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1. INTRODUCTION

This paper establishes sufficient conditions for the existence of deterministic optimal policies
minimizing expected costs per unit time for infinite-horizon Markov Decision Processes with
infinite state and action sets. Such policies exist for problems with finite state and actions sets
[5, 9, 32], and deterministic policies were called stationary or randomized stationary in earlier
publications. However, if either the state space or the action space is infinite, optimal policies
may not exist. In particular, for countable-state MDPs with finite action sets, there are examples
demonstrating nonexistence of optimal policies [10, 12, 26]. For finite-state MDPs there are
examples when optimal policies do not exist when action sets are compact, costs do not depend
on actions, and one-step transition probabilities depend continuously on actions [2, 8, 10].

For finite-state MDPs with compact action sets, deterministic optimal policies exist in the
following two cases: (i) all sets of transition probabilities have finite sets of extreme points
[11], (ii) the MDP is communicating [3], that is, any state can be reached from any state.
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For countable state MDPs, Sennott [29, 30] proved the validity of optimality inequalities
under conditions generalizing the communicating condition, and these inequalities imply the
existence of deterministic optimal policies. Cavazos-Cadena [7] provides an example of a
countable-state MDP, for which optimality inequalities hold, and the optimality equation does
not. Schäl [28] extended these results to MDPs with possibly uncountable state sets and com-
pact action sets by considering Assumption B formulated below. In view of Hernández-
Lerma and Lasserre [25, Theorem 5.4.6], Assumptio B is equivalent to the assumptions for
the validity of the optimality inequality in Sennott [29, 30]. Feinberg et al. [17] and Feinberg
and Kasyanov [14] extended Schäl’s [28] results to MDPs with possibly noncompact action
sets and introduced a weaker Assumption B, which also implies an optimality inequality in a
weaker form, which also implies the existence of deterministic optimal policies. [14, Exam-
ple 4.1] demonstrates that Assumption B is indeed weaker than Assumption B. The results for
noncompact action sets are important for inventory control [13, 21].

Schäl [28] studied MPDs with weakly and setwise continuous transition probabilities. Though
weak continuity is more general than setwise continuity, MDPs with weakly continuous tran-
sition probabilities are not more general since continuity of costs and transition probabilities
is assumed with respect to state-action pairs, while, for MDPs with setwise transition proba-
bilities, continuity of costs and transition probabilities is assumed only with respect to actions.
Feinberg et al. [17] studied MDPs with weakly continuous transition probabilities, and Fein-
berg and Kasyanov [14] studied MDPs with setwise continuous transition probabilities. Both
models have important applications. For example, MDPs with weakly continuous transition
probabilities are used for partially observable MDPs [19, 20]. An MDP with finite action sets
and with arbitrary transition probabilities and arbitrary costs is an example of an MDP with
setwise continuous transition probabilities. Hernández-Lerma [24] studied MDPs with setwise
continuous transition probabilities with possibly noncompact action sets under Assumption B,
but the optimality equation for discounted MDPs, which was used in the proofs, was formu-
lated there without a proof, and the only proof known to the authors follows from the optimal
selection theorem proved later in [14].

In this paper we introduce sufficient conditions, which are weaker than Assumption B, and
which lead to the same or weaker conclusions on the validity of optimality inequalities and
optimality equations as Assumption B. There is a significant literature on MDPs with average
costs per unit time, which includes three surveys [1, 6, 30]. Recently Guo et al. [23] established
new conditions for the existence of optimal policies for non-stationary MDPs.

2. PRELIMINARIES

Let R := R∪{+∞}, N∗ := {0,1, . . .}= N∪{0}. Consider a discrete-time MDP with a state
space X, an action space A, one-step costs c, and transition probabilities q. Assume that X and
A are Borel subsets of Polish (complete separable metric) spaces. Let c(x,a) : X×A 7→ R be
the one-step cost and q(B|x,a) be the transition kernel representing the probability that the next
state is in B ∈ B(X), given that the action a is chosen at the state x. The cost function c is
assumed to be measurable and bounded below.

The decision process proceeds as follows: at each time epoch t = 0,1, . . . , the current state
of the system, x, is observed. A decision-maker chooses an action a, the cost c(x,a) is accrued,
and the system moves to the next state according to q( · |x,a). Let Ht = (X×A)t ×X be the
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set of histories for t = 0,1, . . . . A (randomized) decision rule at period t = 0,1, . . . is a regular
transition probability πt : Ht 7→ A, that is, (i) πt( · |ht) is a probability distribution on A, where
ht = (x0,a0,x1, . . . ,at−1,xt), and (ii) for any measurable subset B ⊂ A, the function πt(B|·) is
measurable on Ht . A policy π is a sequence (π0,π1, . . .) of decision rules. Let Π be the set
of all policies. A policy π is called non-randomized if each probability measure πt( · |ht) is
concentrated at one point. A non-randomized policy is called deterministic if all decisions
depend only on the current state.

The Ionescu Tulcea theorem implies that an initial state x and a policy π define a unique
probability Pπ

x on the set of all trajectories H∞ = (X×A)∞ endowed with the product of σ -
fields defined by Borel σ -fields of X and A; see Bertsekas and Shreve [4, pp. 140–141] or
Hernández-Lerma and Lasserre [25, p. 178]. Let Eπ

x be an expectation w.r.t. Pπ
x .

For a finite-horizon N ∈ N∗ := {1,2, . . .}, let us define the expected total discounted costs,

vπ
N,α(x) := Eπ

x

N−1

∑
t=0

α
tc(xt ,at), x ∈ X, (2.1)

where α ∈ [0,1] is the discount factor. When N = ∞ and α ∈ [0,1), equation (2.1) defines
an infinite-horizon expected total discounted cost denoted by vπ

α(x). We always assume that
α ∈ [0,1) when N = ∞. We observe that the expectation in (2.1) is well-defined in the following
two cases: (i) N < ∞, (ii) N = ∞ and α ∈ [0,1). This is true because the sum in (2.1) is a
bounded below measurable function since the function c is bounded below and measurable.

Let vα(x) := infπ∈Π vπ
α(x), x ∈ X. A policy π is called optimal for the discount factor α if

vπ
α(x) = vα(x) for all x ∈ X.

The average cost per unit time is defined as

wπ(x) := limsup
N→∞

1
N

vπ
N,1(x), x ∈ X.

Define the optimal value function w(x) := infπ∈Π wπ(x), x∈X. A policy π is called average-cost
optimal if wπ(x) = w(x) for all x ∈ X.

We remark that in general action sets may depend on current states, and usually the state-
dependent sets A(x) are considered for all x ∈ X. In our problem formulations A(x) = A for all
x ∈X. This problem formulation is simpler than a formulation with the sets A(x), and these two
problem formulations are equivalent because we allow that c(x,a)=+∞ for some (x,a)∈X×A
and can set A(x) = {a∈A : c(x,a)<+∞}. For a formulation with the sets A(x), one may define
c(x,a) = +∞ when a ∈ A\A(x) and use the action set A instead of A(x).

To establish the existence of average-cost optimal policies for problems with compact action
sets, Schäl [28] considered two continuity Assumptions W and S for problems with weakly and
setwise continuous transition probabilities, respectively. For setwise continuous transition prob-
abilities, Hernández-Lerma [24] generalized Assumption S to Assumption S* to cover MDPs
with possibly noncompact action sets. For the similar purpose, when transition probabilities are
weakly continuous, Feinberg et al. [17] generalized Assumption W to Assumption W*.

We recall that a function f : U 7→ R defined on a metric space U is called inf-compact (on
U), if for every λ ∈ R the level set {u ∈ U : f (u) ≤ λ} is compact. A measurable subset of a
metric space is also a metric space with respect to the same metric. For U ⊂ U, if the domain
of f is narrowed to U, then this function is called the restriction of f to U.
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Definition 2.1 (Feinberg et al. [18, Definition 1.1], Feinberg [13, Definition 2.1]). A function
f : X×A 7→ R is called K-inf-compact, if for every nonempty compact subset K of X the
restriction of f to K ×A is an inf-compact function.

Assumption W* (Feinberg et al. [17, 20], Feinberg and Lewis [21], or Feinberg [13]).
(i) the function c is K-inf-compact;
(ii) the transition probability q( · |x,a) is weakly continuous in (x,a) ∈ X×A.

Assumption S* (Hernández-Lerma [24, Assumption 2.1] or Feinberg and Kasyanov [14])
(i) the function c(x,a) is inf-compact in a ∈ A for each x ∈ X;
(ii) the transition probability q( · |x,a) is setwise continuous in a ∈ A for each x ∈ X.

Let
mα := inf

x∈X
vα(x), uα(x) := vα(x)−mα ,

w := liminf
α↑1

(1−α)mα , w̄ := limsup
α↑1

(1−α)mα .
(2.2)

The function uα is called the discounted relative value function. If either Assumption W* or
Assumption S* holds, let us consider the following assumption.

Assumption B. (Schäl [28]). (i) w∗ := infx∈Xw(x)<+∞; and (ii) sup
α∈[0,1)

uα(x)<+∞, x ∈ X.

We recall that sup
α∈[0,1)

uα(x) < +∞ if and only if limsup
α↑1

uα(x) < +∞; [17, Lemma 5]. As

follows from Schäl [28, Lemma 1.2(a)], Assumption B(i) implies that mα < +∞ for all α ∈
[0,1). Thus, all the quantities in (2.2) are defined.

It is known [17, Theorem 1] that, if a deterministic policy φ satisfies the weakened average-
cost optimality inequality (WACOI):

c(x,φ(x))+
∫
X

u(y)q(dy | x,φ(x))≤ w+u(x), x ∈ X, (2.3)

for some nonnegative measurable function u :X→R, then the deterministic policy φ is average-
cost optimal, and

w(x) = wφ (x) = lim
α↑1

(1−α)vα(x) = w = w∗, x ∈ X. (2.4)

Let us consider the following assumption.

Assumption B. (Feinberg et al. [17]). (i) Assumption B(i) holds, and (ii) liminf
α↑1

uα(x) < +∞

for all x ∈ X.

Assumption B(ii) is weaker than Assumption B(ii); see [14, Example 4.1]. If a deterministic
policy φ satisfies the average-cost optimality inequality (ACOI):

c(x,φ(x))+
∫
X

u(y)q(dy | x,φ(x))≤ w+u(x), x ∈ X, (2.5)

for some nonnegative measurable function u : X→ R, which is a stronger version of (2.3) be-
cause w ≤ w always holds, then, according to [28], the deterministic policy φ is average-cost
optimal, and in addition to (2.4), it follows that w = w. A nonnegative measurable function



AVERAGE-COST MDPS WITH INFINITE STATE AND ACTION SETS 5

u(x) satisfying inequality (2.5) with some deterministic policy φ is called an average-cost rel-
ative value function. “Boundedness” Assumption B on the function uα , which is weaker than
boundedness Assumption B, and either Assumption W* or Assumption S* lead to the validity
of WACOI (2.3) and the existence of optimal deterministic policies [17, Theorem 3] and [14,
Theorem 3.3]. Stronger results, namely, the validity of ACOI (2.5) hold if Assumption B holds
instead of Assumption B; see [17, Theorem 4] and [24].

We recall that α ∈ [0,1) for infinite-horizon problems, and everywhere in this paper, if we
consider a discount factor αn, we assume that αn ∈ [0,1).

3. MAIN RESULTS

We study MDPs either with weakly continuous transition probabilities satisfying Assump-
tion W* or with setwise continuous transition probabilities satisfying Assumption S*. In either
case, each of the Assumptions B or B imply the validity of optimality inequalities and the
existence of deterministic optimal policies [14, 17]. However, the results are stronger under
Assumption B. In addition, under additional conditions, Assumption B implies the validity of
the optimality equation [16]. We prove in Corollaries 3.4 and 3.12 that the results on the validity
of optimality inequalities and optimality equations, that were established under Assumption B,
hold under more general assumptions introduced in this section.

Theorems 3.2 and 3.3 state the validity of WACOI (2.3) under Assumption W* or Assump-
tion S* and under essentially weakened version of Assumption B. For this purpose for an arbi-
trary fixed sequence αn ↑ 1 we set:

w{αn}: = liminf
n→∞

(1−αn)mαn, w{αn} := limsup
n→∞

(1−αn)mαn. (3.1)

According to Schäl [28, Lemma 1.2], Assumption B(i) implies

0≤ w≤ w{αn} ≤ w{αn} ≤ w≤ w∗ <+∞. (3.2)

The following theorem formulates average-cost optimality inequality (3.3) in a different form
than ACOI (2.5) and WACOI (2.3).

Theorem 3.1. Let Assumption B(i) hold and {αn ↑ 1}n∈N∗ be an arbitrary fixed sequence. If
there exists a measurable function u : X→ [0,+∞) and a deterministic policy φ such that

c(x,φ(x))+
∫
X

u(y)q(dy|x,φ(x))≤ w{αn}+u(x), x ∈ X, (3.3)

then φ is average-cost optimal,

w(x) = wφ (x) = limsup
n→∞

(1−αn)vαn(x) = limsup
α↑1

(1−α)vα(x) = w = w{αn} = w∗, (3.4)

for each x ∈ X, and WACOI (2.3) hold for the same policy φ and function u as in (3.3).

We remark that for αn ↑ 1, if (1−αn)mαn → w, then (3.3) coincides with WACOI (2.3),
which is already stated in Theorem 3.1, and, if (1−αn)mαn → w, then (3.3) coincides with
ACOI (2.5), which is an additional property; see Corollary 3.4.
Proof of Theorem 3.1. Similarly to Feinberg et al. [17, Theorem 1], since u is nonnegative, by
iterating (3.3) we obtain

vφ

n,1(x)≤ nw{αn}+u(x), n≥ 1, x ∈ X.
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Therefore, after dividing the last inequality by n and setting n→ ∞, we have

w∗ ≤ w(x)≤ wφ (x)≤ w{αn}, x ∈ X, (3.5)

where the first and the second inequalities follow from the definitions of w and w∗ respectively.
Since w∗ ≤ w{αn}, inequalities (3.2) imply that for all π ∈Π and for all x ∈ X

w∗=w=w{αn}≤ limsup
n→∞

(1−αn)vαn(x)≤ limsup
α↑1

(1−α)vα(x)≤ limsup
α↑1

(1−α)vπ
α(x)≤wπ(x),

where the last inequality follows from the Tauberian theorem. Finally, we obtain that

w∗ =w = w{αn} ≤ limsup
n→∞

(1−αn)vαn(x)≤ limsup
α↑1

(1−α)vα(x)

≤ inf
π∈Π

wπ(x) = w(x)≤ wφ (x)≤ w{αn},
(3.6)

for each x ∈ X, where the last inequality follows from (3.5). Thus, all the inequalities in (3.6)
are equalities. �

For a sequence {αn ↑ 1}n∈N∗ of discount factors, consider the following assumption.
Assumption B{αn}. (i) Assumption B(i) holds, and (ii) for a sequence {αn ↑ 1}n∈N∗ of dis-

count factors, the inequality liminf
n→∞

uαn(x)<+∞ holds for all x ∈ X.
Assumption B is equivalent to the statement that Assumption B{αn} holds for an arbitrary se-

quence {αn ↑ 1}n∈N∗ because Assumption B obviously implies this statement and, conversely,
by contradiction, if Assumption B does not hold, then limsupn→∞ uαn(x)→ +∞ for some se-
quence {αn ↑ 1}n∈N∗, and Assumption B{βn} does not hold for the subsequence {βn}n∈N∗ of the
sequence {αn}n∈N∗ such that limn→∞ uβn(x)→+∞. The existence of a sequence {αn ↑ 1}n∈N∗
satisfying Assumption B{αn} implies Assumption B. Moreover, we note that liminfn→∞,y→x uαn(y)
is the least upper bound of the set of all λ ∈R+ such that there exist m ∈N and a neighborhood
V (x) of x satisfying

λ ≤ inf{uαn(y) : n≥ m, y ∈V (x)}.
This holds because

liminf
n→∞,y→x

uαn(y) = sup
V (x),m

inf
y∈V (x),n≥m

uαn(y),

where the supremum is taken over all neighborhoods V (x) of x and m = 1,2, . . . .

Theorem 3.2. Let Assumptions W* holds and let Assumption B{αn} hold for a sequence {αn ↑
1}n∈N∗. Let

u(x) := liminf
n→∞,y→x

uαn(y), x ∈ X. (3.7)

Then there exists a deterministic policy φ satisfying WACOI (2.3) with the function u defined in
(3.7). Therefore, φ is a deterministic average-cost optimal policy. In addition, the function u is
lower semi-continuous, and equalities (3.4) hold.

According to definition (3.7) the function u depends on the sequence {αn ↑ 1}n∈N∗. We do
not write this dependence explicitly. A natural question, which we do not study in this paper,
is under which conditions functions u defined in (3.7) coincide for two sequences of discount
factors converging to 1.

Note that the following properties take place in Example 4.1 from [14]: (a) Assumption B
does not hold; (b) Assumptions W* and B{αn} for some sequence {αn ↑ 1}n∈N∗ hold; (c) w =
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w and, therefore, there exists a deterministic policy φ satisfying ACOI (3.3), (2.5) with the
function u defined in (3.7).

Let Assumption B{αn} hold for a sequence {αn ↑ 1}n∈N∗. We define the following nonnegative
functions on X:

Um(x) = inf
n≥m

uαn(x), um(x) = liminf
y→x

Um(y), m = 1,2, . . . , x ∈ X. (3.8)

Observe that all the three defined functions take finite values at x ∈ X. Indeed,

um(x)≤Um(x)≤ sup
m=1,2,...

inf
n≥m

uαn(x) = liminf
n→∞

uαn(x)<+∞, m = 1,2, . . . , x ∈ X, (3.9)

where the first two inequalities follow from the definitions of um and Um respectively, and the
last inequality follows from Assumption B{αn}. For x ∈ X

u(x) = sup
m=1,2,..., R>0

[
inf

n≥m, y∈BR(x)
uαn(y)

]
= sup

m=1,2,...
sup
R>0

inf
y∈BR(x)

inf
n≥m

uαn(y)

= sup
m=1,2,...

sup
R>0

inf
y∈BR(x)

Um(y) = sup
m=1,2,...

liminf
y→x

Um(y) = sup
m=1,2,...

um(x)<+∞,
(3.10)

where BR(x) = {y∈X : ρ(y,x)< R}, the first equality is (3.7), the second equality follows from
the properties of infima, the third and the fifth equalities follow from (3.8), the fourth equality
follows from the definition of limsup, and the last inequality follows from (3.9). In view of
(3.8), the functions Um(x) and um(x) are nondecreasing in m. Therefore, in view of (3.10),

u(x) = lim
m→∞

um(x), x ∈ X. (3.11)

We also set for u from (3.11)

A∗(x) :=
{

a ∈ A(x) : c(x,a)+
∫
X

u(y)q(dy|x,a)≤ w{αn}+u(x)
}
, x ∈ X. (3.12)

Proof of Theorem 3.2. By replacing α ∈ [0,1) with α ∈ {αn}n in Lemma 6 from Feinberg et
al. [17], we obtain that the functions u,uαm , and um : X→ R+, m = 1,2, . . . , are lower semi-
continuous on X.

Let us prove that u satisfies (3.3). For this purpose, let us fix an arbitrary ε∗ > 0. Since
w{αn} = limsup

n→∞

(1−αn)mαn, there exists n0 ∈ [0,1) such that

w{αn}+ ε
∗ > (1−αn)mαn, n = n0,n0 +1, . . . . (3.13)

Our next goal is to prove the inequality

w{αn}+ ε
∗+u(x)≥ min

a∈A(x)

[
c(x,a)+αm

∫
X

um(y)q(dy|x,a)
]
, x ∈ X, m≥ n0. (3.14)

Indeed, by

(1−α)mα +uα(x) = min
a∈A(x)

[
c(x,a)+α

∫
X

uα(y)q(dy|x,a)
]
, x ∈ X. (3.15)

and (3.13) for every n,m≥ n0, such that n≥ m, and for every x ∈ X

w{αn}+ ε
∗+uαn(x)> (1−αn)mαn +uαn(x) = min

a∈A(x)

[
c(x,a)+αn

∫
X

uαn(y)q(dy|x,a)
]
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≥ inf
a∈A(x)

[
c(x,a)+αm

∫
X

Um(y)q(dy|x,a)
]

because αn ≥ αm since αn ↑ 1. As the right-hand side does not depend on n ≥ m, we have for
all x ∈ X and for all α ∈ [α0,1)

w{αn}+ ε
∗+Um(x) = inf

n≥m

[
w{αn}+ ε

∗+uαn(x)
]
≥ inf

a∈A(x)

[
c(x,a)+αm

∫
X

Um(y)q(dy|x,a)
]

≥ min
a∈A(x)

[
c(x,a)+αm

∫
X

um(y)q(dy|x,a)
]
= min

a∈A(x)
η

αm
um

(x,a),

where
η

αm
um

(x,a) := c(x,a)+αm

∫
X

um(y)q(dy|x,a).

By Feinberg et al. [17, Lemma 3], the function x 7→ min
a∈A(x)

ηαm
um

(x,a) is lower semi-continuous

on X. Thus,

liminf
y→x

min
a∈A(y)

η
αm
um

(y,a)≥ min
a∈A(x)

η
αm
um

(x,a), x ∈ X, m = 1,2, . . . .

and, as, by definition (3.8), um(x) = liminf
y→x

Um(y), we finally obtain

w{αn}+ ε
∗+um(x)≥ min

a∈A(x)
η

αm
um

(x,a), x ∈ X,m≥ n0. (3.16)

Since u(x) = sup
m≥n0

um(x) for all x ∈ X, (3.16) yields (3.14).

To complete the proof of the theorem, we fix an arbitrary x ∈ X. By Feinberg et al. [17,
Lemma 3], for any m = 1,2, . . . there exists am ∈ A(x) such that min

a∈A(x)
ηαm

um
(x,a) = ηαm

um
(x,am).

Since um ≥ 0, for m≥ n0 the inequality (3.14) can be continued as

w{αn}+ ε
∗+u(x)≥ η

αm
um

(x,am)≥ c(x,am). (3.17)

Thus, for all m≥ n0

am ∈Dηm
um(x,·)

(w{αn}+ ε
∗+u(x))⊂Dc(x,·)(w{αn}+ ε

∗+u(x))⊂ A(x),

where D f (λ ) = {y ∈U : f (y) ≤ λ} is the level set. By Feinberg et al. [17, Lemma 2], the
set Dc(x,·)(w{αn}+ ε∗+u(x)) is compact. Thus, there is a subsequence {αm}m ⊂ {αn}n≥1 such
that the sequence {aαm}m converges and a∗ := limm aαm ∈ A(x).

Consider a subsequence {αm}m ⊂ {αn}n≥1 such that aαm → a∗ for some a∗ ∈ A(x). Due to
Fatou’s lemma for weakly converging probabilities [15],

liminf
m→+∞

αm

∫
X

um(y)q(dy|x,am)≥
∫
X

u(y)q(dy|x,a∗). (3.18)

Since the function c is lower semi-continuous, (3.17) and (3.18) imply

w{αn}+ ε
∗+u(x)≥ limsup

n→∞

η
αn
uαn

(x,aαn)≥ c(x,a∗)+
∫
X

u(y)q(dy|x,a∗)≥ min
a∈A(x)

η
1
u (x,a).

Since w{αn}+ ε∗+u(x)≥mina∈A(x)η1
u (x,a) for all ε∗ > 0, this is also true when ε∗ = 0.

The Arsenin-Kunugui theorem implies the existence of a deterministic policy φ such that
φ(x) ∈ A∗(x) for all x ∈ X, where the sets A∗(x) are defined in (3.12). �
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Analyzing the proofs of Hernández-Lerma [24, Section 4, Theorem] and Feinberg and Kasyanov
[14, Theorem 3.3], we obtain the following theorem.

Theorem 3.3. Let Assumptions S* hold, and let Assumption B{αn} hold for a sequence {αn ↑
1}n∈N∗. Let

u(x) := liminf
n→∞

uαn(x), x ∈ X. (3.19)

Then there exists a deterministic policy φ satisfying WACOI (2.3) with the function u defined in
(3.19). Therefore, φ is a deterministic average-cost optimal policy.

Proof. The proof of optimality inequality (3.3) follows the original proof of Hernández-Lerma [24,
Section 4, Theorem] with minor modifications; see, also, Feinberg and Kasyanov [14, Theo-
rem 3.3]). Inequality (3.3) implies WACOI (2.3) in view of Theorem 3.1. �

The following corollary provides under Assumptions W* or S* sufficient conditions for the
validity of ACOI (2.5) under weaker conditions than Assumption B.

Corollary 3.4. Let Assumption W* or S* hold, and let there exist a sequence {αn ↑ 1}n∈N∗ such
that Assumption B{αn} holds, and (1−αn)mαn → w as n→ ∞. Then ACOI (2.5) holds.

Proof. Theorems 3.2 and 3.3 imply that WACOI (2.3) holds. In addition, since w = w, we see
that ACOI (2.5) holds. �

Recall the following definitions.

Definition 3.5 (Semi-equicontinuity [16]). A sequence { fn}n∈N∗ of real-valued functions on a
metric space (S,ρ) is called lower semi-equicontinuous at the point s∈ S if for each ε > 0 there
exists δ > 0 such that

fn(s′)> fn(s)− ε for all n ∈ N∗ if ρ(s,s′)< δ .

The sequence { fn}n∈N∗ is called lower semi-equicontinuous (on S) if it is lower semi - equicon-
tinuous at all s ∈ S. A sequence { fn}n∈N∗ of real-valued functions on a metric space S is called
upper semi-equicontinuous at the point s ∈ S (on S) if the sequence {− fn}n∈N∗ is lower semi-
equicontinuous at the point s ∈ S (on S).

Definition 3.6 (Equicontinuity). A sequence { fn}n∈N∗ of real-valued functions on a metric
space S is called equicontinuous at the point s ∈ S (on S) if this sequence is both lower and
upper semi-equicontinuous at the point s ∈ S (on S).

The following corollary from Theorem 3.2 provides a sufficient condition for the validity of
ACOI (2.5) with a relative value function u defined in (3.19).

Corollary 3.7. Let Assumptions W* hold, Assumption B{αn} hold for a sequence {αn ↑ 1}n∈N∗,
and the sequence of functions {uαn}n∈N∗ be lower semi-equicontinuous. Then the conclusions
of Theorem 3.2 hold for the function u defined in (3.19) for this sequence {αn}n∈N∗.

Proof. Since the sequence of functions {uαn}n∈N∗ is lower semi-equicontinuous, the functions
u defined in (3.7) and in (3.19) coincide in view of [16, Theorem 3.1(i)]. �

Consider the following version of the equicontinuity condition (EC) on the discounted rela-
tive value functions from [16].

Assumption EC{αn}. The sequence of discount factors {αn ↑ 1}n∈N∗ satisfies the following
properties:
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(i) the sequence of functions {uαn}n∈N∗ is equicontinuous;
(ii) there exists a nonnegative measurable function U(x), x ∈ X, such that U(x) ≥ uαn(x),

n ∈ N∗, and
∫
XU(y)q(dy|x,a)<+∞ for all x ∈ X and a ∈ A.

Under each of the Assumptions W* or [25, Assumption 4.2.1], which is stronger than As-
sumption S*, and under Assumptions B{αn} and EC{αn}, there exists a deterministic policy φ

satisfying the average-cost optimality equation (ACOE)

w∗+u(x) =c(x,φ(x))+
∫
X

u(y)q(dy|x,φ(x))

=min
a∈A

[
c(x,a)+

∫
X

u(y)q(dy|x,a)
]
, x ∈ X,

(3.20)

with u defined in (3.7) for the sequence {αn ↑ 1}n∈N∗, and the function u is continuous; see Fein-
berg and Liang [22, Theorem 3.2] for Assumption W* and Hernández-Lerma and Lasserre [25,
Theorem 5.5.4]. We remark that the quantity w∗ in (3.20) can be replaced with any other
quantity in (3.4). In addition, since the first equation in (3.20) implies inequality (3.3), every
deterministic policy φ satisfying (3.20) is average-cost optimal. Observe that in these cases the
function u is continuous (see [22, Theorem 3.2] for Assumption W* and [25, Theorem 5.5.4]),
while under conditions of Theorems 3.2 and 3.3 the corresponding functions u may not be con-
tinuous; see Examples 7.1 and 7.2 from [16]. Below we provide more general conditions for
the validity of the ACOEs. In particular, under these conditions the relative value functions u
may not be continuous.

Now, we introduce Assumption LEC{αn}, which is weaker than Assumption EC{αn}. Indeed,
Assumption EC{αn}(i) is obviously stronger than LEC{αn}(i). In view of the Ascoli theorem (see
[25, p. 96] or [27, p. 179]), EC{αn}(i) and the first claim in EC{αn}(ii) imply LEC{αn}(ii). The
second claim in EC{αn}(ii) implies LEC{αn}(iii). It is shown in Theorem 3.8 that the ACOEs
hold under Assumptions W*, B{αn}, and LEC{αn}.

Assumption LEC{αn}. The sequence of discount factors {αn ↑ 1}n∈N∗ satisfies the following
properties:

(i) the sequence of functions {uαn}n∈N∗ is lower semi-equicontinuous;
(ii) limn→∞ uαn(x) exists for each x ∈ X;

(iii) for each x∈X and a∈A the sequence {uαn}n∈N∗ is asymptotically uniformly integrable
with respect to the probability measure q( · |x,a), that is,

lim
K→+∞

limsup
n∈N∗

∫
X

uαn(z)q(dz|x,a) = 0,

which, according to [15, Theorem 2.2], is equivalent to the existence of N ∈ N∗ such
that the sequence {uαN ,uαN+1, . . .} is uniformly integrable with respect to the probability
measure q( · |x,a).

Theorem 3.8. Let Assumption W* hold, and let Assumption B{αn} hold for a sequence {αn ↑
1}n∈N∗. If Assumption LEC{αn} is satisfied for the sequence {αn}n∈N∗, then there exists a de-
terministic policy φ such that ACOE (3.20) hold with the function u(x) defined in (3.19).

Proof. Since Assumptions W* and B{αn} hold, and {uαn}n∈N∗ is lower semi-equicontinuous,
then Corollary 3.7 implies the existence of a deterministic policy φ satisfying (3.3) with u
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defined in (3.19)

c(x,φ(x))+
∫
X

u(y)q(dy|x,φ(x))≤ w∗+u(x), x ∈ X. (3.21)

To prove the ACOE, it remains to prove the opposite inequality to (3.21). According to
Feinberg et al. [17, Theorem 2(iv)], for each n ∈ N∗ and x ∈ X the discounted-cost optimality
equation is vαn(x) =mina∈A[c(x,a)+αn

∫
X vαn(y)q(dy|x,a)], which, by subtracting αnmαn from

both sides and by replacing αn with 1, implies that for all a ∈ A

(1−αn)mαn +uαn(x)≤ c(x,a)+
∫
X

uαn(y)q(dy|x,a), x ∈ X. (3.22)

Let n→ ∞. In view of (3.4), Assumptions LEC{αn}(ii, iii), and Fatou’s lemma [31, p. 211],
(3.22) imply that for all a ∈ A

w∗+u(x)≤ c(x,a)+
∫
X

u(y)q(dy|x,a), x ∈ X. (3.23)

We remark that the integral in (3.22) converges to the integral in (3.23) since the sequence
{uαn}n∈N∗ converges pointwise to u and is u.i.; see [16, Theorem 2.1]. Then, (3.23) implies

w∗+u(x)≤min
a∈A

[c(x,a)+
∫
X

u(y)q(dy|x,a)]≤ c(x,φ(x))+
∫
X

u(y)q(dy|x,φ(x)), x ∈ X.
(3.24)

Thus, (3.21) and (3.24) imply (3.20). �
In the following example, Assumptions W*, B{αn}, and LEC{αn} hold. Hence the ACOEs

hold. However, Assumption EC{αn} does not hold. Therefore, Assumption LEC{αn} is more
general than Assumption EC{αn}.

Example 3.9. ([16, Example 7.1]) Consider X= [0,1] equipped with the Euclidean metric and
A = {a(1)}. The transition probabilities are q(0|x,a(1)) = 1 for all x ∈ X. The cost function
is c(x,a(1)) = I{x 6= 0}, x ∈ X. Then the discounted-cost value is vα(x) = uα(x) = I{x 6= 0},
α ∈ [0,1) and x ∈ X, and the average-cost value is w∗ = w(x) = 0, x ∈ X. It is straightforward
to see that Assumptions W* and B{αn} hold. In addition, since the function u(x) = I{x 6= 0} is
lower semi-continuous, but it is not continuous, the sequence of functions {uαn}n∈N∗ is lower
semi-equicontinuous, but it is not equicontinuous for each sequence {αn ↑ 1}n∈N∗ . Therefore,
Assumption LEC{αn} holds since 0≤ uαn(x)≤ 1, x∈X, and Assumption EC{αn} does not hold.
The (3.20) holds with w∗ = 0, u(x) = I{x 6= 0}, and φ(x) = a(1), x ∈ X. �

The following theorem states the validity of the ACOE under Assumptions S*, B{αn}, and
LEC{αn}(ii,iii).

Theorem 3.10. Let Assumption S* hold, and let Assumption B{αn} hold for a sequence {αn ↑
1}n∈N∗. If Assumptions LEC{αn}(ii,iii) are satisfied for the sequence {αn}n∈N∗, then there exists
a deterministic policy φ such that ACOE (3.20) holds with the function u(x) defined in (3.19).

Proof. According to Theorem 3.3, if Assumptions S* and B{αn} hold, then we have that: (i)
equalities in (3.4) hold; (ii) there exists a deterministic policy φ satisfying ACOI (3.21) with the
function u defined in (3.19); and (iii) for each n ∈ N∗ and x ∈ X the discounted-cost optimality
equation is vαn(x) = mina∈A[c(x,a)+αn

∫
X vαn(y)q(dy|x,a)]. Therefore, the same arguments as
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in the proof of Theorem 3.8 starting from (3.22) imply the validity of (3.20) with u defined in
(3.19). �

Observe that the MDP described in Example 3.9 also satisfies Assumptions S*, B{αn}, and
LEC{αn}(ii,iii). We provide Example 3.11, in which Assumptions S*, B{αn}, and LEC{αn}(ii,iii)
hold. Hence, the ACOEs hold. However, Assumptions W*, LEC{αn}(i), and EC{αn} do not hold.

Example 3.11. ([16, Example 7.2]) Let X= [0,1] and A= {a(1)}. The transition probabilities
are q(0|x,a(1)) = 1 for all x ∈X. The cost function is c(x,a(1)) = D(x), where D is the Dirichlet
function defined as

D(x) =

{
0, if x is rational,
1, if x is irrational,

x ∈ X.

Since there is only one available action, Assumption S* holds. The discounted-cost value is
vα(x) = uα(x) =D(x) = u(x), α ∈ [0,1) and x∈X, and the average-cost value is w∗=w(x) = 0,
x ∈ X. Then Assumptions B{αn} and LEC{αn}(ii,iii) hold. Hence, the ACOEs (3.20) hold with
w∗ = 0, u(x) = D(x), and φ(x) = a(1), x ∈ X. Thus, the average-cost relative function u is
not lower semi-continuous. However, since the function c(x,a(1)) = D(x) is not lower semi-
continuous, Assumption W* does not hold. Since the function u(x) = uα(x) = D(x) is not
lower semi-continuous, Assumptions LEC{αn}(i) and EC{αn} do not hold either. �

We recall that, in view of Theorem 3.1, w∗ = w under assumptions of this theorem. The
following theorem provides sufficient conditions for w∗ = w = w. While ACOE (3.20) is a
stronger fact than WACOE (2.3), Corollary 3.12 provides sufficient conditions for the optimality
equality which is stronger than ACOE 2.5.

Corollary 3.12. Let assumptions of either Theorem 3.8 or Theorem 3.10 hold. If, in addition
limn→∞(1−αn)mαn = w, then w∗ = w = w and ACOE (3.20) holds with w∗ substituted with w.

Proof. The proof follows from the arguments provided after the formulation of Theorem 3.1. �
We remark that [14, Example 4.1] satisfies the assumptions of Corollary 3.12, but it does not

satisfy Assumption B.
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