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Abstract. In this paper, we continue our study of nonlocal problems of gradient flow type that we developed in our
previous papers [O. Anza Hafsa, J.-P. Mandallena, G. Michaille, Nonlocal time delays reaction-diffusion problems
of gradient flow type: Existence, stochastic homogenization, Evol. Equ. Control Theory 17 (2026) 23-61] and [O.
Anza Hafsa, J.-P. Mandallena, G. Michaille, Stochastic homogenization of nonlocal reaction-diffusion problems of
gradient flow type, J. Elliptic Parabol. Equ. 10 (2024) 415-474]. We consider here nonlocal integrodifferential diffu-
sion problems. We present existence, uniqueness and compactness results and investigate stochastic homogenization.
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1. INTRODUCTION

Consider a compactly supported radial function J : Rd ! r0,8r and the corresponding integrals
ş

O Jpx´yqpupt,yq´upt,xqqdy at time t and
ş

O Jpx´yqpupt´τ,yq´upt´τ,xqqdy at some past time
t´ τ with τ ą 0. In many examples of population dynamics, upt,xq represents the density of some
population at time t located at x in a bounded domain OĂRd , and the term

J pt,xq “
ż

O
Jpx´ yqpupt,yq´upt,xqqdy
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accounts for the population flux of individuals at time t in O which jump from y to x in O. The
second population flux

Jτpt,xq “
ż

O
Jpx´ yqpupt´ τ,yq´upt´ τ,xqqdy

is superimposed at each t on the first flux J pt,xq with a delay time τ . It may represent a maturation
period, a resource regeneration time or an incubation period. Assuming that τ is small, the first
order approximation J pt,xq “ Jτpt` τ,xq « Jτpt,xq` τ

BJτ

Bt pt,xq together with Jτp0, ¨q “ 0 yields to

Jτpt,xq “ ´
1
τ

ż t

0
exp

´s´ t
τ

¯

J ps,xqds.

Consider a term Fptq which accounts for the source of the population growth at pt,xq. Then, the
differential form of the balance law leads to the following nonlocal equation:

Bu
Bt
pt,xq´ J pt,xq´

1
τ

ż t

0
exp

´s´ t
τ

¯

J ps,xqds“ Fptq.

Noticing that J pt,xq “ ´∇Jpupt,xqq, where

Jpupt,xqq “
1
4

ż

O

ż

O
Jpx´ yqpupt,xq´upt,yqq2dxdy,

and adding a suitable initial condition u0pxq, we see that upt,xq satisfies the Neumann-Cauchy
homogeneous nonlocal problem of the type:

$

’

’

&

’

’

%

Bu
dt
pt,xq̀ ∇Jpupt,xqq̀

1
τ

ż t

0
exp

´s´ t
τ

¯

∇Jpups,xqqds“Fptq for L1-a.a.t P r0,T s

up0,xq “ u0pxq.

(1.1)

Thus, motivated by the dynamic of the nonlocal flux of populations flowing in random medium,
and presenting some delay time, we continue our study of nonlocal problems of gradient flow
type that we developed in our previous papers [6, 7] by considering stochastic homogenization of
nonlocal integrodifferential diffusion problems of type (1.1) with a suitable scaling depending on
ε ą 0. More precisely, given pΩ,F,Pq a complete probability space, T ą 0 and OĂRd a bounded
open domain with Lipschitz boundary, we are interested in the stochastic homogenization as ε! 0
of the problems

pPω
ε q

$

’

’

&

’

’

%

duω
ε

dt
pt q̀ ∇Jεpω,uω

ε ptqq̀
ż t

0
K pt´ sq∇Jεpω,uω

ε psqqds“Fεpω, tq for L1-a.a. t P r0,T s

uω
ε p0q “ uω

0,ε P L2pOq,

where K is a general smooth kernel. For each ε ą 0, Fε : Ωˆr0,T s! L2pOq is a random source
and Jε : ΩˆL2pOq! r0,8r is given by

Jεpω,uq :“
1

4εd

ż

O

ż

O
J
´

ω,
x
ε
,

y
ε
,
x´ y

ε

¯

ˆ

upxq´upyq
ε

˙2

dxdy
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with a random density J : ΩˆRdˆRdˆRd ! r0,8r. For the meaning of the scale parameter ε

we refer to [7, Section 5].

In a deterministic framework, the variational convergence as ε ! 0 of problems of type pPω
ε q

without a convolution term and with a density J depending solely on the third variable was first
addressed by Andreu, Mazón, Rossi, and Toledo in [2, 3] (see also the book [4]) using semigroup
theory and the convergence of their resolvents. They proved convergence to a local Cauchy prob-
lem. In the context of homogenization, the variational convergence of nonlocal energies of type
Jε was recently studied by Braides and Piatnitski in [13] for the periodic case and in [12] for the
stochastic case (see also the book [1]).

In this paper, we prove (see Corollary 3.9) that as ε ! 0, pPω
ε q converges almost surely, in a

variational sense, to a standard (local) homogenized problem

pPhom
ω q

$

’

’

&

’

’

%

duω

dt
pt q̀ ∇Jhompω,uω

ptqq̀
ż t

0
K pt´ sq∇Jhompω,uω

ε psqqds“Fpω, tq forL1-a.a.t P r0,T s

uωp0q “ uω
0 P dompJhompω, ¨qq.

The density of the quadratic inegral functional Jhom : ΩˆL2pOq! r0,8s is defined as the limit
of a suitable subadditive process already considered in [7, Propositions 3.14 and 3.17]. The proof
is based upon a general compactness result (see Theorem 2.2) with respect to the Moscoˆweak
Γ-convergence for problems of the type:

pPεq

$

’

’

&

’

’

%

duε

dt
ptq`∇Eεpuεptqq`

ż t

0
K pt´ sq∇Gεpuεpsqqds“ Fεptq for L1-a.a. t P r0,T s

uεp0q “ u0,ε P L2pOq

where, for each ε ą 0, Eε ,Gε : L2pOq! r0,8r are convex and Fréchet-differentiable and satisfy
the following condition: x∇Eεpuq,∇Gεpuqy ě α}∇Gεpuq}2L2pOq for all u P L2pOq with α ą 0 inde-
pendent of ε .

The plan of the paper is as follows. Section 2 is devoted to existence, uniqueness (see Theorem
2.1) and compactness (see Theorem 2.2) for problems of the type pPεq. After specifying in §2.1
the framework of our study, Theorem 2.1 and Theorem 2.2) are stated and proved in §2.2 and §2.3
respectively. Section 3 is devoted to stochastic homogenization. In §3.1 we specify the probability
setting, and by applying Theorem 2.1 we obtain existence and uniqueness of solutions for problems
of the type pPω

ε q, see Corollary 3.5. Finally, the almost surely variational convergence as ε ! 0
of pPω

ε q to pPhom
ω q is stated (see Corollary 3.9) and proved, by using Theorem 2.2, in §3.2.

For convenience of the reader, in the appendix we recall some classical definitions and results that
we use in the paper.

Notation. Throughout the paper we will use the following notation.

‚ The Lebesgue measure onRd with d PN˚ is denoted by Ld and for each Borel set AĂRd ,
the measure of A with respect to Ld is denoted by LdpAq.
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‚ The class of bounded Borel subsets of Rd is denoted by BbpR
dq.

‚ The space of continuous functions from r0,T s to L2pOq is denoted by Cpr0,T s;L2pOqq.
‚ The space of absolutely continuous functions from r0,T s to L2pOq is denoted by

ACpr0,T s;L2
pOqq.

‚ By un! u in Cpr0,T s;L2pOqq we mean that lim
n!8

suptPr0,T s }unptq´uptq}L2pOq “ 0.

‚ By un á u in L2pr0,T s;L2pOqq we mean that for every v P L2pr0,T s;L2pOqq,
ż T

0
xunptq,vptqydt!

ż T

0
xuptq,vptqydt

as n!8, where x¨, ¨y denotes the scalar product in L2pOq.

2. EXISTENCE, UNIQUENESS AND COMPACTNESS FOR INTEGRODIFFERENTIAL DIFFUSION

PROBLEMS OF GRADIENT FLOW TYPE

2.1. Preliminaries. Given T ą 0 andE,G : L2pOq! r0,8r be two convex and Fréchet-differentiable
functionals, we consider the following integrodifferential diffusion problem of gradient flow type:

pPq

$

’

&

’

%

du
dt
ptq`∇Epuptqq`K ˚ p∇G ˝uqptq “ Fptq for L1-a.a. t P r0,T s

up0q “ u0 P L2pOq,

where

K ˚ p∇G ˝uqptq :“
ż t

0
K pt´ sqp∇G ˝uqpsqds“

ż t

0
K pt´ sq∇Gpupsqqds

with K PC1pr0,T s; r0,8rq.

The map F : r0,T s! L2pOq is Borel measurable and satisfies the following condition:

(R) F P L2pr0,T s;L2pOqqXACpr0,T s;L2pOqq.

The functionals E,G : L2pOq! r0,8r are convex and Fréchet-differentiable and satisfy the fol-
lowing conditions:

(D1) ∇Gp0q “ 0;
(D2) there exists C ą 0 such that, for every u,v P L2pOq,

}∇Gpuq´∇Gpvq}L2pOq ďC}u´ v}L2pOq.

(Dα
3 ) there exists α ą 0 such that for every u P L2pOq,

x∇Epuq,∇Gpuqy ě α}∇Gpuq}2L2pOq.

From now on, the class of Borel maps F : r0,T s! L2pOq (resp. the class of convex and Fréchet-
différentiable pair of functionals pE,GqwithE,G : L2pOq! r0,8r) verifying (R) (resp. (D1)–(D2)
and (Dα

3 )) is denoted by F(R) (resp. F(D1)-(D2)-(Dα
3 )).
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2.2. Existence and uniqueness. The problem (P) can be equivalently rewritten as follows:

pPq

$

’

&

’

%

du
dt
ptq`∇Epuptqq “ Gpt,uq for L1-a.a. t P r0,T s

up0q “ u0 P L2pOq

with G : r0,T sˆL2pr0,T s;L2pOqq! L2pOq given by

Gpt,uq :“ Fptq´K ˚ p∇G ˝uqptq. (2.1)

The following theorem states the existence and uniqueness of a solution to problem pPq.

Theorem 2.1. If (R) and (D1)–(D2) hold, then there exists u PCpr0,T s;L2pOqq such that:

‚ u is the unique solution of pPq;
‚ ∇E ˝u P L2pr0,T s;L2pOqq;
‚ du

dt P L2pr0,T s;L2pOqq;

(R ) u admits a right derivative d`u
dt ptq at every t P r0,T r which satisfies d`u

dt ptq`∇Epuptqq “
Gpt,uq.

Proof of Theorem 2.1. First of all, by (D2), for every u,v PCpr0,T s;L2pOqq and every τ P r0,T s,

}K ˚ p∇G ˝uq´K ˚ p∇G ˝ vq}Cpr0,τs;L2pOqq ď
pC}u´ v}Cpr0,τs;L2pOqq (2.2)

with pC :“C
şT

0 Kptqdt. Fix any u PCpr0,T s;L2pOqq and consider the following problem:

pPuq

$

’

&

’

%

dv
dt
ptq`∇Epvptqq “ Gpt,uq for L1-a.a. t P r0,T s

vp0q “ u0 P L2pOq.

By (R), (D1) and (2.2) it follows that
ż T

0
}Gpt,uq}2L2pOqdt ď 2T pC2

}u}2Cpr0,T s;L2pOqq`2
ż T

0
}Fptq}2L2pOqdt ă8,

and so Gp¨,uq P L2pr0,T s;L2pOqq. Hence, by [9, Theorem 17.2.5, p. 701], the problem pPuq

admits a unique solution Λu P Cpr0,T s;L2pOqq. This establishes the existence of a map Λ :
Cpr0,T s;L2pOqq!Cpr0,T s;L2pOqq which, to each u PCpr0,T s;L2pOqq, associates the unique so-
lution Λu of pPuq.

Step 1: Existence and Uniqueness. To prove that pPq has a unique solution u PCpr0,T s;L2pOqq
it is sufficient to establish the following:

(C ) there exists n PN˚ such that the iterated map Λn is a strict contraction.

Indeed, (C ) implies that Λ has a unique fixed point u P Cpr0,T s;L2pOqq which is a solution of
pPq. On the other hand, if ru PCpr0,T s;L2pOqq is another solution of pPq, then ru and Λru are two
solutions of pP

ruq. Thus Λru“ ru by uniqueness of the solution of pP
ruq. This means that ru is a fixed

point of Λ. Consequently ru“ u because u is the unique fixed point of Λ.
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Let us prove pCq. Fix any u PCpr0,T s;L2pOqq and any v PCpr0,T s;L2pOqq. Then, by definition of
Λ, we have:

dΛu
dt
ptq`∇EpΛuptqq “ Gpt,uq for L1-a.a. t P r0,T s; (2.3)

dΛv
dt
ptq`∇EpΛvptqq “ Gpt,uq for L1-a.a. t P r0,T s; (2.4)

Λup0q “ Λvp0q “ u0. (2.5)

From (2.3) and (2.4), as ∇E is monotone1 we see that
B

dΛu
dτ
pτq´

dΛv
dτ
pτq,Λupτq´Λvpτq

F

ď xGpτ,uq´Gpτ,vq,Λupτq´Λvpτqy

for L1-a.a. τ P r0,T s. Hence

1
2

d
dτ
}Λupτq´Λvpτq}2L2pOq ď xGpτ,uq´Gpτ,vq,Λupτq´Λvpτqy .

Fix any t P r0,T s. For each s P r0, ts, by integration over r0,ss and by using (2.4) and Cauchy-
Schwarz’s inequality, it follows that

}Λupsq´Λvpsq}2L2pOq ď

ż s

0
xGpτ,uq´Gpτ,vq,Λupτq´Λvpτqydτ

ď

ż s

0
}Gpτ,uq´Gpτ,vq}L2pOq}Λupτq´Λvpτq}L2pOqdτ.

From Lemma D.1 (that we apply with p “ 2, a “ 0, φp¨q “ }Λup¨q ´Λvp¨q}L2pOq and mp¨q “
}Gp¨,uq´Gp¨,vq}L2pOq) we deduce that for every s P r0, ts,

}Λupsq´Λvpsq}L2pOq ď

ż s

0
}Gpτ,uq´Gpτ,vq}L2pOqdτ. (2.6)

On the other hand, taking (2.1) and (2.2) into account, we see that for every τ P r0,ss,

}Gpτ,uq´Gpτ,vq}L2pOq ď }K ˚ p∇G ˝uqpτq´K ˚ p∇G ˝ vqpτq}L2pOq

ď }K ˚ p∇G ˝uq´K ˚ p∇G ˝ vq}Cpr0,τs;L2pOqq

ď pC}u´ v}Cpr0,τs;L2pOqq.

Consequently, for every s P r0, ts,
ż s

0
}Gpτ,uq´Gpτ,vq}L2pOq dτ ď pC

ż s

0
}u´ v}Cpr0,τs;L2pOqqdτ

ď pC
ż t

0
}u´ v}Cpr0,τs;L2pOqqdτ (2.7)

1As E : L2pOq! r0,8r is assumed to be convex and Fréchet-differentiable, ∇E is monotone, i.e. x∇Epuq ´
∇Epvq,u´ vy ě 0 for all u,v P L2pOq.
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From (2.6) and (2.7) it follows that for every u,v PCpr0,T s;L2pOqq and every t P r0,T s,

}Λu´Λv}Cpr0,ts;L2pOqq ď
pC
ż t

0
}u´ v}Cpr0,τs;L2pOqqdτ. (2.8)

By iterating (2.8) we deduce that for every n PN˚, every u,v PCpr0,T s;L2pOqq and every t P r0,T s,

}Λ
nu´Λ

nv}Cpr0,ts;L2pOqq ď
pCn
ż t

0

ż

τ1

0
¨ ¨ ¨

ż

τn´1

0
}u´ v}Cpr0,τns;L2pOqqdτn ¨ ¨ ¨dτ1

ď pCn
ż t

0

ż

τ1

0
¨ ¨ ¨

ż

τn´1

0
dτn ¨ ¨ ¨dτ1}u´ v}Cpr0,T s;L2pOqq

“
ppCtqn

n!
}u´ v}Cpr0,T s;L2pOqq.

Consequently, for every n PN˚ and every u,v PCpr0,T s;L2pOqq,

}Λ
nu´Λ

nv}Cpr0,T s;L2pOqq ď
ppCT qn

n!
}u´ v}Cpr0,T s;L2pOqq,

and (C ) follows because p
pCT qn
n! ! 0 as n!8.

Step 2: Regularity. From Step 1, let u PCpr0,T s;L2pOqq be the unique solution of pPq. Then ∇E˝

u P L2pr0,T s;L2pOqq and so du
dt P L2pr0,T s;L2pOqq because Gp¨,uq P L2pr0,T s;L2pOqq. According

to [9, Theorem 17.2.6], to establish (R ) it suffices to show that Gp¨,uq P ACpr0,T s;L2pOqq.
First of all, for L1-a.e. t P r0,T s, we have

dK ˚ p∇G ˝uq
dt

ptq “ K p0q∇Gpuptqq`
dK
dt
˚ p∇G ˝uqptq,

so that
›

›

›

›

dK ˚ p∇G ˝uq
dt

›

›

›

›

L2pr0,T s;L2pOqq
ď
?

2

˜

K p0q`
?

T
›

›

›

›

dK
dt

›

›

›

›

L2pr0,T sq

¸

}∇G ˝uq}L2pr0,T s;L2pOqq (2.9)

ă8.

Consequently
K ˚ p∇G ˝uq PW 1,2

pr0,T s;L2
pOqq. (2.10)

From (2.10) and (R) we conclude that Gp¨,uq P ACpr0,T s;L2pOqq, which completes the proof. �

2.3. Compactness. For each ε ą 0, let Fε : r0,T s! L2pOq be a Borel measurable map such that
Fε PF(R), let Eε ,Gε : L2pOq! r0,8r be convex and Fréchet-differentiable functionals such that
pEε ,Gεq PF(D1)-(D2)-(Dα

3 ) and consider the following integrodifferential diffusion problem of gradient
flow type:

pPεq

$

’

&

’

%

duε

dt
ptq`∇Eεpuεptqq`K ˚ p∇Gε ˝uεqptq “ Fεptq for L1-a.a. t P r0,T s

uεp0q “ u0,ε P L2pOq.
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Let F : r0,T s! L2pOq be a Borel measurable map and letE,G : L2pOq! r0,8s be proper, convex
and lower semicontinuous functionals that are Fréchet-differentiable on dompBEq and dompBGq
respectively. The following result gives sufficient conditions for the compactness of pPεq as ε! 0.

Theorem 2.2. For every ε ą 0, let uε P ACpr0,T s;L2pOqq be the unique solution of pPεq obtained
by Theorem 2.1, and assume that:

(C1) sup
εą0

Gεpu0,εq ă 8;

(C2) u0,ε ! u0 in L2pOq;
(C3) sup

εą0
}Fεp0q}L2pOq ă8;

(C4) Fε á F in L2pr0,T s;L2pOqq;
(C5) sup

εą0

›

›

›

dFε

dt

›

›

›

L1pr0,T s;L2pOqq
ă8;

(C6) Eε

M
−!E;

(C7) Gε

Γw−!G;
(C8) for every tvεuεą0 Ă L2pOq, if sup

εą0
Gεpvεq ă8 then tvεuεą0 is relatively compact in L2pOq.2

Then, there exists u PCpr0,T s;L2pOqq such that (up to a subsequence)

uε ! u in Cpr0,T s;L2
pOqq

and u is a solution of the following integrodifferential diffusion problem of gradient flow type:

pPq

$

’

&

’

%

du
dt
ptq`∇Epuptqq`K ˚ p∇G ˝uqptq “ Fptq for L1-a.a. t P r0,T s

up0q “ u0 P dompGq.

Remark 2.3. As Fε PF(R) for all ε ą 0 we have

sup
εą0
}Fεptq}L2pOq ď sup

εą0
}Fεp0q}L2pOq` sup

εą0

›

›

›

›

dFε

dτ

›

›

›

›

L1pr0,T s;L2pOqq
for all t P r0,T s.

In particular, if (C3)–(C5) hold then suptPr0,T s supεą0 }Fεptq}L2pOq ă8.

Proof of Theorem 2.2. Fix any ε ą 0 and let uε P ACpr0,T s;L2pOqq be the unique solution of
pPεq.
Let rT ą 0 be such that

a

rT }K }L2pr0,T sq ămintα,Tu, so that

α´

a

rT }K }L2pr0,T sq ą 0, (2.11)

and set ` :“maxtk PN : krT ď Tu and let tTiuiPt0,¨¨¨ ,``1u be defined by

Ti :“
"

irT if i P t0, ¨ ¨ ¨ , `u
T if i“ ``1.

2The condition (C8) implies that tGεuεą0 is equicoercive, i.e. for all tvεuεą0 Ă L2pOq, if supεą0Gεpvεq ă 8 then
supεą0 }vε}L2pOq ă8.
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For each i P t0, ¨ ¨ ¨ , `u, let ui
ε P ACpr0, rT s;L2pOqq be defined by

ui
εptq :“ uεpt`Tiq. (2.12)

Let F i
ε : r0, rT s! L2pOq be defined by

F i
εptq :“Fεpt`Tiq´

ż Ti

0
K pt`Ti´ sq∇Gεpuεpsqqds

“ Fεpt`Tiq´

i´1
ÿ

k“0

ż Tk`1

Tk

K pt`Ti´ sq∇Gεpuk
εps´Tkqqds (2.13)

with the convention
ři´1

k“0 “ 0 if i“ 0, and let pPi
εq be given by

pPi
εq

$

’

’

&

’

’

%

dui
ε

dt
ptq`∇Eεpui

εptqq “ F i
εptq´K ˚ p∇Gε ˝ui

εqptq for L1-a.a. t P r0, rT s

ui
εp0q “ ui´1

ε prT q

with the convention ui´1
ε prT q “ u0,ε if i “ 0. Note that the problem (Pi

ε ) can be equivalently
rewritten as follows:

pPi
εq

$

’

’

&

’

’

%

dui
ε

dt
ptq`∇Eεpui

εptqq “ Gi
εptq for L1-a.a. t P r0, rT s

ui
εp0q “ ui´1

ε prT q

with Gi
ε : r0, rT s! L2pOq given by

Gi
εptq :“ F i

εptq´K ˚ p∇Gε ˝ui
εqptq. (2.14)

According to Theorem 2.1, it is easy to see that for every i P t0, ¨ ¨ ¨ , `u, ui
ε given by (2.12) is a

solution of pPi
εq and satisfies the following regularity condition:

(R i
ε ) ui

ε admits a right derivative d`ui
ε

dt ptq at every t P r0, rT rwhich satisfies d`ui
ε

dt ptq`∇Eεpui
εptqq“

Gi
εptq.

Moreover, from [5, Lemma 2.5, p. 45] we can assert that
(pR i

ε ) for every t Ps0, rT r,
›

›

›

›

d`ui
ε

dt
ptq

›

›

›

›

L2pOq
ď

1
t

ż t

0

›

›

›

›

dui
ε

ds
psq

›

›

›

›

L2pOq
ds`

ż t

0

›

›

›

›

dGi
ε

ds
psq

›

›

›

›

L2pOq
ds.

Roughly, our strategy is as follows. We first show that for every i P t0, ¨ ¨ ¨ , `u, there exists ui P

Cpr0, rT s;L2pOqq such that (up to a subsequence) ui
ε ! ui in Cpr0, rT s;L2pOqq. Then, we define

u PCpr0,T s;L2pOqq by uptq “ uipt´Tiq if t P rTi,Ti`1s and we prove that uε! u in Cpr0,T s;L2pOqq
and that u is a solution of pPq. To implement this stategy we proceed into three steps.

Step 1: Convergence for each i. For each i P t0, ¨ ¨ ¨ , `u we consider the following five assertions:
(Ci

1) sup
εą0

Gεpui
εp0qq ă 8;
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(Ci
2) tui

εp0quεą0 is relatively compact in L2pOq;
(Ci

3) sup
εą0
}F i

εptq}L2pOq ă8 for all t P r0, rT s;

(Ci
4) sup

εą0
}F i

ε}L2pr0,rT s;L2pOqq ă8;

(Ci
5) sup

εą0

›

›

›

dF i
ε

dt

›

›

›

L1pr0,rT s;L2pOqq
ă8,

and the following five properties:

(Pi
1) sup

εą0

›

›∇Gε ˝ui
ε

›

›

L2pr0,rT s;L2pOqq ă8;

(Pi
2) sup

εą0

›

›

›

dui
ε

dt

›

›

›

L2pr0,rT s;L2pOqq
ă8;

(Pi
3) there exists Ci ą 0 such that sup

εą0

›

›∇Gεpui
εptqq

›

›

L2pOq ăCi

´

1?
t `1

¯

for all t Ps0, rT r;

(Pi
4) sup

εą0
Gεpui

εptqq ă 8 for all t Ps0, rT s;

(Pi
5) there exists ui PCpr0, rT s;L2pOqq such that (up to a subsequence):

ui
ε ! ui in Cpr0, rT s;L2

pOqq; (2.15)

∇Gε ˝ui
ε á ∇G ˝ui in L2

pr0, rT s;L2
pOqq. (2.16)

The goal of this step is to prove that (Pi
1)–(Pi

5) hold for all i P t0, ¨ ¨ ¨ , `u. For this, it suffices to
prove the following three assertions:

(I0) for i“ 0, (Ci
1)–(Ci

5) are satisfied;

(I1) for every i P t0, ¨ ¨ ¨ , `u, if (Ci
1)–(Ci

5) hold then (Pi
1)–(Pi

5) are satisfied;

(I2) for every i P t1, ¨ ¨ ¨ , `u, if (Pi´1
4 ) holds and if (Pk

1), (Pk
3) and (Pk

5) hold for all k P t0, ¨ ¨ ¨ , i´1u,
then (Ci

1)–(Ci
5) are satisfied.

Taking (C1)–(C5) into account, it is clear that (I0) is verified. So, we only need to establish (I1) and
(I2).

Step 1-1: Proving (I1). Fix i P t0, ¨ ¨ ¨ , `u and assume that (Ci
1)–(Ci

5) hold.

Proof of (Pi
1). As ui

ε is a solution of pPi
εq, we have

ż

rT

0

B

dui
ε

dt
ptq,∇Gεpui

εptqq
F

dt`
ż

rT

0

@

∇Eεpui
εptqq,∇Gεpui

εptqq
D

dt

`

ż

rT

0

@

K ˚ p∇Gε ˝ui
εqptq,∇Gεpui

εptqq
D

dt“
ż

rT

0

@

F i
εptq,∇Gεpui

εptqq
D

dt.
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Hence
ż

rT

0

@

∇Eεpui
εptqq,∇Gεpui

εptqq
D

dt

`

ż

rT

0

@

K ˚ p∇Gε ˝ui
εqptq,∇Gεpui

εptqq
D

dt ď ´

ż

rT

0

B

dui
ε

dt
ptq,∇Gεpui

εptqq
F

dt

`

ż

rT

0

@

F i
εptq,∇Gεpui

εptqq
D

dt. (2.17)

First of all, as xdui
ε

dt ptq,∇Gεpui
εptqqy “

dpGε˝ui
ε q

dt ptq, we have

´

ż

rT

0
x

dui
ε

dt
ptq,∇Gεpui

εptqqydt “Gεpui
εp0qq´Gεpui

εp
rT qq ďGεpui

εp0qq.

But supεą0Gεpui
εp0qq ă 8 by (Ci

1), hence

Mi
0 :“ sup

εą0

˜

´

ż

rT

0

B

dui
ε

dt
ptq,∇Gεpui

εptqq
F

dt

¸

ă8. (2.18)

Secondly, by (Dα
3 ), we have

ż

rT

0

@

∇Eεpui
εptqq,∇Gεpui

εptqq
D

dt ě α}∇Gε ˝ui
ε}

2
L2pr0,rT s;L2pOqq

. (2.19)

Thirdly, from the Cauchy-Schwarz inequality, we have
ż

rT

0

@

K ˚ p∇Gε ˝ui
εqptq,∇Gεpui

εptqq
D

dtď
›

›K ˚ p∇Gε ˝ui
εq
›

›

L2pr0,rT s;L2pOqq

›

›∇Gε ˝ui
ε

›

›

L2pr0,rT s;L2pOqq .

But, by an easy calculation,
›

›K ˚ p∇Gε ˝ui
εq
›

›

L2pr0,rT s;L2pOqq ď

a

rT }K }L2pr0,T sq
›

›∇Gε ˝ui
ε

›

›

L2pr0,rT s;L2pOqq , (2.20)

hence
ż

rT

0

@

K ˚ p∇Gε ˝ui
εqptq,∇Gεpui

εptqq
D

dt ď
a

rT }K }L2pr0,T sq
›

›∇Gε ˝ui
ε

›

›

2
L2pr0,rT s;L2pOqq . (2.21)

Fourthly, we have
ż

rT

0

@

F i
εptq,∇Gεpui

εptqq
D

dt ď }F i
ε}L2pr0,rT s;L2pOqq

›

›∇Gε ˝ui
ε

›

›

L2pr0,rT s;L2pOqq .

But, by (Ci
4),

Mi
1 :“ sup

εą0
}F i

ε}L2pr0,rT s;L2pOqq ă8, (2.22)

hence
ż

rT

0

@

F i
εptq,∇Gεpui

εptqq
D

dt ďMi
1
›

›∇Gε ˝ui
ε

›

›

L2pr0,rT s;L2pOqq . (2.23)
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Combining (2.17) with (2.18), (2.19), (2.21) and (2.23), we have
´

α´

a

rT }K }L2pr0,T sq

¯

}∇Gε ˝ui
ε}

2
L2pr0,rT s;L2pOqq

ďMi
0`Mi

1
›

›∇Gε ˝ui
ε

›

›

L2pr0,rT s;L2pOqq

Thus, for every ε ą 0,

A}∇Gε ˝ui
ε}

2
L2pr0,rT s;L2pOqq

´Mi
1
›

›∇Gε ˝ui
ε

›

›

L2pr0,rT s;L2pOqq´Mi
0 ď 0,

with A“ α´

a

rT }K }L2pr0,T sq ą 0 from (2.11), which yields (Pi
1).

Proof of (Pi
2). As ui

ε is a solution of pPi
εq we have

ż

rT

0

B

dui
ε

dt
ptq,

dui
ε

dt
ptq

F

dt`
ż

rT

0

B

∇Eεpui
εptqq,

dui
ε

dt
ptq

F

dt

`

ż

rT

0

B

K ˚ p∇Gε ˝ui
εqptq,

dui
ε

dt
ptq

F

dt“
ż

rT

0

B

F i
εptq,

dui
ε

dt
ptq

F

dt.

Hence
›

›

›

›

dui
ε

dt

›

›

›

›

2

L2pr0,rT s;L2pOqq
ď

ż

rT

0

B

F i
εptq,

dui
ε

dt
ptq

F

dt`

ˇ

ˇ

ˇ

ˇ

ˇ

ż

rT

0

B

K ˚ p∇Gε ˝ui
εqptq,

dui
ε

dt
ptq

F

dt

ˇ

ˇ

ˇ

ˇ

ˇ

´

ż

rT

0

B

∇Eεpui
εptqq,

dui
ε

dt
ptq

F

dt

ď

´

›

›F i
ε

›

›

L2pr0,rT s;L2pOqq`
›

›K ˚ p∇Gε ˝ui
εq
›

›

L2pr0,rT s;L2pOqq

¯

›

›

›

›

dui
ε

dt

›

›

›

›

L2pr0,rT s;L2pOqq

`Mi
0

ď

´

Mi
1`

›

›K ˚ p∇Gε ˝ui
εq
›

›

L2pr0,rT s;L2pOqq

¯

›

›

›

›

dui
ε

dt

›

›

›

›

L2pr0,rT s;L2pOqq
`Mi

0 (2.24)

with Mi
0 ă8 and Mi

1 ă8 given by (2.18) and (2.22) respectively. On the other hand, setting

Mi
2 :“ sup

εą0

›

›∇Gε ˝ui
ε

›

›

L2pr0,rT s;L2pOqq (2.25)

we have Mi
2 ă8 by (Pi

1), and by (2.20) we see that
›

›K ˚ p∇Gε ˝ui
εq
›

›

L2pr0,rT s;L2pOqq ďMi
2

a

rT }K }L2pr0,T sq.

From (2.24) it follows that for every ε ą 0,
›

›

›

›

dui
ε

dt

›

›

›

›

2

L2pr0,rT s;L2pOqq
´

´

Mi
1`Mi

2

a

rT }K }L2pr0,T sq

¯

›

›

›

›

dui
ε

dt

›

›

›

›

L2pr0,rT s;L2pOqq
´Mi

0 ď 0,

which implies (Pi
2).

Proof of (Pi
3). First of all, from (2.9), (2.20) and (Pi

1), we can assert that

sup
εą0

›

›K ˚ p∇Gε ˝ui
εq
›

›

W 1,2pr0,rT s;L2pOqq ă8. (2.26)
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According to (2.14), from (Ci
5) and (2.26) we deduce that

Mi
3 :“ sup

εą0

›

›

›

›

dGi
ε

dt

›

›

›

›

L1pr0,rT s;L2pOqq
ă8. (2.27)

Setting

Mi
4 :“ sup

εą0

›

›

›

›

dui
ε

dt

›

›

›

›

L2pr0,rT s;L2pOqq

where Mi
4 ă8 by (Pi

2), from (pR i
ε ) we see that for every t Ps0, rT r,

›

›

›

›

d`ui
ε

dt
ptq

›

›

›

›

L2pOq
ď

1
?

t

›

›

›

›

dui
ε

dt

›

›

›

›

L2pr0,rT s;L2pOqq
`Mi

3

ď
1
?

t
Mi

4`Mi
3 (2.28)

with Mi
3 ă8 given by (2.27). Fix any t Ps0, rT r. By (R i

ε ) we have
B

d`ui
ε

dt
ptq,∇Gεpui

εptqq
F

`
@

∇Eεpui
εptqq,∇Gεpui

εptqq
D

“
@

Gi
εptq,∇Gεpui

εptqq
D

, (2.29)

and by using (Dα
3 ) and the Cauchy-Schwarz inequality, we obtain

α
›

›∇Gεpui
εptqq

›

›

2
L2pOq ď

ˇ

ˇ

ˇ

ˇ

B

d`ui
ε

dt
ptq,∇Gεpui

εptqq
F
ˇ

ˇ

ˇ

ˇ

`
@

Gi
εptq,∇Gεpui

εptqq
D

ď

˜

›

›

›

›

d`ui
ε

dt
ptq

›

›

›

›

L2pOq
`
›

›Gi
εptq

›

›

L2pOq

¸

›

›∇Gεpui
εptqq

›

›

L2pOq . (2.30)

From (2.28) and (2.30), we deduce that

α
›

›∇Gεpui
εptqq

›

›

L2pOq ď
1
?

t
Mi

4`Mi
3`

›

›Gi
εptq

›

›

L2pOq . (2.31)

Set
Mi

5 :“ sup
tPr0,rT s

sup
εą0

›

›F i
εptq

›

›

L2pOq ,

where Mi
5 ă8 by (pCi

3). From the definition of Gi
εptq in (2.14) it is easy to see that

›

›Gi
εptq

›

›

L2pOq ď }F i
εptq}L2pOq`}K }L2pr0,T sq

›

›∇Gε ˝ui
ε

›

›

L2pr0,pT s;L2pOqq

ď Mi
5`Mi

2}K }L2pr0,T sq, (2.32)

where Mi
2 is given by (2.25). Combining (2.31) and (2.32) we concude that for every ε ą 0 and

every t Ps0, rT r,
›

›∇Gεpui
εptqq

›

›

L2pOq ďCi

ˆ

1
?

t
`1

˙

with Ci :“ 1
α

max
 

Mi
4,M

i
3`Mi

5`Mi
2}K }L2pr0,T sq

(

, which implies (Pi
3).



14 O. ANZA HAFSA, J.-P. MANDALLENA, G. MICHAILLE

Proof of (Pi
4). By using (2.29), (Dα

3 ), the Cauchy-Schwarz inequality, (2.32) and (Pi
3), it is easily

seen that for every t Ps0, rT r,
B

d`ui
ε

dt
ptq,∇Gεpui

εptqq
F

ď
@

Gi
εptq,∇Gεpui

εptqq
D

ď
›

›Gi
εptq

›

›

L2pOq

›

›∇Gεpui
εptqq

›

›

L2pOq

ď pCi

ˆ

1
?

t
`1

˙

(2.33)

with pCi :“
`

Mi
5`Mi

2}K }L2pr0,T sq
˘

Ci. Fix any s Ps0, rT s. By integrating (2.33) over r0,ss, we get
ż s

0

B

d`ui
ε

dt
ptq,∇Gεpui

εptqq
F

dt ď
ż

rT

0

pCi

ˆ

1
?

t
`1

˙

dt. (2.34)

As xd`ui
ε

dt ptq,∇Gεpui
εptqqy “

dpGε˝ui
ε q

dt ptq for all t Ps0,sr, we have
ż s

0

B

d`ui
ε

dt
ptq,∇Gεpui

εptqq
F

dt “
ż s

0

dpGε ˝ui
εq

dt
ptqdt “Gεpui

εpsqq´Gεpui
εp0qq. (2.35)

From (2.34) and (2.35), we deduce that, for every ε ą 0 and every s Ps0, rT s,

Gεpui
εpsqq ď Gεpui

εp0qq`
ż

rT

0

pCi

ˆ

1
?

t
`1

˙

dt

ď Mi
6`

ż

rT

0

pCi

ˆ

1
?

t
`1

˙

dt

with Mi
6 :“ supεą0Gεpui

εp0qq ă 8 by (Ci
1), which implies (Pi

4).

Proof of (Pi
5). As ui

ε P ACpr0, rT s;L2pOqq and supεą0 }
dui

ε

dt }L2pr0,rT s;L2pOqq ă 8 by (Pi
2), it is clear

that tui
εuεą0 is equicontinuous. On the other hand, by (Ci

2), tui
εp0quεą0 is relatively compact in

L2pOq. For t Ps0, rT swe have supεą0Gεpui
εptqq ă8 by (Pi

4), so that by (C8), tui
εptquεą0 is relatively

compact in L2pOq. From Ascoli’s theorem it follows that there exists ui PCpr0, rT s;L2pOqq such that
(up to a subsequence)

ui
ε ! ui in Cpr0, rT s;L2

pOqq, (2.36)

which proves (2.15).

Remark 2.4. Since u0
εp0q “ uεp0q “ u0,ε , by (C2) we have u0

εp0q! u0 in L2pOq, and so u0p0q “ u0.

Let us now prove (2.16). Fix any t Ps0, rT r and any subsequence tui
σpεq

uεą0 of tui
εuεą0 given by

(2.36). By (Pi
3) there exists ξ iptq P L2pOq and a subsequence tui

σpθpεqq
uεą0 of tui

σpεq
uεą0 such that

∇Gσpθpεqq

´

ui
σpθpεqq

ptq
¯

á ξ
i
ptq in L2

pOq. (2.37)

Moreover, by (2.36), we have
ui

σpθpεqq
ptq! ui

ptq in L2
pOq. (2.38)
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Taking (C7) and (C8) into account, from Theorem C.4(c), we have

∇Gε

ps,wq-graph
−−−−−−! BG,

and therefore, from (2.37) and (2.38), we deduce that ξ iptq “ ∇Gpuiptqq. Hence

∇Gεpui
εptqq á ∇Gpui

ptqq in L2
pOq for all t Ps0, rT r. (2.39)

Remark 2.5. We have also proved that for L1-a.e. t P r0, rT s, uiptq P dompBGq.

On the other hand, consider any subsequence tui
σpεq

uεą0 of tui
εuεą0 given by (2.36). By (Pi

1) there

exists Ψi P Lpr0, rT s;L2pOqq and a subsequence t∇Gσpθpεqq ˝ ui
σpθpεqq

uεą0 of t∇Gσpεq ˝ ui
σpεq

uεą0

such that
∇Gσpθpεqq ˝ui

σpθpεqq
áΨ

i in L2
pr0, rT s;L2

pOqq. (2.40)

Taking (2.39) and (Pi
3) into account, from Lebesgue’s dominated convergence theorem, we can

assert that
ż

rT

0

A

∇Gσpθpεqqpu
i
σpθpεqq

ptqq,ϕptq
E

dt!
ż

rT

0

@

∇Gpui
ptqq,ϕptq

D

dt for all ϕ PCpr0, rT s;L2
pOqq,

so that we infer from (2.40) that Ψi “ ∇G ˝ui. Thus (2.16) holds.
Step 1-2: Proving (I2). Fix i P t1, ¨ ¨ ¨ , `u and assume that (Ck

1)–(Ck
5) and (Pk

1)–(Pk
5) hold for all

k P t0, ¨ ¨ ¨ , i´1u.
Proof of (Ci

1). As ui
ε is a solution of pPi

εq, we have ui
εp0q “ ui´1

ε prT q. Hence

sup
εą0

Gεpui
εp0qq “ sup

εą0
Gεpui´1

ε prT qq.

From (Pi´1
4 ), we deduce that supεą0Gεpui

εp0qq ă 8, i.e., (Ci
1) is verified.

Proof of (Ci
2). As ui

ε is a solution of pPi
εq, we have ui

εp0q “ ui´1
ε prT q. But by (Pi´1

5 q-(2.15) we see
that ui´1

ε prT q! ui´1prT q in L2pOq, so ui
εp0q! uip0q in L2pOq, which implies (Ci

2).

Remark 2.6. In fact, we have proved a stronger condition than (Ci
2), i.e.,

(pCi
2) ui

εp0q! uip0q in L2pOq.

Proof of (Ci
3). As K PC1pr0,T s; r0,8rq, we infer from (2.13) that, for every t P r0, rT s,

›

›F i
εptq

›

›

L2pOq ď }Fεpt`Tiq}L2pOq`}K }Cpr0,T sq
i´1
ÿ

k“0

ż Tk`1

Tk

›

›

›
∇Gpuk

ps´Tkqq

›

›

›

L2pOq
ds

ď sup
εą0
}Fεpt`Tiq}L2pOq`}K }Cpr0,T sq

i´1
ÿ

k“0

ż

rT

0
sup
εą0

›

›

›
∇Gεpuk

εpsqq
›

›

›

L2pOq
ds.

By (C3) and Remark 2.3, we have M :“ supsPr0,T s supεą0 }Fεpsq}L2pOq ă 8 and by using (Pk
3) for

all k P t0, ¨ ¨ ¨ , i´1u, we deduce that, for every t P r0, rT s,

›

›F i
εptq

›

›

L2pOq ďM`}K }Cpr0,T sq
i´1
ÿ

k“0

ż

rT

0
Ck

ˆ

1
?

s
`1

˙

dsă8,
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and (Ci
3) follows.

Remark 2.7. In fact, we have proved a stronger condition than (Ci
3), i.e.,

(pCi
3) sup

tPr0,rT s
sup
εą0

›

›F i
εptq

›

›

L2pOq ă8.

Proof of (Ci
4). For every k P t0, ¨ ¨ ¨ , i´1u, by using (Pk

5)-(2.16), we see that
ż Tk`1

Tk

K p¨`Ti´ sq∇Gεpuk
εps´Tkqqdsá

ż Tk`1

Tk

K p¨`Ti´ sq∇Gpuk
ps´Tkqqds in L2

pr0, rT s;L2
pOqq.

Hence, taking (2.13) into account and by using (C4),

F i
ε á F i in L2

pr0, rT s;L2
pOqq,

where F i : r0, rT s! L2pOq if i P t1, ¨ ¨ ¨ , `´1u and F i : r0,T ´Tks! L2pOq if i“ `, is given by

F i
ptq :“Fpt`Tiq´

i´1
ÿ

k“0

ż Tk`1

Tk

K pt`Ti´ sq∇Gpuk
ps´Tkqqds, (2.41)

which implies (Ci
4).

Remark 2.8. In fact, we have proved a stronger condition than (Ci
4), i.e.,

(pCi
4) F i

ε á F i in L2pr0, rT s;L2pOqq

with F i given by (2.41).

Proof of (Ci
5). For L1-a.e. t P r0, rT s, by deriving (2.13), we have

dF i
ε

dt
ptq “

dFε

dt
pt`Tiq´

i´1
ÿ

k“0

ż Tk`1

Tk

dK
dt
pt`Ti´ sq∇Gpuk

ps´Tkqqds,

hence, since K PC1pr0,T s; r0,8rq,
›

›

›

›

dF i
ε

dt
ptq

›

›

›

›

L2pOq
ď

›

›

›

›

dFε

dt
pt`Tiq

›

›

›

›

L2pOq
`

›

›

›

›

dK
dt

›

›

›

›

Cpr0,T sq

i´1
ÿ

k“0

sup
εą0

›

›

›
∇Gε ˝uk

ε

›

›

›

L2pr0,rT s;L2pOqq
.

Consequently, we get
ż

rT

0

›

›

›

›

dF i
ε

dt
ptq

›

›

›

›

L2pOq
dt ď

ż

rT

0

›

›

›

›

dFε

dt
pt`Tiq

›

›

›

›

L2pOq
dt` rT

›

›

›

›

dK
dt

›

›

›

›

Cpr0,T sq

i´1
ÿ

k“0

sup
εą0

›

›

›
∇Gε ˝uk

ε

›

›

›

L2pr0,rT s;L2pOqq

ď sup
εą0

›

›

›

›

dFε

dt

›

›

›

›

L1pr0,T s;L2pOqq
` rT

›

›

›

›

dK
dt

›

›

›

›

Cpr0,T sq

i´1
ÿ

k“0

sup
εą0

›

›

›
∇Gε ˝uk

ε

›

›

›

L2pr0,rT s;L2pOqq
.

By using (C5) and (Pk
1) for all k P t0, ¨ ¨ ¨ , i´ 1u, we deduce that supεą0

›

›

›

dF i
ε

dt

›

›

›

L1pr0,rT s;L2pOqq
ă8 for

all t P r0, rT s, i.e. (Ci
5) is verified.
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Step 2: Existence of a solution of pPiq for each i. Fix any i P t0, ¨ ¨ ¨ , `u and consider the following
problem:

pPi
q

$

’

’

&

’

’

%

dui

dt
ptq`∇Epui

ptqq “ F i
ptq´K ˚ p∇G ˝ui

qptq for L1-a.a. t P r0, rT s

uip0q “ ui´1prT q

with F i given by (2.41), where, for each k P t0, ¨ ¨ ¨ , `u, uk P Cpr0, rT s;L2pOqq is given by (Pk
5)-

(2.15). Recall that by convention, ui´1prT q “ u0 if i “ 0 (see Remark 2.4). Problem (Pi) can be
equivalently rewritten as follows:

pPi
q

$

’

’

&

’

’

%

dui

dt
ptq`∇Epui

ptqq “ Gi
ptq for L1-a.a. t P r0, rT s

uip0q “ ui´1prT q

with Gi : r0, rT s! L2pOq given by

Gi
ptq :“ F i

ptq´K ˚ p∇G ˝ui
qptq. (2.42)

We are going to prove that ui is a solution of pPiq.

Step 2-1: Legendre-Fenchel transform of pPi
εq. Fix any ε ą 0 and denote the Legendre-Fenchel

conjugates of Eε and E by E˚ε and E˚ respectively. Recalling that ui
ε is a solution of pPi

εq, from
Fenchel’s extremality relation (see Proposition A.4(b)), we see that pPi

εq is equivalent to
$

’

’

&

’

’

%

Eεpui
εptqq`E

˚
ε pG

i
εptq´

dui
ε

dt
ptqq`

B

dui
ε

dt
ptq´Gi

εptq,u
i
εptq

F

“ 0 for L1-a.a. t P r0, rT s

ui
εp0q “ ui´1

ε prT q

with Gi
ε given by (2.14). Using Legendre-Fenchel’s inequality (see Theorem A.2(b)), we obtain

pPi
εqðñ

$

’

’

’

&

’

’

’

%

ż

rT

0

„

Eεpui
εptqq`E˚ε pG

i
εptq´

dui
ε

dt
ptqq`

B

dui
ε

dt
ptq´Gi

εptq,u
i
εptq

F

dt “ 0

ui
εp0q “ ui´1

ε prT q.

On the other hand, we have
ż

rT

0

B

dui
ε

dt
ptq´Gi

εptq,u
i
εptq

F

dt “

ż

rT

0

„

d
dt
p
1
2
}ui

ε}
2
qptq´

@

Gi
εptq,u

i
εptq

D



dt

“
1
2
p}ui

εp
rT q}2´}ui

εp0q}
2
q´

ż

rT

0

@

Gi
εptq,u

i
εptq

D

dt.
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Hence, for every ε ą 0,

pPi
εqðñ

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

ż

rT

0

„

Eεpui
εptqq`E˚ε pG

i
εptq´

dui
ε

dt
ptqq



dt`
1
2
p}ui

εp
rT q}2´}ui

εp0q}
2
q

´

ż

rT

0

@

Gi
εptq,u

i
εptq

D

dt “ 0

ui
εp0q “ ui´1

ε prT q.

(2.43)

Step 2-2: Passing to the limit. First of all, by (pCi
2), we have

ui
εp0q! ui

p0q in L2
pOq. (2.44)

On the other hand, ui
εp0q “ ui´1

ε prT q and, by using (Pi´1
5 )-(2.15) if i P t1, ¨ ¨ ¨ , `u and (C2) if i“ 0,

ui´1
ε prT q! ui´1

prT q in L2
pOq.

Hence,

ui
p0q “ ui´1

prT q; (2.45)

lim
ε!0

}ui
εp0q}

2
L2pOq “ }u

i
p0q}2L2pOq. (2.46)

In the same way, by (Pi
5)-(2.15), we have

lim
ε!0

}ui
εp
rT q}2L2pOq “ }u

i
prT q}2L2pOq. (2.47)

By (Pi
2), we can assert that (up to a subsequence)

dui
ε

dt
á

dui

dt
in L2

pr0, rT s;L2
pOqq. (2.48)

Taking (2.14) and (2.42) into account, from (pCi
4) and (Pi

5)-(2.16), we infer that

Gi
ε á Gi in L2

pr0, rT s;L2
pOqq. (2.49)

From (Ci
1), (2.44) and (C7), we haveGpuip0qqď limε!0Gεpui

εp0qqď supεą0Gεpui
εp0qqă8. Hence,

ui
p0q P dompGq. (2.50)

Let E,E˚ : L2pr0, rT s;L2pOqq! r0,8s be defined by
$

’

’

’

’

’

&

’

’

’

’

’

%

Epuq :“
ż

rT

0
Epuptqqdt

E˚puq :“
ż

rT

0
E˚puptqqdt
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and, for each ε ą 0, let Eε ,E˚ε : L2pr0, rT s;L2pOqq! r0,8s be defined by
$

’

’

’

’

’

&

’

’

’

’

’

%

Eεpuq :“
ż

rT

0
Eεpuptqqdt

E˚ε puq :“
ż

rT

0
E˚ε puptqqdt.

From (C6) and Theorem B.4, we have E˚ε
M
−!E˚. Hence Eε

M
−! E and E˚ε

M
−! E˚ by Theorem

B.5. From (Pi
5)-(2.15), (2.48), and (2.49), it follows that

lim
ε!0

Eεpui
εq ě Epui

q, i.e.

lim
ε!0

ż

rT

0
Eεpui

εptqqdt ě
ż

rT

0
Epui

ptqqdt; (2.51)

lim
ε!0

E˚ε

ˆ

Gi
ε ´

dui
ε

dt

˙

ě E˚
ˆ

Gi
´

dui

dt

˙

, i.e.

lim
ε!0

ż

rT

0
E˚ε

ˆ

Gi
εptq´

dui
ε

dt
ptq

˙

dt ě
ż

rT

0
E˚

ˆ

Gi
ptq´

dui

dt
ptq

˙

dt. (2.52)

Taking (2.44), (2.45), (2.46), (2.47), (2.50), (2.51), and (2.52) into account and letting ε ! 0 in
(2.43), we obtain

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

ż

rT

0

„

Epui
ptqq`E˚

ˆ

Gi
ptq´

dui

dt
ptq

˙

dt`
1
2
p}ui

prT q}2´}ui
p0q}2q

´

ż

rT

0

@

Gi
ptq,ui

ptq
D

dt ď 0

uip0q “ ui´1prT q P dompGq,

i.e.,
$

’

’

’

&

’

’

’

%

ż

rT

0

„

Epui
ptqq`E˚

ˆ

Gi
ptq´

dui

dt
ptq

˙

`

B

dui

dt
ptq´Gi

ptq,ui
ptq

F

dt ď 0

uip0q “ ui´1prT q P dompGq.

But, by using again Legendre-Fenchel’s inequality (see Theorem A.2(b)), we have

Epui
ptqq`E˚

ˆ

Gi
ptq´

dui

dt
ptq

˙

`

B

dui

dt
ptq´Gi

ptq,ui
ptq

F

ě 0 for L1-a.a. t P r0, rT s,



20 O. ANZA HAFSA, J.-P. MANDALLENA, G. MICHAILLE

hence
$

’

’

’

&

’

’

’

%

ż

rT

0

„

Epui
ptqq`E˚

ˆ

Gi
ptq´

dui

dt
ptq

˙

`

B

dui

dt
ptq´Gi

ptq,ui
ptq

F

dt “ 0

uip0q “ ui´1prT q P dompGq.

(2.53)

Using again Fenchel’s extremality relation (see Proposition A.4(b)), we see that (2.53) is equivalent
to

$

’

’

&

’

’

%

dui

dt
ptq`∇Epui

ptqq “ Gi
ptq for L1-a.a. t P r0, rT s

uip0q “ ui´1prT q P dompGq,

which shows that ui is a solution of pPiq.

Step 3: Existence of a solution of pPq. Let u : r0,T s! L2pOq be defined by

uptq :“ ui
pt´Tiq if t P rTi,Ti`1s with i P t0, ¨ ¨ ¨ , `u.

For each i P t1, ¨ ¨ ¨ , `u, as ui is a solution of pPiq we have uip0q “ ui´1prT q, i.e. uipTi´ Tiq “

ui´1pTi´Ti´1q, which means that upT´i q “ upT`i q. Since ui PCpr0, rT s;L2pOqq for all i P t1, ¨ ¨ ¨ , `u,
it follows that u PCpr0,T s;L2pOqq.

On the other hand, we have up0q “ u0p0q, and u0p0q “ u0 because u0 is solution of pP0q. Moreover,
for every i P t0, ¨ ¨ ¨ , `u, taking (2.42) and (2.41) into account, as ui is a solution of pPiq, for L1-a.e.
t P rTi,Ti`1s, we have

du
dt
pt q̀ ∇Epuptqq“

dui

dt
pt´Tiq̀ ∇Epui

pt´Tiqq

“Gi
pt´Tiq

“F i
pt´Tiq́ K ˚ p∇G ˝ui

qpt´Tiq

“Fpt q́
i´1
ÿ

k“0

ż Tk`1

Tk

K pt´ sq∇Gpuk
ps´Tkqqdś

ż t´Ti

0
K pt´Ti´ sq∇Gpui

psqqds

“Fpt q́
i´1
ÿ

k“0

ż Tk`1

Tk

K pt´ sq∇Gpupsqqdś
ż t

Ti

K pt´ sq∇Gpupsqqds

“Fpt q́
ż t

0
K pt´ sq∇Gpupsqqds

“Fpt q́ K ˚ p∇G ˝uqptq.

Consequently u is a solution of pPq, and the proof is complete. �

3. STOCHASTIC HOMOGENIZATION FOR INTEGRODIFFERENTIAL NONLOCAL DIFFUSION

PROBLEMS OF GRADIENT FLOW TYPE
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3.1. Random nonlocal integrodifferential diffusion problems of gradient flow type. From
now on we consider a complete probability space pΩ,F,Pq and a family tTzuzPZd satisfying the
following three properties:

‚ (mesurability) Tz : Ω!Ω is F-measurable for all z P Zd;
‚ (group property) Tz ˝Tz1 “ Tz`z1 and T´z “ T´1

z for all z,z1 P Zd;
‚ (mass invariance) PpTzAq “ PpAq for all A PF and all z P Zd .

Definition 3.1. The family tTzuzPZd is said to be a (discrete) group of P-preserving transformation
on pΩ,F,Pq and the quadruplet pΩ,F,P,tTzuzPZdq is called a (discrete) dynamical system.

Let I :“ tA PF : PpTzA∆Aq “ 0 for all z P Zdu be the σ -algebra of invariant sets with respect to
pΩ,F,P,tTzuzPZdq.

Definition 3.2. When PpAq P t0,1u for all A PI, the measurable dynamical system

pΩ,F,P,tTzuzPZdq

is said to be ergodic.

Remark 3.3. A sufficient condition to ensure the ergodicity of pΩ,F,P,tTzuzPZdq is the so-called
mixing condition, i.e. for every pE,Fq PFˆF,

lim
|z|!8

PpTzEXFq “ PpEqPpFq.

For each X P L1
PpΩq, E

IpXq denotes the conditional mathematical expectation of X with respect
to I, i.e. the unique pI,BpRqq-measurable function in L1

PpΩq such that for every E PI,
ż

E
EI
pXqpωqdPpωq “

ż

E
XpωqdPpωq.

Remark 3.4. If pΩ,F,P,tTzuzPZdq is ergodic then EIpXq is constant and equal to the mathematical
expectation EpXq of X , i.e. EIpXq “ EpXq :“

ş

Ω
XpωqdPpωq.

Let J : ΩˆRd ˆRd ˆRd ! r0,8r be a pFbBpRdq bBpRdq bBpRdq,BpRqq-measurable
satisfying the following conditions:
(NL1) J is symmetric, i.e. for every pω,x,y,ξ q PΩˆRdˆRdˆRd ,

Jpω,x,y,ξ q “ Jpω,y,x,ξ q,

and J is bi-stationary with respect to pTzqzPZd , i.e. for every z P Zd and every pω,x,y,ξ q P
ΩˆRdˆRdˆRd ,

Jpω,x` z,y` z,ξ q “ JpTzω,x,y,ξ q;

(NL2) there exist J :Rd ! r0,8r and J P L8pRd; r0,8rq with
$

&

%

J ı 0
for every pξ ,ζ q PRdˆRd, if |ξ | ď |ζ | then Jpξ q ě Jpζ q
supppJq “ BRJp0q is compact with RJ ą 0,

(3.1)
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such that, for every pω,x,y,ξ q PΩˆRdˆRdˆRd ,

Jpξ q ď Jpω,x,y,ξ q ď Jpξ q.

Let OĂRd be an open set and. For each ε ą 0, define Jε : ΩˆL2pOq! r0,8r by

Jεpω,uq :“
1

4εd

ż

O

ż

O
J
´

ω,
x
ε
,

y
ε
,
x´ y

ε

¯

ˆ

upxq´upyq
ε

˙2

dxdy (3.2)

and let Fε : ΩˆL2pOq! L2pOq be such that, for every ω PΩ, Fεpω, ¨q PF(R). For each ω PΩ and
each ε ą 0, let us consider the following nonlocal integrodifferential diffusion problem:

pPω
ε q

$

’

’

&

’

’

%

duω
ε

dt
ptq`∇Jεpω,uω

ε ptqq`K ˚ p∇Jεpω, ¨q ˝uω
ε qptq “ Fεpω, tq for L1-a.a. t P r0,T s

uω
ε p0q “ uω

0,ε P L2pOq

with K PC1pr0,T s; r0,8rq. The following result is a consequence of Theorem 2.1.

Corollary 3.5. For each ω PΩ and each ε ą 0, there exists uω
ε PCpr0,T s;L2pOqq such that:

‚ uω
ε is the unique solution of pPω

ε q;
‚ ∇Jεpω, ¨q ˝uω

ε P L2pr0,T s;L2pOqq;
‚

duω
ε

dt P L2pr0,T s;L2pOqq;

‚ uω
ε admits a right derivative d`uω

ε

dt ptq at every t P r0,T r which satisfies

d`uω
ε

dt
ptq`∇Jεpuω

ε ptqq`K ˚ p∇Jεpω, ¨q ˝uω
ε qptq “ Fεpω, tq.

Proof of Corollary 3.5. It suffices to apply Theorem 2.1 with F “ Fεpω, ¨q andE “G“Jεpω, ¨q,
where ω PΩ and ε ą 0. As Fεpω, ¨q PF(R) we only need to prove that Jεpω, ¨q satisfies (D1)–(D2)
with G “ Jεpω, ¨q. From (3.2) we see that for every u P L2pOq,

∇Jεpω,uqpxq “ ´
1

εd`2

ż

O
J
´

ω,
x
ε
,

y
ε
,
x´ y

ε

¯

pupyq´upxqqdy. (3.3)

Hence ∇Jεpω,0q “ 0, i.e. (D1) holds withG“Jεpω, ¨q. On the other hand, taking (3.3) and (NL2)
into account, for every u,v P L2pOq, we have

}∇Jεpω,uq´∇Jεpω,vq}2L2pOq “

ż

O
|∇Jεpω,uqpxq´∇Jεpω,vqpxq|2 dx

ď Cε

ż

O

„
ż

O

`

|vpyq´upyq|2`|upxq´ vpxq|2
˘

dy


dx

“ CεL
d
pOq

ˆ
ż

O
|vpyq´upyq|2dy`

ż

O
|upxq´ vpxq|2dx

˙

“ 2CεL
d
pOq}u´ v}2L2pOq

with Cε :“ 2
εd`2L

dpOq}J}2L8pRdq
, which proves (D2) with G“Jεpω, ¨q, and the proof is complete.

�
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3.2. Stochastic homogenization theorem. For each θ P Rd , each R ą 0 and each A PBbpR
dq,

set
L2

loc,θ ,R,ApR
d
q :“

!

u P L2
locpR

d
q : u“ `θ in BRpAq

)

, (3.4)

where `θ :Rd!R is the linear map defined by `θ pxq “ θx and BRpAq denotes the R-neighborhood
of the boundary BA of A, i.e.

BRpAq :“
!

x PRd : distpx,BAq ă R
)

. (3.5)

Let S : BbpR
dqˆΩˆRd ! r0,8r be defined by

SApω,θ q :“ inf
!

Jpω,u,Rd,Aq : u P L2
loc,θ ,RJ ,ApR

d
q

)

,

where RJ ą 0 is given by (NL2) and J : ΩˆL2
locpR

dqˆBbpR
dqˆBbpR

dq! r0,8r is defined by

Jpω,u,A,Bq :“
1
4

ż

A

ż

B
Jpω,x,y,x´ yqpupxq´upyqq2dxdy.

Let fhom : ΩˆRd ! r0,8r be defined by

fhompω,θ q :“ inf
kPN˚

EI

˜

Sr0,krdp¨,θ q

kd

¸

pωq.

Remark 3.6. It is easy to see that fhompω, ¨q is quadratic, i.e. there exists a symmetric dˆd matrix
Aω

hom such that for every θ PRd ,

fhompω,θ q “
1
2
xAω

homθ ,θy, (3.6)

where x¨, ¨y denotes the scalar product in Rd (see [7, Propositions 3.14 and 3.17] for more details
on the definition of fhom).

Let Jhom : ΩˆL2pOq! r0,8s be defined by

Jhompω,uq :“

$

&

%

ż

O
fhompω,∇upxqqdx if u P H1pOq

8 if u P L2pOqzH1pOq.

In [7, Lemma 4.2 and Theorem 4.8], we proved the following Mosco-convergence result.

Theorem 3.7. There exists Ω1 PF with PpΩ1q “ 1 such that for every ω PΩ1, we have:
(a) for every tvεuεą0 Ă L2pOq, if sup

εą0
Jεpω,vεq ă 8 then tvεuεą0 is relatively compact in

L2pOq;
(b) tJεpω, ¨quεą0 Mosco-converges to Jhompω, ¨q.

Remark 3.8. By Remark 3.6, Jhompω, ¨q is proper, convex and lower semicontinuous, and Fréchet-
differentiable on dompBJhompω, ¨qq.

Let F : r0,T sˆΩ! L2pOq be a Borel measurable map. As a consequence of Theorem 2.2, we
obtain the following stochastic homogenization result.
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Corollary 3.9. For P-a.e. ω PΩ and every ε ą 0, let uω
ε P ACpr0,T s;L2pOqq be the unique solution

of pPω
ε q, see Corollary 3.5, and assume that:

(Hω
1 ) sup

εą0
Jεpω,uω

0,εq ă 8;

(Hω
2 ) uω

0,ε ! uω
0 in L2pOq;

(Hω
3 ) sup

εą0
}Fεpω,0q}L2pOq ă8;

(Hω
4 ) Fεpω, ¨q á Fpω, ¨q in L2pr0,T s;L2pOqq;

(Hω
5 ) sup

εą0

›

›

›

dFε pω,¨q
dt

›

›

›

L1pr0,T s;L2pOqq
ă8.

Then, there exists pΩ PF with PppΩq “ 1 such that for every ω P pΩ there exists uω PCpr0,T s;L2pOqq
such that (up to a subsequence)

uω
ε ! uω in Cpr0,T s;L2

pOqq

and uω is a solution of the following local integrodifferential diffusion problem of gradient flow
type:

pPhom
ω q

$

’

&

’

%

duω

dt
ptq`∇Jhompω,uω

ptqq`K ˚ p∇Jhompω, ¨q ˝uqptq“Fpω, tq for L1-a.a. t P r0,T s

uωp0q “ uω
0 P dompJhompω, ¨qq.

Proof of Corollary 3.9. Let Ω2 PF be such that PpΩ2q “ 1 and (Hω
1 )–(Hω

5 ) (in Corollary 3.9)
hold. Set pΩ“Ω1XΩ2 where Ω1 PF, with PpΩ1q “ 1, is given by Theorem 3.7. Then pΩ PF and
PppΩq “ 1. Fix ω P pΩ. We are going to apply Theorem 2.2.
Firstly, it is easy to see that (C1)–(C5) hold with Gε “Jεpω, ¨q, u0,ε “ uω

0,ε , u0 “ uω
0 , uε “ uω

ε , Fε “

Fεpω, ¨q and F “ Fpω, ¨q. Secondly, by Theorem 3.7(b), (C6)–(C7) are satisfied with Eε “Gε “

Jεpω, ¨q andE “G “Jhompω, ¨q. Thirdly, by Theorem 3.7(a), (C8) is verified with Gε “Jεpω, ¨q,
and the proof is complete. �
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APPENDIX A. ELEMENTS OF LEGENDRE-FENCHEL CALCULUS

Let X be a normed space and let X˚ be its topological dual. In what follows, for any u P X and any
u˚ P X˚, we write u˚puq “ xu˚,uy. We begin with the following definition.

Definition A.1. Let Φ : X !s´8,8s be a proper3 function. The Legendre-Fenchel conjugate (or
the conjugate) of Φ is the function Φ˚ : X˚!s´8,8s defined by

Φ
˚
pu˚q :“ sup

 

xu˚,uy´Φpuq : u P X
(

.

(As Φ is proper and Φ ą ´8 we have Φ˚ ą ´8.) The Legendre-Fenchel biconjugate (or the
biconjugate) of Φ is the function Φ˚˚ : X ! r´8,8s defined by

Φ
˚˚
puq :“ sup

 

xu˚,uy´Φ
˚
pu˚q : u˚ P X˚

(

.

(Since Φ˚ ą ´8, u˚ P dompΦ˚q if and only if there exists α P R such that Φ˚pu˚q ď α , i.e.
Φpuq ě xu˚,uy´α for all u P X . Hence, if Φ admits a continuous affine minorant function4 then
Φ˚ is proper and Φ˚˚ ą ´8.) The following theorem gives the main properties of the Legendre-
Fenchel conjugate and biconjugate (see [9, §9.3, p. 343] for more details).

Theorem A.2. Let Φ : X !s´8,8s be a proper function.
(a) If Φ is convex and lower semicontinuous then Φ˚ is proper, convex and lower semicontin-

uous.
(b) (Legendre-Fenchel’s inequality.) For every u P X and every u˚ P X˚,

Φpuq`Φ
˚
pu˚q´xu˚,uy ě 0.

(c) (Fenchel-Moreau-Rockafellar’s theorem.) If Φ is convex and lower semicontinuous then

Φ
˚˚
“Φ.

(d) If Φ is convex and admits a continuous affine minorant function then

Φ
˚˚
“Φ,

where Φ denotes the lower semicontinuous envelope of Φ.

Here is the definition of the subdifferential of a function.

Definition A.3. Let Φ : X !s´8,8s be a proper function. The subdifferential of Φ is the multi-
valued operator BΦ : X−!−!X˚ defined by

BΦpuq :“
 

u˚ P X˚ : Φpvq ěΦpuq`xu˚,v´uy for all v P X
(

.

(Note that dompΦq Ą dompBΦq :“
 

u P X : BΦpuq ­“ H
(

.)

For the subdifferentials of convex functions we have the following result (see [9, §9.5, pp. 355 and
Lemma 17.4.1, pp. 737] for more details).

Proposition A.4. Let Φ : X !s´8,8s be a proper and convex function.

3We say that Φ : X !s´8,8s is proper if (its effective domain) dompΦq :“ tu P X : Φpuq ă 8u ­“H.
4This is true if Φ : X !s´8,8s is a proper, convex and lower semicontinuous function, because Φ is then equal

to the supremum of all its continuous affine minorant functions.



VARIATIONAL CONVERGENCE OF NONLOCAL INTEGRODIFFERENTIAL DIFFUSION PROBLEMS 27

(a) If Φ is Fréchet-differentiable at u P X, then

BΦpuq “
 

∇Φpuq
(

.

(b) (Fenchel’s extremality relation.) If Φ is lower semicontinuous, then

u˚ P BΦpuq ðñ Φpuq`Φ
˚
pu˚q´xu˚,uy “ 0.

(c) (Brønsted-Rockafellar’s lemma) If Φ is lower semicontinuous, then

dompBΦq “ dompΦq.

APPENDIX B. MOSCO-CONVERGENCE

Let X be a Banach space and let X˚ be its topological dual. In what follows, “!” (resp. “á”)
denotes the strong (resp. the weak) convergence. We begin with the definition of De Giorgi Γ-
convergence (see [10, 11, 14] for more details).

Definition B.1. Let Φ : X !s´8,8s and, for each ε ą 0, let Φε : X !s´8,8s. We say that
tΦεuεą0 strongly Γ-converges (resp. weakly Γ-converges) to Φ, and we write

Φ“ Γs- lim
ε!0

Φε or Φε

Γs−!Φ presp. Φ“ Γw- lim
ε!0

Φε or Φε

Γw−!Φq,

if the following two assertions hold:
‚ for every u P X , Γs- lim

ε!0
Φεpuq ěΦpuqpresp. Γw- lim

ε!0
Φεpuq ěΦpuqq with

Γs- lim
ε!0

Φεpuq :“ inf
"

lim
ε!0

Φεpuεq : uε ! u
*

presp. Γw- lim
ε!0

Φεpuq :“ inf
"

lim
ε!0

Φεpuεq : uε á u
*

q

or equivalently, for every u P X and every tuεuεą0 Ă X , if uε ! u (resp. uε á u) then

lim
ε!0

Φεpuεq ěΦpuq;

‚ for every u P X , Γs- lim
ε!0

Φεpuq ďΦpuqpresp. Γw- lim
ε!0

Φεpuq ďΦpuqq with

Γs- lim
ε!0

Φεpuq :“ inf
"

lim
ε!0

Φεpuεq : uε ! u
*

presp. Γw- lim
ε!0

Φεpuq :“ inf
"

lim
ε!0

Φεpuεq : uε á u
*

q

or equivalently, for every u P X there exists tuεuεą0 Ă X such that uε ! u (resp. uε á u) and

lim
ε!0

Φεpuεq ďΦpuq.

From Γ-convergence we can define Mosco-convergence (which was introduced by Mosco, see
[15]).
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Definition B.2. Let Φ : X !s´8,8s and, for each ε ą 0, let Φε : X !s´8,8s. We say that
tΦεuεą0 Mosco-converges to Φ, and we write

Φ“M- lim
ε!0

Φε or Φε

M
−!Φ,

if Φ“ Γs- lim
ε!0

Φε “ Γw- lim
ε!0

Φε or equivalently Γs- lim
ε!0

Φε ďΦď Γw- lim
ε!0

Φε .

From Definition B.2, it is easy to see that under a suitable compactness condition strong Γ-
convergence is equivalent to Mosco-convergence.

Proposition B.3. Let Φ : X !s´8,8s and, for each ε ą 0, let Φε : X !s´8,8s. Assume that
the following compactness condition hold:

‚ for all tuεuεą0 Ă X, if sup
εą0

Φεpuεq ă 8 then tuεuεą0 is strongly relatively compact in X.

Then, Φε

Γs−!Φ if and only if Φε

M
−!Φ.

As stated in the following theorem due to Mosco (see [15, Theorem 1]), in the reflexive case and for
lower semicontinuous, convex and proper functions, the Legendre-Fenchel transform is continuous
with respect to Mosco-convergence.

Theorem B.4. Let Φ : X !s´8,8s be a proper, convex and lower semicontinuous function and,
for each ε ą 0, let Φε : X !s´8,8s be a proper, convex and lower semicontinuous function. If

X is reflexive then Φε

M
−!Φ if and only if Φ˚ε

M
−!Φ˚.

The following result allows to pass from Mosco-convergence in X to Mosco-convergence in L2pr0,T s;
Xq (see [5, Lemma 2.6, p. 50] for a proof).

Theorem B.5. Fix T ą 0 and assume that X is a Hilbert space. Let Φ : X ! r0,8s be a proper,
convex and lower semicontinuous function, let Θ : L2pr0,T s;Xq! r0,8s be defined by

Θpuq :“
ż T

0
Φpuptqqdt

and, for each ε ą 0, let Φε : X ! r0,8s be a lower semicontinuous, proper and convex function
and let Θε : L2pr0,T s;Xq! r0,8s be defined by

Θεpuq :“
ż T

0
Φεpuptqqdt.

If Φε

M
−!Φ then Θε

M
−! Θ.

APPENDIX C. GRAPH-CONVERGENCE

Let pX ,Tq and pX˚,T˚q be two topological spaces. We begin with the definition of Kuratowski-
Painlevé convergence.
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Definition C.1. We say that tEεuεą0 ĂPpX ˆX˚q converges to E PPpX ˆX˚q in the sense of
Kuratowski-Painlevé with respect to the product topology TˆT˚, and we write

E “ KP-lim
ε!0

Eε or Eε

KP
−! E,

if the following two assertions hold:
‚ E Ă KP- lim

ε!0
Eε with

KP-lim
ε!0

Eε :“

#

pu,u˚q P X ˆX˚ : Dpuε ,u˚ε qεą0 P
ź

εą0

Eε s.t. uε

T
−! u and u˚ε

T˚
−−! u˚

+

or equivalently, for all pu,u˚q P E there exists puε ,u˚ε qεą0 P
ś

εą0 Eε such that uε

T
−! u and

u˚ε
T˚
−−! u˚.

‚ KP- lim
ε!0

Eε Ă E with

KP-lim
ε!0

Eε :“

#

pu,u˚q P X ˆX˚ : Dpuσpεq,u
˚
σpεqqεą0 P

ź

εą0

Eσpεq s.t. uσpεq
T
−! u and u˚

σpεq

T˚
−−! u˚

+

or equivalently, for all pu,u˚q P X ˆX˚ and all subsequence puσpεq,u˚σpεqqεą0 P
ś

εą0 Eσpεq, if

uσpεq
T
−! u and u˚

σpεq

T˚
−−! u˚ then pu,u˚q P E.

Remark C.2. It is clear that the sets KP-limε!0 Eε and KP-limε!0 Eε are closed subsets of X ˆX˚

and KP-limε!0 Eε Ă KP-limε!0 Eε . Hence Eε

KP
−!E if and only if KP-limε!0 Eε “ KP-limε!0 Eε “E.

In particular, the KP-limit of a set is its closure.

From now on, X is a Banach space and X˚ is its topological dual. Here is the definition of graph-
convergence for sequences of subdifferentials.

Definition C.3. Let BΦ : X−!−!X˚ and, for each ε ą 0, let BΦε : X−!−!X˚, where Φ,Φε : X !
s´8,8s are proper functions. We say that tBΦεuεą0 graph-converges to BΦ with respect to the
product topology TˆT˚, and we write

BΦε

graph
−−−! BΦ,

if tGpBΦεquεą0 KP-converges to GpBΦq with respect to the product topology TˆT˚, i.e.

GpBΦεq
KP
−! GpBΦq,

where GpBΦεq and GpBΦq denote the graph of BΦε and BΦ respectively, i.e.

GpBΦεq :“
!

pu,u˚q P dompΦεqˆX˚ : u˚ P BΦεpuq
)

;

GpBΦq :“
!

pu,u˚q P dompΦqˆX˚ : u˚ P BΦpuq
)

.

In other words, BΦε

graph
−−−! BΦ if and only if the following two assertions hold:
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‚ for all pu,u˚q P X ˆX˚ with u˚ P BΦpuq there exists tpuε ,u˚ε quεą0 Ă X ˆX˚ with u˚ε P BΦpuεq

for all ε ą 0 such that uε

T
−! u and u˚ε

T˚
−−! u˚;

‚ for all pu,u˚q PXˆX˚ and all subsequence tpuσpεq,u˚σpεqquεą0ĂXˆX˚ with u˚
σpεq

P BΦpuσpεqq

for all ε ą 0 , if uσpεq
T
−! u and u˚

σpεq

T˚
−−! u˚ then u˚ P BΦpuq.

In what follows, we use the notation “
ps,sq-graph
−−−−−−!”, “

pw,sq-graph
−−−−−−!” and “

ps,wq-graph
−−−−−−!” to denote the

graph-convergence with respect to the product topology TˆT˚ with pT,T˚q“ pTs,T
˚

s q, pT,T˚q

“ pTw,T
˚

s q and pT,T˚q “ pTs,T
˚

w q respectively, where Ts and T˚
s (resp. Tw and T˚

w ) the strong
topology (resp. the weak topology) on X and X˚ respectively.

For convex, lower semincontinuous and proper functions, links between graph-convergence and
Γ-convergence can be established (for a proof we refer to [8, Proposition 3.68, p. 378]).

Theorem C.4. Let Φ : X !s´8,8s be a proper, convex and lower semicontinuous function and,
for each ε ą 0, let Φε : X !s ´8,8s be a proper, convex and lower semicontinuous function.
Then:

(a) Φε

M
−!Φùñ BΦε

ps,sq-graph
−−−−−−! BΦ;

(b) Φε

Γw−!Φùñ BΦε

pw,sq-graph
−−−−−−! BΦ;

(c)
´

X is reflexive, Φε

Γw−!Φ and tΦεuεą0 is equicoercive5
¯

ùñ BΦε

ps,wq-graph
−−−−−−! BΦ.

APPENDIX D. GRÖNWALL’S LEMMA

In the paper we use the following version of so-called Grönwall’s lemmas (for the proof we refer
to [5, Lemma A.2 pp. 277]).

Lemma D.1. Let p P r1,8r, let T ą 0, let a P r0,8r, let m P L1pr0,T sq be such that mpsq ě 0 for
L1-a.a. s P r0,T s and let φ PCpr0,T s;Rq be such that 1

pφ ppsq ď 1
pap`

şs
0 φ p´1ptqmptqdt for all

s P r0,T s. Then φpsq ď a`
şs

0 mptqdt for all s P r0,T s.

5We say that tΦεuεą0 is equicoercive if the following assertion holds: for every tvεuεą0 Ă X , if supεą0 Φεpvεq ă8

then supεą0 }vε}X ă8.
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