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1. INTRODUCTION

Let X be a linear space, and let Y and Z be normed linear spaces. The problem of optimal
recovery of the linear operator A: X — Z by inaccurately given values of the linear operator
I: X — Y onthe set W C X is posed as a problem of finding the value

E(A,W,1,6) = inf sup  [[Ax—o(y)]|z,
Y

Q:Y—=Z xcW, yc
[Ix—ylly <6

called the error of optimal recovery, and the mapping ¢ on which the lower bound is attained,
called the optimal recovery method (here 0 > 0 is a parameter that characterizes the error of
setting the values of the operator /). Initially, this problem was posed for the case when A is a
linear functional, Y is a finite-dimensional space and the information is known exactly (8 = 0),
by S. A. Smolyak [24]. In fact, this statement was a generalization of A. N. Kolmogorov’s
problem about the best quadrature formula on the class of functions [14], in which the integral
and the values of the functions are replaced by arbitrary linear functionals and there is no con-
dition for the linearity of the recovery method. Subsequently, much research has been devoted
to extensions of this problem (see [1, 5, 11, 12, 13, 15, 19, 23, 25], and the references given
therein).
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One of the first papers in which the problem of constructing an optimal recovery method for
a linear operator was considered was the paper [12]. This topic was further developed in the
papers [2, 3,4, 6,7, 16, 17, 18, 20]. It turned out that in some cases it is possible to construct
a whole family of optimal recovery methods for a linear operator. The study of such families
began in [8] and continued in [9, 10, 17, 20]. Some general approach to constructing of family
of optimal recovery methods was proposed in [21].

The aim of this paper is to construct families of optimal recovery methods for powers of
generalized Laplace operators and the Weil derivative from a noisy Fourier transform in the
Ly-metric.

2. OPTIMAL RECOVERY METHODS FROM A NOISY FOURIER TRANSFORM

Let S be the Schwartz space of rapidly decreasing C*-functions on R, §' be the correspond-
ing space of distributions, and let F': S’ — S’ be the Fourier transform. Set

X, = {x(-) €8 @()Fx() € Ly(RY), Fx(-) € L,(RY) } .
We define the operator D as follows

Dx(-) =F ' (@(")Fx(-))(").
Put
Ax(-) = F Y (w(-)Fx(-))("). 2.1)

Consider the problem of the optimal recovery of values of the operator A on the class

Wy = {x() € X, 1D3() ey < 1}

from the noisy Fourier transform of the function x(-). Assume that Ax(-) € L,(R?) for all
x(+) € X,. As recovery methods we consider all possible mappings m: L,(R?) — L (R?). The
error of a method m is defined by

ep(A,D,m) = sup 1Ax() = m(Y) ()|, (re):
x()EW,. y()eLp(RY)
1Ex() =0l ) <6

The quantity
E,(A,D) = inf e,(A,D,m 2.2
p(AD) m: Ly(R4) Ly (RY) g ) 22)
is called the error of optimal recovery, and the method on which the infimum is attained, an
optimal method.
It is easily checked that
Ep(A,D)>  sup  [|AxX() |, (re)- (2.3)

x(-)eW,

[[Fx(-) <é

”Lp(Rd)

Indeed, let x(-) € Wy, [[Fx(-)||,,(re) < 6, and let m: L,(RY) — L,(R?) be an arbitrary recovery
method. Since x(-) € W, and —x(-) € W,,, we have

20| Ax()llymay < [1Ax(-) =m(0)()lly ey + | = Ax () =m(0) ()|, ma) < 2€p(A,D,m).



RECOVERY OF DIFFERENTIAL OPERATORS 3

It follows that, for any method m,

ep(A;D7m) > sup HAX()”LZ(Rd)
x(-)eW,

[[Fx(-) <6

lip(ea)

Now the required inequality follows by taking the lower bound on the left over all methods.

3. OPTIMAL RECOVERY METHODS FOR AZ/ 2

Consider the polar transformation in R?

1 =pcoswy,

t) = p sinw; cos my,
ty_1=psin@sin@,...sinwW;_»cosw;_1,

ty=psSin@sSin@,...sinwWy_»sinw;_i.

Set w = (wy,...,w,_1). For any function f(-), we put
f(@)=|f(coso, ... sinsinm,...sinwz_sinw@y_1)|.

Note that if | f(-)| is a homogenous function of degree ., then f () = p~¥|f(¢)|.
Let |y(-)| be homogenous function of degree 1 and |¢(+)| be homogenous function of degree
v, w(t) # 0and @(t) # O for almost all € R?. Set

v—n . 1
vrd(2—1/p) T T ya2=1/p)

1/q*
cp<v,n>:y—2<1_y>< (4'/p+1.4"(01—7 >/2>> |

’}/:

2lv—n|

where B(+, -) is the Euler beta-function.
It follows from [22, Theorem 6] (see also [20, Theorem 3]) the following result.

Theorem 3.1. Let2 < p < oo, y € (0,1). Assume that

~ kK

= M 0o d—1 __ d—2
= /Hdl aq*(l—*/)(w)"(w)dw <o, I =[0,7]""" x[0,27]. (3.1)
Then
1 "
EP(AvD) - WCp(v,n)ll/q 57,
The method i
0 =r <(1 g ||w8|!2) O
where
B= ( dy C2(v,n) (1'%~ 1/P>
is optimal.

Moreover, the sharp inequality

Cp(v,m1"/ -
JAYC) L, ) < ()—WZIIF O} 1P fay
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holds.
Put

vo(E) = (&% +...+|&9)%8, 6>0.

We denote by Ag/ ? the operator A which is defined by (2.1) for v(-) =y, / 2() In particular,
Ay = —A, where A is the Laplace operator.

Consider problem (2.2) for A = AZ/ 2and D = ALVL/ 2 Then for I from (3.1) we have

B (X4, 70 (@)™

where _
1 (w)=coswy,
h(w) =sinw; cos @y,
ty_1(®)=sinsinw,...sinw;_5cos®;_1,
tg(®) =sin@sinw, ...sinwy_,sin@wy_;.

Note that Y¢_, 77 (@) = 1. If < 2, then

Y i (0) > f’ﬁ?(w) =1. (3.3)

Thus,

f’z}f‘(m) >q' s, (3.4)
It follows by (3.3) and (3.4) that I < oo.
Corollary 3.2. Let2 < p <o, Vv>nN2>0,and 0,1 > 0. Then

v/2

EP(A3/27A[,L ) - (zm—d,y/ch(v,n)ll/q*Sy,

where I is defined by (3.2). The method

N ~ W (1)
m(y)(t) =F! ((1 - B ‘VZ (t))+ llfg/z(t)y(t)> ,

11— _ 2y
b e ()"

where

is optimal.
Moreover, the sharp inequality

Cp(V, n)ll/q*

n/2
1Ag"xOllame) < =i

IEXCIY g 1A X
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holds.
Now we consider the case when p = 2.

Theorem 3.3. Letv >1n > 0and 0 < 6 < u. Then

E (An/Z A"/z) — gn(1/6=1/u) g i (3.5)
2 e iU - (27[;)‘1/2 ) .
and all methods
)0 =F~" (at)wg > ox0)). (3.6)
where a(-) are measurable functions satisfying the condition
noey (11—a()P !a(§)|2>
+ <1, 3.7
e ( HERY G
in which

_ —1
IZM@J)((M)C’)””? 2y = 2110 wg(( ))"/V |

(2m)d v/ 82 52

<

are optimal.

The sharp inequality
n/2 ant/o-1/m) L0y V2 1Y
P T (=T L0l A A O] (33)
holds.
Proof. 1t follows from (2.3) that
BAY AT > sup ALy e, (3.9)
x(-)EW,
||Fx(')HL2<Rd)§8

Consider the extremal problem

1A X2, oy = max, 1P gy < 8% AW X2 gy < 1.

Given 0 < & <d~'#(2m)?/VE=2/V we set

) N -
58:#@2;)) (1,....1)—(g,...,€), Be={EcRI:|E—&|<e}).

Consider a function x¢(-) such that

L geB
Fre(€) = {m :

07 5 ¢B£
Then \|Fx8()||L (RY) = =62 and
IO iy = e [ (B4t M dE <
LZ(Rd)_(ZTC)dmeSBg B, 1 d =
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By virtue of (3.9), we have

E%(AZ/Z v/2) > ||A"/2xg(')||i2(Rd)
52

- (27)? mes B¢ /B, Vg (5)ds

2 _ _
= (a)d‘l/e (8e); &e €Be.

Letting € — 0, we obtain the estimate

/2 \Vv/2 5 e
EX A2, AY2) = @2n(1/0-1w (W) , (3.10)

We will find optimal methods among methods (3.6). Passing to the Fourier transform, we
have

183 5C) = A0, o) = Gy L VA (O IPHE) —aE(E)P dE.

We set z(-) = Fx(-) — y(-) and note that

1
25 < 82 / v 208 < 1.
[@ra e o [ wi@lr@)rae <
Then
1A 2x() = () () gty =
We write the integrand as

(1—a@))Whyy P (E)FXE)  a(&) a2
\/l_zl//v/z(é) +(27‘C)d/2\/_ (2r) \/_z

Applying the Cauchy-Bunyakovskii-Schwarz inequality, we obtain the estimate

A8 x() = )OI, g

< viaisupS(8) o [, (R QIFXE) P+ Ml a2

1

)7 o VB O —a(€) FX(&) +a()2(6) 6.

v (&)

where

_ [1—a(§)* | la(§)P
S(&) =g (&) ( ol () + (27:)47L1> '

If we assume that S (6) < 1 for almost all &, then taking into account (3.10), we obtain

S0 A < g [ (V@@ + @ a6 g

(3.11)

1—
< o4 A 82 = g2n(1/6-1/n) 8 n/v<E2 A/Z pAV/2
2+ A1 2n) SES (Mg AL ).

This proves (3.5) and shows that the methods under consideration are optimal.
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It remains to verify that the set of functions a(-) satisfying (3.7) is nonempty. Put

() = stk
2m)iM + Ay (&)
Then n(é)
_ Yo
S(8) = 2m)d A+ 2y (&)

Since 6 < u, by Holder’s inequality
d o d 6/u o
gl < (Ligm) e
j=1 j=1
Putting p = (|&;|% +...+|&4]%)/9, we obtain Z‘le Ej|* > pFd'=H/® Thus,

p°"

It is easily checked that the function f(p) = (27)%A; 4+ Axp2Vd?V(/B=1/8) _ p20 reaches a
minimum on [0, +o0) at
3 27)4 1/(2v)
po = dl/® 1/u<(62) > ‘
Moreover, f(po) = 0. Consequently, f(p) > 0 for all p > 0. Hence S(§) < 1 forall £.

Letx(-) € X, for ¢(-) = y/ﬁt/z(-). PutA = ||AX/2X(‘>||L2(Rd)+8, € > 0. Consider x(-) = x(+)/A.
Put & = [|[FX(")||,(ra)- It follows from (3.11) that

1-n/v
sup ||A3/2x<->||L2(Rd)=Ez(AZ/2,Aﬁ/2)=d"“/9‘1/“>( 0 ) . (3.12)

x(-)EW, (2m)d/2
1ExC)I,, pay =6
Thus, )
1-n/v
ni2g n(1/6-1/p) (9
8520 z0) < ()
Consequently,

An(1/6=1/m) A
188 5O Miagre) < pysarrarare IFE Ol sy (IOl €)™

Letting € — 0, we obtain (3.8). If there exists a
Jn/6—1/u)

€< amdiamn
for which 1— 2
AL 5Ol ey < CIEC) L 1AL O
then
AT st < ant/olm o np
X(.s)ue]%v2 A" " x( ) ymaey <€ (275)61(1—17/\’)/2 '

[1Fx(-) <é

HLZ(Rd)

This contradicts (3.12). [
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Let o = (qu,...,0,) € R%. We define the operator D (the derivative of order ) by
D(-) = F~((i§)“Fx(&))(-),
where (i) = (i&)* ... (i&y)%. For u = 2v, we have

V/2 2 .
18370 0y = Gy

d
= HDvejx(.)H]%z(Rd)’

=1

L QG+ 1) IPx(E) P

where e;, j=1...,d, is a standard basis in R4,
From Theorem 3.3 we obtain the following result.

Corollary 3.4. Letv>1n >0and 0 < 0 <2v. Then

1—
Ez(A"/z AV/2> — gn(1/6=1/(2v)) (L) "
6 2y (277:)61/2 ’

and all methods

A1) = F~ (alo)yd o))

where a(-) are measurable functions satisfying the condition

H—a(@)f  |a@)P
v (&) ( v, (&) <2n>%) .

Al:dznl/e 1/2v( %>(
n
%

1
Ay = @2n(1/6-1/(2v)) <( ) )n/v

in which

are optimal.
The sharp inequality

dn(1/6—=1/(2v)) n/(2v)
”Ag/zx(')HLz(Rd) < WH Fx(- )||1 n/v<z | DY x( )||L (R ) (3.13)

holds.
For integer v, inequality (3.13) can be rewritten in the form

dn1/6-1/Q2v))

4 119Vx
IR 50l < a5
j=1

a0

> )n/(2V)
Ly(RY) ’
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4. OPTIMAL RECOVERY METHODS FOR D%

Now we consider problem (2.2) for A= D% and D = Av/ 2

I= (@) . .1 (@)" J(w)do, 4.1)

-1 (Zz_lft;(u (w)) vai(1=v)/u

Then, for I from (3.1), we have

where
— || 1
b ql - —7
v+d(1/2—1/p) n(1/2-1/p)
It follows by (3.3) and (3.4) that I < oo.

n= la|=a1+...+ ay.

Corollary 4.1. Let2 < p <o, v > |a| >0, and i > 0. Then
o V/2 —1 1/q1 "
Ep (D% ) = oy i/
where I is defined by (4.1). The method

_ v(t) o
m(y>(t) F l_ﬁ 2 Z‘zad (lt) y(t) )
d +

2n

where

1— _

is optimal.

Moreover, the sharp inequality

Cp(v. |14

(271)—01%/2“Fx(')|! HA"/2 Gy

IDx() |, (ray < L>(RY)

holds.

Consider the case when p = 2.

Theorem 4.2. Let2v > u > 0and 0 < || < v. Then

Ex(D% A% _( 8 )la/v|a|—|a|/u [T o w)
(zﬂ)d/z Jol j
aj#0
and all methods

m(y)(t) = F~" (a(t)(in)*y(1)), (4.3)

where a(-) are measurable functions satisfying the condition

2 2
sl i)
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. /v g
o 2 (1 Jal (@) 2
= U ) U ) e

in which

j=1
ocﬁéO
_ la|/v—1 4
|OC| 2o/t (277:)d 20/
¢,£0
are optimal.
The sharp inequality
« o 1 Lol v xv/2 o o/
ID%x() ], ety < 2r)d0—To V)2 JI:II o EXC) 1A X ay (4.5)
(Xﬁéo
holds.
Proof. Tt follows from (2.3) that
ExD*AY?) > sup (1D, me- (4.6)
x(-)EW,
1ExC),, pay <6
Consider the extremal problem
2
ID%x() 12, oy = max,  [FxCO)2, gy < 8% AL OIR, gy < 1
Given
1/(2v)
2m)?
O<8<min{|a|_l/“(%) a}/“:aj>o,j:1,...,d},
we set
1/(2v)
> i (R m m e a;>0,
& =lal /1 (T) (o7 0" ) —(e1,...,81), &= 0, 00,

Be={EeRY:|E-&|<e}).

Consider a function x¢(+) such that

0 v
Fx¢(8) =< /mesBe (1+d€ ((2”)‘1
0, & ¢ Be.

—1
52\ M/@V)
|Fxe ()7, ) = 82 (1 +de" (W) <52

Then
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and

A7 22 g

2 2\ /@) !
N (27r)d6—mesBs <1+d8v ((2571:)61) > /B£(|§l|“+...—|—|§d|#)2v/#d§

-1 2v/p
52 v 52 w/(2v) (2717)d n/(2v) . d p
( oL <1+d8 ((2%)61) < 53 ) || j_zlochrde
1.

By virtue of (4.6) we have

E3 (D% AY%) > [|D%xe ()12,

52 L8 \M® -1 . ’
e — 1 d
(Zn)dmeng 1+de ((275)51) /BE|§1| |éd| dé

2 2 \ /N T 3 -
:<287)d<”d8v(<zi>d) > &P EP, (.. B € Be.

Letting € — 0, we obtain the estimate

a AV/2 > 8 e/ —2|a|/u d 20 /1
E3(D* A7) i | Hl o (4.7)
¢,£0

We will find optimal methods among methods (4.3). Passing to the Fourier transform we
have

||D05x(-) —ﬁ(y)(-)”iz(Rd) = @/Rd |§1|2061 ,..|§d|2ad |Fx(&) —a(é)y(éj)lz dE.
We set z(+) = Fx(-) —y(+) and note that

/Rd [2(§)I? ag < 8, Y (E)|Fx(E)[PdE < 1.

Then
ID%x(-) = ) (17,

&P (1~ a(§)) Fx(&) +a(§)z(8)I dé.

We write the integrand as

(1—a@))Why *(E)FxE)  a(&) /
\/_l//v/z(é) +(27r)d/2\/_ (27)4/2\/ 2 2(€)

[T ¥
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Applying the Cauchy-Bunyakovskii-Schwarz inequality, we obtain the estimate
||Dax(') - ﬁ()’)(')”i(]}gd)

< wnisupS(8) s [, (VIO +Cr1 21 k(E)P) dE.

EeRd

where

epa e pe (1a@)7 | la@)P
() = la PP (Lols e HE ).

If we assume that S(&) < 1 for almost all &, then we get by taking into account (4.7) that

(D% A )

17 oo (PVEQIPHEP + ORI WP dE < ha+ 115”

52 1=led/v d 20/ v/2
_ (W) | 2l [T o™ < E3(D%, AL (4.8)
=1

aﬁéO
This proves (4.2) and shows that the methods under consideration are optimal.
It remains to verify that the set of functions a(-) satisfying (4.4) is nonempty. Put

a(é) _ (27[)d7L1
2m)dd + 2y (&)
Then
5oy Lol e

2m)iM + Ay (&)

Consider the function

d " 2v/u
H(t)=—-1+ (27r)dkle_2(a”) + 2 <Z eutj—v(a,z)) 7
=1
where (o,1) = ait; +...04ty. It is easy to prove that H(-) is a convex function. Moreover,
H () = 0 and the derivative of H (-) at the point 7 is also zero, where

. 1 1 2m)d 1 1 2m)d
t:(_mﬂ+_m<”> 0 W)

oo, —In—+—1
R R R TR TR T o

Consequently, H(¢) > 0 for all # € R¥. It means that

d 2v/p
e 2(a0) < (271?)d11 1+ (Z eutj) _

j=1
Put |§;j| =€, j=1,...,d. Then we obtain
EP% €2 < (2m) A + Moy (€).

Thus, S(§) < 1.
The proof of (4.5) is similar to the proof of (3.8). 0

For p = 2v we obtain the following result.
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Corollary 4.3. Let 0 < |ot| < v. Then

Ey (D%, Av/z) _ ( o )llaI/V|a|_|a|/(2v) ﬁ o /@)
(2ﬂ)d/2 i J !
06]'750

and all methods
m(y)(t) = F~ " (a(e)(it) (1)),
where a(-) are measurable functions satisfying the condition

[1—a(&)* | |a(§)?
v (&) ( Ay, (8) * (2”)‘1/11) =h

in which

are optimal.
The sharp inequality

ID%x ()|, (me)
o ~ll/2v) e . e o/ (2v)
= (2‘71-)’( —lal/v)/2 H o Fx()]) 'O"/V(Z |DYeix(-)II2, g ) 4.9)
(xﬁéO
holds.

For integer v, inequality (4.9) can be rewritten in the form

ID%x ()], ey

0Vx
57 0)
J

|a|“°“/ (2v) 5%/2Y) —\a\/v d
S( YT H | Fx ()H

aﬁéo

2 )|05|/(2V)
Ly(RY) .
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