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Abstract. In this paper, we propose a primal-dual dynamical system for the separable convex optimization problem
min, , f(x) +g(y),s.t. Ax+ By = b. Under the convexity assumptions of f and g, we show that the trajectory of the
proposed primal-dual dynamical system globally converges to a saddle point of the problem as the time t — —oo.
When f and/or g satisfy strong convexity and Lipschitz continuity assumptions, along with full rank assumptions
on A and/or B, we prove the exponential convergence of the dynamical system approach. Besides, under the metric
subregularity condition, we show that the exponential convergence can also be guaranteed without strong convexity
and full rank assumptions. Finally, we give numerical results to show the practical performance of the dynamical
system approach.
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1. INTRODUCTION

Let f:R" — R and g : R" — R be two convex functions. Consider the separable convex
optimization problem:

min - f(x)+8(y)

).

s.t. Ax+By=0b, (1.1)

where A € RP*", B € RP*™, and b € RP. This problem plays an important role in diverse
applied fields such as, machine learning, signal recovery, structured nonlinear theory and image
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recovery (see, e.g., [1, 2, 3, 4, 5, 6]). When g(y) =0 and B = 0, problem (1.1) becomes the
linear equality constrained problem:

minf(x), .. Ax=b. (1.2)

When B = —1I,, and b = 0, where I, € R”*" is the identity matrix, problem (1.1) becomes the
structure problem:

rrkinf(x) +g(Ax). (1.3)

Primal-dual dynamical systems have been widely used in solving constrained optimization
problems (see, e.g., [8, 9, 10, 11, 12, 13, 14, 15, 16, 17]). Here, we mention some dynami-
cal system approaches for the separable problem (1.1), the linear equality constrained problem
(1.2) and the structure problem (1.3). When f is twice differentiable, strongly convex, V f
is Lipschitz continuous, and the matrix A has a full row rank, Qu and Li [18] considered a
primal-dual gradient dynamical system with a time constant of the dual part for the problem
(1.2), and proved the global exponential stability of the proposed dynamical system. In terms
of the augmented Lagrangian function, Tang et al. [19] introduced an augmented primal—dual
gradient dynamical system to solve the problem (1.2); When f is strongly convex and has a
Lipschitz continuous gradient, and the row vectors of A are linearly independent, they proved
the semi-global exponential stability of the proposed dynamical system; They also considered
more general constrained optimization problems. Guo et al. [?] proposed a projected dual gra-
dient dynamical system for the problem (1.2), and proved the exponential convergence of the
primal residual and dual residual under the assumptions that f is strongly convex and has a Lip-
schitz continuous gradient; They also considered a projected dual gradient dynamical system
for the separable problem (1.1), where f is strongly convex, twice differentiable, g is Lipschitz
continuous and strongly convex, and proved that the trajectory of the proposed dynamical sys-
tem converges exponentially to a KKT point. Considering the continuous limit of ADMM [2],
Franca et al. [20] proposed the following primal dynamical system:

i+ (ATA) IV f(x)+g(Ax)) =0

for solving the problem (1.3), where A has a full column rank, and they proved the &'(1/t)
convergence rate under the assumption that f and g are convex. In the Hilbert setting, Bot et
al. [21] proposed a primal-dual dynamical system for the problem (1.3). They showed that the
trajectories of the proposed dynamical system weakly converge to a KKT point, and proved the
O'(1/t) convergence rate of the ergodic trajectory in general convexity assumptions. Bitterlich
et al. [22], Chao and Liu [23] extended the results in [21] to the separable problem (1.1) in dif-
ferent parameter settings. Based on the proximal augmented Lagrangian, Ding and Jovanovic¢
[24] proposed a primal-dual gradient dynamical system for the problem (1.3), and demonstrated
the global exponential stability of the underlying dynamical system when f is strongly convex
and has a Lipschitz continuous gradient, A has a full row rank. Hassan-Moghaddam and Jo-
vanovi¢ [25] proposed a proximal gradient flow for the problem (1.3); When f + g satisfies
the proximal PL condition, they also proved that the exponential convergence of the objective
residual. In the case that f is twice differentiable, strongly convex function and has a Lipschitz
continuous gradient, A has a full row rank, Chen and Li [26] considered a primal-dual gradient
dynamical system for the problem (1.1); When g is a quadratic function or when g and ma-
trix B together satisfy an inequality condition, the proposed dynamical systems can achieve the
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global exponential stability. Wang et al. [27] considered a partial primal-dual gradient dynami-
cal system, and showed the exponential stability in the case that f is strongly convex and twice
differentiable, g is Lipschitz continuous and strongly convex, A has a full row rank.

In this paper, we propose a primal-dual dynamical system approach for the separable convex
optimization problem (1.1). The main contributions are listed as follows:

e We propose a primal-dual dynamical system for the problem (1.1), which can be seen
as the continuous counterpart of the proximal ADMM algorithm with a larger dual step
size. When f and g are convex, we show that the trajectory of the proposed dynamical
system globally converges to a saddle point as t — +-oco.

e When the objective functions f and g, and the matrices A and B satisfy one of cases in
Table 1, we prove the exponential convergence of the proposed dynamical system.

e Without strong convexity and full rank assumptions, we show that the exponential con-
vergence can also be guaranteed when the metric subregularity holds.

TABLE 1. Four cases leading to exponential convergence

Case| Strongly convex| Lipschitz continuous| Full row rank| Full column rank
1 f Vf A B
2 f.g Vf A -
3 f Vf, Vg [B,A] B
4 f:8 Vf,Vg [B,A] -

Througout this paper, R” denotes the n-dimensional Euclidean space with the scalar product
(-,-) and the corresponding induced norm || - ||, || - ||; denotes the /;-norm in R”, and [, € R**"
is the identity matrix. Given a symmetric matrix M, denote by Amax (M) and Ay, (M) the largest
and smallest eigenvalue of A, respectively. We abuse the notion ||x||2, = x” Mx as we allow
any symmetric, possibly indefinite, matrix M € R"*". Let us introduce the following partial
ordering:

Mi = My < x5y, > [Ixll3s, and My = Ma <= ||xl[3;, > [I*ll3,,  Vx € R"\{0},
where M, M, € R™" are two symmetric, possibly indefinite, matrices. Then M >~ 0 (M = nl,
with 11 > 0) means that M is a symmetric, positive definite matrix. When M > 0, let ||x|[ =

VxTMx. Then for any M > 0, Amin (M) ||x]|? < [|x[12; < Amax(M)|x||*>. The notation 0 f denotes
the classical convex subdifferential of f : R” — R defined by

If(x) ={veR" [ f(y) = f(x) + (y—x), ¥y eR"}, vxeR™

When f is differentiable, d f is equal to its gradient V f. The proximal point operator prox, g of
a convex function f is defined by

1
proey (x) = angmin{ £ + 5y —+1? } = (097 1)

where 6 > 0.
The paper is organized as follows: In Section 2, we recall some definitions and lemmas for
further analysis. In Section 3, we propose a primal-dual dynamical system for the problem (1.1),
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and show that the dynamical system is well-defined and admits a unique strong solution under
some suitable assumption. In Section 4, we discuss the global convergence of th dynamical
system in general convexity assumptions. Section 5 is devoted to the study of the exponential
convergence under different conditions. Finally, we give simulation examples to illustrate the
performance of the proposed dynamical system in Section 6. Concluding remarks are presented
in Section 7, the last section.

2. PRELIMINARIES

In this section, we introduce some standard definitions and lemmas for further analysis.

Definition 2.1. /2 : R" — R is v-convex with v > 0 if
\%
h(y) = h(x)+(s,y —x) + zHy—XHZ, Vx,y € R", s € dh(x).

Remark 2.2. When v =0, & is a convex function. When v > 0, 4 is a strongly convex function
with modulus v. From [28, Example 22.4], if & is v-convex, then

(i). h—%| - ||* is convex.

(ii). dh is v-monotone, such that

(s1—52,x1 —x2) > V||x1 —x2||?, V1 € dh(xy), 52 € Ih(xz).
Definition 2.3. 4 : R” — R is n-Lipschitz continuous if, for any x,y € R",

1A(y) =h() [l < nlly—x].
Definition 2.4. ([29, Appendix]) Let T > fy. A function x : [ty, 7] — R" is said to be an abso-
lutely continuous if one of the following equivalent properties holds:

(i). There exists an integrable function y : [fy, T] — R” such that
1

x(r) =x(to) + [ y(s)ds, Vit € |1y, T].

fo
(i1). For every € > 0, there exists i1 > 0 such that, for any finite family of disjoint intervals
Iy = (ax, by) C [to, T] with ¥ |b — ax| < 1, we have Y [[x(bx) —x(ax)[| < e.
We call a function x : [0,0) — R” is locally absolutely continuous if it is absolutely continuous
on every interval [fo, T].

Remark 2.5. A locally absolutely continuous function x is differentiable almost everywhere,
and its derivative X = y by integration formula (i).

Definition 2.6. [30, Exercise 3H.4] A set-valued mapping F : R = R" is said to be metrically
subregular at £ for y, if € F (%) and there exists k > 0, along with a neighborhood U of %, such
that

dist(x,F~1($)) < k- dist($,F (x)), VxeU,
where dist(x, Q) := inf{||x — y|||y € Q} for a given subset Q and vector x in the same space.

Lemma 2.7. [31, Lemma 5.2] Suppose that 1 < p < 400, 1 < g < +oo, X(t) € LP([0,+0),R )
is a locally absolutely continuous function, y(t) € L([0,+o0),R), and for almost all t

X0 < ()

Then lim;_, ;. x(t) = 0.
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Lemma 2.8. For any x, y € R", u > 0, the following inequalities hold.

1
2(x,y) < u||x||2+ﬁ!|y!|2, 2.1)
1
[+ [ > (I—E)HXHZJr(l—u)HyHZ, (2.2)
1
Ix+y||* < (1+;>HxH2+(1+u)HyHZ- (2.3)

3. PRIMAL-DUAL DYNAMICAL SYSTEM

In this paper, we consider the following primal-dual dynamical system for solving the prob-
lem (1.1):
y(0)+y(t) = (dg+pB"B+Q) ' (Qy(r) — pB" (Ax(t) —b) — BTA (1)),
i) +x(t) = (0f +pATA+P)H(Px(t) = pAT(B(H(1) + (1)) —b) —ATA(t),  (B.1)
A1) = YP(A(i(t) +x(1)) + B(y(1) +¥(t)) = b),

where (x(t9),y(t0),A(t0)) = (x0,Y0,40), t € [fo,+o0) and 1y > 0; P € R™", Q € R™™ are two
symmetric matrices; Y is a larger step size of the dual variable; d f, dg are the classical convex
subdifferentials of f and g, respectively. The first two equalities in (3.1) can be rewritten as

{o € dg(¥(t) + (1)) +pBTB((t) +y(t)) + 0y (t) + pBT (Ax(t) —b) + BT A(1),

0 € df(x(t) +x(t)) + pATA(x(t) + x(t)) + Px(t) + pAT (B(y(t) + y(t)) — b) + AT A(1).
(3.2)
Adopt the following discrete scheme of the dynamical system (3.1): The time step size is

fixed to 1, (x(£),5(t),A(£)) & (X1 — Xk, Y1 — Yo A1 — ) and (x(2),y(1), A () & (e, v, A )
Then, we obtain a proximal ADMM with a larger dual step size [32, 33]:
Ver1 = argminyegn g(y) + 5 1By +Axe — b+ 5 4>+ 3 [y = wills
X1 = argmingegn f(x) + 51| Ax 4 Byipr —b+ S 41> + 5 [lx = xil [,
Akr1 = A+ ¥P(Axpr1 + Bygr1 — b).
Throughout the paper, we make the following standard assumptions.
Assumption 3.1. f is vy-convex and g is Vg-convex, where V¢, Vg > 0. The saddle point set

Q C R" x R" x R? of the problem (1.1) is nonempty, such that there exists a saddle point
(x*,y*,A*) € Q satisfies the KKT conditions:

—ATA* € df(x*), —BTA* €dg(y*), Ax*+By =b. (3.3)
Assumption 3.2. p >0,7>0,0 > 0and P - (— —1)pATA.
Under Assumption 3.1 and Assumption 3.2, we can obtain the following result.

Lemma 3.3. Suppose that Assumption 3.1 and Assumption 3.2 hold. Then (d f + pATA +P)!
is a single-valued and Ltpschltz continuous functmn with Ny = Ain(Vrl, + pA TA+P)>
0, and (dg+ pB'B + Q) is single-valued and n—g— Lipschitz continuous function with Ng =

Anin(Velm + pBT B+ Q) > 0.
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Proof. For notion simplicity, denote S(x) = (9 f + pATA +P)~!(x). Define i : R” — R by

% 1
hx) = £ = S+ 5 605, parapngi,

where 1y = lmm(vfln + pATA + P). From Assumption 3.2 and Remark 2.2, we know that
N > 0and A is a convex function, and then dh = d f + pATA+P—n I, 1s maximal monotone.
Since

S = (Of+pATA+P—npl,+nysl,) !

1 1
= —(Li+—(0f +pATA+P—1sL,)""!
Ny Ny
1 1
= —(l,+—0h)" !,
U Ny
it follows from [34, Proposition 3.4] that S = (9 f + pATA + P)~! is single-valued. Since 4 is
convex, S~! = df + pATA+ P = dh+nyl, is 1y~ monotone. It follows that

(x—.8(x) = S(y)) = nylIS(x) = S)1*.

This yields ||S(x) — S()]|| < # |x—y||. So (df +pATA+P)~!is nlf- Lipschitz continuous.

Similarly, we can prove that (dg +pB” B+ Q)~! is single-valued and nig— Lipschitz continu-
ous with Mg = Amin(Veln + pBTB+ Q) > 0. O

By Lemma 3.3 and the Cauchy-Lipschitz-Picard Theorem, we can obtain the following result.

Proposition 3.4. Suppose that Assumption 3.1 and Assumption 3.2 hold. Then the primal-
dual dynamical system (3.1) is well-defined. Moreover, for any initial point (xy,yo,Ag) € R" x
R™ x RP, the dynamical system (3.1) admits a unique strong solution (x,y,A) : [tg,+o0) —
R” x R™ x R?, such that

(0. (x(t0),¥(t0), A(t0) = (x0,¥0,20)-
(ii). The trajectory (x(t),y(t),A(t)) are locally absolutely continuous, and then (x(t),y(t),A(t))
are differentiable almost everywhere.
(iii). For almost everyt € [ty,+o0), (3.1) is satisfied.

4. GLOBAL CONVERGENCE

In this section, we will investigate the global convergence of the dynamical system (3.1) in
general convex assumptions.

Lemma 4.1. Suppose that Assumption 3.1 and Assumption 3.2 hold. Let (x(t),y(t),A(t))
be the strong solution of the dynamical system (3.1) with an initial point (xo,y0,A0). Then
(i(1),5(2), A(2)) is locally absolutely continuous, ((t),§(t), A(t)) exists almost everywhere, and
the following inequality holds for almost every t € [ty + o) with some L > 0:

O+ 15O+ 1A @I < LA+ 3@+ IA]).
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Proof. Let T >ty and s,t € [tg, T]. By Lemma 3.3, (3.1) and the triangle inequality we have
[y(s) +y(s) = (1) +y(0)) |
< nigHQ(y(S) —3(t)) = pB A(x(s) = x(1)) = B (A(s) = A (1))

< Li([lx(s) =x@) [+ [ly(s) =y@) [ + [[A(s) = A () ])), (4.1)
where L| = n—max{HQH p|IBTA]l,||BT||} > 0. Similarly, there exist L, L3 > 0 such that
[1x(s) +x(s) — (*(2) +x(1)) |
< Lo([lx(s) =x(@)[[ + [[y(s) =y(@) [ +[[A(s) = 2 (1)]]) (4.2)
and
1A (s) = A(@)I| < Ls([lx(s) = x(0) | +[[y(s) =y(O) |+ A (s) = 2 (D)]]). (4.3)

Adding (4.1)-(4.3), by the triangle inequality we have
[1i(s) =20 | + [[5(s) =3 (@)l + 1A (s) = A (1)
< L([lx(s) =x(@)[| 4 ly(s) =y() [ + A (s) = A (2) ]), (4.4)

where L=L|+ Ly, + L3+ 2.

Since (x(t),y(t),A(t)) are locally absolutely continuous, for any € > 0, there exists 1 > 0
such that, for any finite family of disjoint intervals Iy = (ax,by) C [to, T| with Y |by — ar| < 1,
we have

E £
ZHX by) — x(ay H<— Z!Iy by) — <30 ZWL be) = Aa) || < 57

Consequently, from (4.4), we get
ZHX bk Clk H<£ Z”y bk ak ||<8 ZH)L bk ak ||<£

So (i(t),y(1),A(t)) is locally absolutely continuous. By Remark 2.5, (i(¢),§(r),A(¢)) exists
almost everywhere. Taking s = ¢ 4+ h with 4 > 0 in (4.4), dividing both sides of (4.4) by & and
letting & — 0, we have

I+ I5@I+ 1A @] < LAFE) ]+ 1@+ A
This inequality holds for almost every ¢ € [fy,+oo) since T > 1 is arbitrary. 0J
For notation simplicity, we introduce
I, P P
Go = L , G = 0 , G=G,'G, = Q
1 Ly 17
Yip ppP py'P

with P = P—|—pATA. From Assumption (3.2), we have Go >~ 0, G; > 0, and G > 0. Let
(x(1),y(t),A(t)) be a strong solution of the dynamical system (3.1). Denote

A(t):l(t)Jr%/l(t),
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x(t) x* x(t) +x(t)
ult)= | y(@) |, w=|y |, at)={x0)+y0)].
A1) A* A1)

where u* € Q is a saddle point. It is easy to verify that
() = Go(a(r) — u(r)). (4.5)
Lemma 4.2. Suppose that Assumption 3.1 and Assumption 3.2 hold. Define the energy function
&(t) = A|u(t) —u*||%. Then
. T )
&) < ;,<Ax(t),7t(t)> — [la(r) —u(r)][z, (4.6)

—Vlle(r) +x(e) =" |17 = villy(e) +y(r) — ||
Proof. Computing the time derivative of &(¢), we have
&) = (u(r),Gu(r) —u"))
= (@) —u(t),Gi(u(t) —u")) (4.7)
= (a(r) —u(r),Gi(a(t) —u*)) = |a(r) = u(n)|,,

where the second equality follows from (4.5). It follows from (3.1) and (3.2) that

~B'A(t) — 0¥(1) + pB" Ax(r) € Ig(y(t) + (1)) (4.8)
and
—ATA(t) — Pi(t) € Af (5 (t) +x(1)). (4.9)
Since u* = (x*,y*,A*) is a saddle point, from (3.3) and (3.1) we have
1.
%l(t) =AX(t) +x(t) —x")+B(t) +y() —y"). (4.10)

Then, we can compute
(@(t) —u(t), Gy (a(t) —u"))
= (Pi(1),%(r) +x(r) —x") +{Qy(1), y(t) +y(t) = y*) +

(4.10)

1
pY
(Pi(r) +ATA(t) — AT A" 3(t) +x(t) — x*) + % (Ax(), A (1))

A1), A (1) = A7)

+H(Qy(1) + B A(r) — pB Ax(t) — BT A", (3(1) +y(1) —y"))
< %,(Ax(f),}t(l» = Vyl(r) +x(r) = 2P = vl |y(0) + (1) =y,

where the last inequality follows from (4.8), (4.9) and Assumption 3.1. This together with (4.7)
yields the desired result. ]

Remark 4.3. Since vy > 0 and v, > 0, from (4.6) we have
, | .
&(t) < ;(Ax(t),/l(t»— () = u(t)|E, - (4.11)

In fact, the above inequality still holds when f and g are convex functions (in this case, vy =
Ve =0).
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Theorem 4.4. Suppose that Assumption 3.1 and Assumption 3.2 hold. Let u(t) = (x(t),y(t),A(z))
be a strong solution of the dynamical system (3.1) with an initial point (xo,y0,Ao). Then the fol-
lowing statements are true:
(i). For every u* = (x*,y*,A*) € Q, limy_, 4 & (1) exists.
(ii). (x(1),y(t),A(t)) = 0 ast — Hoo.
(iii). There exists a saddle point u* = (x*,y*,A*) such that u(t) — u* as t — +oo. As a
consequence, (x(t),y(t),A(t)) = (x*,y*, 1) as t — H-oo.

Proof. (i). Since P >~ (%, —1)pAT A, there exists € > 0 such that P+ pATA = %ATA +é€l,. On
the other hand, there exists fy > 0 such that 51, = foATA. Taking B = %, + Bo, then

P+(p—PB)ATA gln + (gln — BoATA) = 0 4.12)

and
1 1 1 S
p 4By p p+4vbo
Following from (2.1), we have

0. (4.13)

| : L : T
;,(AX(I),MID < BllAx()|* + Wlll(f)ll2 = [0 | 5ara + WII/W) PP @14
By the definition of i(z), u(t), Gy, it follows from (4.11) and (4.14) that
. 1 . 1 .
&(t) < 5,<Ax(l)a7t(f)> - E,H?L(f)ll2 — @)1 para — 191G (4.15)
_ 111 ,
< RO 7 p—prara + ;(m - 5) 1A = Amin (Q)[13(2) I

Since Q > 0 and A,;,(Q) > 0, this together with (4.12) and (4.13) implies &(¢) < 0. Since
G >+ 0, &(t) is a nonincreasing and nonnegative function, this yields (i).

(if). Integrating (4.15) on the interval [ty,+oo], using (4.12), (4.13) and Q > 0, form (i) we
can get

teo teo teo
| IO < 4o [ IO <40 [ 0] < 4o
0 0

which implies ’

i(-) € L2([to, +0), R"), ¥(-) € L?([to, +20), R™), A(") € L*([to, +o0), RP).
This together with Lemma 4.1 yields

5(-) € L2([0,+e0),R"), §(-) € L*([0, +00), R™), A (") € L([0, +o0), R).

Then, for almost every ¢ € [ty, +0),

%H)&(I)II2 =2(i(1),%()) < [|¥(0)1* + [x(1)|* € L' ([r0, +o0), R).

Applying Lemma 2.7, we have
x(t) >0 ast— +oo.
Similarly, we get y(r) — 0, A(t) — 0 as t — oo, this is (i).



10 X.HE, R. HU, Y.P. FANG

A

(iii). Let 4 = (£,9,1) be any sequential cluster of u(r) with u(t,) = (x(ta),y(ta), A(ty)) —
as t, — —oo. From the third equality of (3.1) and (ii) we get

tniwaAx(t") +By(t,) —b=0. (4.16)
It follows from (4.8) and (4.9) that
—B" A(tn) — QY (ta) + pB" Ak(1n) € Ig(3(tn) +¥(1n))
and
—ATA(ty) — Pi(ty) € 9 f (x(ta) +x(tn))
Let t, — +oo. By (i) and [28, Proposition 20.38] we get

—BT"L € 9g(9), —ATA € af(%).

This together with (4.16) implies (£, ¥, i) is a saddle point. So every sequential cluster point of

u(t) belongs to Q. By (i) and G > 0, u( ) is bounded on [fy, +0). Let u;, up be two sequential
cluster points, say u(t}) — u; and u(t?) — u,. Since u; and up belong to Q, from (i), ||u(t) —
uil|c and ||u(t) — un||g converge as t — oo. In turn

20u(r), G(ur — uz)) = u(t) = uzl|g — llu(t) — |+ lluea|* — |2

50, (u(t),G(u; —uz)) converges to a constant C. Passing to the limit along u(z!) and along u(?)
yields

C= <l/t1,G(I/t1 - u2)> = <u27G(u1 - u2)>7

and then |lu; —uz||% = 0, this together with G > 0 implies u; = up. So u(t) has a unique
sequential cluster point in Q, there exists a saddle point u* = (x*,y*,1*) such that u(r) — u* as
t — —4oo. As a consequence, (x(z),y(t),A(r)) — (x*,y*,A%) ast — +oo. O

Remark 4.5. It is worth noting that the proof of Theorem 2 only requires the inequality (4.11).
Therefore, by assuming only the convexity of the objective functions f and g, the global con-
vergence of the dynamical system (3.1) can be guaranteed.

Remark 4.6. Taking Q = 61, — pAT A with 6, > i
then Assumption 3.2 holds. In this case, the dynamical system (3.1) collapses to the following
proximal primal-dual dynamical system:

YO +x() = proxy  (y(r) - (1)),
(o) +x(r) = proxy ,(x(r) = ga(0),
A1) =7p(A ((t)+X( ) +B((t) +y(t) —b),
where
p(t) =B (p(Ax(t) + By(r) —b) + A (1))
and

q(1) = AT (p(Ax(1) +B(y(t) +¥(t)) —b) + A (t)).

This can be seen as the continuous counterpart of the linearized ADMM algorithm.
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5. EXPONENTIAL CONVERGENCE

As shown by Proposition 3.4 and Theorem 4.4, under mild conditions, the dynamical sys-
tem (3.1) with an initial point admits a unique strong solution which converges to a sad-
dle point of the problem (1.1) as the time t — 4oo. In this section, we always assume that
u(t) = (x(t),y(t),A(r)) is the unique strong solution of the dynamical system (3.1) with an
initial point u(ty) = (x0,y0,A0) and u(t)) converges to u* = (x*,y*,A*) € Q ast — +oo.

Firstly, we show the exponential convergence of the dynamical system (3.1) under some
strongly convex and Lipschitz continuity assumptions on f and g, along with certain rank as-
sumptions on A and B.

Lemma 5.1. Suppose that B has a full column rank. Then for any l; > 0,
() +3(6) =y*|I* < e [l(e) +x(1) =[P+ 2| A (1),
where ¢t = A (BT B)(1+ ) |ATA| > 0, ¢ = A (BTB) (1 + 1) 535 > 0.

Proof. It follows from (4.10) and (2.3) that for any u; > 0,

* I ; 5 * 2
IB((2) + (1) = y*)|*> = ’ E/L(t) —AQk(t) +x(r) — x) (5.1)
1 1 .
< (14 —)—=—=IAO>+ A+ u)|ATA||||x(r) + x(2) — x|
< ( .UI)PZ'}’ZH @7+ (1+ ) [|ATAl[[x(2) +x(2) — x|
Since B has a full column rank,
IB((t) +y(t) = y)|I* > Amin(B” B)|[y(t) +y(t) —y*||*.
This together with (5.1) yields the result. U

Lemma 5.2. Suppose that f is L¢-Lipschitz continuous and A has a full row rank. Then for any
> 1,

1A (1) = 27117 < eslle(t) +x(e) — x> + cal |4(2) |,
where c3 = AL (AAT)(1 — i)_]LJ% >0, c4 = AL (AAT o ||P||% > 0.

‘min I ‘min

Proof. Since V f is Lipschitz continuous and —A7 1 * = V f(x*), it follows from (4.9) that

| —ATA(t) = Pi(t) + ATA*|> = |[VF(G() +x(1) = V("))
< LRR() +x(r) — x|

This together with (2.2) implies
(1- i)HAT(Z(t) = AP < L3E() +x() =7 + (2 = DIIPIP ()|
for any t > 1. Since A has a full row rank,
IAT(A(8) = ) 1> > Amin(AAT) |4 (2) — 27|

with Apin (AAT) > 0. The conclusion follows from the last two inequalities. L]
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Lemma 5.3. Suppose that V f is Lyg-Lipschitz continuous, and Vg is Lg-Lipschitz continuous,
[B,A] has a full row rank. Then for any pz > 1 and g > 0,

12(r) = A%)1% < esli(e) +ax(t) =217 + o[y (1) +y(r) = ¥ [> +ea|l(0) [P + es [5(2) |,

where ¢ = A_1([B,A][B,A]”) > 0, c5s = (1——3) oL >0, o= (1 —5;)7'eLg > 0, ¢7 =
éus(1+ wa) || [pAT B, PT]H2>Oanng—c/.13(l+ )HQH2>O

Proof. Since —ATA* = Vf(x*), —B"A* = Vg(y*) and Vf and Vg are Lipschitz continuous,
from (4.8) and (4.9) we get

25 -e] 2 e[ #5 o

= [Ve(3(t) +y(1)) = Ve (") |I* + IV f (x(r) +x(2)) = VF(x")|? (5.2)
< Lglly(e) + () =y I + L7 |13(e) +2x(r) — x|

2

Applying (2.2) we have
— TA 2
I Joo-we [ o [ o
1 ~BT 7 - N
> (-0 i Jaw-2 539
_ T 2
r=a|[| 72 s+ P54 s
for any us > 1. Applying (2.3) we have
BTA ?
[0 s[5 o
<(1 +E)HQHzHy'(t)HZ+ (1+pa) | [pA" B, PT][ 1 x(0)||? (5.4)

for any g4 > 0. Combining (5.2)-(5.4) and using the fact [B,A] has a full row rank, we obtain
the desired result. O

With the above three lemmas in hand, we prove the exponential convergence of the dynamical
system (3.1).

Theorem 5.4. Suppose that Assumption 3.1 and Assumption 3.2 hold, V f is L¢-Lipschitz con-
tinuous, and Vy > 0, and one of the following conditions is satisfied.:

(i). A has a full row rank and B has a full column rank.

(ii). A has a full row rank and vy > 0.
(iii). Vg is Ly-Lipschitz continuous, B has a full column rank, [B,A] has a full row rank.
(iv). Vg is Lg-Lipschitz continuous, Vg > 0, [B,A] has a full row rank.

Then, there exists ¢ > 0 such that for almost every t > to,

lu(@) = u |6 < e~ u(to) — u" |6,
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Proof. By (4.6) and (4.14), there exists B > 0 with P+ (p — B)ATA = 0 and = — W > 0 such
that
G . 2 11 2 . 2
80 < O Repopira =5~ IO = 1501
— V(o) +x(2) = x> = v lly(e) + () — || (5.5)
< —Co(|O 1+ @I+ A @)1

—vplle(r) +x() = |17 = vl [y (1) +y(e) = "%,

where C; = min{Apin(P+ (p — B)ATA), 1 (5 — 4?’[3) Amin(Q)} > 0.
Following from the inequality (2.3) with & = 1 and the definition of &(t), we can compute

1 1 1
&t :—xt—x*%—i—— 1) =y 5+ —[A () — 177
(t) [x(2) = x" |5+ 5 [ly(t) =" llo 2P}’H (t) |

< Aamax (P)([[3(1) +2x(1) = x| + (1) |1?)
Amnax (Q)(I3(1) +y(1) =y + [ly(1)]*) (5.6)

1 z o

p— +?Hl(f)ﬂz>

o[£ 1P + IO+ A EP) + Amax (P)[|5(2) +x(2) — x*||?
+7kmax(Q)||y'(f)+y(t)—y*||2+%/||1(f)—l*||2,

H “A) + A1) — A7

IN

where C; = max{Amnax (f’),ﬁmaX(Q), #} > 0.
If there exists o > 0 such that

E(t)+o&(t) <0, (5.7)
then multiplying by ¢°’ and integrating over [to,¢] we have
e®' E(t) < e (1p).

This together with the definition of & (¢) implies

lu(t) =l < €U u(to) — u” |-

To complete the proof, it suffices to show that the inequality (5.7) holds when one of the
conditions (i) — (iv) is satisfied.
(i). It follows from Lemma 5.1 and Lemma 5.2 that

xmax<Q>||y'<r>+y<t>—y*||2+piyui<r>—z*||2
< (1 2max (Q) + =) (1) +x(1) —x*||2+czamax<g>||z<r>||2+;—“ynx(r)nz,

pY
which together with (5.5) and (5.6) implies that (5.7) holds with

C4

Sy (e (B) 4+ €1 Aman (Q) +2) 1}>o.

= Ci (G + ax
° max{ {(Ct 2hmn(Q)F pY
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(ii). It follows from Lemma 5.2, (5.5) and (5.6) that (5.7) holds with

0 = max {Cl (C2+ ;_A,;/)lavfutmax(p) + ;_?y)l, Vglrnax(Q)l} > 0.

(iif). It follows from Lemma 5.1 and Lemma 5.3 that
. * 1 q *
Amax (Q)[|y(2) +y(2) —y ||2+E,II7L(I) —A%|?

< colle(t) +x(t) = x>+ ero (|0 1>+ Iy (@) 1P+ A1),

where cg = Cl)v[nax(Q) + (C5 +C1C6)(p’)/)71 >0, cip= Cz)bmax(Q) + (6‘7 +cg +C2C6)(p]/)71 > 0.
This together with (5.5) and (5.6) implies that (5.7) holds with

0 = max {Cl (C2 +c10)_1,vf(7qnax(ﬁ) + Cg)_l} > 0.
(iv). It follows from Lemma 5.3, (5.5) and (5.6) that (5.7) holds with

c7+cg

0 = max {Cl <C2 + )_I,Vf(ﬁ,max(P) + C_S)_lvvg(zfmax(Q) + ;_?y)_l} > 0.

0

Table 1 summarizes the four cases under which we establish the exponential convergence of
the dynamical system (3.1). In many practical problem models, the matrix B is usually equal
to —I,. In this case, B has a full column rank and [B,A] has a full row rank. Here, we give an
example to show that the conditions can be satisfied. Consider the elastic net problem:

. (%) 2 1 2
T = —||Mx—b
min 21|+ 2 >+ 5 1Mx— b1,
where 71, 7> > 0. With the constraint x = y, the elastic net problem can be reformulated as:
min - 7yfly]s + FIxl1? + 31 Mx =%,
S.t. x—y=0, (5.8)

It is easy to verify that condition (i) of Theorem 5.4 is satisfied. Then we can use the dynamical
system (3.1) to solve (5.8) with exponential convergence.

It should be pointed out that the strong convexity of the objective function and the full rank
assumption of the matrix may not be satisfied in some problems. For example, if we take 7; = 1
and 7, = 0, the elastic net problem becomes the following LASSO regression problem:
min - z|lyl|i +5|Mx—b].

P

S.t. x—y=0, (5.9

where none of condition (i) — (iv) is satisfied. This motivates us to consider the exponential
converge of the dynamical system (3.1) without strong convexity assumption. Define the set-
valued mapping .7 : R” x R” x R? = R” x R™ x R?, which is associated with the KKT system
of the problem (1.1), as the following:

ATA +df(x)
T (x,y,A)=| B'A+dg(y)
Ax+By—>b
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It is easy to verify that
Q={(xyA)0e T (xyA)}=7""0). (5.10)
Since Q is a closed convex set, define

dist(u(7),Q) = min ||u(t) —u|| and distg(u(t),Q) = min|ju(t) —ul|¢,
uc uc

where G is defined in Section 4. Then we have
dist% (u(r), Q) < Amax (G)dist? (u(t), Q). (5.11)
To investigate the exponential convergence without strong convexity, we make the following

assumption.

Assumption 5.5. .7 is metrically subregular at (x*,y*,A*) for 0 with a neighbourhood U of
(x*,y*,A*) and modulus k > 0.

Remark that the metric subregularity condition is a standard assumption for the linear con-
vergence of numerical algorithms for optimization problems when strong convexity assumption
is not satisfied.

Theorem 5.6. Suppose that Assumption 3.1, Assumption 3.2 and Assumption 5.5 hold. Then
there exist t; > to and ¢ > 0 such that
dists(u(r),Q) < e UM disiZ(u(1),Q), Vi >1.
Proof. Consider the Lyapunov function
V(1) = dists (u(t), Q). (5.12)

Denote (r) = (%(¢) +x(¢),y(t) + y(¢),A(¢)). By Theorem 4.4, ii(¢) — (x*,y*,A*) € Qast —
+oo. Then there exists #; > #o such that éi(¢) € U for all t > ;. Since .7 is metrically subregular
at (x*,y*,A*) for 0 with a neighbourhood U, it follows from (5.10) and the triangle inequality
that for all r > 14,

dist?(u(r), Q) 2dist? (), Q) +2||a(e) — u(t)|)
22 - dist? (0, 7 (k(t) +x(2),y(t) +y(2),A(1))) (5.13)
2]l 12+ [y (0)]%).
By the definition of .7, we can compute

dist*(0, 7 (i(¢) +x(1), y(t) +¥(1), A(1)))

<
<

2

: g

<G([FOP+ O+ 1A @), (5.14)
where the first inequality follows from (3.1), (4.8) and (4.9),

2
n Hlygwr) +0y(t) — pBT A%(1)

%/ATl(t) +Pi()

1 1
C3 = max {2||P||2 +3[lpBTA|%.3]10I%, ?(2”1‘1”2 +3|BIJ> + F>} > 0.

It follows from (5.11)-(5.14) that for all r > ¢{,
V(1) < Ca(|O 1+ @17+ 2O, (5.15)
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where Cy = (2k%C3 +2) Amax (G) > 0. Since G = 0, there exists an invertible matrix G such that
G = G'G. Then we have

V(1) = min ||u(r) — ul|% = min | Gu(t) — Gu||* = dis(Gul(t), ),
ueQ ueQ

where Q = {Gu | u € Q} is a nonempty closed convex set. By [28, Corollary 12.30], we obtain

V) = d(dist?(Gu(t),Q))

where
Pg (1) = argmin ||u — i|
icQ
is the projection operator onto Q. Since G~!Ps(Gu(t)) € Q, replacing u* by G~ P5(Gu(t)) in
4.7), from (5.5) we have

V(1) < =2C1 (KO P+ YO 1P+ A O]), Ve > 10, (5.16)
It follows from (5.15)-(5.16) that for all 1 > 1y,

V(t)+oV(t) <0

with 6 = 2C} /C4. Then by similar arguments as in Theorem 5.4, we obtain the desired result.
O

Remark 5.7. When f and g are both piecewise linear-quadratic functions, .7 is a piecewise
linear multifunction. The desired metric subregularity of .7~ (Assumption 5.5) follows imme-
diately from [35, Theorem 3.3]. In particular, Assumption 5.5 holds for the LASSO regression
problem (5.9).

1 Ol) L

F(z(t)) —min F

lu(t) —w*lla

IO—WU,

0 40 80 120 160 200 0 40 80 120 160 200
Time t Time t

FIGURE 1. Simulation of dynamical system (3.1) for the elastic net problem
with different v and P = (5, — 1)1,
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6. NUMERICAL STIMULATION

In this section, two examples are simulated to verify and visualize the theoretical results
established in Section 5. We always use Matlab ODE solver ode45 to solve dynamical systems.

Consider the elastic net problem (5.8) with 71 =1 and 7, = 0.1. Let M € RA0x100 e
generated by the standard Gaussian distribution. Suppose that x* € R'% has 5 non-zero ele-
ments generated randomly and b = Mx*. Now, we using the dynamical system (3.1) to solve
the problem (5.8). Set the parameter Q = 0.21,, and p = 1. Figure 1 shows the behavior
of ||u(t) —u*||¢c and F(x(t)) — minF with different choice of y and P = (%/ — 1)1, where
F(x) = tllxlls + F|lx]* + 5|Mx — ]

Consider the LASSO regression problem (5.9) with 7 = 1. Let M € R109%200 be generated by
the standard Gaussian distribution. Suppose that x* € R?%’ has 10 non-zero elements generated
randomly and b = Mx*. Using the dynamical system (3.1) to solve the problem (5.9) with the
parameter Q = 0.21,, and p = 1, P = —0.751,. Figure 2 shows the behavior of ||u(¢) —u*|| and
F(x(t)) — minF with different choice of y, where F (x) = ||x||; + %||Mx — b]|%.

1074 — =103 | — =10
— =15
=20

100 L

(t)) —min F

1()—10 L

0 4‘0 2;0 1 2‘0 l(‘)O 200 0 4‘0 8‘0 1 2‘0 l(‘)O 200
Time t Time t

FIGURE 2. Simulation of dynamical system (3.1) for the LASSO regression

problem with different y

From Figure 1 and Figure 2, we can see that ||u(f) — u*||g and F(x(z)) — minF converge to
zero approximately with a linear rate, which matches our theoretical analysis.

7. CONCLUSION

In this paper, we propose a new primal-dual dynamical system approach (3.1) for solving
the separable convex optimization problem, which can be treated as the continuous limit of the
discrete proximal ADMM algorithm with a larger dual step size. The trajectory of the proposed
dynamical system globally converges to a saddle point of the problem under suitable parameter
settings. The decay rate of the trajectory can be exponential provided that additional strong
convexity and full rank assumptions are satisfied. The exponential convergence of the trajec-
tory to the saddle point set can be guaranteed under the metric subregularity condition, instead
of strong convexity and full rank assumptions. Two numerical results support our theoretical
results.
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