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1. INTRODUCTION

Since the seminal result of Banach [2] the fixed point theory of nonexpansive mappings has
been a rapidly growing field of research; see, e.g., [3, 8,9, 10, 11, 12, 16, 17, 18, 19, 20, 21, 23,
24] and the reference mentioned therein. A significant progress has been done, in particular, in
studies of common fixed point problems, which have important applications in engineering and
medical sciences [6, 7, 22, 23, 24]. The study of coincidence points of nonlinear mappings is
an important topic of the fixed point theory [1, 4, 5, 13, 14, 15].

In this paper, we study the existence of approximate coincidence points of set-valued map-
pings in complete metric spaces and iterative schemes for their approximation.

Assume that (X, p) is a complete metric space. For each x € X and each r > 0, set

B(x,r)={yeX: p(xy) <r}.
For each x € X and each set A C X, put p(x,A) = inf{p(x,y) : y € A}. Fix, for each pair of sets
A,B C X, set
H(A,B) = max{sup{p(x,B) : x€ A}, sup{p(3,A) : v € B}}.

For each z € R', set 7, = max{z,0}. Fix 6 € X.
Assume that g: X — X and T : X — 2%\ {0}. If x € X and g(x) € T(x), then the point x is
called a coincidence point, while the point y = g(x) is called a point of coincidence. Usually in
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the literature it considered the case when T is a single-valued map. In this paper T is a general
set-valued map.

2. THE FIRST MAIN RESULT

Assume that

T(X) CgX), (1)
¢ :[0,00) — [0, 1] is a decreasing function,
o(t) <1,1€(0,0) (2)

and that, for each x,y € X,

H(T(x),T(y)) < ¢(p(g(x),g(y)))p(g(x),8(»))- (3)

In other words, T is the Rakotch type mapping [19, 20].
In this paper, we prove the following result.

Theorem 2.1. Let € € (0,1), M} > M >0,
M, > max{M,2M + 1},

g '(B(6,2M +1)) C B(6,M), (4)
8(B(6,My)) C B(6,M,), (5)
0<8 <40 e(1—¢(g/8)) (6)
and a natural number nq satisfy
no > 8(34+6M)e 1 (1—¢(g/8))". (7)
Assume that {x;}7> 5, {yi}i2o C X,
p(0,x0) <M, p(xo,y0) <M (8)
and that for each integer n > 0,
B(yn,8)NT (xn) # 0, p(8(xn41),y) < & ©)
and
B(yn+1,8) {8 € T(xps1) : p(8;yn) <P, T (Xn41)) + 8} # 0. (10)

Then, for each integer n > no+ 1, p(g(xn), T (x,)) < €.

3. AUXILIARY RESULTS

Lemma 3.1. Let the assumptions of Theorem 2.1 hold. Then p(yo,y1) <3+ p(g(x0),g(x1)),for
each integern > 1, p(yn,yn+1) < O((P(Yn—1,Yn) =26)1 )P (Yn—1,yn) and if p(yn,yn-1)) > €/4,
then p(Yn—1,¥n)) — P (Vs Yn+1) > 8718(1 —¢(e/8)).
Proof. By (9), there exists
& € T(x0) N B(30,6). (1)

In view of (11) and (8),

P (x0,&0) < p(x0,y0) +06 <M—+1. (12)
Let n > 0 be an integer. By (10), there exists

§n+1 € T(xn+1) (13>
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such that
Pnt1,8n41) <O (14)
and

PO Ent) < POy T(xs1)) + 8. (15)
Equations (3), (9), and (15) imply that
p(&1,50) < 1+p(v0,T (x1))
< 14p(yo, T (x0)) +H(T (x0),T (x1))
<2+ p(g(x0),8(x1)).
Combined with (14) this implies that p(yg,y1) < 3+ p(g(x0),g(x1)). Let n > 0 be an integer.
By (3), (11), (13), and (14), one has
Py T (%n11)) < Py &) + P (8 T (Xn11))
<O0+H(T(xp),T(xp41))
<8+ ¢(p(8(xn), 8(xnt1)))P(8(xn), 8 (Xn41))-
Let n > 1 be an integer. It follows from (2), (9), and the relation above that

POns T (xn41)) < 6+ 9 (p(8(xn), 8(Xn+1))) P (8(xn), 8 (Xn+1))
<6+ 0(p(g(xn),g(xnr1)))(P(gxn)sYn—1) +PVn—1,Yn) + PV 8(Xns1)))

<36+ (P(p(g(xn)vg(xnﬂ)))p()’nfla)’n)'
(16)
In view of (9), we have

p(&(xn),8(xn+1)) = P(Yn-1,¥n) = Pn—1,8(xn)) — P (Y, (Xn+1))
>

p
17
p(n-1,30) — 28. {17
Equations (16) and (17) imply that
P, T (xn41)) <38+ (P (Yn—1,Yn) —28)+ )P (Yn—1,Yn)- (18)
By (13), (15), and (18), we obtain

P OnsYnt1) < PVnr156n+1) +P(Env1,3n)
<8+Pp(n T (xnt1)) +6 (19)
<58+ 0((P(Ya—1,Yn) —26)4)P (Yn—1,¥n)-
If
PO 1,3m) > £/4, (20)
then it follows from (6), (19), and (20) that p (y,,yu+1) <58 + ¢(€/8)p (¥n—1,yn) and
P (Yn—1,Yn) = POnsYnt1) = Py ¥n1)(1 — 9(€/8)) —
>47"e(1-9(¢/8)) -
>8 1e(1—¢(g/8)).
Lemma 3.1 is proved. U

Lemma 3.2. Assume that the assumptions of Theorem 2.1 hold. Then p(g(xp),g(x1)) < 2M,.
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Proof. By (8) and (9), we have p(g(x1),y0) < 0 and

p(g(x1),0) < p(g(x1),y0) +p(v0,0) <2M + 1.
Together with (4) and (5), this implies p(x1,0) < My, p(g(x1),0) < M,, and p(g(x1),g(x0)) <
2M,. Lemma 3.2 is proved. O
4. PROOF OF THEOREM 2.1

We show that there exists j € {1,...,np} such that p(y;_1,y;) < €/4. Assume the contrary.
Then, foreach i € {1,....np},

p(yi-1,yi) > €/4. (21)
Lemma 3.1 and (21) imply that, for each i € {1,...,ng},
P (ie1,5i) — P i yie1) > 8 'e(1— 9 (/8)). (22)
Lemmas 3.1 and 3.2 imply that
P (yo,y1) < 3+3p(g(x0),8(x1)) <3 +6Mp. (23)

In view of (22) and (23), we obtain
34+6Mz > p(y0,1) = P(30,51) — P (Yngs Yng+1)

n()*l

= Z(,) (P isyir1) =P ir1,Yiv2))

> 8 'noe(1—¢(e/8)),
no < 8e ' (3+6M,)(1—¢(e/8)) .

This contradicts (7). The contradiction that we have reached proves that there exists

je{l,....no} (24)
for which
P(yj-1,)) < €/4. (25)
We show that, for each integer i > j, p(vi,vit+1) < €/2. Assume the contrary, Then there exists
an integer k > j for which

P (Vs Yir1) > €/2. (26)

By (25), we may assume without loss of generality that p(y;,y;i11) < €/2,i=j,....,k—1. In
particular,

P ks yi—1) < €/2. (27)
There are two cases: P (yr,Vik—1) > €/4 and p(yi,yi—1) < €/4. Assume p(yi,vk—1) > €/4.
Lemma 3.1 and (27) imply that p (yk, yer1) < P (Vk,Vk—1) < €/2. This contradicts (26). There-
fore p(y,vik—1) < €/4. Lemma 3.1 and (6) imply that

P i Vier1) < Pk yk—1) +56 < €/4+56 < ¢g/2.

This contradicts (26). The contradiction we have reached proves p(y;,yi+1) < €/2 for each
integer i > ng. Let n > ng be an integer. In view of the relation above, we have

p(yny)’n+1) < 8/2- (28)
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It follows from (9) that
P(8(Xny1,90) <O (29)
and there exists
€ € T(xn+1) NB(yn+1,96). (30)
It follows from (6) and (28)-(30) that

P(g(xn+1), T(xn+1)) < p(g(xn+1)a)’n) +p(}’n+1a)’n) +p()’n+l:§) < 0 +8/2+ 0 <Ee.
Theorem 2.1 is proved.
5. THE SECOND MAIN RESULT

Assume that g : X — X, T : X — 2%\ {0},

T(X) C g(X), (31)
¢ :[0,00) — [0, 1] is a decreasing function,
o(r) <1,t€(0,00) (32)
X*,y*EX, y*:g(X*)ET(X*) (33)
and that for each x € X,
H(y., T(x)) < ¢(p(g(x),y:))p(g(x),s)- (34)

Fix 0 € X. In this paper, we prove the following result.
Theorem 5.1. Ler {&;}7 , € (0,00),

) & <o (35)
i=0
{xi}7 o C X, {yi}2y C X, for each integer n > 0,
B(ymgn) N T(xn) 7é ®; (36)
P(g(Xn+1),¥n) < &n (37)
and
B(Yn+17€n+1) N {5 € T(an) : p(é,y*) < p(y*’T(xn+1)) +8n+1} 7& 0. (58)
Then

Y = nlgrolo)’n = ,}L"E}og(x")’ nlgrolop()’*a T (xa)) =0.
Lemma 5.2. Assume that the assumptions of Theorem 5.1 hold. Then, for each integer n > 0,

P, y«) = PV Ynr1) = (1= ((P (Y, Yn) — &) +))P (Vx5 Yn) — 38
Proof. By (36), there exists

So € T (x0) NB(yo, &) (39)
Let n > 0 be an integer. By (38), there exists
Snt1 € T(Xnt1) N B(Ynt1,Ent1) (40)

such that
p(y*a§n+1) SP(Y*aT(xn+l))+£n+l- (41>
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By (34), we have

P, T (xnt1)) < 0P (34, 8(xn41))) P (s, 8 (Xnt1))-
It follows from (37) and (40)-(42) that
P Vnt1,Y5) < P(Guv1,Yn) +Pnt1,Ent1)
<2811+ P T (Xnt1))
<2811+ (P Vs, 8(Xnt1)))P (v, 8 (Xn+1))
<2841+ O((P(ye:Yn) — &) +)P (Ve Yn) + Entl
< 3&41+ (0 n) — €)+)P (Vs ¥n)
and

P ye) =P Ynt1) = (1= @((P(v,n) = €2)+))P (¥5:3n) — 385
Lemma 5.2 is proved. 0J

Proof of Theorem 5.1. We show that lim,,_,. p (v, y+) = 0. Let € > 0. By (35), there exists a
natural number 7 such that

i g, <24 le(1—¢(g/8)). (43)

We show that there exists an integer n; > ng such that p(y.,y,) < €/4. Assume the contrary.
Then, for each n > ng, p(yn,y«) > €/4. It follows from Lemma 5.2 that

P (e yn) =P (e, Ynt1) = Py yn) (1 — ¢(€/8)) — 38,
>47e(1-¢(g/8)) — 3e,.
This implies that, for each integer p > ny,

p(y*;yn0> 2 p(y*vyno) _p(y*ayp)

p—1
= Z, (P> yn) =P Vees Ynr1))
> 4 (p—no)e(1— 9(e/8)) =3 ¥ & — o0

n=n

as p — oo. The contradiction we have reached proves that there exists an integer n; > ng for
which p(y«,yn,) < €/4. We show that, for each integer i > ny, p(y«,yi) < €/2. Assume the
contrary, Then there exists an integer k > n; for which

P (ys,yk) > €/2. (44)

We may assume without loss of generality that p(y.,y;) < €/2, i =ny,...,k— 1. In particular,
PV yi—1) < €/2. I p(ys,yr—1) > €/4 then by Lemma 5.2 and (43)

p(y*ayk) S P()’w)’k—l) S 8/2,

which contradicts (44). Therefore p(y.,yr—1) < €/4, which together with Lemma 5.2 implies
that p (v, k) < p(y«,Yk—1) +3& < €/2. This contradicts (44). The contradiction that we have
reached proves Theorem 5.1.
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