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Abstract. This paper discusses an optimal control design for data transport and exchange via domain boundaries.
The mathematical model is governed by the transport equations which are driven by the incompressible velocity
fields. The objective is to optimize the density distributions of the data to the desired ones through active control
of the velocity for transporting data on a portion of the domain boundaries. We provide a rigorous proof of
existence of an optimal control and establish the Gateaux differentiability of the objective functional with respect
to the boundary control inputs. Finally, we derive the first-order optimality conditions for solving such an optimal
solution using a variational inequality.
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1. INTRODUCTION

In this work, we consider a basic mathematical model for control of data transport and ex-
change via the adjacent boundaries of data sets or the regions of interest. The problem is moti-
vated by the application of dynamic clustering (e.g. [6, 12, 11]), power system (e.g. [27, 23]),
traffic flow on road networks (e.g. [8, 16, 9]) as well as gas flow in pipelines (e.g. [4, 15]),
etc. There is an extensive literature on boundary control of transport equations, where the trace
of the density or mass distributions of the data is very often employed as the control input for
steering the system behavior (e.g. [8, 13, 3, 5, 10]). However, our current work addresses the
scenario where the velocity fields are controlled to optimally transport data across the domain
boundaries.

To focus our discussion, we model data transport between two datasets, where the evolution
of the density distributions is governed by transport equations driven by incompressible flows.

*Corresponding author.
E-mail address: Weiwei.Hu@uga.edu (W. Hu).
Received January 20, 2025; Accepted May 4, 2025.

(©2026 Communications in Optimization Theory



2 D. 0. ADU, A.J. BROWER, W. HU, Z. SHEN

Specifically, we let Q;,Q, C R? be two open, bounded and connected domains with sufficiently
regular boundaries Q;,i = 1,2 (say, €%), which may allow a finite number of corners. Assume
that Q; N, has no interior points. Let I; C dQ; NdQy,i = 1,2, be the open subsets of the
intersection of the domain boundaries and I'y NI’ = 0. We further assume that 9 (Q; U ;) is
sufficiently regular. One configuration of our domains is demonstrated in Fig. 1.

Consider the distributions of two data sets 6;,i = 1,2, governed by the transport equations

9 4 yy-V6 =0,
56 (1.1)
8_t2 +1v,-VO, =0,
where the velocity fields v;,i = 1,2 are assumed to be incompressible, i.e.
V.vi=0. (1.2)
The boundary conditions are given by
[ vi-ni|r, =81 >0,
Oilr, = 0!, where vi-nilr,=—v2-mlr,=-8 <0, (1.3)
Vi-ni ’391\(F1UF2) =0,
L Vi Tilaq, =0
( vy -ma|r, = g2 >0,
6:r, =6, where vy mo|r, = —vi-ni|r, = —g1 <0, (1.4)
v2-12|90,\(r,ur,) = 0,
[ V2 T2f90, =0,

and the initial conditions are given by

91 (x, 0) = 910()6), 92()6, O) = 920()6). (1.5)

Here g;,i = 1,2, stand for the controls of data transport and exchange between these data sets via
the subsets of the boundaries I'; C dQ; and g; has a compact support in I';, i.e., suppg; C I'; and
gi=0o0n dQ;\I; n; and 7;,i = 1,2, stand for the unit outward normal and tangential vectors
to the domain boundaries dQ;,i = 1,2, respectively; and 91.1 ,i = 1,2 are given inlet boundary
data. In the current work, since we are mainly interested in control in the normal direction,
we assume that v; - T;| 5o, = 0,i = 1,2. Otherwise, we can always consider the general non-
homogeneous Dirichlet boundary conditions for the velocity fields, i.e., vi(x,t)|r;, = Gi(x,). In
this case, g; = G; - nj|r;.

In the application of clustering problems (e.g. [6, 12, 11]), one can group the spatially dis-
tributed data based on their movement or flow characteristics through the boundary control g;
atI';,i=1,2. On the other hand, in the corporate network problems g; represents the firewall at
I'; that regulates data flow to maintain security and prevent unauthorized access (e.g. [2, 24, 1]),
while in traffic flow control problems (e.g. [14, 8, 16]), g; ensures that traffic can only enter the
region at certain interactions between different sections of the road networks.



BOUNDARY CONTROL FOR OPTIMAL DATA TRANSPORT 3

1.1. The sets of admissible controls. Since it is not realistic to control the data distribution
arbitrarily in space, in our current work we assume that g;(x,7),i = 1,2, is of the form

gi(x,1) = i (1) bi(x), (1.6)

where the boundary input profiles Bi(x) > 0,i = 1,2, are prescribed spatial vector valued func-
tions, which are sufficiently regular and localized in I';. Without loss of generality, we assume
that they are of the same dimension, i.e.,

bi(x) = (biy(x), ..., biy(x))T, i=1,2.
The vectors
(1) = (uir (1), .,um (1))7,  i=1,2,

are our control input functions in time, which regulate the intensity of data transport via bound-
ary.

This work aims to determine an optimal time-dependent control for data transport and ex-
change across the boundaries I';,i = 1,2. For a given final time ¢ > 0, we seek optimal controls
u;(t) > 0,i = 1,2, that are sparse and steer the data toward two sets of desired distributions:
©9(x) € L*(Q;) over the time interval [0,7¢] and 67 (x) € L?(€;) at the final time t = #7. Set

=1 e (L) 0<u <m,j=1,....M}, i=1,2, (1.7)

for some 0 < u; < o,i = 1,2. The objective is to find (i}, i) € Uc}d x U? -4 Such that the following
cost functional is minimized

1 2
) =5 L aileer) - I+ 5 Zﬁl/ 16:(6) - O I ds

2 M ty 2 M t
DWW /uudwlzng”g ()

i=1j=

subject to (1.1)—(1.5) and (1.9), where «;, B;, %, (ij > 0,i =1,2;j=1,...,M, are the state and
control weight parameters. Moreover, the pair of state weights ¢; and 3; and the pair of control
weights %;; and §;; do not vanish simultaneously. In the case that {;; = 0 for all i = 1,2 and
j=1,...,M, the L'-penalization will promote the sparsity of the controls in time.

Note that problem (P) is non-convex due to the nonlinearity of the control-to-state map. The
non-vanishing trace of velocity fields injects extra complication in characterizing the optimal
control. To establish the well-posedness of the transport system (1.1)—(1.5) and the existence of
an optimal solution to problem (P), the velocity fields must be regular enough. To this end, it is
key to have regular boundary input profiles Bi(x) as well as the appropriate time control vectors
u;i(t),i = 1,2, to ensure the needed regularity properties. Moreover, because of non-convexity,
the optimal solution to problem (P) may not be unique in general.

In the following discussion, we shall first address the existence of an optimal solution to
problem (P) and then derive the first-order necessary conditions for solving such a solution
based on a variational inequality.
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1.2. Preliminaries. We first introduce the notations and spaces used in the rest of this work.
Let

VnO(Qi) = {V,’ € LZ(Q,') cdivy; = (), Vi 'ni|8Q,-\(F1UF2) = 0}, 1= 1,2,

and Hjj,(I';) be the set of functions belonging to H*(I';),s > 0, whose extension by 0 to the entire
boundary d€; belongs to H*(dQ;) (e.g. [22, p. 66]). The notations (-,-)q, and (-,-)r;, i = 1,2,
denote the inner product or the duality as indicated over the domain €; and the boundary I7,
respectively. We also introduce following measures on (0,15) x I';:

du,, = (vi-nj)dxdt, i=1,2.

Letdu,” = (vi-n;)" dxdt and dp,. = (v;-n;) ™ dxdt are positive and negative parts of du,,. Then
du,, =d uvf —dp,, . Furthermore, due to the divergence free condition (1.2), we have

/ vi-nidx:O, i:1,2,
ulh,

which implies

/gldx—/ grdx =0, (1.8)
I, I
or
/ﬁlTZIdx—/ il bydx = 0. (1.9)
I, I

This property, however induces an additional constraint on the boundary control.

Let v=v; + v (i.e., v(x) = vi(x) forx € Q;), 6 = 0, + 6, (i.e., B(x) = 6;(x) for x € Q;), be
defined over the entire domain Q = Q; UQ,, and n be the unit outward normal vector to dQ. It
is easy to verify that the total mass of these two data sets is conserved using the divergence free
conditions (1.2) and (v; +v2) -n|yq = 0. In fact,

dobdr _dJo,Ordx  d o, 02dx

dt dt dt
:—/ V~(v161)dx—/ V.- (v26,)dx (1.10)
o Q)
:—/ V-(ve)dxz—/ (v8) - ndx =0, (111)
QUQ, 2Q

which follows

/ 0dx= [ 6,dx+ szx:/ emdx+/ Orodx, Vi 0.
Q Q Q, Q Q)

Moreover, one can show that ||0(¢)||z»r = ||60||r» for any p € [1,e0] and r > 0. Due to the
advection term v; - V;, the control-to-state map

(idy,10p) — (61,62) (1.12)

is nonlinear. As a result, problem (P) is non-convex. As discussed in (e.g. [17, 18, 20, 21]),
to guarantee the Gateaux differentiability of the control-to-state map (1.12) we need velocity
fields regular enough such that

sup ||[V6i]|;2 <oo,i=1,2. (1.13)

nggtf
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In fact, it is known that if 8y € H'(Q) and f(;f IVv][L=dt < oo, then sup;cjo, ) [[VO| 2 < oo
(e.g. [19] and the references cited therein), and consequently (1.13) holds. With the help of Ag-
mon’s inequality and trace theorem, we know that if b; € (HZy(T:))™ and i; € (L2(0,t7))™, then
v; € L*(0, tf;HS/2 (Q;)), and hence féf ||Vv||r=dt < oo is satisfied. More precisely, to understand
the relation between the boundary data and the velocity fields, we define the lifting operators
(e.g. [22, p.42], [25, (1.67), p. 173]),

Dj: Hy(Ty) x Hyy(T) — HT12(Qy), s> 0,

such that
Vi = Di(¢i1,9i2) = Di(¢;1,0) + Di(0, ¢2)
satisfies
V.Vi=0 in (1.14)
Vi-nilr, = ¢, Vi-nilr, = 2, (1.15)

for any (9;1,0n) € Hiy(T1) x Hiy(T2),i = 1,2. If bj € Hy(T;) and ii; € Ul ,, i = 1,2;j =
1,2,...,M, then the velocity defined via (1.2)—(1.4) satisfying

vi =Di(g1,—g2) = D1(g1,0) — Dy (0,82) € L*(0, T; H*(1)), (1.16)
vy = Dy(—g1,82) = —D2(g1,0) + D(0,2) € L2(0, T; HY>(Qy)). (1.17)

In this case, our velocity fields are regular enough to establish the Gateaux differentiability of
the control-to-state map (1.12). Therefore, the cost functional J is Gateaux differentiable with
respect to (if),ii2) € UL, x U2,.

2. EXISTENCE OF AN OPTIMAL SOLUTION

In this section, we prove the existence of an optimal solution to problem (P). To this end,
we first introduce the weak solution to the scalar transport system (1.1)—(1.5). It is natural
to assume that the initial data 6,y € L™(€;) and the boundary data 6/ € L™((0,1¢) x I';,dp, ),
i =1,2. According to [7, Theorem 4.1], we have the following result for the existence of a
unique weak solution to (1.1)—(1.5).

Proposition 2.1. Let ty > 0. Assume that g; € L*(0,t;H3y(I)),i = 1,2, satisfy (1.8) and the
velocities vi and v, are given by (1.16)—(1.17). For any initial datum (0)¢,6x) € L”(Q]) X
L*(Q) and any boundary datum (61,01) € L=((0,t7) x [y,du,) x L=((0,t7) x Tp,du,)),
there exists a unique pair of (61,62) € L™((0,t7) x Q1)) x L=((0,7) x Q2)) and (6°,69) €
L=((0,15) x Tpsdp ) x L=((0,15) x Toidu,)) such that

iy d
/ / o, (ﬂﬂl-vm) dxdt+/ B10p1(0) dx
0o Jo, ot Q

Iy I
—/ / Bf)glpldxdt—i—/ / 6! g2py dxdi =0, @.1)
0 JI 0 JIn

i d
/ / 6 (ﬂ —l—vz-sz) dxdt + / 62002(0) dx
0 Jo, ot (o

' ly
- / / 09202 dxdi + / / 0lg1prdxdi =0, 2.2)
0 JI 0 JI
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forany (p1,p2) € €1([0,17] x Q1) x €1([0,1f] x Qa) with (p1(t£), p2(t£)) = (0,0). In particular,
0°=6 on Ty and 69=06/ on T (2.3)

Furthermore, (01, 0,) is continuous in time with values in L9 for any 1 < g < eo.

To see (2.3), from (1.10)—(1.11) and (1.3)—(1.4), we have
/ (v16y) -npdx+ (v292)-n2dx:/ V-(vlel)dx+/ V- (v26,)dx =0,
Tulh, Q,

Iulh, Q
which implies

[ o0si— [ lgar+ [ 09gar— [ olgias
T, T, T T
— [ (6061~ [ (61— 69)g2dx =0, 4
I I

independent of g;,i = 1,2. Thus (2.3) holds.
With Proposition 2.1 at our disposal, we are in a position to establish the existence.

Theorem 2.2. Fort; > 0, (610,60) € L*(Q1) x L™(Qy), (b1,b2) € (H3(T1))M x (HZy(T2))M
and (61,04) € L=((0,t7) x [y,du,) x L=((0,t7) x Ta,du,, ), there exists at least one optimal
solution (idy,iiy) € UL, x U2, to problem (P).

Proof. Since J is bounded from below, we can choose a minimizing sequence {iiy,, iy, } C
Uald X Uazd such that

lim J (i1, hom) = inf J(udy, 7). (2.5)
m—peo (it i) UL x U2

By the definition of J, the sequence { (i1, i2m)} is uniformly bounded in U}, x U2, and hence

there exists a weakly convergent subsequence, still denoted by { (i1, 425, }, such that
—x %

(i1, o) — (i}, i3)  weakly in  L*(0,t5). (2.6)
Correspondingly,
(Vi van) = (D1 (@1, ~788,B2), D2, B2, ity
- <D1 @By, — 3T Bs), Da (@ b, —rf;TBl)
= (Vi,v3) weaklyin L2(0,t7;HY?(Q)). Q2.7)

Let {(61m,62m)} be the sequence of solutions corresponding to { (i1, Uzn)} With Gllm = 911
on I'; and 6} = 64 on Iy, and (61,,(0), 62,,(0)) = (610,620) € L7 (Q1) x L°(Q,). Then by
Proposition 2.1 we have (01, 62,) € L7((0,27) x Q1) x L=((0,¢7) x Q3), and thus v;,,60;, €
L*(0,t5;L2(Q)),i = 1,2. In fact,

If ’f
 Tinnlza < [ v sup 00 < Coymax{a, ) max(| 1o - |00l -
1€(0,tf

for some constant C > 0. Moreover, using Stokes formula and trace theorem it is easy to ver-
ify that vi, - V63, € L*(0,17; (H' (€))') uniformly in m, and hence %8 € 120,173 (H' (2))"),
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i = 1,2, uniformly in m. We may extract subsequences, still denoted by {(6},,,62,)} and
{(Vim,vam)} such that

(VimOBim, VamBom) — (Vi6],v305)  weakly in L*((0,t7) x Q1) x L*((0,¢/) x Q2),  (2.8)
(B1m, O2m) — (65,65)  weakly in L2((0,17) x Q1) x L*((0,27) x Qy), (2.9)
(B1m, 62m) — (61,67) weak™ in L*((0,2) x Q1) x L™((0,17) x Q2), (2.10)

and

961, d6y, 0] 065 - gl N gl /
(T’T) — (W’ 5 weakly in L (O,If,(H (Q1))) XL (O,tf,(H (Q2))).
2.11)

By Aubin-Lions lemma, we know that
(B1m, O2m) — (65,65) strongly in (H'(Q1))" x (H'(Q,))’,continuous in 7 € [0,77], (2.12)
thus
(611(0),02,(0)) = (610, 620) — (67, 05,) strongly in (H'(Q)) x (H'(Q,)).  (2.13)

Next we verify that (6}, 0;) is a pair of solution corresponding to (ii],;) based on (2.1)—
(2.2). Note that (i1, s ) and (01, 62,,) satisfy

i d if
/ Glm%dxdﬂ— / / 01 (vim - V1) dxdt + / 01001 (0) dx
0 Q1 0 Ql Q1
1 . tr .
_/fﬁlm/ Oloblpldxdt—i—/fﬁzm/ 6!Bp1 dxdi =0, (2.14)
Iy
/ [ 92,,, dde— / / Osn (vam - Vo) dxdi + / B2002(0) dx
2
—/‘ ﬁzm/ 92 bzpzdxdl—}-/ ﬁlm/ szlpzdxdl:(), (2.15)
0 I 0 Iy

for any (p1,p2) € €([0,17] x Q1) x €([0,17] x Qa) with (p1 (1), p2(t7)) = (0,0).
Since d;p; € L*(0,T;L*(Q)), Vp;i € L2((0,27) x Q), p:i(0) € H'(Q;),i = 1,2, and

/ 0 bipidx € L*(0,17), i = 1,2, / 0/byp1 dx € L*(0,15), / 0351y dx € L*(0,15),
l"i FZ 1—‘1

with the help of (2.6), (2.9) and (2.12)—(2.13), it is straightforward to pass to the limit in all
the terms on the left heEld side of (2.14)—(_2.15). Finally, by density (2.14)—(2.15) hold for any
(p1,p2) € €1([0,17] x Q1) x €1 ([0,2] x Q2) with (p1(tf), p2(t)) = (0,0). Therefore, (6;,65)

is a pair of weak solution associated with (ii},i5) to the transport system (1.1)—(1.5).
Lastly, using the lower semicontinuity of the cost functional J over Uald X Uazd, we have

J(uy,i5) < hm 1an(u1m,u2m)

and hence (i}, ) is a pair of optimal solution to (P), which completes the proof. O
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3. FIRST-ORDER OPTIMALITY CONDITIONS

Next we derive the first-order necessary optimality conditions for solving problem (P) using a
variational inequality (e.g. [22, 26]). To this end, we further assume that (8¢, 629) € (L*(Q1)N
H'(Q1)) x (L= (Q2) NH' (Q)).

To deal with the additional boundary constraint (1.9), we introduce a Lagrangian function
L: UL, x U2, x L*(0,t;) — R by

I
L(ﬁl,ﬁz,l) :J(l_il,l_iz)—l-/ lG(ﬁl,ﬁz)dl‘, (3.1)
0

where G(iiy, ii2) = |r il'by dx— Jr, 4 bydxand A = A(¢) is the corresponding Lagrangian mul-
tiplier. If (iy,ii2) is an optimal solution to problem (P), then there exists A € L*(0,#7) such

that

Dy iy (i1 i1, A) - () — (iy,182)) >0, V(hy,ha) € ULy x U2, (3.2)

it,ip)

where D, ;) denotes the partial Gateaux derivative with respect to (ii,u>). The associated
variational inequality reads, in explicit form,

tr - =
J'(idy, i) - ((h1,ho) — (idy, 1)) +/Of AG' (i), ii2) - ((hy,ha) — (i1, id2) ) dt > 0, (3.3)

V(ﬁl,%z)T € Uald X Uc%d'

To analyze the Giteaux derivative of J with respect to (i}, i), we first derive the first vari-
ation of our control-to-state map (1.12). To this end, we let z; = 6/(ii, i) - (ﬁl,ﬁz)T and
wi = Vi(idy, i) - (Zl,fzz)T be the Gateaux derivatives of 6; and v;, respectively, with respect
to (i1, i) in the direction of (k)" € UL, xU2,. Then (z1,22)" and (wy,w)7 satisfy the
following transport system

t

9 4y . Vz +wp VO =0, (3.4)
524,V +wy- V6, =0, '

where V-w; =0 and (6, 6,) satisfies (1.1)—(1.5). The boundary conditions are given by

wi -ni|r, = hlb; >0,
Zl|1“2 =0, where w -n1|r2 = —Wy -n2]r2 = —hgbz <0, (3.5)
wi '”1|891\(F1UF2) = 07
wi - Tt]aq, =0,
and
wa - na|r, = hiby > 0,
Z2|1“1 == O, where wo -112|1“I = —Wi -I’l1|r] = —thbl S O,
w2 - 12|90,\(r,ury) = 0,
wp - T2|892 =0.

(3.6)

The initial conditions become

21(x,0) =0, z(x,0)=0. (3.7)
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According to (1.16)—(1.17), we have
(Wl 9 W2> = (Dl (ﬁ{zl 9 _?1552)7 DZ(_E{EI 9 ﬁg£27 )
M M
(¥ (hUDl(blj,O) —hszl(O,sz)), y (—hljDz(blj,O) +h2jD2(o,b2j>
j=1 j=1
€ 120,14 HY (). (3.8)
Recall that supy<; <, |V6;]| ;2 < = as discussed in Section 1.1. We have w;-V6; € L1(0,1;L2(Q))),i =
1,2. By [7, Theorem 6.1], there exists a unique pair of solutions
(21,22) € L™(0,173L%(Q1)) X L*(0, 175 L7 (Q2))

satisfying (3.4)—(3.7).
Next, let (p1,p2) be the adjoint state of (6, 8,) satisfying

—%—Vl'vplzﬁl(el—e)f), (39)
—P2 —v)-Vpy = B2(6, — ©9),
with the boundary conditions
p,~|r1 = O, p,-]rz = 0, 1= 1,2, (3.10)

and the final time conditions
pl(xvtf):al(el(xvtf)_eld)v pZ(xatf):aZ(GZ(xvtf)_eg)7 (3.11)

where (vy,v,) satisfies (1.2)—(1.4). Since ;—@¢ € L*((0,t7) x ;) and 6;(t;) — 6% € L*(Q;),i=
1,2, following the same argument as in [7, Theorem 6.1], we know that there exists a unique
pair of weak solutions to (3.9)—(3.11) satisfying

(pl,pz) S LM(O,Z‘f;LZ(.Ql)) X L”(O,tf;Lz(Qz)).

The following theorem states the first-order necessary conditions for solving the optimal
solution to problem (P).

Theorem 3.1. Let (619, 02) € (L™(Q1)NH' (1)) x (L*(Q) NH' (Q2)), (b1,b2) € (HZy(T'1))M x
(Hgo(T2))Y, and (6{,67) € L=((0,t7) x Tt dpy,) < L2((0,17) x Ta,dpy,). If (i, ii2) € Uyg X
U2, is an optimal solution to problem (P), (61, 62) and (p1,p2) are the corresponding solutions

to state equations (1.1)—(1.5) and the adjoint equations (3.9)—(3.11), respectively, then there
exists some A € L*(0,ty) such that (iiy, i) satisfies

uyj(t) = gz[O,ul]{L [(Dl(blja0)>PlV91)Q] - (Dz(blj,O)aPZV(?z)Qz

C1j
—nj= (0B} (3.12)
uj(t) = ﬁ[o.m]{éj [— (D1(b1j,0),p1V91>Ql + (l)z(blj,0)4’2V92>Q2

—Yzj+/1(t)sz] } (3.13)
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foreach j=1,2

M, and the equality constraint (1.9), where &, denotes the projection of
Ronto [a,b] witha < b, i.e., P, )(f) :=min{b,max{a, f}}, and B;;
if§ij=0foralli=1,2,and j=1

uj(1) =

ij = Jr, bijdx. Furthermore
M, then (3.12)—(3.13) are reduced to
uy, if (Dl(b1j70)>P1V91>

o~ (D2(011.0).p2V8:) | =201 > ;.
0, if (Dl(b1j70)7plvel — Dz(blj,O),P2V92> —A(t)B1,j < "j,
Q Q
and
ﬁ27 lf
upj(t) = 0 ¥

(3.14)

<D1(0 baj) PlVl91>Q + (Dz(O,sz)»P2V92> +A(t)B2j > 12,
1
- (DI(O,ij)»PIVQI

+ (Dz(O,sz),pzvez —{-A(I)sz < Pj
Q Q

(3.15)
If there exists a t* € [0,tf] such that the inequality in (3.14) or (3.15) becomes equally, then
u;j(t*) can take any value in [0,u;],i = 1,2, accordingly.

it 9
/ (;1, P1 dt+/ vi-Vz1,p1) dt+/ wi-VOy,p1)dt
Iy 9 _ .
/ (%;Pz)dﬂr/ (vi 'sz,Pz)dt+/ wa-V6,,p2)
0o ot 0 0

Proof. First taking an inner product of (3.4) with (py, p2) over space and time, we have

=0,

dt =0.
Integrating by parts using the boundary conditions (3.5)—(3.6) and (3.10), we obtain

(z1(tp),pilty)) — /tf(Zl,aap])dt—/otf(zl,vl'Vpl)d”r/otf(wl-V61 p1)dt =0
(aley)patey)) [ a2, 22

Ir
Zz,—)dt—/ (Zz,VQ~Vp2)dl—|—/ (W2 Vez,pz)d 0
ot 0 0
With the help of the adjoint equations (3.9), we get

’s ’s
(21(17),0a(60(17) = 0) + [ * Bi(c1, 00—+ [ (w1 Vo1 p1)dr =0,

[T on-
(z2(tr) 062(92(ff)—951))+/O[fl32(Z2,92—®§)df+/r wa-V6y,0)

On the other hand, for any (le , fzz) cUl xU 2d’ we have

J'(idy, i)

(3.16)

=0. (3.17)

[\

- (h1,h2) Z (zi(ty),

2 tr
—0d) + Z[si/ (2,6 — ©%) di

t
+Z‘12%J/ hljdt+212§1/ wijhijdt. (3.18)
=1y i=1j
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Combining (3.18) with (3.16)—(3.17) and (3.8) yields
/= = 7 7 2 tf
J'(idy,idp) - (hy,ho) = — Z/ (wi-V6;,pi)q,dt
i=1

+ZZ%]/ o dz+zzcu/ (1) ds

i=1j= i=1j=

Iy
= _J:Zl/o hyj(7) (Dl(bu,O),mVGl)Q1 +h2j(t)<D1(O,b2j),p1V91)

1

(1) (Da(51,0),p2V0) |~ hay1) (Dz(o,sz),mVGz)Q d

2 2
2 M ir 2 M
+ZZ%J/O hlj dl—l—ZZC”/O MU lj dt. (319)
i=1j=1 i=1

j=1
In addition,

G (iiy,it2) - (hy,h) = A Al ()b (x) dx — A Y ()b, (x) dx.
1 2

We have

AR /tfuz)( [ (1) () dx— Bg(t)zz(x)dx) di

0 I,

t
= Z/f ) (B1jh1(t) — Bajhoj(1)) dt. (3.20)

Since (ﬁl,fzz) eU ald X Ujd is arbitrary, we can set it with only one entry A;; # 0 and the rest
zeros. Then combining (3.3) with (3.19)—(3.20) gives

/of [_ (Dl(blj’0)>P1V91>Ql + <D2<b1j70>7p2ve2>92 + 11+ Crjuj(t) —|—7L(t)B17J}
’ <hlj<t> - ulj(t)>dt >0, (3.21)

forVh; €U, j=1,2,....M, and

N
/Of [(Dl (0,b2),p1 V91>Ql = (Dz(O, sz)7P2V92) o, T it Q2jtj(t) = l(f)sz]
<(h2j(t) —uj(2))dt > 0, (3.22)

for Vhy; € U2, j=1,2,....M.

Finally, incorporating with the box type of constraints in U C}d X Ucfd, we obtain the desired
optimality conditions for (u1;,u> ;),j=1,...,M, given by (3.12)—(3.13) and the additional con-
straint (1.9). The proof follows the similar arguments as in that of [26, Theorem 2.28, p. 71].
Furthermore, if {;; =0 foralli=1,2and j = 1,...,M, the optimality conditions (3.12)—(3.13)
are reduced to (3.14)—(3.15). In this case, the L!-penalization promotes the sparsity of the con-
trols in time, and this completes our proof. U
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4. CONCLUSIONS

This work focuses on optimal data transport via active control of the velocity at the intersec-
tion of two data sets. The results of this work lay a theoretical foundation for the construction of
gradient decent based algorithms for implementing the control design. The model and analysis
can be naturally extended for the case of N data sets or a network of large dimension. This
work contributes to the understanding of boundary control in transport systems and its potential
applications to various fields such as control of dynamic clustering and flows over networks.
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