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Abstract. In this paper, we study a second order dynamical system with variable coefficients in connection to
the minimization problem of a smooth nonconvex function. The convergence of the trajectories generated by the
dynamical system to a critical point of the objective function is assured, provided a regularization of the objective
function satisfies the Kurdyka-Lojasiewicz property. We also provide convergence rates for the trajectories gener-
ated by the dynamical system, formulated in terms of the Lojasiewicz exponent, and we show that the unbounded
damping considered in our dynamical system significantly improves the convergence rates known so far in the
literature, that is, instead of linear rates we obtain superlinear rates.
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1. INTRODUCTION

Consider the second order dynamical system

%)’é(t) + %/)'c(t) +Ve(x(1) =0
(DS)
x(to) = uo, x(to) = vo,

in connection to the optimization problem

inf g(x), (P)
xeR”?
where 1) > 0, g : R" — R is a possibly nonconvex Fréchet differentiable function with L,-
Lipschitz continuous gradient, ug,vy € R"” and y,A € (0,+cc). Note that the governing differ-

ential equation of (DS) can be written as x(¢) + %tx(t) + %Vg(x(t)) = 0 where the damping
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%t is indeed unbounded. Of course, instead of (DS) one can consider the dynamical sys-

tem A (1)i(1) + Y(1)i(1) + Va(x(r)) = 0, x(to) = uo, i(to) = vo provided A(t) = & (,iz) and

Y(t) =0 (%) as t — +oo and the analysis presented in the paper remains valid. We empha-
size that a particular instance of the latter system can be obtained from the dynamical system
studied in [9], that is,

¥(s) +vy(s) +Ve(y(s)) =0, y(s0) = uo, y(so) = vo, b >0, (BB))

by using the time rescaling s = ¢, x(t) = y(s). Indeed, after some easy computations we obtain

%x(t) + (2% - %) x(t) + Ve (x(t)) =0,

therefore in some sense (DS) and (BBJ) seem to be equivalent. However, according to [9], (see
also [14]), the trajectories generated by (BBJ) converge to a critical point of g, provided g is of
class C? and satisfies the Kurdyka-E.ojasiewicz property, further the desingularizing function ¢
satisfies

@(s) > cv/s,5 € (0,m),
where ¢, > 0.

In contrast, in this paper we obtain the convergence of a trajectory generated by (DS) to a
critical point of g, provided the regularization of g,

1
H:R"XR"— R, H(u,v) :g(u)+§\|u—v“2

satisfies the Kurdyka-FL.ojasiewicz inequality. Moreover, we will obtain some convergence rates
that are better than those obtained in [9] or [14]. In particular, in case of strongly convex
objective functions, we will obtain superlinear rates instead of linear rates.

Another motivation for the study of the dynamical system (DS) arises in the following setting.
Consider the perturbed dynamical system studied in [15], that is,

(1) + (% + Y) x(t) +Vg(x(1)) = 0, x(t0) = uo, *(to) = vo, (BCL)

where ug,vp € R"” and o,y € (0,+o0). Indeed, (BCL) is a perturbed version of the dynamical
system considered by Su, Boyd and Candes in [25], the latter one can be obtained by taking
Y =0 in (BCL). However the objective function in [25] is assumed to be convex, and in this
context the dynamical system studied in [25] can be seen as the continuous counterpart of the
celebrated Nesterov accelerated convex gradient method [22].

By using the time rescaling # = s and by denoting y(s) = x (sz) , the system (BCL) can be
rewritten as

1 v _2a—1)\ .
2900+ (= 250 ) 560+ 90(60) = 0,5(60) = 0, o) = 2500

where 5o = /fo. Consequently the dynamical system (DS) is also similar to the dynamical
system (BCL).

According to [15], the trajectories generated by (BCL) converge to a critical point of g,
provided the function g(u) + %|lu—v||%, u,v € R" satisfies the Kurdyka-Eojasiewicz inequality.

Note that in case g is a strongly convex function then according to [9] and [15] one has
lim;_, ;-x(t) = X where X is a critical point of g. Further, it holds the linear rate ||x(¢) —X|| =



A SECOND ORDER DYNAMICAL SYSTEM 3

7 (e_At ) as t — +oo, where A > 0. In contrast, for strongly convex objective functions, in this
paper we will obtain the superlinear rate

1x(t) —F|| = O(e ™) as t — oo

The paper is organized as follows. After presenting some preliminary notion and results that
we need in order to carry out our analysis, in section 3 we show the existence and uniqueness
of the trajectories of the dynamical system (DS). We also show that the third order derivative
exists almost everywhere. In section 4 we show the convergence of the trajectories generated
by the dynamical system (DS) to a critical point of our objective function g. We also discuss
the cases when g is semialgebraic or g is strongly convex. In section 5 we obtain convergence
rates in terms of the L.ojasiewicz exponent of the objective function. In particular we show that
for strongly convex objective functions the trajectories generated by the dynamical system (DS)
converge in superlinear rate to a critical point of g.

2. PRELIMINARIES

The finite-dimensional spaces considered in the manuscript are endowed with the Euclidean
norm topology. The Fermat rule in this setting reads as: if x € R" is a local minimizer of g then
0 € Vg(x). We denote by

crit(g) ={xeR":0€ Vg(x)}
the set of critical points of g.

Definition 2.1. (see, for instance, [7, 1]) A function x : [0,+00) — R” is said to be locally
absolutely continuous, if is absolutely continuous on every interval [0, 7|, T > 0, that is, one of
the following equivalent properties holds:

(i) there exists an integrable function y : [0,7] — R” such that

+/ s)ds Yt € [0,T];

(ii) x is continuous and its distributional derivative is Lebesgue integrable on [0, T|;
(ii1) for every € > 0, there exists > O such that for any finite family of intervals [ =
(ax,bx) C [0,T] we have the implication

<Ik ﬂ]j =@ and Z|bk—ak| < T[) - Z ”x(bk) _x(ak)H <E&.
k k

Remark 2.2. (a) It follows from the definition that an absolutely continuous function is dif-
ferentiable almost everywhere, its derivative coincides with its distributional derivative almost
everywhere and one can recover the function from its derivative X = y by the integration formula
(1).

(b) If x : [0,T] — R" (where T > 0) is absolutely continuous and B : R” — R" is L-Lipschitz
continuous (where L > 0), then the function z = B o x is absolutely continuous, too. This can
be easily seen by using the characterization of absolute continuity in Definition 2.1(iii). More-
over, z is almost everywhere differentiable and the inequality ||z(-)|| < L||%(-)|| holds almost
everywhere.

We recall two technical lemmas which will play an essential role in our analysis, (see [1]
Lemma 5.1 and Lemma 5.2, respectively).
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Lemma 2.3. Suppose that F : [0, 4o0) — R is locally absolutely continuous and bounded below
and that there exists G € L' ([0, +0)) such that for almost every t € [0, +oo)

%F(r) <G().

Then there exists lim;_,. F(t) € R.

Lemma 24. [f1 < p < oo, 1 <r < oo, F:[0,+00) — [0,+0c0) is locally absolutely continuous,
F € LP([0,400)), G: [0,4) = R, G € L([0,+20)) and for almost every t € [0,+o0)

d

—F(t) < G(t

r) < 6o,
then lim;_, 1o F(t) = 0.

The convergence of the trajectories generated by the dynamical system (DS) will be shown in
the framework of the functions satisfying the Kurdyka-Lojasiewicz property. For n € (0, o],
we denote by @y the class of concave and continuous functions ¢ : [0,17) — [0, 4-c0) such that
©(0) = 0, ¢ is continuously differentiable on (0,7), continuous at 0 and ¢’(s) > 0 for all

s€(0,m).

Definition 2.5. (Kurdyka-Lojasiewicz property) Let f : R" — R be a differentiable function. We
say that f satisfies the Kurdyka-Lojasiewicz (KL) property at x € R" if there exist € (0, +o9],
a neighborhood U of X and a function ¢ € ®y such that for all x in the intersection

UnfreR": f(x) <f(x) <f(X)+n}
the following inequality holds

@' (f(x) = FEDIVL) = 1.
If f satisfies the KL property at each point in R”, then f is called a KL function.

The function in the above definition is called a desingularizing function [9]. The origins of
this notion go back to the pioneering work of Lojasiewicz [21], where it is proved that for a real-
analytic function f : R” — R and a critical point X € R” (that is Vf(X) = 0), there exists 6 €
[1/2,1) such that the function | f — £(X)|®||Vf|| =" is bounded around X. This corresponds to the
situation when @(s) = C(1 —6)~'s' 9. The result of FL.ojasiewicz allows the interpretation of
the KL property as a re-parametrization of the function values in order to avoid flatness around
the critical points. Kurdyka [17] extended this property to differentiable functions definable in
an o-minimal structure. Further extensions to the nonsmooth setting can be found in [11, 5, 12,
13].

One of the remarkable properties of the KL functions is their ubiquity in applications, see
[10, 15, 2, 18, 19]. To the class of KL functions belong semi-algebraic, real sub-analytic,
semiconvex, uniformly convex and convex functions satisfying a growth condition. We refer
the reader to [11, 5, 13, 10, 12, 6, 4] and the references therein for more details regarding all the
classes mentioned above and illustrating examples.

An important role in our convergence analysis will be played by the following uniformized
KL property given in [10, Lemma 6]. We recall that the distance function to a set is defined for
A CR" as dist(x,A) = infycy ||x —y|| for all x € R"™.
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Lemma 2.6. Let Q C R" be a compact set and let f: R" — R be a differentiable function.
Assume that f is constant on Q and f satisfies the KL property at each point of €. Then there
exist €,1 > 0 and ¢ € Oy such that for all x € Q and for all x in the intersection

{xeR":dist(x,Q) < e}nN{xeR": fX) < f(x) < f(X)+n}
the following inequality holds
@' (f(x) = fFE)IVL ) > 1.

A related notion that we need is the notion of a Lojasiewicz exponent, which is defined as
follows, see [5, 6, 20].

Definition 2.7. Let f : R” — R be a differentiable function. The function f is said to fulfill
the Lojasiewicz property, if for every X € crit f there exist K,€ > 0 and 0 € (0, 1) such that

1f(x) — £(X)|® < K||Vf(x)|| for every x fulfilling ||x — || < &.

The number 0 is called the Lojasiewicz exponent of f at the critical point X.

3. EXISTENCE AND UNIQUENESS

Let us specifying which type of solutions are we considering in the analysis of the dynamical
system (DS).

Definition 3.1. We say that x : [tp, +o0) — R" is a strong global solution of (DS), if the following
properties are satisfied:

(1) x,X,X : [tg, +o0) — R" are locally absolutely continuous, in other words, absolutely contin-
uous on each interval [0,b] for 0 < b < +eo;

(ii) t%x(t) + Lx(t) + Vg (x(r)) = 0 for almost every 1 > to;

(i11) x(t()) = up and )'C(l‘()) =y.

For proving existence and uniqueness of the strong global solutions of (DS), we use the
Cauchy-Lipschitz-Picard Theorem for absolutely continues trajectories (see for example [16,
Proposition 6.2.1], [24, Theorem 54]). The key argument is that one can rewrite (DS) as a
particular first order dynamical system in a suitably chosen product space (see also [3]).

Theorem 3.2. Assume that A,y > 0. Then, for every starting points ug,vo € R" there exists a
unique strong global solution x of the dynamical system (DS).

Proof. By making use of the notation X (¢) = (x(z),x(¢)) the system (DS) can be rewritten as a
first order dynamical system.

X(t)=F(t,X(1))
{ X (s0) = (uo,v0), (3.1)

where F : [tg,+o0) x R" x R" — R" x R" F(t,u,v) = (v,—%v— %Vg(u))) . First we show

1
loc

that F(z,-,-) is Lipschitz continuous with a Lipschitz constant L(¢) € L
r>1.

([to, +0)), for every
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Indeed,

2

1F(t,u,v) = F(t,,7)|| = \/HV—VH2 (V—V)+§(Vg(ﬁ)—vg(u))

% 2L2t4
\/(1+212)||v— P+ S8 -
22 24
+ !
s\/1+2 VI =72+ ]2

= \/1 +2Tgu(”,") - (M,V)H-

y2t2+ 1244

Obviously, the Lipschitz constant L(t) =/ 1 +2

[to, b] for all 0 < b < +oo, consequently L(t) € Lloc([to, —l— ))-
Next, we show that F(-,u,v) € L}, ([ty,+o0),R" x R") for all u,v € R". Indeed, for 0 < b <
+oo and u,v € R" fixed, one has

b b vt 12 2
[ iraslas= [y | - Sve
1 to 2/ l

’ 1 2y2t2 2 2t4 \Y% 2d
< +2°%5 +2-5 1

2;2 + t4

is continuous, hence integrable on

dt

<\ sl |

and the conclusion follows by the continuity of 1/ 1+ R 2;”4.

The conclusion of the theorem follows by applying the Cauchy-Lipschitz-Picard theorem to
the first order dynamical system (3.1). 0

Considering again the setting of the proof of Theorem 3.2, from Remark 2.2(b) it follows that
X exists almost everywhere on [to, +oo). We have the following result.

Lemma 3.3. Consider ugy,vo € R" and let x be the unique strong global solution of (DS). Then,
for almost every t € [ty,+o0) one has:

01 < (37 +55 o+ (142 o) 62)

Proof. By using the 1-norm of R" x R", we have
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IX (2 +h) =X (@)l = |F(t +h,X(t +h) = F(t,X(1))] =

2 2
(o) o).~ a0+ Tost) = CEPETelatr ) + G900 =

P
2 2
1(z +h) — £(0)]| + H—%(I R+ h) + %tx(t) G ah) Ve(x(t+h) + %Vg(x(t)) H <

|5(z 4+ h) — x(2)| —|—Z||(t +h)x(t +h) —tx(t |]+7L |t +R)*Vg(x(t+h)) — 2 Vg(x(t))|| <
e+ ) = 5(0) |+ 5 ¢+ )+ ) o ||+,L I
2

% IVg(x(t+h)) = Vex(@))ll < [1x(e +h) —x(0)][ + 5 L1+ )i(e -+ 1) — x|+

((t+h) —tz)Vg(x(t+h))H +

2
(1Y =) Valet ]|+ 5 (a4 1))

Hence,

xX(t+h)—x(z)
h
t+h)?—1t?

o

By taking the limit 4 — 0, we obtain

(t+h)x(t+h) —1x(t)
h
Lt?
A

Y

<
A

X(t+h)—X(¢)
h

1 x(t+h)—x(1)

h

Vg(x(t+h))H +

2
IO < 150+ L (1630 |+ 5 198G+ o)l

Now [[X(1)]l = [I¥®)(#)[| + [|%(2)[| and by using (DS), we get Vg(x(r)) = —5i(r) — Li(r).
Consequently,

230+ 2200 [+ B 1)

01 < (37 +55 o+ (24 20 o)

4. CONVERGENCE OF TRAJECTORIES

Ol < L o) +o5te) )+ 5

Hence,

In this section we study thee convergence of the trajectories of the dynamical system (DS).
The set of limit points of the trajectory x, which we denote by w(x), is defined as

o(x) ;= {x € R": 3ty —> oo such that x(t;) — X, k —> +oo}.

Theorem 4.1. Assume that g is bounded from below and for ug,vo € R" let x be the unique
strong global solution of the dynamical system (DS).
Then

(i) xx(t), L(0) € ([, +0) R");
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(ii) there exists and is finite the limit lim,__, ;. g(x(t));
(iii) limy o0 55(t) = 0, and limy_, o 1(1) = 0;
(iv) o(x) Ccrit(g).

Proof. Let T > 0. Since x,x,% are locally absolutely continuous we have x, %, % € L?([0,T],R").
Further, by the L,-Lipschitz property of Vg we have V(g(x)) € L*([0,T],R").

Consider 8 such that 0 < f < min <3%7 A/ 21) By using the L, Lipschitz continuity of Vg
we evaluate:

e (Ba0420) = (Ba+ (1- 5 ) 50,98 (Ba00 420 ) vt
# (B + (1-5) 50~ 559~ T
<L (B2 - B2 koo - (22 ) 1o
S0+ (1-5) 50 | B0

Further by using the inequality ||4(z)||||%(z)|| < 3 (|l%(¢)]|* + [[%(2)||*), we have

+L,

Bst+ (1-8) 50 | B < | Breo ]| B0 +] BTN
-V + |- o
%( O+ 2 <r>|rz>+'1—§§ux<r>u?
On the other hand, we see that
- (BB ooy 3 5 ( (B2 - B weore)
(P o,
Consequently, it holds
& (e (o) +5 (B2 - B o) < @)
(B2 B g (2 B [ BB A 2R e
Let us denote N 5
L
0=
" by i LB |, BB A 282
o2 2 BB
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Since 0 < B < min <ﬂ i—}“) we have that there exists #; € R such that for all 7 > #; one has
8

3Ly
By+A BA
2

>0,A(r) <0and B(z) < 0.

Now by integrating (4.1) on [¢1,T], one obtains

T
e(Bxryan)) 5 (B2 - B0 o+ [ —awlsofar @

[ =B Par < g (F) +50) + 5 (B2 B2 st

1

Taking into account that g is bounded from bellow, by taking the limit as T — +co we obtain,
that

/tl T AW |[E()|2dt < oo
and
/tl CB()|li(0)|2dt < +oo.
Consequently —A(z)||&(¢)||?, —B(t)||%(t)||> € L' ([tg, +0),R), that is,
[A(6)[%(1), v/|B(t)|%() € L ([to, +e0), R").

In other words,

1 2
€ L~([tg, +o),R").
N/ x(1), \/ x(s) € L([t0, +o<), R")
Further, (4.1) and Lemma 2.3 assure that there exists and is finite the limit
: B L(By+4 ﬁfl 2
Jim (o (B x) +5 (P2 IR, @3
We show next that lim;—, e %x(t) =0.
Note that
d (1. 2 2,0 . 2. 1 l .
& (EIROIP) = = SO + 50050 = = ZI0) 142 i), 72300 )

< = SO+ 1P + 1 150 P € L' o, +)).

The conclusion follows by Lemma 2.4. Similarly, we show that lim; ;.. tizx(t) = 0. We have

d

g (t%nx(r)nZ) = SO+ 5 (0, 60)) < — I+ 21 @)1

Now according to Lemma 3.3, we have

2
KO0l < (37 + 55 ) s+ o+ 2 ) 1ol
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Hence,

a (}4|rx<z>||2) < S0+ o %}ﬁ 2 ) OO+ (F+ 5 ) P

_,L L) P 3 ) P 3 ) P |

—X(t)
7
< T AIROP+3 7 GO +37 el + 5 ||x<>||2+t%||x<t>||2)eLl([ro,+oo>>.

The conclusion follows by Lemma 2.4.
Finally, by using the continuity of g and the fact that 11m,_>+°<, +x(t) =0, (4.3) becomes:

3 aim_ (¢ (Fr00x0) 45 (PF2-EL) 0)P) = tim ety e® @)

Let X € w(x). Then, there exists a sequence #; — oo, k — o0 such that x(f;) — X, k —
+o0. Hence, by using the continuity of Vg and the dynamical system (DS), we have

. A . _

0= lim (—Zx(tk) + Zx(tk) + Vg(x(tk))> =Vg(x),
koo \ 1} ty

which shows that X € crit(g). O

The following result is an easy consequence of Theorem 4.1.

Lemma 4.2. Assume that g is bounded from below and for ug,vo € R" let x be the unique strong
global solution of the dynamical system (DS). Consider the function

1
H:R'xR'— R, H(x,y) Zg(x)+§|!x—Y|’2~

Consider 0 < B < min (%, v/ %) . For simplicity, for t > t|, where t| was defined in Theo-
rem 4.1, let us denote

u(t) = gx(t) +x(t) and v(t) = (\/ B’}:—l - Lj—f%— ﬁ) x(t) +x(1).
Then

() o(u) = o(v) = o(x);

(i) gH (u(t),v(t)) < A@)|5@)|> +B()[1x(0)|* <0, forall 1t > 113
(iii) there exists the limit lim;__, y oo H (u(t),v(t)) = lim;_, 1 g(x(t)) € R;
(iv) H is finite and constant on 0(u,v) = {(x,X) e R" xR" : X € o(x)};
V) [VH(u(1),v(0))|| < q(O[I%@) [+ p(O)lI@)I], for allt > 1
(vi) o(u,v) C crit(H),

here B, Lf° L, BIB A 2BA
= P2 Lg L |,_B|B_4 2pA
Alr) = * 213  B(r) = t+ 2t Ly 2t 3 7

A +A A

q(t)—t—andp() iﬁ Z+2 ﬁ?’tz —[i—4.

Assume further that x is bounded. Then

(vii)) @(u,v) is nonempty and compact;
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(viii) lim;— o dist((u(t),v(t)), 0(u,v)) = 0.
Proof. (i) According to Theorem 4.1 (i)

tirﬁmgx@:zi%(\/ﬁy;l_6_4/1+ﬁ> =0

(i1) and (iii) are nothing else than (4.1) and (4.4).

(iv) Consider (x,y) € ®(u,v). Then, there exists a sequence #;, — +o0, k — o0 such that
u(ty) — X, k —> +o0 and v(t) — y, k — +o0. But according to Theorem 4.1 (i) and the form
of u and v we get thatx =y and X € @(x). Consequently, ®(u,v) = {(X,X) e R" xR" :x € o(x)}.

Now, let (X,X) € w(u,v). Then, there exists a sequence fy — oo, k —> o0 such that
u(ty) — X, k — 400 and v(t;) — X, k — +o0. But according to (iii) lim; 1 H (u(t),v(t)) =
I € R, hence H(X,x) =limy_, oo H (u(ty),v(tx)) =lim; 1 H (u(t),v(t)) = I. Consequently, H
is constant on ®(u,v).

(v) Since VH (x,y) = (Vg(x) +x—y,y — x) by using (DS), we have

hence

IVEGu(e) v(e)) | < [ Va(0(e)] + 2le) —¥(0)] < [Vi(u(t)) - V(o)) + | Va(x(e)]
#20u(0) v < 1)+ |~ 50 = Lato| + 20ute) 0]

Pria ’“)n (0

) L¢B
st—2||x(z)y|+< + +2 2

= q(@)[[x()]] +P(l‘)||x(f)||'
(vi) Since critH = {(x,y) € R" xR": (0,0) € VH(x,y)} = {(*,X) e R" x R" : X € crit(g) },
and according to (i) ®(u,v) = {(x,X) € R" x R" : X € ®(x)} by Theorem 4.1 (iv), one has:

o(u,v) Ccrit(H).

(vii) Since x is bounded and %x(t) — 0,7 — +oo we obtain that u and v are bounded,
respectively. Hence from Bolzano-Weierstrass Theorem one obtains that the set of limit points
o(u,v) is nonempty. Moreover ®(u,v) = {(¥,X) € R" xR" : X € o(x)}, and @(x) is bounded,
thus it is enough to show that m(x) is closed.

Consider (X,),>1 € ®(x) and assume that lim,,_, | . X, = x*. We show that x* € (x).

Obviously, for every n > 1 there exits the sequence #;! — +e0, k — +oo such that

li t .
Jim, X6 =%

Further, lim,,_, 1 X, = x*, hence for every € > 0 there exists Nz € N such that for all n > Ng
one has

1%, — x| < =.

2
Let us fix £ > 0 and let n > 1 fixed. Since limy_, . x(#]') = X,, there exists k(n,€) € N such

that for all k > k(n,€) one has

€
() =%l < 5.
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The last two relations lead to
|lx(7) —x*|| < €,Vn > Ng, k > k(n,€).

Since #} — o0, k — oo for all n > 1, we obtain that for every n > 1 there exists N;, € N
such that #! > n for all k > N,,. For every n > 1 consider now k, > max{n,N,,k(n,€)} and the
sequence s, = ;! . Obviously s, —» 400, n — +o0 and |[x(s,) —x*|| <€, Vn > Ng. Hence

lim x(s,) =x" and s, — +oo, n — oo,
n—-y—+o0

in other words x* € @(x).

(viii) We have
0< tirgmdist((u(t),v(t)), o(u,v)) < A hni dist((u(t),v(t)), 0(u,v)) = 0.

O

Remark 4.3. Combining (iii) and (iv) in Lemma 4.2, one obtains that for every X € @(x) and
ty — oo such that x(#;) — X as k —> +oo we have

lim  H(u(t),v(ty)) = H(X,X).
k— 400
The following result is the main result of the paper.

Theorem 4.4. Assume that g is bounded from below and for ug,vy € R", let x be the unique
strong global solution of (DS). Consider the function

1
H:R'xR'— R, H(x,y) Zg(x)+§|!x—Y|’2~

Suppose that x is bounded and H is a KL function. Then the following statements are true
(a) (1) € L' ([to, +o0), R");
(b) +5(r) € L' ([to, +o0), R");
(c) there exists X € crit(g) such that lim;__, ;. x(t) = X.

Proof. Under the assumptions of Lemma 4.2, consider (X,X) € ®(u,v). Then

lim H(u(t),v(t)) = H(X,X).

t——oo
Case 1. There exists 7 > 1 such that H(u(7),v(f)) = H(%,X). From Lemma 4.2 (ii) we have

d

S H(u(®),v(6) AWDEOIP +B@)(0)]* <0, forall s > 1,
hence,

H(u(t),v(t)) < H(X,X), forallz >17.
On the other hand
H(u(t),v(1)) > 1irr+1 H(u(t),v(t)) = H(x,x), forallt > 1y,
—> 400

hence

H(u(t),v(t)) = H(x,X), forallz >17.
But then, H(u(t),v(t)) is constant, hence %H(u(t),v(t)) =0, for all # > 7, which leads to

0 < A()||E(0)||>+ B(@)|Ji(r)|* <0, forall > 7.
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Since A(¢) < 0 and B(z) < O for every ¢ > 11, the latter inequality can hold only if
x(t)=x(t) =0, forallt >17.

Consequently, x,% € L' ([tg, +o0),R") and x(¢) = X is constant on [f, o).

Case II. For every ¢t > t; one has that H(u(t),v(t)) > H(X,x). Let Q = ®(u,v). Then ac-
cording to Lemma 4.2, Q is nonempty and compact and H is constant on Q. Since H is KL,
according to Lemma 2.6 there exist €, > 0 and ¢ € @y such that for all (¥,X) € Q and for all
(z,w) in the intersection

{(z,w) e R" x R" : dist((z,w),Q) < e} N{(z,w) e R" xR": H(X,X) < H(z,w) < H(X,X)+ 1N}
one has
¢'(H(z,w) — H(x,%))|VH (z,w)|| > 1.
According to Lemma 4.2 (viii), lim,_, ;o dist((u(z),v(z)),Q) = 0, hence there exists t, > 0
such that
dist((u(r),v(1)),Q) < &,Vt > 1.
Since
lim (H(u(t),v(r))) = H(x,X)

t—oo
and

H(u(t),v(t)) > H(X,X),
there exists 73 > t; such that
H(x,X) < H(u(t),v(t)) < HX,X)+1n,Vt > ts.
Hence, for all 7 > T = max(z,3) we have
¢ (H(u(t),v(t)) — H(X,X)) - [ VH (u(t), v(1)) | > 1.
According to Lemma 4.2 (i) and (v), we have

%H(u(t),V(f)) <A@ EO +B(0)[lx(0) > <0

and
IVH (u(t),v(1)) || < q(0)[[£(@)[[ + p(@)[[x()]],
hence,
d o p __.d
5 PH (), v(0)) —Hx,%)) = ¢'(H(u(t),v(1)) — H(T,X)) 7 H (u(t),v(r))
A@)]IE() 1>+ B(@) [1%(0) [
q(@)[[%(0)[| + p(@)[[x()|l

By integrating on the interval [T,7],7 > T we obtain

g [TAGIEO 4B ()P
P ~HE0) = | T p ]

|
Since ¢ is non-negative, A(s) < 0,B(s) < 0,p(s) > 0,g(s) > 0 for all s > T and 7 was arbitrary
chosen, we obtain that
0< /*‘” —A(s)[[£() 1> = B(s)[x(s) I
o q)[E) [+ pls)[X(s)]

forall t € [T, +o0).

ds < @(H(u(T),v(T)) — H(x,%)).

ds < (H(u(T),v(T)) - H(x,X))
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which leads to
X [x(0)]1? @)1
gO)IE@) + pO) @) g@)11X@) || + p(e)]1%() |

By using the arithmetical-geometrical mean inequality we have

€ Ll([t07+°°)7Rn)-

1 @)1 N lle)]? o _ OO
2\ aOx@)+p@)lxOI — q@OlIE@)+p@OIOI ] — a@)lx@)] + p@) ()]
hence,
sl ()
q(O) X[+ p(0)]lx(0)]]
Since & (@) =0 (%) ,O(p(t))=0(1),and O (q(t) + @) =0 <tl2> , one has

20 5(1)| (1) 502 (900 +2) I o)l
qOFON+ OO OO+ pOIROT T q@RO+ pO K]

4Ol + 7 560,

e L' ([tg, +0),R").

)
)

which shows that 1
(1), (1) € L ([f0,+0), R").

Now, since x(t) € L!([tg, +o0),R"), it follows that there exists the finite limit lim, _, , x(¢).
But, obviously, then one must have
lgnlmx(t) =X.

O

Corollary 4.5. Assume that g is semi-algebraic and bounded from below and for ugy,vy € R",
let x be the unique strong global solution of (DS). If x is bounded then all the conclusions of
Theorem 4.4 hold.

Proof. We need only to prove that H is a KL function. Since the class of semi-algebraic func-
tions is closed under addition (see for example [10]) and (x,y) — 3|[x — y||? is semi-algebraic,
we obtain that the function

1
H:R" xR" — RU{+eo}, H(x,y) = g(x) + 5 [y — x|
is semi-algebraic. Consequently, H is a KL function. U

Remark 4.6. Note that in the hypotheses of Theorem 4.4 one need to assume that the trajectory
x generated by (DS) is bounded and g is bounded from below.

In order to validate these assumptions it is enough to assume that g is coercive, that is

lim (g)(u) = oo.
[Jul| =ee

Indeed, notice that g is bounded from below, being a continuous and coercive function (see
for example [23]). From (4.2) it follows that gx(T) +x(T) is contained for every T > ¢, in a
lower level set of g, which is a bounded set due to the coercivity assumption. But, according to
Theorem 4.1, gx(t) — 0,1 — 4o, hence one can easily deduce that x is bounded.



A SECOND ORDER DYNAMICAL SYSTEM 15

5. CONVERGENCE RATES

In the context of optimization problems involving KL functions, it is known (see [21, 11, 4])
that convergence rates of the trajectory can be formulated in terms of the Lojasiewicz exponent.
In the following theorem we obtain convergence rates for the trajectory generated by (DS).

Theorem 5.1. Assume that g is bounded from below and for ug,vy € R", let x be the unique
strong global solution of (DS). Consider the function

1
H:R"xR"— R, H(x,y) Zg(x)+§HX—)’HZ-

Suppose that x is bounded and let X € crit(g) be such that lim;__, . x(t) =X and H fulfills the
Lojasiewicz property at (X,X) € critH with Lojasiewicz exponent 6.

Then, there exist ay,az,az,as > 0 and ' > 0 such that for every t € [t',+oo) the following
statements are true

(a) if 6 € (0, %), then x converges in finite time;
(b) if 0 = 1, then ||x(t) —X|| < aje=®";
(©) if 0 € (5, 1), then ||x(r) —X|| < (as® +as)” 2.

Proof. We define for every t € [t;,+o0), (f; is defined in the proof of Theorem 4.1),

o= [ (I +5 o)1 ) as.

Let 7 € [t],+o0) be fixed. For T >t we have

()5l = [x(r) 7~ [ sts)a

By taking the limit as 7 — 4o we obtain

< a(r) =5+ [ 1565 s

o) -3l < [ 5(6) s < o10). 5.1
We show next, that there exists m < 0 such that
ADEOPBOIOE _ (1
T <" (FOI+ 1), 2
Indeed,
OO+ OO (B0l + 101 ) = 2215012+ (a0 + 22 ) a0

(1)

+p(f)\|x(t)||2=qTIIX(t)HZJr(HI(th(t))Hx(t)ll' 0|+ p(0)]3(0)]*

90 0PN ety + o)+ L2 gy

o

< t 212
= (324 5D ol + (Sp0+ 42 ) ol
A

I+ 22 s,
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m = max (max i max ¢>

SR B S0+

where

It is an easy verification that m < 0.

As we have seen in the proof of Theorem 4.4 if there exists 7 > #; such that H(u(f),v(7)) =
H (X,X) then x is constant on [f,+oo), therefore the conclusion follows.

On the other hand, if for every ¢ > #; one has that H(u(t),v(t)) > H(X,X) then according to
the proof of Theorem 4.1 (i) and the fact that lim,_, ;. x(t) = X, there exists € > 0 and ¢’ > 1,
such that

[[(u(2),v()) — (x,3)[| <&

Further, according to the proof of Theorem 4.4 one has

A e ADOI + B0 )
K H @V 0) = HED) T < = o R T+ p 0]

Now by using (5.2) we obtain that

,forallt >+

M (IOl + 15001 ) + a0 0) ~ B! <0, oratl s =1,

where M = —% > 0.
We integrate the last relation on the interval [¢,T], T >t > ¢’ and we obtain

~—
N—
|
S
IN
=
~~
<
—~
~
N—
<
—~~
-~
N—
~
I
=
£
=l
N——
SN—
|
)

r 1

M/Z ()l + - lles)llds + (H (u(T),v(T)) — H(x,

Consequently, for T — 4o we have
Mo (t) < (H(u(t),v(r)) — H(x,X))! 7, forallt >1'.
But,
(H (u(1),v(1)) = H(%,3))® < K[| VH (u(t),v(1) |
and, according to Lemma 4.2 (v),
IVH (u(t), v(0)[| < g(0) 1) | + p(6) [%(2)]l, for allt >,

hence o o
Mo (t) <Ko (q(0)|[£(0) ||+ p(e) (r)) o, forallt > 1"
Easily can be checked that there exists a > 0 such that

g0 +p(0) 1) < @ (x(r)u ' }Hm)”) forall 1> 1

hence
K\ R
Mo(t) < (a7> <x(t)|] + ;||x(t)|]) , forallt > 1.
But x(¢)|| + 1[|%(t)|| = — & (¢), consequently
_6 . /
—atoTe(t) > 6(t), forallt > ¢, (5.3)

where o¢ = rie > 0.
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2
If 6 = % then (5.3) becomes arc(t) + & (1) < 0, for all 7 > ¢'. By multiplying with ¢“2 then
integrating on [t', 7] we get that there exists a;,ay > 0 such that
o(t) < are™" forallt > 1.
Now using (5.1) we obtain
x(t) =% < are™®", forall t > 1,

which proves (b).
Assume now that 0 < 6 < % We prove (a) by contradiction. So, assume that for all # > ¢’ one
has o (¢) # 0. By using (5.3) again we obtain

d 1-20 1-20 e 1-26
Z o6 (t) = =0 (1)6(t) < — > ¢
prd (1) g (1)6(t) < —a " forallt > ¢

By integrating on [¢',7] we obtain
G%(t) < —ar*+B, forallt > 1,
where & > 0. Hence, 6(f) — —oo as t — oo, which is in contradiction with & (r) > 0 for
all r > ¢'. It is thus deduced by contradiction that there exists T > ¢’ such that o(T) = 0. Since,
according to (5.3), o is nonnegative and nonincreasing, one has ¢ (¢) = 0 for all 7 > T, therefore
(5.1) implies that x is constant on [T, +<0) and (a) follows.
Assume now that % < 6 < 1. By using (5.3) we obtain

d 120 1-20 -o 20 —1

—O0 10 (t) = oT-0(t)6(t) > o

dt (1) 1-6 (16() 2 1-6
By integrating on [¢',7] we obtain

t, forallt > t.

1-26 2 /
o0 (t) > ast”+au, forallr > 1,

where a3, as > 0, or equivalently,
o(f) < (ast® +as) 21, forall t > 7.
Now using (5.1) we obtain
Ix(t) =% < (ast®+ay) 201, forallt > 1’
and this proves (c). O

According to Theorem 3.6 [20], if g has the KL property with KL exponent 0 € [%, 1) at
X € R™, then the function H : R x R" — RU {0}, H(x,y) = g(x) + %[y — x||* has the KL
property at (¥,x) € R x R™ with the same KL exponent 6. This result allows us to reformulate
Theorem 5.1.

Corollary 5.2. Assume that g is bounded from below and for uy,vy € R", let x be the unique
strong global solution of (DS). Suppose that x is bounded and let X € crit(g) be such that
lim; 1o x(t) = X and g fulfills the Lojasiewicz property at X € critg with Lojasiewicz exponent
0 e [%, 1). If6 = % then the convergence rates stated at Theorem 5.1(b) hold, if 0 € (%, 1) then
the convergence rates stated at Theorem 5.1(c) hold.

Proof. Indeed, according to Theorem 3.6 [20] H has the Lojasiewicz property at (¥,X) € critH
with the L.ojasiewicz exponent 0 € [%, 1). Hence, Theorem 5.1 can be applied. 0J
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In case we assume that the function g is strongly convex, then Theorem 5.1 assures superlin-
ear convergence rates for the trajectories generated by (DS). The following result holds.

Theorem 5.3. Assume that the objective function g is strongly convex and let x* be the unique
minimizer of g. For ug,vy € R", let x be the unique strong global solution of (DS).
Then, there exist ay,ap > 0 andt' > 0 such that for everyt € [t',4+o0) one has

Jx(e) — || < aree”.

Proof. We emphasize that the strongly convex function g is coercive, see [8]. According to [23]
the function g is bounded from bellow. Hence, w(x) = {x*} and x(t) — x*,# — H-o0. Ac-
cording to [4], g satisfies the Kurdyka-t.ojasiewicz property at x* with the Lojasiewicz exponent
0= % The conclusion now follows from Corollary 5.2. U
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