) 6 o(γn),
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where Ω[λ ](δxn) = ∑i Qi(δxn)+Qg(δxn) and rλ (δxn) = ∑ri(δxn)+ rg(δxn) = o(γn). Then,
for the sequence x̄n = δxn + x̃n ∈ K, we have

Ω[λ ](x̄n) = Ω[λ ](δxn)+2D[λ ](δxn, x̃n)+Ω[λ ](x̃n) 6

6 o(γn)+ const ||δxn||a · ||x̃n||+o(γn) =

= o(γn)+ const
√

γn ·o(
√

γn) = o(γn),

where D[λ ](δx, x̄) is defined in (4.9). This estimate is true for any λ ∈ Λ. Since the set Λ is
bounded, all the constants here are mutually bounded, whence

Ω[Λ](x̄n) = max
λ∈Λ

Ω[λ ](x̄n) 6 o(γn),

which contradicts the inequality (4.12). Theorem 4.3 is completely proved. �

In the next section, we apply this theorem to the above class of optimal control problems
(1.1)–(1.4).

REMARK. The concept of local minimality can be also formulated in terms of sequences.
Namely, let, as before, f0(x0) = 0. Obviously, the point x0 is a local minimum iff there is no
sequence xn → x0 such that f0(xn) < 0, fi(xn) 6 0 for all i 6= 0, and g(xn) = 0. This concept
is not symmetric w.r.t. the cost f0 and the inequality constraints fi. The strongest among
symmetrical necessary conditions (i.e., the closest to the local minimality) is the following
one, proposed by Levitin–Milyutin–Osmolovskii in [20] and called the s−necessity (strongest
necessity): there is no sequence xn → x0 such that fi(xn) < 0 for all i, and g(xn) = 0. (This
is close to the weak Pareto efficiency in multi-criterial optimization). In fact, practically all
known necessary conditions of local minimality follow not from the local minimality itself, but
from the s−necessity. In particular, Theorem 4.1 and part a) of Theorem 4.3 follow from the
s−necessity.

As to sufficient condition, they always guarantee not just local minimality, but strict local
minimality, which means that there is no sequence xn→ x0 , xn 6= x0 , such that fi(xn) 6 0 for
all i, and g(xn) = 0. This is the weakest condition, symmetric w.r.t. the cost and inequality
constraints, that guarantees the local minimality.

Similar concepts are proposed in [20] at the γ−level, where γ is some positive functional
with γ ′(0) = 0. (Typically, γ is a quadratic functional.) A point x0 delivers γ−necessity if
for any ε > 0 there is no sequence xn → x0 such that fi(xn) < −εγ(xn − x0) for all i, and
g(xn) = 0. A point x0 delivers γ−sufficiency if there exists c > 0 and a neighborhood O(x0) in
which σ(x) > cγ(xn− x0). A majority of necessary conditions of local minimality in different
classes of optimization problems are in fact necessary conditions of some order γ, specific for
each class, and follow not from the local minimality itself, but from the γ−necessity, and a
majority of sufficient conditions are sufficient conditions of some order γ and imply not only
local minimality, but also the γ−sufficiency. The gap between γ−necessity and γ−sufficiency
cannot be reduced at the level γ. Further development of these concepts see in [20] and [27].
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6. A GENERAL PROBLEM LINEAR IN THE CONTROL

Now we get back to Problem A and try to apply the abstract Theorem 4.3 to it. Here we take
γ of the form (1.10) and (in view of second order conditions) the following alternative norm:

||w||2a = γ(w) = |x(0)|2 +
∫ T

0
|y(t)|2 dt + |y(T )|2,

where ẏ = u and y(0) = 0.
Clearly, this norm is weaker than the original one: ||w||a 6 const ||w||. However, since

Problem A is stated in the space W = AC×L∞ of elements w = (x,u), we rather quickly face a
difficulty, caused by the fact that relation (1.4), being an equality constraint in the space L1 , does
not satisfy assumption A3, because its second order expansion contains the term (C(t) x̄(t))ū(t)
with some matrix C(t), the symmetrized form of which is

(C(t) x̄1(t))ū2(t)+(C(t) x̄2(t))ū1(t),

that cannot be estimated in the L1−norm by the product ||w̄1||a ||w̄2||, where w̄1 = (x̄1, ū1) and
w̄2 = (x̄2, ū2), and so, the estimate (4.5) does not hold here.

Because of this, we take as independent variables the initial state value x(0) and the control
u(t), i.e. the pair (x(0),u) ∈Rn×Lr

∞[0,T ], while the endpoint state value x(T ) will be regarded
as a function of them: x(T ) = ρ(x0,u), according to the dynamic equation

ẋ(t) = f (t,x(t)) + F(t,x(t))u(t), x(0) = x0 . (6.1)

Then, Problem A now takes the form:

J := ϕ0(x0, ρ(x0,u))→min, (6.2)

ϕi(x0, ρ(x0,u))6 0, i = 1, . . . ,d(ϕ), (6.3)

η j(x0, ρ(x0,u)) = 0, j = 1, . . . ,d(η), (6.4)

which will be called Problem B. (Note that the mapping ρ : Rn×Lr
∞[0,T ]→ Rn has a finite-

dimensional image.)
The weak minimality in Problem A is the local minimality with respect to the norm ||x||AC +
||u||∞. Obviously, on the admissible set, this norm is equivalent to the norm |x(0)|+ ||u||∞ of the
pair (x(0),u) in the space W = Rn×L∞ , so we may consider the local minimality in Problem
B w.r.t. the last norm.

We have to check all assumptions of the above two-norm approach for this problem, provided
that all the smoothness assumptions on the data functions are satisfied.

The fulfilment of the first order assumptions A1–A2 is obvious. The fulfilment of second
order assumption A3 is analyzed in the next section.

6.1. Second order expansion of the mapping ρ . Let us find a second order expansion of the
mapping ρ : (x0,u) 7→ x(T ) near a given point (x0,u) ∈W = Rn× Lr

∞[0,T ]. Let x(t) be the
corresponding solution of Cauchy problem (6.1). Taking a small increment (x̄0, ū), we get an
increment δx satisfying the relations (dropping the argument t) :

(x+δx)• = f (x+δx)+F(x+δx)(u+ ū), (x+δx)
∣∣∣
0
= x0 + x̄0 ,

where |x̄0|+ ||ū||∞→ 0. (Here we use the nominal norm in W, since we study the local mini-
mality in this norm.) Obviously, ||δx||C→ 0.
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Expanding the right hand side with account of (6.1), we obtain

(δx)• = f ′(x)δx+
1
2
( f ′′(x)δx,δx)+F(x)ū + r f (δx) +

+
[
F ′(x)δx+

1
2
(F ′′(x)δx,δx)+ rF(δx)

]
(u+ ū), δx(0) = x̄0 ,

where |r f (t,δx)|+ |rF(t,δx)| 6 α(δx)|δx|2 uniformly for t ∈ [0,T ] with some α(δx)→ 0.
Since F is a matrix, F ′ and F ′′ are some tensors of corresponding dimensions of the third
and fourth range, respectively, by (F ′(x)x̄)u etc. we denote their natural action on the vectors
δx, x̄, ū.

Define a function x̄(t) satisfying the linear equation

˙̄x = f ′(x)x̄+(F ′(x)x̄)u+F(x)ū, x̄(0) = x̄0 , (6.5)

and let δx = x̄+η . Then ||x̄||C→ 0, while η satisfies the equation

η̇ = f ′(x)η +
1
2
( f ′′(x)x̄, x̄) +( f ′′(x)x̄,η)+

1
2
( f ′′(x)η ,η) +

+(F ′(x)x̄) ū+(F ′(x)η)(u+ ū)+
1
2
(F ′′(x)x̄, x̄)(u+ ū)+ (6.6)

+
[
(F ′′(x)x̄,η)+

1
2
(F ′′(x)η ,η)

]
(u+ ū) + R(δx,u, ū), η(0) = 0,

where R(δx,u, ū) = r f (δx)+ rF(δx)(u+ ū) is bounded by

|R(δx,u, ū)| 6 α(δx) · (1+ |u+ ū|) · |δx|2.
Let us make two important estimates. First, using the Goh transformation, we have x̄ = ξ̄ + ȳ,

where ||ȳ||2 6 O(
√

γ) and ||ξ̄ ||C 6 const ||ȳ||1 6 O(
√

γ) whence ||x̄||2 6 O(
√

γ). This yields

that ||R||1 =
∫ T

0
|R|dt 6 o(γ).

Second, by the Gronwall lemma, ||η ||C is estimated by the integral of the right hand side of
(6.6), except the terms f ′(x)η and (F ′(x)η)(u+ ū):

||η ||C 6 b
∫ T

0

(
|x̄|2 + |x̄| · |η |+ |η |2 + |x̄| · |ū|+ |x̄|2 |u+ ū|+ |R|

)
dt 6

6 b
(
||x||22 + ||η ||C · ||x̄||1 + ||η ||2C + ||x̄||2 · ||ū||2 + ||x̄||22 · ||u+ ū||∞

)
+o(γ),

with some constant b. Therefore, moving the terms with ||η ||C from the right to the left side,
we have

||η ||C
(
1−b||x̄||1−b||η ||C

)
6 b

(
||x̄||22 + ||x̄||2 · ||ū||2 + ||x̄||22 · ||u+ ū||∞) +o(γ) 6

6 b
(
γ +o(

√
γ)+o(γ)

)
= o(

√
γ).

Since ||x̄||1 + ||η ||C→ 0, we may assume that
(
1−b||x̄||1−b||η ||C

)
> 1/2, whence obtaining

the final estimate: ||η ||C 6 o(
√

γ).
Therefore, δx = x̄+η is estimated by ||δx||26 ||x̄||2+ ||η ||26 o(

√
γ), and so, equation (6.6)

for η becomes:
η̇ = f ′(x)η +(F ′(x)η)(u+ ū)+(F ′(x)x̄) ū+

+
1
2
( f ′′(x)x̄, x̄)+

1
2
(F ′′(x)x̄, x̄)u+ Rη , η(0) = 0,
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where
∫ T

0 |Rη(δx,u, ū)|dt 6 o(γ).
Now, introduce the function z̄ satisfying the equation (obtained by changing η 7→ z̄ in the

above equation and dropping the terms (F ′(x)z̄)ū and Rη):

˙̄z = f ′(x)z̄ +(F ′(x)z̄)u + (F ′(x)x̄)ū+

+
1
2
( f ′′(x)x̄, x̄) +

1
2
(F ′′(x)x̄, x̄)u, z̄(0) = 0. (6.7)

Obviously, z̄ quadratically depends on (x̄0, ū) and is bounded by

||z̄||C 6 const
(
||x̄||22 + ||x̄||1 · ||ū||∞

)
6 o(

√
γ).

Finally, setting η = z̄+σ , we get

σ̇ = f ′(x)σ +(F ′(x)σ)(u+ ū)+(F ′(x)z̄, ū)+Rη , σ(0) = 0, (6.8)

with the same remainder Rη as above. It follows that

||σ ||C 6 const ||(F ′(x)z̄, ū)||1 = o(
√

γ),

which is not completely good. However, we are interested mainly in the estimation of the
terminal value of σ , so we will proceed as follows. Since equation (6.8) is linear in σ , there
exists a Lip-continuous matrix A (t) = A (t,x,u, ū) such that

σ(T ) =
∫ T

0
A (t)(F ′(x)z̄, ū)dt + o(γ).

Moreover, there exists a Lip-continuous tensor Φ(t) such that A (t)(F ′(x)z̄, ū) = (Φ(t)z̄)ū.
Then, recalling that ˙̄y = ū, ȳ(0) = 0, and ignoring o(γ), we have

σ(T ) =
∫ T

0
(Φ(t) z̄, ū)dt = (Φ z̄, ȳ)

∣∣∣
T
−
∫ T

0
(Φ̇(t) z̄, ȳ)dt −

∫ T

0
(Φ(t) ˙̄z, ȳ)dt.

Taking into account (6.7) and the estimates for z̄, ȳ, we obtain |σ(T )| = o(γ).
Summing up, we proved the following.

Theorem 6.1. If |x̄0|+ ||ū||∞→ 0, then the corresponding increment of the solution to (6.1) is
δx = x̄+ z̄+σ , where x̄ is its first variation (the Frechet derivative of the mapping ρ), satisfying
equation (6.5) with ||x̄||C→ 0 and ||x̄||2+ |x̄(T )|6O(

√
γ), the function z̄ is its second variation,

satisfying equation (6.7) with ||z̄||C 6 o(
√

γ), and the remainder term with ||σ ||C = o(
√

γ) and
|σ(T )| = o(γ). Consequently, |δx(T )|6 O(

√
γ).

6.2. Checking the estimate of the mixed quadratic term. Now, let a scalar twice smooth
function l(x0,xT ) of arguments (x0,xT ) ∈ R2n be given. Consider the functional ϕ(x0,u) =
l(x0,x(T )) with x(T ) = ρ(x0,u), where ρ is the above mapping. We must check the required
estimate (4.5) of the mixed quadratic term in the expansion of ϕ.

By Theorem 6.1, taking an increment (x̄0, ū), we obtain an increment δx(T ) and the following
expansion:

∆ϕ = l′x0
x̄0 + l′xT

δx(T ) +

+
1
2
(l′′x0,x0

x̄0, x̄0)+(l′′xT ,x0
x̄0,δx(T ))+

1
2
(l′′xT ,xT

δx(T ),δx(T )) + o(γ).

Since δx(T ) = x̄(T )+ z̄(T )+σ(T ), where

|x̄(0)|+ |x̄(T )|6 O(
√

γ), |z̄(T )|6 o(
√

γ), |σ(T )|= o(γ),
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we can ignore all the terms with σ(T ) and the second order terms with z̄(T ), whence obtaining

∆ϕ = l′x0
x̄0 + l′xT

(x̄(T )+ z̄(T )) +

+
1
2
(l′′x0,x0

x̄0, x̄0)+(l′′xT ,x0
x̄0, x̄(T ))+

1
2
(l′′xT ,xT

x̄(T ), x̄(T )) + o(γ). (6.9)

It follows that the first variation of ϕ is dϕ = l′x0
x̄0 + l′xT

x̄(T ), and its second variation is

d2
ϕ = l′xT

z̄(T ) +
1
2
(l′′x0,x0

x̄0, x̄0)+(l′′xT ,x0
x̄0, x̄(T ))+

1
2
(l′′xT ,xT

x̄(T ), x̄(T )), (6.10)

where x̄ and z̄ satisfy (6.5) and (6.7), respectively.
The only second order term that needs verification of the estimate (4.5) is l′xT

z̄(T ) which has
the form

l′xT
z̄(T ) =

∫ T

0
P(t)(F ′(x)x̄)ū =

∫ T

0
(C(t) x̄, ū)dt

with some Lip-continuous matrices P and C. For any two elements w′= (x′0,u
′) and w̃= (x̃0, ũ)

in the space W with the corresponding functions x′(t) and x̃(t) obtained by the linear equation
(6.5), the symmetric bilinear operator of (4.5) has the form

D(w′, w̃) =
∫ T

0
(C(t)x′, ũ)dt +

∫ T

0
(C(t) x̃, u′)dt.

Recall that ||x′||2 + ||y′||2 + |y′(T )| 6 ||w′||a and ||x̃||C + ||ũ||∞ 6 ||w̃||. Then, the first integral
is estimated by ∫ T

0
|(C(t)x′, ũ)|dt 6 ||x′||1 · ||ũ||∞ 6 const ||w′||a · ||w̃||,

which is OK. Since (y′)• = u′ and y′(0) = 0, the second integral can be taken by parts:∫ T

0
(C(t) x̃, u′)dt = (C x̃, y′)

∣∣∣
T
−
∫ T

0
(Ċ(t) x̃, y′)dt −

∫ T

0
(C(t) ˙̃x, y′)dt.

The first two terms here are estimated by

6 |x̃(T )| · |y′(T )| + ||x̃||C · ||y′||1 6 const ||w̃|| · ||w′||a .
Since ˙̃x = A(t)x̃+B(t)ũ, where A and B are some bounded matrices, || ˙̃x||∞ 6 ||w̃||, so the last
integral has the same estimate:∫ T

0
|(C(t) ˙̃x, y′)|dt 6 const ||w̃|| · ||w′||a .

Summing up we finally have |D(w′, w̃)| 6 const ||w′||a · ||w̃||, thus Problem B satisfies all as-
sumptions (A1)–(A3) of the abstract problem (4.1), and so, falls into the scope of Theorem 4.1
and Theorem 4.3, the latter of which yields the following

Theorem 6.2. a) If (x̂, û) is a local minimum in Problem B, then

ΩB[Λ](x̄) > 0 ∀ x̄ ∈ K0 . (6.11)

b) If there exists c > 0 such that

ΩB[Λ](x̄) > cγ(x̄) ∀ x̄ ∈ K0 , (6.12)

then (x̂, û) is a local minimum of the order γ. The last means that there exists b > 0 such that,
in a neighborhood of (x̂, û), the following estimate holds: σ(x,u)> bγ(x− x̂,u− û).
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6.3. Two representations of the second variation. Applying Theorem 4.3 to Problem B,
we have to consider, for any λ ∈ Λ, the corresponding second variation of the functional
ϕ[λ ](x0,u) = l[λ ](x0,ρ(x0,u)), where ρ(x0,u) = x(T ) is the above mapping Rn×Lr

∞[0,T ]→
Rn. However, the main Theorem 1.2 uses another form (1.8) of the second variation. Here we
show that both these forms coincide. (Below, we drop the argument λ .)

Consider the functional ϕ(x0,u) = l(x0,ρ(x0,u)). Its second variation d2ϕ is given by (6.10),
where x̄ satisfies (6.5) and z̄ satisfies (6.7). For brevity, introduce the matrix A(t) = f ′(x)+
(F ′(x)u (where the derivative of the matrix F is taken separately for each entry.) Then equations
(6.5) and (6.7) have the form:

˙̄x = Ax̄+F(x)ū, x̄(0) = x̄0 , (6.13)

˙̄z = Az̄ + ω(t), z̄(0) = 0, (6.14)

where ω(t) = 1
2 ( f ′′(x)x̄, x̄) + 1

2 (F
′′(x)x̄, x̄)u + (F ′(x)x̄)ū. Since λ ∈ Λ, we can take the corre-

sponding function ψ(t) satisfying the relations

ψ̇ = −ψA, ψ F(x) = 0, ψ(0) = l′x0
, ψ(T ) = −l′xT

,

whence ψ ω = 1
2 (H

′′
xx x̄, x̄) + (H ′′ux x̄, ū), and so

l′xT
z̄(T ) = 0−ψ(T )z̄(T ) = ψ(0)z̄(0)−ψ(T )z̄(T ) = −

∫ T

0
(ψ z̄)• dt =

=
∫ T

0
ψ ω dt = −

∫ T

0

(1
2
(H ′′xx x̄, x̄) + (H ′′ux x̄, ū)

)
dt.

Summing this up with the second line of (6.9), we obtain exactly the second variation ΩA(x̄, ū)
of Problem A in the form (1.8). Therefore, d2ϕ(x̄0, ū) = ΩA(x̄, ū) for any pair (x̄0, ū) satisfying
(6.13), whence Theorem 6.2 is equivalent to Theorem 1.2, and so, the last one is proved.

7. ON MORE FINE QUADRATIC ORDERS

One may ask is it possible to use, instead of γ given by (1.10), the following seemingly ”more
natural” order

γ
′(w̄) = |x̄(0)|2 +

∫ T

0
|x̄(t)|2 dt + |x̄(T )|2 ?

The answer is: generally no. Consider the following

Example 2. n = r = 1, ẋ = b(t)u− txu, x(0) = 0,

J =
∫ 1

0
2xudt + N

(
x2(1)+

∫ 1

0
x2(t)dt

)
.

(The integral part of J can be reduced to a terminal term, but we do not do this.) Here N > 0
is an arbitrary number, and b(t) is an arbitrary Lip-continuous function that equals 2−n on each
interval ∆n = [2−n, 3 ·2−(n+1)], n = 1,2, . . . . Obviously, such a function does exist, because the
distance between the consecutive intervals ∆n and ∆n+1 is 2−n−3 ·2−(n+2) = 2−(n+2), which is
not smaller than the twice increment of the function, 2−n−2−(n+1) = 2 ·2−(n+2).

The reference process is x̂= û= 0. The critical cone K is given by the relations ˙̄x= b(t)ū, x̄(0)=
0, and Ω = J on K. It can be shown that

∫ 1
0 2x̄ū dt > 0 on K, whence Ω> Nγ ′. But if one takes

the sequence xn of the form of isosceles triangle on ∆n with the height 2−3n/2 one can find that
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the integral
∫ 1

0 2x̄ū dt is negative, and its absolute value is > Nγ ′(xn), so J(xn) < 0. Therefore,
the reference process does not provide a weak minimum.

However, let us get back to Problem A and select a special case when a more fine qua-
dratic order does work. Recall that the n× r-matrices B(t) and P∗[λ ](t) are assumed to be
Lip-continuous. Suppose now that there exists a measurable bounded k× r-matrix D(t), called
a divisor, such that B(t) = B̃(t)D(t) and P∗[λ ](t) = P̃∗[λ ]D(t) for all λ ∈ Λ, where the n×
k−matrices B̃(t) and P̃∗[λ ](t) are Lip-continuous. (Since the set Λ is finite-dimensional, it
suffices to represent in such a way only a finite number of matrices P∗[λ ](t).)

Then Theorem 1.2 remains valid if one replace the order γ(w̄) by the order γD(w̄) defined by
the same formula (1.10), where the additional state ȳ is now defined by

˙̄y = D(t) ū, ȳ(0) = 0.

The proof remains the same modulo obvious alterations [22]. One can easily show that γD(w̄)6
const γ(w̄) on K, but the reverse estimate does not hold in general.

8. APPENDIX

1. The Hoffman lemma (a simplified version). Let X , Y be Banach spaces, and let K be a
cone in X given by linear relations:

(pi,x)6 0, i = 1, ...,m, Ax = 0,

where all pi ∈ X∗ and A : X → Y is a linear surjective operator. Then there exists a constant C
such that, for any x ∈ X , there exists x′ ∈ K such that ||x′− x|| 6 C

(
∑(pi,x)++ ||Ax||

)
.

The proof can be found in, e.g., [4] and elsewhere.

2. Proof of Lemma 5.2. (=⇒) Let Ci , i ∈ I, be the sets defined by the corresponding inequal-
ities, and E by the set defined by the equality in (5.5). If ∃ i0 such that pi0 = 0 and ξi0 > 0,
then Ci0 is empty. In this case, taking αi0 > 0, all other αi = 0 and y∗ = 0, we get (5.8)–(5.9).
If pi0 = 0, but ξi0 < 0, then Ci0 = X , and setting αi0 = 0, the index i0 can be completely ex-
cluded. Thus, we may assume that all pi 6= 0, whence all Ci are nonempty. Clearly, the set E is
nonempty.

Since ∩iCi∩E = Ø, the Dubovitskii–Milyutin theorem says [1, 2] that there exist multipliers
λi ∈ X∗, i ∈ I, and µ ∈ X∗, not all equal zero, such that ∑λi +µ = 0, and

∑ inf(λi,Ci) + inf(µ,E) > 0. (8.1)

Take any i ∈ I. We claim that (pi, x̄) 6 0 implies (λi, x̄) > 0. Indeed, otherwise ∃ x̄ such that
(pi, x̄)6 0 and (λi, x̄)< 0. Then, taking arbitrary x̂ ∈Ci , we get (pi, x̂+ rx̄)6 0, so x̂+ rx̄ ∈Ci
for all r > 0, but (λi, x̂+ rx̄) = (λi, x̂)+ r(λi, x̄)→ −∞ as r→ +∞, which contradicts (8.1).
Therefore, our claim is proved, and hence, all λi = −αi pi for some αi > 0.

Similar (and even more simple) reasons show that Ax̄ = 0 implies µ x̄ = 0, which yields
µ = y∗A for some y∗ ∈ Y ∗, q.e.d.

(⇐=) Suppose (5.8)–(5.9) hold, but ∃ x̂ satisfying (5.5). Multiplying the last relations by αi
and y∗, and summing them up, we get

∑
i

αi
(
(pi, x̂)+ξi

)
+ y∗(Ax̂+η) < 0,
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because all αi > 0 and ∑ai > 0. Taking into account (5.8), we obtain ∑αiξi +(y∗,η)< 0,
a contradiction with (5.9), q.e.d. �
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