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Abstract. In this paper, we continue our study of nonlocal problems of gradient flow type that we developed in our
previous papers [O. Anza Hafsa, J.-P. Mandallena, G. Michaille, Nonlocal time delays reaction-diffusion problems
of gradient flow type: Existence, stochastic homogenization, Evol. Equ. Control Theory 17 (2026) 23-61] and [O.
Anza Hafsa, J.-P. Mandallena, G. Michaille, Stochastic homogenization of nonlocal reaction-diffusion problems of
gradient flow type, J. Elliptic Parabol. Equ. 10 (2024) 415-474]. We consider here nonlocal integrodifferential diffu-
sion problems. We present existence, uniqueness and compactness results and investigate stochastic homogenization.
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1. INTRODUCTION

Consider a compactly supported radial function J : RY — [0, o[ and the corresponding integrals
SoJ (x—y)(u(t,y) —u(t,x))dy at time 7 and § ,J (x —y) (u(t — 7,y) —u(t — 7,x))dy at some past time
t — t with 7 > 0. In many examples of population dynamics, u(t,x) represents the density of some
population at time # located at x in a bounded domain O — R, and the term

I(t.x) = J01<x—y><u<r,y>—u<r,x>>dy
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accounts for the population flux of individuals at time ¢ in O which jump from y to x in O. The
second population flux

Je(t.x) = Lux—y)(u(r ) —ult—7.x))dy

is superimposed at each 7 on the first flux 7(z,x) with a delay time 7. It may represent a maturation
period, a resource regeneration time or an incubation period. Assuming that 7 is small, the first
order approximation J(t,x) = J;(t + 7,x) ~ J;(t,x) + ’ca]f (t,x) together with 7(0,-) = 0 yields to

Jr(t,x) = —%Jl exp <S—;t> I(s,x)ds.

0

Consider a term F(¢) which accounts for the source of the population growth at (¢,x). Then, the
differential form of the balance law leads to the following nonlocal equation:

g@,@—m,@—; [0 (2") stsunas - )

0
Noticing that 7(¢,x) = —V _# (u(t,x)), where

f f x— ) (u(t,2) — u(t,y)Pdxdy,

and adding a suitable initial condition up(x), we see that u(z,x) satisfies the Neumann-Cauchy
homogeneous nonlocal problem of the type:

ou 1 f Los—t |

M )4V T (u(t,x) )+~ |exp <—) V7 (u(s,x))ds=F (t) for Z'-a.a.t € [0,T]

dt T Jo T

(1.1)

u(0,x) = up(x).
Thus, motivated by the dynamic of the nonlocal flux of populations flowing in random medium,
and presenting some delay time, we continue our study of nonlocal problems of gradient flow
type that we developed in our previous papers [6, 7] by considering stochastic homogenization of
nonlocal integrodifferential diffusion problems of type (1.1) with a suitable scaling depending on
€ > 0. More precisely, given (Q, % ,P) a complete probability space, T > 0 and O R? a bounded
open domain with Lipschitz boundary, we are interested in the stochastic homogenization as € — 0
of the problems

du?
dt

(1)+V 7% (o, u?(t))+ft K(t — )V Ie(0,u®(s))ds=F¢(w,t) for £'-aa.te[0,T]
(2¢) ’

ug (0) = uge € L?(0),

where X is a general smooth kernel. For each € > 0, F : Q x [0,T] — L?(0) is a random source

and 7 : Q x L*(0) — [0, 00[ is given by
. 2
) (Y

A=, |7 (0

POIR
m|\<
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with a random density J : Q x R? x RY x R? — [0,0[. For the meaning of the scale parameter &
we refer to [7, Section 5].

In a deterministic framework, the variational convergence as € — 0 of problems of type (22)
without a convolution term and with a density J depending solely on the third variable was first
addressed by Andreu, Mazoén, Rossi, and Toledo in [2, 3] (see also the book [4]) using semigroup
theory and the convergence of their resolvents. They proved convergence to a local Cauchy prob-
lem. In the context of homogenization, the variational convergence of nonlocal energies of type
Je was recently studied by Braides and Piatnitski in [13] for the periodic case and in [12] for the
stochastic case (see also the book [1]).

In this paper, we prove (see Corollary 3.9) that as € — 0, (P£) converges almost surely, in a
variational sense, to a standard (local) homogenized problem

du®

- 7(r)+mom(w,uw(t))+ﬁ)§g(t — ) Vhom(@,u®(s))ds=F (o,1) forZ'-a.at € [0,T]
gohom

u®(0) = u® € dom( Fhom(®,-)).

The density of the quadratic inegral functional om : Q x L?(0) — [0,00] is defined as the limit
of a suitable subadditive process already considered in [7, Propositions 3.14 and 3.17]. The proof
is based upon a general compactness result (see Theorem 2.2) with respect to the Mosco x weak
I'-convergence for problems of the type:

%(t) + V& (ue(t)) + Jl K(t —5)VGe(ue(s))ds = Fe(t) for £'-aa. te[0,T]
()3 4 0

ug (0) = ug e € L*(0)

where, for each & > 0, &, %, : L>(0) — [0,0[ are convex and Fréchet-differentiable and satisfy
the following condition: (V& (u),VZ:(u)) = a|VEe(u) for all u € L?(0) with o > 0 inde-
pendent of €.

HiZ(O)

The plan of the paper is as follows. Section 2 is devoted to existence, uniqueness (see Theorem
2.1) and compactness (see Theorem 2.2) for problems of the type (P ). After specifying in §2.1
the framework of our study, Theorem 2.1 and Theorem 2.2) are stated and proved in §2.2 and §2.3
respectively. Section 3 is devoted to stochastic homogenization. In §3.1 we specify the probability
setting, and by applying Theorem 2.1 we obtain existence and uniqueness of solutions for problems
of the type (), see Corollary 3.5. Finally, the almost surely variational convergence as € — 0
of (P2) to (k™) is stated (see Corollary 3.9) and proved, by using Theorem 2.2, in §3.2.

For convenience of the reader, in the appendix we recall some classical definitions and results that
we use in the paper.

Notation. Throughout the paper we will use the following notation.

e The Lebesgue measure on R with d € IN* is denoted by £ and for each Borel set A = R,
the measure of A with respect to #¢ is denoted by Z4(A).
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The class of bounded Borel subsets of R? is denoted by %, (R?).
The space of continuous functions from [0, T] to L?(0) is denoted by C([0,T];L*(0)).
The space of absolutely continuous functions from [0, T] to L?(0) is denoted by

AC([0,T];L%(0)).

By u, — uin C([0,T];L?*(0)) we mean that lirrolO sup;epo,r] un(t) — u(t)| 20y = 0.
n— ’
By u, — uin L*([0,T];L*(0)) we mean that for every v € L?([0,T];L*(0)),

J Cun(), ()t — f (), v(e)dt
0 0

as n — oo, where (-, -) denotes the scalar product in L?(0).

2. EXISTENCE, UNIQUENESS AND COMPACTNESS FOR INTEGRODIFFERENTIAL DIFFUSION
PROBLEMS OF GRADIENT FLOW TYPE

2.1. Preliminaries. Given7 >0and &,% : L?(0) — [0, o[ be two convex and Fréchet-differentiable
functionals, we consider the following integrodifferential diffusion problem of gradient flow type:

d

L)+ VE(u(t)) + K+ (VEou)(t) = F(t) for L'-aa.te[0,T]
dt

(2)

u(0) = up € L*(0),

where

K+ (V€ ou)(t) := J() K(t—s5)(V&ou)(s)ds = L K(t —s)VE (u(s))ds

with & € C'([0,T]; [0, 0]).
The map F : [0,T] — L?(0) is Borel measurable and satisfies the following condition:
(R) F e L*([0,T];L*(0)) nAC([0,T];L*(0)).
The functionals &,% : L?(0) — [0,00[ are convex and Fréchet-differentiable and satisfy the fol-
lowing conditions:

(Dy) VZ(0) =0;
(Dy) there exists C > 0 such that, for every u,v L2(0),

VG () = VEW)|1200) < Clu—vl12(0)-
(DY) there exists o > 0 such that for every u € L?*(0),
(VE(W),VE W) > a|VE )|

From now on, the class of Borel maps F : [0,T] — L?(O) (resp. the class of convex and Fréchet-
différentiable pair of functionals (&,%) with &, % : L*(0) — [0, oo[) verifying (R) (resp. (D)—(D5)
and (DY)) is denoted by F, (resp. Fp,-m,-0o)-
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2.2. Existence and uniqueness. The problem () can be equivalently rewritten as follows:
d
)+ VE(u(t)) = Glt,u) for F'-aa. te[0,T]

(,@) dt

u(0) = ug € L*(0)
with G : [0,T] x L2([0,T];L*(0)) — L?*(O) given by
G(t,u) :=F(t)— K= (V&ou)(t). (2.1)
The following theorem states the existence and uniqueness of a solution to problem ().

Theorem 2.1. If (R) and (D)—~(D») hold, then there exists i € C([0,T];L*(0)) such that:
e 1 is the unique solution of (P);
e V&oue L*([0,T];L*(0));
o & e 12([0.T]:L2(0)):
(R) u admits a right derivative %(r) at every t € [0, T[ which satisfies %ﬁ(z) +V&u(t)) =
G(t,u).
Proof of Theorem 2.1. First of all, by (D), for every u,v € C([0,T];L?(0)) and every 7 € [0,T],
| K+ (VG ou) = K+ (VG V) c(o,01:22(0)) < Clu—ve(o,m:22(0)) (2.2)

with C:=C Sg K(t)dt. Fix any u € C([0,T];L*(0)) and consider the following problem:

ﬂ(t) +V&((t)) = G(t,u) for Fl-aa.1e[0,T]
(Pw) dt

v(0) = ug € L*(0).
By (R), (D) and (2.2) it follows that

T T
Jo HG(t,“>Hi2(0)dt S 2T€2H”“%([07T];L2(0)) +2L HF(I)Hiz(O)df <@,

and so G(-,u) € L*>([0,T];L*(0)). Hence, by [9, Theorem 17.2.5, p. 701], the problem (%,)
admits a unique solution Au € C([0,T];L*(0)). This establishes the existence of a map A :
C([0,T];L?*(0)) — C([0,T]; L*(0)) which, to each u e C([0,T];L*(0)), associates the unique so-
lution Au of (2,).

Step 1: Existence and Uniqueness. To prove that () has a unique solution u € C([0,T];L*(0))
it is sufficient to establish the following:

(C) there exists n € IN* such that the iterated map A" is a strict contraction.

Indeed, (C) implies that A has a unique fixed point # € C([0,T];L?(0)) which is a solution of
(). On the other hand, if & e C([0,T];L*(0)) is another solution of (), then & and A# are two
solutions of (). Thus Au = i by uniqueness of the solution of (). This means that # is a fixed
point of A. Consequently & = u because u is the unique fixed point of A.
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Let us prove (C). Fix any u € C([0,T];L?*(0)) and any v € C([0,T]; L?>(0)). Then, by definition of
A, we have:

d;\tu( t)+VE&(Au(t)) = G(t,u) for Z'-a.a. t € [0,T]; (2.3)
dAv 1

= —— (1) + V&(Av(t)) = G(t,u) for £'-a.a. 1 €[0,T]; (2.4
Au(0) = Av(0) = up. (2.5)

From (2.3) and (2.4), as V& is monotone! we see that

<%(7) d;::\/( ), Au(t) — Av(t > (G(t,u) —G(t,v),Au(t) —Av(T))
for Z'-aa. 1€ [0,T]. Hence
1 a’

77 1Au(T) = Av(7) |20y < (G(T,u) = G(T.v), Au(T) — Av()).

Fix any ¢ € [0, T]. For each s € [0,¢], by integration over [0,s]| and by using (2.4) and Cauchy-
Schwarz’s inequality, it follows that

IAus) = Av(s)] 2 g f (G(t,u) — G(7,v), Au(t) — Av(z))d
fo |G(7,u) = G(7,)||12(0) | Au(T) = AV(T) | 12 (0)d T

From Lemma D.1 (that we apply with p =2, a =0, ¢(-) = [Au(-) — Av(-)|;2(p) and m(:) =
IG(+,u) = G(+,v)| 12(0)) We deduce that for every s € [0,1],

Au(s) — Av(s) |20 f G(t,1) — G(1,9)] 120 dT. 2.6)

On the other hand, taking (2.1) and (2.2) into account, we see that for every 7 € [0, 5],
|G(7,u) = G(T V)| 2(0) < [K*(VEou)(t) = K+ (VEov)(T)12(0)
< K (VG ou) = K+ (VEov)|co.4.20))

N

Clu—vlcqo.2(0)):

Consequently, for every s € [0,¢],
) S
L |G(7,u) = G(T,v) |20y dT < CL = Vlieo,1:02(0))dT
3
CJO lu=vleqo.a.02(0))47 2.7

'As & : L*(0) — [0,0] is assumed to be convex and Fréchet-differentiable, V& is monotone, i.e. (V& (u)—
V& (v),u—v) =0 forall u,ve L*(0).
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From (2.6) and (2.7) it follows that for every u,v e C([0,T];L*(0)) and every ¢ € [0, T],
1
| Au—=Avlleo.c20)) < CL [ =vle(o.a.20p 47 (2.8)

By iterating (2.8) we deduce that for every n e IN*, every u,ve C([0,T];L*(0)) and every t € [0, T],

~ t rT Thn—1
HAnu - AHVHC([O,I];LZ(O)) < CnJ;) L tee L HM — VHC([O,Tn];LZ(O))dTn --dT

~ L r7 Th—1
<C”ff J dt,---dt|lu—v g2
)y . n | —Vlleqo,11:02(0))

(Ct)"
o le=veqory20))-

Consequently, for every n e IN* and every u,v € C([0,T];L*(0)),
n_ An (CT)"
[A"u = AVeor12(0) < 7l =Vleqo.r22(0)):

(CT)"

n!

and () follows because — 0asn— oo.

Step 2: Regularity. From Step 1, let e C([0, T];L?(0)) be the unique solution of (). Then V& o
ue L2([0,T];L?(0)) and so 4 € L2([0,T];L*(0)) because G(-,u) € L*([0,T];L*(0)). According
to [9, Theorem 17.2.6], to establish () it suffices to show that G(-,u) € AC([0,T];L=(0)).

First of all, for Z!-a.e. t € [0,T], we have

P TT0 4) = x(o)vs () +

* (V? Oﬁ)(l),

dt dt
so that
dX + (V€ ol dx
dt 12([0,T}:12(0)) dr | 20,7 7
<00.
Consequently
XK+ (V€om) e WH2([0,T];L*(0)). (2.10)

From (2.10) and (R) we conclude that G(-, &) € AC([0,T];L*(0)), which completes the proof. H

2.3. Compactness. For each € > 0, let F; : [0,T] — L?(O) be a Borel measurable map such that
Fe € F), let &, % : L*(0) — [0,0[ be convex and Fréchet-differentiable functionals such that
(e, Ge) € Fp,)-m,)-0e) and consider the following integrodifferential diffusion problem of gradient
flow type:

e () Ve (e 1)) + K+ (Ve o ue)(t) — Felt) for -, 1€ [0,T]

(7e)
ug(0) = ug e € L*(0).
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Let F : [0,T] — L?(0) be a Borel measurable map and let &, % : L?(0) — [0, 0] be proper, convex
and lower semicontinuous functionals that are Fréchet-differentiable on dom(0&) and dom(0%)
respectively. The following result gives sufficient conditions for the compactness of (%) as € — 0.

Theorem 2.2. For every € > 0, let tie € AC([0,T];L*(0)) be the unique solution of (P¢) obtained
by Theorem 2.1, and assume that:

(Cy) supGe(upe) < 0;
e>0

(C2) upe — ug in L*(0);
(C3) sup|Fe(0)]12(0) < 003
>0

(C4) Fe — F in L*([0,T];L*(0));

dFe .
©s) oup H dr Hu (o0 ~
(Co) %e —> &

(C7) G - @;
(Cg) for every {ve}e=o < L*(0), if supGe(ve) < o0 then {ve }e=q is relatively compact in L>(O).

>0

2

Then, there exists i € C([0,T];L*(0)) such that (up to a subsequence)
e — 1 in C([0,T];L*(0))
and u is a solution of the following integrodifferential diffusion problem of gradient flow type:

il;;( 1)+ VEut)) + K+ (VGou)(t)=F(t) for '-a.a te[0,T]

(£)
u(0) = up € dom(%).
Remark 2.3. As Fg € F, for all € > 0 we have

dFe

—r forallt € [0,T].

LY([0,T]:L2(0))

sup || Fe (1) 120y < sup | Fe(0)]2(0) + sup
e>0 e>0

>0

In particular, if (C3)~(Cs) hold then sup;cfo 71 5UPg~q [Fe(?) ] 2(0) < -

Proof of Theorem 2.2. Fix any £ > 0 and let @, € AC([0,T];L*(0)) be the unique solution of
(Pe)-
Let T > 0 be such that \/?HKHLZ([O,T]) < min{a, T}, so that

a_\/?HKHLZ([O,T]) > 0, (2.11)
and set £ := max{k € IN: kT < T} and let {Ti}icf0,... 1+1y be defined by

r._ [T ifie{0,- 0
T ifi=l+1.

2The condition (Cg) implies that {@e }e~0 is equicoercive, i.e. for all {ve}e=o < L2(0), if sup,-Ge(ve) < o0 then
SuPe~g [Vell2(0) < .
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Foreachie {0,--- £}, let@. € AC([0,T]; L*(0)) be defined by
uL(r) =T (t + Tj). (2.12)
Let F! : [0,T] — L*(0) be defined by

Fi(t):=Fe(t+T;) — f: K(t+T; — 5)VGe (ug(s))ds

=1 ~Ti
—Fe(t+T) = Y| K(t+Ti—5)VGe(tg(s — Ti))ds (2.13)
k=0"Tk

with the convention Yi_{) = 0 if i = 0, and let (%) be given by
dut,

(7 @
ut(0) = ' (T)

(t) + V& (Ul (t)) = Fi(1) — K+ (Ve 0t ) (1) for Z'-aa. te[0,T]

with the convention 7% ~! (f) = upe if i = 0. Note that the problem (%) can be equivalently

rewritten as follows:
dug

) % (t) + V&e(uL(r)) = GL(t) for £'-a.a.t€[0,T]
Pe

with G. : [0,T] — L2(0) given by
GL(t) := Fi(t) — K (VEe ot ) (1) (2.14)

According to Theorem 2.1, it is easy to see that for every i € {0,---,¢}, @ given by (2.12) is a
solution of (Z;) and satisfies the following regularity condition:

(R{) ul, admits aright derivative d;?{? (t) atevery ¢ € [0, T[ which satisfies %(t) + V& (Us(1)) =

Gi(1).

Moreover, from [5, Lemma 2.5, p. 45] we can assert that

(RY) for every 1 €]0,T],

d+—i 11t d—i t dGl
‘ e (1) < - J te (s) ds + J £(s) ds.
dt L2(0) t Jo ds [2(0) 0 ds L2(0)
Roughly, our strategy is as follows. We first show that for every i € {0,---,/}, there exists @ €

C([0,T];L*(0)) such that (up to a subsequence) ii. — @ in C([0,T];L2(0)). Then, we define
e C([0,T];L*(0)) by u(t) = (t —T;) if t € [T;, T;,1 | and we prove that e — @ in C([0,T];L*(0))
and that # is a solution of (). To implement this stategy we proceed into three steps.
Step 1: Convergence for each i. For each i € {0,--- ,¢} we consider the following five assertions:
(Ch) sup@e (i} (0)) < :
e>0
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(Ch) {#(0)}e=o is relatively compact in L?(O);
() sup [FE(1) (o) < oo forall € (0,7

(Ch) sup 1FEN 20 79.2(09) < 5

(Ch) sup H

([0,7]:L2(0))
and the following five properties:
(P)) sup vag APy

[0,7:22(0)) < %>

2oF0)
(P%) there exists C; > 0 such that sup |V&, (ﬁé(t))HLz(O) <G (\lﬁ + 1) for all 1 €]0, T ;
e>0
(P}) sup@e(uk(t)) < oo for all 1 €]0,T;
e>0

(PL) there exists @ € C([0, T];L2(0)) such that (up to a subsequence):

i, — @ in C([0,T];L*(0)); (2.15)
V&, ottt — V& o' in L*([0,T];L%(0)). (2.16)

The goal of this step is to prove that (P})—(P%) hold for all i € {0,---,¢}. For this, it suffices to
prove the following three assertions:

(Ip) fori =0, (C))—~(CL) are satisfied;
(Iy) foreveryie{0,--- ¢}, if (C’) (C’ ) hold then (P’) (P ) are satisfied;

(Iy) foreveryie {1,---,¢},if (Pi"") holds and if (P¥), (P%) and (P%) hold for all k€ {0, - ,i—1},
then (C"1 )—(Cg) are satisfied.

Taking (C)—(Cs) into account, it is clear that (Iy) is verified. So, we only need to establish (I;) and

(I2).

Step 1-1: Proving (I)). Fix i € {0,--- , ¢} and assume that (C)—(C%) hold.

Proof of (P)). As %, is a solution of (%), we have

J < ), VG, (u >a’t + f <V%€ ), Ve (it (1)) )dt

J<K (VG 0tk ) (1), VG (@h(t)) Yt J (Fi(t), VG (@ (1))dr.
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Hence

J ' (V& (UL(1)), Ve (i (t)) Yt

f@c (Ve omih)(1), Ve (L (1)) Ydt < f<d_l VGe( ())>d;

+ f (Fi(1),VGe(uL(1)) yat. (2.17)
0

First of all, as <d”£( 1),V (u(t))) = d(%;ﬁé) (1), we have

—i
T di , . .

- (0, VGl (1))dt = Ge (@ (0)) — Ge (e (T)) < Ge(#:(0)).
But sup,- (% (;(0)) < oo by (C!), hence
, T/ g .
M, := sup —J< g(t),V?g(ﬁg(t))>dt < 0. (2.18)
e>0 0 dt
Secondly, by (DY), we have
J (V& (u(t)), Ve (L (t)) ydt = | VE, 0 ugu 112(0)) (2.19)
Thirdly, from the Cauchy-Schwarz inequality, we have
J<K (VGe o) (1), Ve (1 (1)) ) dt < | K+ (Ve 0 HL2 [0,7]:L2(0 HV?S O”SHB [0,7]:22(0)) *
But, by an easy calculation,
|7 (VFe o) 2o yaion < V1Ko [V5e Tl porparioy 220

hence

f (K + (V5o o)), VG0t < VTl 01y IV T o oy 22D

Fourthly, we have

f <F ), VGe(Tig(t)) ) dt < |[Fg ||L2 [0,7]:L2(0 HV%O%HU [0,7]:L2(0)) *

But, by (C ),

= sup |Fy HLZ < 0, (2.22)

[0.7]:22(0))

hence

J (Fi(t), V(i (t)) ydt < M{||VE; o, (2.23)

HLZ([O,T];LZ(O)) :
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Combining (2.17) with (2.18), (2.19), (2.21) and (2.23), we have
(@ VTIKl2 07 ) IVZe 0TEl 2

Thus, for every € > 0,
A|[VZg o ue H

71:12(0)) < Mo+ M ”ero“eHB [0,71:L2(0))

— M} |VEe ot o — My <0,

T1:12(0)) [0.7]:2(0))

with A = o — /T :7(|\L2([07T]) > 0 from (2.11), which yields (P)).
Proof of (Pi ). As T is a solution of (%) we have
( )>dt

d”e st8 >dt—|—f <VE§8
[ (oo Gl ar=[ (o G

Hence
d d_l T : dﬁl
dt + « (Ve otty)(1),— (1) )d
dt L2([0,T];L2(0 J < > JO<‘K (VEeome)t) dt (t)> t
B f <vg8(u;(t)),d”‘8(z)>dz
0 dt
i L dit
< (”F el 2oz 1 (VEe o) 202 W(O)))‘ ot 12((0,7112(0))

+M,
di. ;
<(M+] %+ (VGe o) | 2 g0 71200 )))‘d—f R G

with M} < o0 and M} < oo given by (2.18) and (2.22) respectively. On the other hand, setting

M = sup |VGe o | o (2.25)

[0.T]:L2(0))
we have Mé < o by (P’i), and by (2.20) we see that

|+ (Ve o) |20 702(01) < M5V T K 2007
From (2.24) it follows that for every € > 0,

2
di MV T
’ﬁ _< i—|—M§\/?|K|L2([07T])>‘

dt
which implies (P ).
Proof of (Pg). First of all, from (2.9), (2.20) and (P"1 ), we can assert that

< 0. (2.26)

di. :
— M, <0,
dt 0

L2([0,T]:2(0))

L2([0,T]:22(0))

ig% | (Ve o) wa([OiJ;Lz(on
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According to (2.14), from (Cg) and (2.26) we deduce that

dG.
dt

< 00.

Mé = sup
L'([0.T]:12(0))

Setting

il

L2([0,71:L%(0))
where M, < oo by (P)), from (R!) we see that for every 7 €]0, T,

‘ d*i, 0 dﬁg

—£ + M,
dt 12([0,7]:L2(0))
with M < oo given by (2.27). Fix any t €]0, T[. By (®/) we have
d+ﬁi: —i i
yr (1), VGe (uL(t)) )+ {VEe(us(t)), VL, (L (1)) ) = (Gi(t), VEe (uL(1)) ),
and by using (DY) and the Cauchy—Schwarz inequality, we obtain

<Hd ug

From (2.28) and (2.30), we deduce that

£2(0)

M

<

1
NG
1
Vi

o VG (@) 200 <

), V(@1 N+«mmvamm»>

-+wamwm)uwamammgm

L a4 M+ |G

[V )] 0) <

HL2(0)

Set
ML := sup supHFé(t)

r€[0,7]€>0 HLZ(O)

where M. < oo by (C ). From the definition of G.(¢) in (2.14) it is easy to see that
HGfe (1) HLz(O) < HFé<f)”L2(0) + 1K 2 p0,77) |VGe OﬁfeHLZ([o,f];LZ(o))
< M +M5HKHL2([O,T])7

13

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

where Mé is given by (2.25). Combining (2.31) and (2.32) we concude that for every € > 0 and

every ¢ €]0, T,

HV%(ﬁé(t))HLz 0) S Ci (\/i; + 1)

with C; := g max {M}, M + ML + M| K 1210 1) }» which implies (P5).
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Proof of (P ). By using (2.29), (DY), the Cauchy-Schwarz inequality, (2.32) and (P’ ), it is easily
seen that for every ¢ €]0, T,

(Ll voumn)) < (GOS0
Ve @(0)

|G () HL2(O) HLz(o)

~ (1
< G (7;“) (2.33)

with C; := (ML + M| x| 2([0.7]) )c,~. Fix any s €]0,T]. By integrating (2.33) over [0,s], we get

[(mmmoyae[a(l)e e

vs@g( (1)) = QT (1) for all £ €], s[ we have

R >dt f e M) 1 = (i)~ Geldi0). 235)

From (2.34) and (2.35), we deduce that, for every € > 0 and every s €]0, T ]

Su) < GelEo) + [ ‘G (Le1)a

< Mg+LT5,~ (%Jrl)dt

with Mé := Sup,-( Ge (4 (0)) < o0 by (C}), which implies (P')).
Proof of (PL). As u., € AC(]0, T];L*(0)) and sup,- H df HLZ (0F122(0)) < @ by (P), it is clear
that {#.,}¢~0 is equicontinuous. On the other hand, by (C}), {u%(0)}¢=o is relatively compact in
L*(0). For 1 €]0,T ] we have sup,-, e (7L (t)) < co by (P}), so that by (Cg), {#.(r) }e=0 is relatively
compact in L2(0). From Ascoli’s theorem it follows that there exists @ € C([0,T]; L2(0)) such that
(up to a subsequence)

. — @ in C([0,T];L*(0)), (2.36)
which proves (2.15).
Remark 2.4. Since u2(0) = #g (0) = ug ¢, by (C2) we have #2(0) — ug in L*(0), and so #°(0) = uy.

Let us now p'rove (2.16). FiX. any 7 €]0, T[ and any subsequen§e {ﬁ;( 8)}£>0 of '{ﬁé}bo given by
(2.36). By (P) there exists '(1) € L?(0) and a subsequence {E’G o(e) }8>0 of {ﬁif(e)}8>0 such that

VZs(0(e)) (ﬁ’&(e( (1 )) — &) in L*(0). (2.37)
Moreover, by (2.36), we have . |
Ug(p(e)) (1) = (1) in L*(0). (2.38)

o
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Taking (C7) and (Cg) into account, from Theorem C.4(c), we have
(s,w)-graph
_

V&, 0%,
and therefore, from (2.37) and (2.38), we deduce that £/(t) = V€ (@' (¢)). Hence
V@, (1i.(1)) — V€ (@ (t)) in L*(0) for all  €]0, T7. (2.39)

Remark 2.5. We have also proved that for #'-a.e. 1 € [0,T], @ (r) € dom(%).
On the other hand; consider any subsequence {ﬁ’;y () }eso of {ﬂfe} e>0 given by (2.36). By (l?’i) there
exists W' € L([0,T];L*(0)) and a subsequence {V&s0(e)) ou;(e(s))}bo of {V&s(e) OE’G(E)}8>0
such that . . N

Vs(6(e)) O Uoey — ¥ iIn L([0,T];L%(0)). (2.40)

Taking (2.39) and (Pg) into account, from Lebesgue’s dominated convergence theorem, we can
assert that

T T
L <V?G(9(e))(ﬁg(9(£))(t)),(p(t)>dt—> fo (VE (i (1)), ()t for all g e C([0,T;L*(0)),

so that we infer from (2.40) that ¥/ = V€ o#. Thus (2.16) holds.
Step 1-2: Proving (I,). Fix i€ {1,---,¢} and assume that (CX)~(C%) and (P%)~(P%) hold for all
ke {0, - ,i—1}.
Proof of (C'). As %, is a solution of (L), we have . (0) = ! (T). Hence
ili%?s(ﬂé(o)) = ili%?e(ﬁé_l(f))~

From (P} "), we deduce that sup,. , % (@ (0)) < o0, i.e., (C}) is verified.
Proof of (C}). As 7. is a solution of (%), we have %, (0) = i, Y(T). But by (Pi_l)—(2.15) we see
that ;"1 (T) — @~ (T) in L*(0), so @.(0) — @ (0) in L*>(0), which implies (C}).
Remark 2.6. In fact, we have proved a stronger condition than (C’Z), ie.,

(Ch) @ (0) — @ (0) in L2(0).

~

Proof of (C}). As & € C1([0,T];[0,0[), we infer from (2.13) that, for every ¢ € [0, 7],

ds
L2(0)

. i—1 Ty
1O 12000 < IFet + T 120y + | Kl o) Z VG (i (s —Ti))
@ "

< suplFe(t+ T2 o) + 1 Koy Z J sup [ ViZe(@i(s))| ,  ds.
>0 £>0 L*(0)

By (C3) and Remark 2.3, we have M := sup,[o 715UPe~q |Fe(s)|2(0) < o0 and by using (P%) for
all ke {0,---,i— 1}, we deduce that, for every ¢ € [0,T],

i—1 T
i 1
HFg(t)HLz(O) <M+ ]KHC([(),T])l;JO Cr (75 + 1) ds < o,
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and (C}) follows.

Remark 2.7. In fact, we have proved a stronger condition than (Cg), 1e.,

(C ) sup sup|F/(t HLZ(O) < .
re[0,7]€>0
Proof of (C))). For every k € {0,---,i— 1}, by using (P )-(2.16), we see that
Ti+1 Tie+1

) K(-+T; — 5)VGe (0 (s — Ty) )ds — ) K(-+T;— )V @ (s — ) )ds in L*([0,T];L*(0)).

Hence, taking (2.13) into account and by using (Cy),
Fl—Flin L*([0,T];L*(0)),
where F': [0,T] — L2(0) ifie {1,---,{—1} and F': [0,T — Ty] — L2(0) if i = ¢, is given by

i—1 Ty
Fit)y=Fa+T) = | k(e +T—s)VE@ (s —To)ds, 2.41)
k=0+Tk

which implies (C ).

Remark 2.8. In fact, we have proved a stronger condition than (CQ), ie.,
(Ch) Fl — Flin L2([0,T];L*(0))

with F' given by (2.41).

Proof of (C}). For Z'-ae. r € [0,T], by deriving (2.13), we have

dF} dF Tt g
() = 4Ty - éL 4 T VS (@ (s~ T)ds,

hence, since X € C!([0,T];[0,0[),

dF} dFe
H E(t) < (t+Tp) H sup HV?gous N .
dt 20 dr | e=0 12([0,79:L2(0))
Consequently, we get
T .
dF} dF,
—E(t)| dt <J —E(r+Ty) dt+TH supHV?eoug N
dt =20y Jo | dt ([0.7]) >0 L2([0.71:L2(0))
l 1
F, ~
< sup aFe +T ax supHVS?goug N .
e0| dr LY([0,T]:L2(0)) dt ||cqo,r)) = e>0 L2([0,T]:L*(0))

By using (Cs) and (P]f) forall k€ {0,---,i — 1}, we deduce that sup,_ H d;;l < oo for

LY([0,7]:L%(0))

all 1 € [0,T], i.e. (CY) is verified.
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Step 2: Existence of a solution of (%) for each i. Fix any i € {0, - -- , ¢} and consider the following
problem:

( )+ VE&(u ( ) = Fi(t) — K*(V?oﬁi)(t) for £l-aa.re [O,f]

with F! given by (2.41), where, for each k € {0,--- £}, @ € C([0,T];L*(0)) is given by (P%)-
(2.15). Recall that by convention, 7'~ 1(T) — ug if i = 0 (see Remark 2.4). Problem (') can be
equivalently rewritten as follows:

1)+ VE 1) = G'0) for Zaa 1 [0.7]

()

with G’ : [0,T] — L%(0) given by
G'(t) :=F'(t) — K+ (VG oul)(1). (2.42)

We are going to prove that %' is a solution of (%').

Step 2-1: Legendre-Fenchel transform of (%.). Fix any £ > 0 and denote the Legendre-Fenchel
conjugates of & and & by &; and &* respectively. Recalling that 7. is a solution of (%), from
Fenchel’s extremality relation (see Proposition A.4(b)), we see that (%) is equivalent to

€ (@ (1)) + &2 (G (1) —%(r))+<dz (1) — Gi(t), (¢ )> —0 for #'-aa re[0,7]

7 (0) = #\(T)

with G. given by (2.14). Using Legendre-Fenchel’s inequality (see Theorem A.2(b)), we obtain

() f [gg(ﬁé(”) + 87 (Gelr) - %(I)) + <ng (1) —Gé(t),ﬁi;(t)>] dt =0

(0) = (7).

a0) yar Hjt (G0~ (GO0 | a
- SUmDP- @O [ Ghoatn).

On the other hand, we have
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Hence, for every € > 0,

[ a0+ 57 G400~ o) | an S D P - I 0))
(PH=1 - J (Gi(t), (1)) di = 0 (2.43)
0
w(0) = (7).

\

Step 2-2: Passing to the limit. First of all, by ((Aié), we have
. (0) — @ (0) in L*(0). (2.44)
On the other hand, @;(0) = @' (T') and, by using (P5')-(2.15)if i € {1,---,£} and (C») if i = 0,
! (T) — @~ Y(T) in L*(0).
Hence,
7 (0) = N(T); (2.45)
lim [ 0) 729 = |7 (0)[72(0) (2.46)
In the same way, by (Pg)-(Z.lS), we have
lim (7)) = 7 (D20 @47)
By (Pg), we can assert that (up to a subsequence)
du., du

w52
o nL(0.T]:L%(0)). (2.48)

Taking (2.14) and (2.42) into account, from ((AZZ) and (Pg)—(Z. 16), we infer that

G. — G'in L*([0,T];L%(0)). (2.49)
From (C}), (2.44) and (C7), we have & (%' (0)) < lim,_,( G (%, (0)) < sup,- o Ge (. (0)) < 0. Hence,
@ (0) e dom(%). (2.50)

Let E,E* : L2([0,T];L2(0)) — [0, 0] be defined by
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and, for each & > 0, let E¢, EX : L2([0,T];L%(0)) — [0, ] be defined by

( 7
Ee(u) := f e (u(r))dt

0

T
Ef(u) = f & (u(r))dr.

0

From (Cg) and Theorem B.4, we have &, M, @* Hence E M, E and E; M, g by Theorem
B.5. From (Pg)—(Z. 15), (2.48), and (2.49), it follows that

lim Ee (@) > E(@), i.e.

e—0

f . T .
tim | ge(a(0)dr > | 8w 0)dr 251)
e—0J0 0

du, du

lim E} L E)>E* (G- ie.
e (6= Gr) > (0= ) oe

T ) d—i T ) dit
lim J & (G’E(t)— ”‘8(:)) dt > f & <G‘(t) ”()) dt. (2.52)
e—0J0 dt 0 dt

Taking (2.44), (2.45), (2.46), (2.47), (2.50), (2.51), and (2.52) into account and letting € — 0 in
(2.43), we obtain

f}%( ()5 (60~ 50 | a5
(G'(t),u'(t))dt <0

#(0) =@~ Y(T) e dom(¥),

-

(7))~ |@'(0)])

AN

1.e.,

N st e (00~ Gro) + (Gro-ct0ao)ar<o

0
#(0) =~ Y(T) e dom(¥).

But, by using again Legendre-Fenchel’s inequality (see Theorem A.2(b)), we have

g (@ (t)) + & <Gi(t) - dd—ﬁtl(t)) + <dd—ﬁtl(z) - Gf(t>,uf(t)> >0 for Z'-aa. te (0,77,
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hence

f swona (- G0) s (Go-cudn)ao @53

#(0) =@ 1(T) € dom(¥).

Using again Fenchel’s extremality relation (see Proposition A.4(b)), we see that (2.53) is equivalent
to

du' - i 1 =
E(t) +VE&W'(t)) =G'(t) for L -aa. te0,T]

#(0) =@~ 1(T) € dom(¥),

which shows that % is a solution of (%),

Step 3: Existence of a solution of (%). Let % : [0,7] — L?(0) be defined by
u(t):=w(t—"T)ift € [T}, T, ] with i € {0,--- ,¢}.

For each i € {1,---,¢}, as @ is a solution of (%) we have @ (0) = @ 1(T), ie. W(T;—T;) =
@~ (T; — T;_1), which means that %(7;”) = @(T;"). Since @ € C([0,T];L*(0)) forall i€ {1,--- ¢},
it follows that u € C([0,T];L*(0)).

On the other hand, we have #(0) = #°(0), and #°(0) = uq because 7’ is solution of (%°). Moreover,
forevery i€ {0,--- ¢}, taking (2.42) and (2.41) into account, as @ is a solution of (%'), for Z!-a.e.
t € |T;,Ti+1], we have

W oyeve ) =T myvs@ - )

=G(t=T)

—Fl(t—T)—%+ (V€ ou)(t —T)
=1 oTipy t—T; ,

=F()-)] | x(t -5V (s— Tk))ds—f K(t —T;—s)VE (@ (s))ds
k=0T 0
=1 Ty !

= F(t)—l;) Tk‘]((t - s)V?(u(s))ds—fEK(t —s5)VE€(u(s))ds

= F(t)—f()t?((t —s)VZ(u(s))ds
=F(t)-K* (V& ou)(t).

Consequently # is a solution of (), and the proof is complete. H

3. STOCHASTIC HOMOGENIZATION FOR INTEGRODIFFERENTIAL NONLOCAL DIFFUSION
PROBLEMS OF GRADIENT FLOW TYPE
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3.1. Random nonlocal integrodifferential diffusion problems of gradient flow type. From
now on we consider a complete probability space (Q,%,PP) and a family {7} .. satisfying the
following three properties:

e (mesurability) 7, : Q — Q is % -measurable for all 7 € Z¢;
e (group property) I; 0T, =T,, and T, = T[l for all z,7 € 7Z4;
e (mass invariance) P(T,A) = P(A) for all A € & and all z € Z¢.

Definition 3.1. The family {7} .. is said to be a (discrete) group of P-preserving transformation
on (Q,%,P) and the quadruplet (Q, % ,P,{T.}..7a) is called a (discrete) dynamical system.

Let 7 := {Ae F : P(T,AAA) = O for all z € Z¢} be the o-algebra of invariant sets with respect to
(Qa ga IP)? {E}zeZd)'
Definition 3.2. When P(A) € {0, 1} for all A € .7, the measurable dynamical system
(Q7 ‘%7 P? {TZ}zeZd)
is said to be ergodic.

Remark 3.3. A sufficient condition to ensure the ergodicity of (Q,%,P,{T;}_ ) is the so-called
mixing condition, i.e. for every (E,F) € F x Z,

lim P(TE ~ F) = P(E)P(F).

|z]—00

For each X € LL(Q), EZ(X) denotes the conditional mathematical expectation of X with respect
to .7, i.e. the unique (.7, B(R))-measurable function in L} () such that for every E € .7,

f B (X)(0)dP(@) — f X(0)dP(o).

E E

Remark 3.4. If (Q, F ,P,{T.}.za) is ergodic then E” (X) is constant and equal to the mathematical
expectation E(X) of X, i.e. 7 (X) = E(X) := [, X (0)dP(w).

Let J: Q x RY x RY x RY — [0,00[ be a (F ® B(RY) ® B(RY) ® B(RY), B(RR))-measurable
satisfying the following conditions:

(NL,) J is symmetric, i.e. for every (@,x,y,€) € Q x RY x R x R,

J(,x,,¢) = J(®,y,x,5),
and J is bi-stationary with respect to (7})_cza, i.e. for every z € Z and every (®,x,y,€) €
QxR x RY x RY,
J(@,x+z,y+2,8) = J(L0,x,y,5);
(NL,) there exist J : RY — [0,00[ and J € L*(R¢; [0, o0[) with

J#0
for every (é,C)eIRd x R4, if |€| < |&] then J(E) = J(&) (3.1)

supp(J) = Bg,(0) is compact with R; > 0,
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such that, for every (@,x,y,&) € @ x RY x RY x RY,

J(&) <J(w,x,,8) <J(E).
Let O = RY be an open set and. For each € > 0, define % : Q x L>(0) — [0, o[ by

S G [C e

and let Fy : Q x L?(0) — L2(0) be such that, for every @ € Q, F¢(®, ) € F,. For each @ € Q and
each € > 0, let us consider the following nonlocal integrodifferential diffusion problem:

du?
dt

(Z¢)
ug (0) = uge € L*(0)

() +V 7Ze(@,ul (1) + K+ (VIe(w, ) oul)(t) = Fe(w,t) for L'-aa. te0,T]

with & € C'([0,T];[0,0[). The following result is a consequence of Theorem 2.1.

Corollary 3.5. For each ® € Q and each € > 0, there exists u® € C([0,T];L*(0)) such that:
o Uy is the unique solution of (Pg);
o V() ou? e L*([0,T];L*(0));
o B e 12([0,T]:12(0));
o u? admits a right derivative dztﬁg) (t) at every t € [0, T which satisfies

+50
d™ug

dr (t)+V 7e(ug (1) + K= (VIe(0,-) oty ) (t) = Fe(,1).

Proof of Corollary 3.5. It suffices to apply Theorem 2.1 with F = F¢(®,-) and & = ¢ = % (w,-),
where @ € Q and € > 0. As F¢ (0, ) € F, we only need to prove that % (,-) satisfies (D)—(D>)
with € = 7 (w,-). From (3.2) we see that for every u € L?(0),

Y 7u(@,u) (x) — —ﬁLJ (0.5 2575 (uly) — u(e)ay: (3.3)

E € €&

Hence V % (®,0) =0, i.e. (D) holds with & = #(w, ). On the other hand, taking (3.3) and (NL,)
into account, for every u,v € L>(0), we have

|V Fe(@,u) = VI (@,) 120y = L VI (@,u)(x) =V Ie (0,v)(x)|* dx

[ |[ () w1t - <>r)dy]dx

CeZ%(0 <J v(y) —u(y 2dy—|—f |lu(x) 2dx)

= 2620l

N

with Cg 1= ﬁgd( )HJHLOO (RY)’ , which proves (D) with & = #(®,-), and the proof is complete.
|
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3.2. Stochastic homogenization theorem. For each 0 € R4, each R > 0 and each A € 9§b(]Rd ),
set

Lo ra(RY) i= {ue L (RY) s u =t in op(4)}, (3.4)

where /g : R — R is the linear map defined by /g (x) = 6x and dg(A) denotes the R-neighborhood
of the boundary 0A of A, i.e.

Or(A) = {x e RY : dist(x, 0A) < R}. (3.5)
Let 8 : Bp(RY) x Q x RY — [0,00[ be defined by
S1(0,8) := inf{j(w,u,]Rd,A) ‘ue L%OC’G’RLA(]R")},

where Ry > 0 is given by (NL,) and 7 : Q x [?

loc

F(o,u,A,B) := %LLJ(@,x,y,x—y)(u(x) — u(y))zdxdy.

Let fhom : Q x RY — [0, o[ be defined by

(RY) x Byp(RY) x By(RY) — [0, 00[ is defined by

a(-,0
foom(®,8) := inf B <°§[°+d(>> ().

keIN*

Remark 3.6. It is easy to see that fyom (@, ) is quadratic, i.e. there exists a symmetric d x d matrix
A® such that for every 6 € R,

hom
1
fhom(w76) = §<A}(ﬁ)m979>7 (36)

where (-, -) denotes the scalar product in R? (see [7, Propositions 3.14 and 3.17] for more details
on the definition of f,om).

Let Fom : Q x L2(0) — [0,0] be defined by
f from(@,Vu(x))dx ifue H'(0)
0
0 if ue L>(0)\H'(0).

In [7, Lemma 4.2 and Theorem 4.8], we proved the following Mosco-convergence result.

ﬁlom(a); ”) =

Theorem 3.7. There exists Q' € F with P(Q') = 1 such that for every ® € Q/, we have:

(a) for every {ve}e=o < L*(0), if sup Ze(®,ve) < o0 then {velesq is relatively compact in
e>0

L%(0);
(b) {F(®,)}e=0 Mosco-converges to Fom(®,-).

Remark 3.8. By Remark 3.6, %om(,-) is proper, convex and lower semicontinuous, and Fréchet-
differentiable on dom (0 %om(@,)).

Let F: [0,T] x Q — L?(0) be a Borel measurable map. As a consequence of Theorem 2.2, we
obtain the following stochastic homogenization result.
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Corollary 3.9. For P-a.e. w e Q and every € >0, let u® € AC([0,T];L?(0)) be the unique solution
of (P2), see Corollary 3.5, and assume that:

(HY) sul())jg(a),ugfs) < o0
E>

HY) u®, — u? in L*(0);
(HY) sup ||Fe(@,0)]12(0) < o0
>0

(HD) Fe(w,) — F(w,-) in L*([0,T];L*(0));

(H?) sup H —dFiﬁ,“’ :) ‘
e>0

LY([0,T]:L2(0)) -

Then, there exists Q€ F with P(Q) = 1 such that for every @ € Q there exists u® € C([0,T]; L2(0))
such that (up to a subsequence)

u® —u® in C([0,T];L*(0))

and u® is a solution of the following local integrodifferential diffusion problem of gradient flow
type:
du® o 1
- 7(I)+thom(a%u (1)) + K= (V hom(®,)ou)(t)=F(@,t) for £ -a.a. t € [0,T]
P

u®(0) = u® € dom( From(©,-).

Proof of Corollary 3.9. Let Q" € & be such that P(Q") = 1 and (H?")—(H?) (in Corollary 3.9)
hold. Set Q = Q' Q' where Q' € F, with P(Q') = 1, is given by Theorem 3.7. Then Q € & and
IP’(gAZ) — 1. Fix o € Q. We are going to apply Theorem 2.2.

Firstly, it is easy to see that (C1)—(Cs) hold with e = Z(®,-), up e = U, uo = ug, e = g, Fe =
F¢(®,-) and F = F(®,-). Secondly, by Theorem 3.7(b), (C¢)—(C7) are satisfied with Ge =%, =
Je(0,-) and & = & = Fom(®,-). Thirdly, by Theorem 3.7(a), (Cg) is verified with & = % (o, "),
and the proof is complete. I
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APPENDIX A. ELEMENTS OF LEGENDRE-FENCHEL CALCULUS

Let X be a normed space and let X* be its topological dual. In what follows, for any u € X and any
u* e X*, we write u*(u) = (u*,u). We begin with the following definition.

Definition A.1. Let ®: X —] — 0, 0] be a proper?® function. The Legendre-Fenchel conjugate (or
the conjugate) of @ is the function ®* : X* —| — o0, 0] defined by
@*(u*) := sup {(u*,uy— P(u) :ucX}.
(As @ is proper and ® > —o0 we have ®* > —o0.) The Legendre-Fenchel biconjugate (or the
biconjugate) of @ is the function ®** : X — [—00, 00| defined by
D** (u) = sup {u*,uy — ®* (u*) 1 u* € X*}.

(Since ®* > —o0, u* € dom(P*) if and only if there exists & € R such that ®*(u*) < «, i.e.
®(u) = (u*,u) — o for all u € X. Hence, if ® admits a continuous affine minorant function* then

®* is proper and ®** > —o0.) The following theorem gives the main properties of the Legendre-
Fenchel conjugate and biconjugate (see [9, §9.3, p. 343] for more details).

Theorem A.2. Let @ : X —]— o0, 0] be a proper function.

(a) If ® is convex and lower semicontinuous then ®* is proper, convex and lower semicontin-
uous.
(b) (Legendre-Fenchel’s inequality.) For every u € X and every u* € X*,

D(u) +P*(u*) — (u*,uy = 0.
(¢) (Fenchel-Moreau-Rockafellar’s theorem.) If ® is convex and lower semicontinuous then
P** = .

(d) If @ is convex and admits a continuous affine minorant function then

@** — ¢’
where ® denotes the lower semicontinuous envelope of ®.
Here is the definition of the subdifferential of a function.

Definition A.3. Let @ : X —| — 00, 0] be a proper function. The subdifferential of ® is the multi-
valued operator 0® : X ——X* defined by

0D(u) :={u* e X*: ®(v) > D(u) + u*,v—u) forallve X }.
(Note that dom(®) > dom(0®@) := {u e X : 0P(u) + &}.)

For the subdifferentials of convex functions we have the following result (see [9, §9.5, pp. 355 and
Lemma 17.4.1, pp. 737] for more details).

Proposition A.4. Let @ : X —]— o0,0] be a proper and convex function.

3We say that & : X —] — o0, 0] is proper if (its effective domain) dom(®) := {ue X : ®(u) < w0} + .
“This is true if ® : X —] — 00, 00] is a proper, convex and lower semicontinuous function, because @ is then equal
to the supremum of all its continuous affine minorant functions.
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(a) If ® is Fréchet-differentiable at u € X, then
0D (u) = {VP(u)}.
(b) (Fenchel’s extremality relation.) If ® is lower semicontinuous, then
u* € 0P(u) — P(u)+P*(u*) —(u*,uy=0.
(c) (Brgnsted-Rockafellar’s lemma) If ® is lower semicontinuous, then

dom(0®) = dom(D).

APPENDIX B. MOSCO-CONVERGENCE

[3 2
N

Let X be a Banach space and let X* be its topological dual. In what follows, “—" (resp. °
denotes the strong (resp. the weak) convergence. We begin with the definition of De Giorgi I'-
convergence (see [10, 11, 14] for more details).

Definition B.1. Let ® : X —| — o0, 0] and, for each € > 0, let ¢ : X —] — 00,00]. We say that
{®¢}e~0 strongly I'-converges (resp. weakly I'-converges) to ®, and we write

= Iy~ lim P or @ L@ (resp. @ =Ty- lim & or P Dv, @y,
E— £E—

if the following two assertions hold:
o forevery u € X, I's- lim @ (u) = D(u)(resp. I'y- lim D¢ (1) = P(u)) with

e—0 e—0

Iy Tim @ (1) = inf{n_mcbews) e — }

e—0 £—0

e—0 e—0

(resp. ['y- lim ®¢ (u) := inf{li_mcbg(ug) DU — u})

or equivalently, for every u € X and every {ug}e~0 < X, if ug — u (resp. ug — u) then

li_mq)e(us) = CI)(M);

e—0
o foreveryue X, I's- H})d)g(u) < D(u)(resp. y- ﬁg)cl)g(u) < ®(u)) with
E— E—

Fs'ﬁ%)¢g(u) = inf{ﬁcbg(ug) U — u}
E—

£e—0

(resp. FW-F%(IDS(M) 1= inf{ﬁqu(ug) SUg — u})
E—

£e—0
or equivalently, for every u € X there exists {ug }¢~o < X such that ug — u (resp. ug — u) and
@)Cbg(u‘g) < P(u).
E—

From I'-convergence we can define Mosco-convergence (which was introduced by Mosco, see

[15]).
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Definition B.2. Let @ : X —]| — o0, 0] and, for each € > 0, let ¢ : X —] — 00,00]. We say that
{®¢}e~0 Mosco-converges to ®, and we write

© = M- lim ®¢ or P M o,
£—
if ® = Is- lim ®¢ = I'y,- lim ®; or equivalently ['s- lim ®¢ < ® < Iy - lim P
£—0 £—0 £—0 £—0
From Definition B.2, it is easy to see that under a suitable compactness condition strong I'-
convergence is equivalent to Mosco-convergence.
Proposition B.3. Let @ : X —]— o0,0] and, for each € > 0, let & : X —| — 00, 0]. Assume that
the following compactness condition hold:

o forall {ugle=0 < X, if sup®@¢(ug) < 00 then {ug}e~o is strongly relatively compact in X.
e>0

Then, ®g e if and only if ¢ M

As stated in the following theorem due to Mosco (see [15, Theorem 1]), in the reflexive case and for
lower semicontinuous, convex and proper functions, the Legendre-Fenchel transform is continuous
with respect to Mosco-convergence.

Theorem B.4. Let ® : X —|— o0, 0] be a proper, convex and lower semicontinuous function and,
for each € > 0, let ®; : X —| — 0, 0] be a proper, convex and lower semicontinuous function. If

X is reflexive then ®g Mo if and only if @} M, o+,

The following result allows to pass from Mosco-convergence in X to Mosco-convergence in L>([0, T];
X) (see [5, Lemma 2.6, p. 50] for a proof).

Theorem B.5. Fix T > 0 and assume that X is a Hilbert space. Let ® : X — [0,00] be a proper,
convex and lower semicontinuous function, let ® : L*>([0,T];X) — [0,00] be defined by

and, for each € > 0, let ®¢ : X — [0,00] be a lower semicontinuous, proper and convex function
and let @, : L*([0,T];X) — [0,0] be defined by

T
O (1) = J D (u(r))dt.

0

If ¢ icbthen (O i@.

APPENDIX C. GRAPH-CONVERGENCE

Let (X, ) and (X*,J*) be two topological spaces. We begin with the definition of Kuratowski-
Painlevé convergence.
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Definition C.1. We say that {E¢}¢~0 = P(X x X*) converges to E € P(X x X*) in the sense of
Kuratowski-Painlevé with respect to the product topology I x I *, and we write

. KP
E =xplimE; or E, — E,
e—0

if the following two assertions hold:

e £ c kp-lim E, with
e—0

o ok
KP-lim E; := {(u,u*) EX x X* : J(ug,ug)e=0 € 1_[E‘,3 s.t. ug = wand ul 2 u*}

e—0

e>0
or equivalently, for all (u,u*) € E there exists (ug,uy)e=0 € [ [p~oEe such that ug Z, u and
uy T
® KP- l‘i% E¢ c E with
= {(u’u*) € X XX Hu(e) ey )e=0 € | [ Eoe) st ae) T uwand uye) 7 u}
- e>0

or equivalently, for all (u,u*) € X x X* and all subsequence (uc(g),u;(e))g>o €[ [e=0Eo(e) if
o ok
Us(e) < uand u”c;(s) 2 w* then (u,u*) € E.
Remark C.2. Tt is clear that the sets Kplim, ,Ee and kplim,_,oE. are closed subsets of X x X*

. - KP . . . -
and Kpdim,_, E¢ < KPdime_,0 E¢. Hence E; — E if and only if KPdim,_,o E¢ = KPdlime_,0 Ee = E.
In particular, the Kp-limit of a set is its closure.

From now on, X is a Banach space and X* is its topological dual. Here is the definition of graph-
convergence for sequences of subdifferentials.

Definition C.3. Let 0® : X—=X" and, for each € > 0, let 0P, : X—=X*, where ®,P, : X —
| — o0, 0] are proper functions. We say that {0®¢}¢~( graph-converges to 0@ with respect to the
product topology I x I *, and we write
0D, T o,
if {G(0P¢)}e~0 KP-converges to G(0P) with respect to the product topology I x T *, i.e.
G(0de) =5 G(0®),
where G(0®;) and G(0®) denote the graph of 0®, and 0P respectively, i.e.
G(0®;) := {(u,u*) edom(®,) x X* :u* € &Cbg(u)};

G(0®) := {(u,u*) e dom(®) x X* :u* € &(D(u)}.

In other words, 0, —— graph 0® if and only if the following two assertions hold:
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o for all (u,u™) € X x X* with u* € 0D(u) there exists {(ug,up)}te=0 < X x X* with u} € 0D(ug)
for all € > 0 such that u, 7, u and uj ﬂ u*;
e forall (u,u*)€ X x X* and all subsequence {(uc(s),u(*j(s))}bo X xX* withug, € 0P (ug(e))

forall € > 0., if ug(ey ~ uand ufy gy T u* then u* € o (u).

In what follows, we use the notation (5.5)-graph 7, (ws)-graph ., and “ to denote the
graph-convergence with respect to the product topology 7 x 7 * with (7,5 *) = (75, 9%), (7 ,T *)
= (Iw,7") and (7,7 ") = (s, T respectively, where I and F* (resp. Jy and J) the strong
topology (resp. the weak topology) on X and X* respectively.

(va)_graph ”

For convex, lower semincontinuous and proper functions, links between graph-convergence and
I'-convergence can be established (for a proof we refer to [8, Proposition 3.68, p. 378]).

Theorem C4. Let  : X —| — o0,0] be a proper, convex and lower semicontinuous function and,
for each € > 0, let D¢ : X —] — 0,0] be a proper, convex and lower semicontinuous function.
Then:

(@) @ M b — 0, S EPN g
(b) B 2 b s o, WV EWBN A
(s,w)-graph

(c) (X is reflexive, ®¢ I & and {De}e=o is equicoercive5> = 0P, ———— 0.

APPENDIX D. GRONWALL’S LEMMA

In the paper we use the following version of so-called Gronwall’s lemmas (for the proof we refer
to [5, Lemma A.2 pp. 277]).

Lemma D.1. Let pe [1,o0, let T > 0, let a € [0,0[, let m e L' ([0,T]) be such that m(s) = 0 for
Fla.a. se[0,T] and let ¢ € C([0,T];R) be such that %W’(s) < I%ap + {0771 (t)m(r)dt for all
s€[0,T). Then ¢(s) < a+ §ym(r)dt for all s € [0,T|.

SWe say that {®; } ¢~ is equicoercive if the following assertion holds: for every {ve }e~o < X, if sup,. o P¢(ve) < 0
then sup, ¢ ||vellx < o0.
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