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Abstract. In this paper, we propose a primal-dual dynamical system for the separable convex optimization problem
minx,y f (x)+g(y),s.t. Ax+By = b. Under the convexity assumptions of f and g, we show that the trajectory of the
proposed primal-dual dynamical system globally converges to a saddle point of the problem as the time t → +∞.
When f and/or g satisfy strong convexity and Lipschitz continuity assumptions, along with full rank assumptions
on A and/or B, we prove the exponential convergence of the dynamical system approach. Besides, under the metric
subregularity condition, we show that the exponential convergence can also be guaranteed without strong convexity
and full rank assumptions. Finally, we give numerical results to show the practical performance of the dynamical
system approach.
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1. INTRODUCTION

Let f : Rn → R and g : Rm → R be two convex functions. Consider the separable convex
optimization problem:

min
x,y

f (x)+g(y)

s.t. Ax+By = b, (1.1)

where A ∈ Rp×n, B ∈ Rp×m, and b ∈ Rp. This problem plays an important role in diverse
applied fields such as, machine learning, signal recovery, structured nonlinear theory and image
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recovery (see, e.g., [1, 2, 3, 4, 5, 6]). When g(y) ≡ 0 and B ≡ 0, problem (1.1) becomes the
linear equality constrained problem:

min
x

f (x), s.t. Ax = b. (1.2)

When B≡−Im and b≡ 0, where Im ∈ Rm×m is the identity matrix, problem (1.1) becomes the
structure problem:

min
x

f (x)+g(Ax). (1.3)

Primal-dual dynamical systems have been widely used in solving constrained optimization
problems (see, e.g., [8, 9, 10, 11, 12, 13, 14, 15, 16, 17]). Here, we mention some dynami-
cal system approaches for the separable problem (1.1), the linear equality constrained problem
(1.2) and the structure problem (1.3). When f is twice differentiable, strongly convex, ∇ f
is Lipschitz continuous, and the matrix A has a full row rank, Qu and Li [18] considered a
primal-dual gradient dynamical system with a time constant of the dual part for the problem
(1.2), and proved the global exponential stability of the proposed dynamical system. In terms
of the augmented Lagrangian function, Tang et al. [19] introduced an augmented primal–dual
gradient dynamical system to solve the problem (1.2); When f is strongly convex and has a
Lipschitz continuous gradient, and the row vectors of A are linearly independent, they proved
the semi-global exponential stability of the proposed dynamical system; They also considered
more general constrained optimization problems. Guo et al. [?] proposed a projected dual gra-
dient dynamical system for the problem (1.2), and proved the exponential convergence of the
primal residual and dual residual under the assumptions that f is strongly convex and has a Lip-
schitz continuous gradient; They also considered a projected dual gradient dynamical system
for the separable problem (1.1), where f is strongly convex, twice differentiable, g is Lipschitz
continuous and strongly convex, and proved that the trajectory of the proposed dynamical sys-
tem converges exponentially to a KKT point. Considering the continuous limit of ADMM [2],
França et al. [20] proposed the following primal dynamical system:

ẋ+(AT A)−1
∇( f (x)+g(Ax)) = 0

for solving the problem (1.3), where A has a full column rank, and they proved the O(1/t)
convergence rate under the assumption that f and g are convex. In the Hilbert setting, Boţ et
al. [21] proposed a primal-dual dynamical system for the problem (1.3). They showed that the
trajectories of the proposed dynamical system weakly converge to a KKT point, and proved the
O(1/t) convergence rate of the ergodic trajectory in general convexity assumptions. Bitterlich
et al. [22], Chao and Liu [23] extended the results in [21] to the separable problem (1.1) in dif-
ferent parameter settings. Based on the proximal augmented Lagrangian, Ding and Jovanović
[24] proposed a primal-dual gradient dynamical system for the problem (1.3), and demonstrated
the global exponential stability of the underlying dynamical system when f is strongly convex
and has a Lipschitz continuous gradient, A has a full row rank. Hassan-Moghaddam and Jo-
vanović [25] proposed a proximal gradient flow for the problem (1.3); When f + g satisfies
the proximal PL condition, they also proved that the exponential convergence of the objective
residual. In the case that f is twice differentiable, strongly convex function and has a Lipschitz
continuous gradient, A has a full row rank, Chen and Li [26] considered a primal-dual gradient
dynamical system for the problem (1.1); When g is a quadratic function or when g and ma-
trix B together satisfy an inequality condition, the proposed dynamical systems can achieve the
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global exponential stability. Wang et al. [27] considered a partial primal-dual gradient dynami-
cal system, and showed the exponential stability in the case that f is strongly convex and twice
differentiable, g is Lipschitz continuous and strongly convex, A has a full row rank.

In this paper, we propose a primal-dual dynamical system approach for the separable convex
optimization problem (1.1). The main contributions are listed as follows:

• We propose a primal-dual dynamical system for the problem (1.1), which can be seen
as the continuous counterpart of the proximal ADMM algorithm with a larger dual step
size. When f and g are convex, we show that the trajectory of the proposed dynamical
system globally converges to a saddle point as t→+∞.
• When the objective functions f and g, and the matrices A and B satisfy one of cases in

Table 1, we prove the exponential convergence of the proposed dynamical system.
• Without strong convexity and full rank assumptions, we show that the exponential con-

vergence can also be guaranteed when the metric subregularity holds.

TABLE 1. Four cases leading to exponential convergence

Case Strongly convex Lipschitz continuous Full row rank Full column rank

1 f ∇ f A B

2 f ,g ∇ f A -

3 f ∇ f ,∇g [B,A] B

4 f ,g ∇ f ,∇g [B,A] −

Througout this paper, Rn denotes the n-dimensional Euclidean space with the scalar product
〈·, ·〉 and the corresponding induced norm ‖ · ‖, ‖ · ‖1 denotes the l1-norm in Rn, and In ∈ Rn×n

is the identity matrix. Given a symmetric matrix M, denote by λmax(M) and λmin(M) the largest
and smallest eigenvalue of A, respectively. We abuse the notion ‖x‖2

M = xT Mx as we allow
any symmetric, possibly indefinite, matrix M ∈ Rn×n. Let us introduce the following partial
ordering:

M1 <M2⇐⇒‖x‖2
M1
≥ ‖x‖2

M2
and M1 �M2⇐⇒‖x‖2

M1
> ‖x‖2

M2
, ∀x ∈ Rn\{0},

where M1,M2 ∈ Rn×n are two symmetric, possibly indefinite, matrices. Then M � 0 (M < ηIn
with η > 0) means that M is a symmetric, positive definite matrix. When M � 0, let ‖x‖M =√

xT Mx. Then for any M � 0, λmin(M)‖x‖2 ≤ ‖x‖2
M ≤ λmax(M)‖x‖2. The notation ∂ f denotes

the classical convex subdifferential of f : Rn→ R defined by

∂ f (x) = {v ∈ Rn | f (y)≥ f (x)+ 〈v,y− x〉, ∀y ∈ Rn} , ∀x ∈ Rn.

When f is differentiable, ∂ f is equal to its gradient ∇ f . The proximal point operator proxθ f of
a convex function f is defined by

proxθ f (x) = argmin
y

{
f (y)+

1
2θ
‖y− x‖2

}
= (θ∂ f + In)

−1,

where θ > 0.
The paper is organized as follows: In Section 2, we recall some definitions and lemmas for

further analysis. In Section 3, we propose a primal-dual dynamical system for the problem (1.1),
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and show that the dynamical system is well-defined and admits a unique strong solution under
some suitable assumption. In Section 4, we discuss the global convergence of th dynamical
system in general convexity assumptions. Section 5 is devoted to the study of the exponential
convergence under different conditions. Finally, we give simulation examples to illustrate the
performance of the proposed dynamical system in Section 6. Concluding remarks are presented
in Section 7, the last section.

2. PRELIMINARIES

In this section, we introduce some standard definitions and lemmas for further analysis.

Definition 2.1. h : Rn→ R is ν-convex with ν ≥ 0 if

h(y)≥ h(x)+ 〈s,y− x〉+ ν

2
‖y− x‖2, ∀x,y ∈ Rn, s ∈ ∂h(x).

Remark 2.2. When ν = 0, h is a convex function. When ν > 0, h is a strongly convex function
with modulus ν . From [28, Example 22.4], if h is ν-convex, then

(i). h− ν

2‖ · ‖
2 is convex.

(ii). ∂h is ν-monotone, such that

〈s1− s2,x1− x2〉 ≥ ν‖x1− x2‖2, ∀s1 ∈ ∂h(x1), s2 ∈ ∂h(x2).

Definition 2.3. h : Rn→ R is η-Lipschitz continuous if, for any x,y ∈ Rn,

‖h(y)−h(x)‖ ≤ η‖y− x‖.

Definition 2.4. ([29, Appendix]) Let T > t0. A function x : [t0,T ]→ Rn is said to be an abso-
lutely continuous if one of the following equivalent properties holds:

(i). There exists an integrable function y : [t0,T ]→ Rn such that

x(t) = x(t0)+
∫ t

t0
y(s)ds, ∀t ∈ [t0,T ].

(ii). For every ε > 0, there exists η > 0 such that, for any finite family of disjoint intervals
Ik = (ak,bk)⊆ [t0,T ] with ∑k |bk−ak| ≤ η , we have ∑k ‖x(bk)−x(ak)‖ ≤ ε .

We call a function x : [0,∞)→Rn is locally absolutely continuous if it is absolutely continuous
on every interval [t0,T ].

Remark 2.5. A locally absolutely continuous function x is differentiable almost everywhere,
and its derivative ẋ = y by integration formula (i).

Definition 2.6. [30, Exercise 3H.4] A set-valued mapping F : Rm⇒Rn is said to be metrically
subregular at x̂ for ŷ, if ŷ ∈ F(x̂) and there exists κ > 0, along with a neighborhood U of x̂, such
that

dist(x,F−1(ŷ))≤ κ ·dist(ŷ,F(x)), ∀x ∈U,

where dist(x,Ω) := inf{‖x− y‖|y ∈Ω} for a given subset Ω and vector x in the same space.

Lemma 2.7. [31, Lemma 5.2] Suppose that 1≤ p <+∞, 1≤ q≤+∞, x(t) ∈ Lp([0,+∞),R+)
is a locally absolutely continuous function, y(t) ∈ Lq([0,+∞),R), and for almost all t

d
dt

x(t)≤ y(t).

Then limt→+∞ x(t) = 0.
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Lemma 2.8. For any x, y ∈ Rn, µ > 0, the following inequalities hold.

2〈x,y〉 ≤ µ‖x‖2 +
1
µ
‖y‖2, (2.1)

‖x+ y‖2 ≥ (1− 1
µ
)‖x‖2 +(1−µ)‖y‖2, (2.2)

‖x+ y‖2 ≤ (1+
1
µ
)‖x‖2 +(1+µ)‖y‖2. (2.3)

3. PRIMAL-DUAL DYNAMICAL SYSTEM

In this paper, we consider the following primal-dual dynamical system for solving the prob-
lem (1.1):

ẏ(t)+ y(t) = (∂g+ρBT B+Q)−1(Qy(t)−ρBT (Ax(t)−b)−BT λ (t)),
ẋ(t)+ x(t) = (∂ f +ρAT A+P)−1(Px(t)−ρAT (B(ẏ(t)+ y(t))−b)−AT λ (t)),
λ̇ (t) = γρ(A(ẋ(t)+ x(t))+B(ẏ(t)+ y(t))−b),

(3.1)

where (x(t0),y(t0),λ (t0)) = (x0,y0,λ0), t ∈ [t0,+∞) and t0 ≥ 0; P ∈ Rn×n, Q ∈ Rm×m are two
symmetric matrices; γ is a larger step size of the dual variable; ∂ f , ∂g are the classical convex
subdifferentials of f and g, respectively. The first two equalities in (3.1) can be rewritten as{

0 ∈ ∂g(ẏ(t)+ y(t))+ρBT B(ẏ(t)+ y(t))+Qẏ(t)+ρBT (Ax(t)−b)+BT λ (t),
0 ∈ ∂ f (ẋ(t)+ x(t))+ρAT A(ẋ(t)+ x(t))+Pẋ(t)+ρAT (B(ẏ(t)+ y(t))−b)+AT λ (t).

(3.2)
Adopt the following discrete scheme of the dynamical system (3.1): The time step size is
fixed to 1, (ẋ(t), ẏ(t), λ̇ (t))≈ (xk+1−xk,yk+1−yk,λk+1−λk) and (x(t),y(t),λ (t))≈ (xk,yk,λk).
Then, we obtain a proximal ADMM with a larger dual step size [32, 33]:

yk+1 = argminy∈Rm g(y)+ ρ

2‖By+Axk−b+ 1
ρ

λk‖2 + 1
2‖y− yk‖2

Q,

xk+1 = argminx∈Rn f (x)+ ρ

2‖Ax+Byk+1−b+ 1
ρ

λk‖2 + 1
2‖x− xk‖2

P,

λk+1 = λk + γρ(Axk+1 +Byk+1−b).

Throughout the paper, we make the following standard assumptions.

Assumption 3.1. f is ν f -convex and g is νg-convex, where ν f ,νg ≥ 0. The saddle point set
Ω ⊂ Rn×Rm×Rp of the problem (1.1) is nonempty, such that there exists a saddle point
(x∗,y∗,λ ∗) ∈Ω satisfies the KKT conditions:

−AT
λ
∗ ∈ ∂ f (x∗), −BT

λ
∗ ∈ ∂g(y∗), Ax∗+By∗ = b. (3.3)

Assumption 3.2. ρ > 0, γ > 0, Q� 0 and P� ( 1
4γ
−1)ρAT A.

Under Assumption 3.1 and Assumption 3.2, we can obtain the following result.

Lemma 3.3. Suppose that Assumption 3.1 and Assumption 3.2 hold. Then (∂ f +ρAT A+P)−1

is a single-valued and 1
η f

- Lipschitz continuous function with η f = λmin(ν f In +ρAT A+P) >

0, and (∂g+ρBT B+Q)−1 is single-valued and 1
ηg

- Lipschitz continuous function with ηg =

λmin(νgIm +ρBT B+Q)> 0.
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Proof. For notion simplicity, denote S(x) = (∂ f +ρAT A+P)−1(x). Define h : Rn→ R by

h(x) = f (x)−
ν f

2
‖x‖2 +

1
2
‖x‖2

ν f In+ρAT A+P−η f In
,

where η f = λmin(ν f In + ρAT A+P). From Assumption 3.2 and Remark 2.2, we know that
η f > 0 and h is a convex function, and then ∂h = ∂ f +ρAT A+P−η f In is maximal monotone.
Since

S = (∂ f +ρAT A+P−η f In +η f In)
−1

=
1

η f
(In +

1
η f

(∂ f +ρAT A+P−η f In))
−1

=
1

η f
(In +

1
η f

∂h)−1,

it follows from [34, Proposition 3.4] that S = (∂ f +ρAT A+P)−1 is single-valued. Since h is
convex, S−1 = ∂ f +ρAT A+P = ∂h+η f In is η f - monotone. It follows that

〈x− y,S(x)−S(y)〉 ≥ η f ‖S(x)−S(y)‖2.

This yields ‖S(x)−S(y)‖ ≤ 1
η f
‖x− y‖. So (∂ f +ρAT A+P)−1 is 1

η f
- Lipschitz continuous.

Similarly, we can prove that (∂g+ρBT B+Q)−1 is single-valued and 1
ηg

- Lipschitz continu-

ous with ηg = λmin(νgIm +ρBT B+Q)> 0. �

By Lemma 3.3 and the Cauchy-Lipschitz-Picard Theorem, we can obtain the following result.

Proposition 3.4. Suppose that Assumption 3.1 and Assumption 3.2 hold. Then the primal-
dual dynamical system (3.1) is well-defined. Moreover, for any initial point (x0,y0,λ0) ∈ Rn×
Rm ×Rp, the dynamical system (3.1) admits a unique strong solution (x,y,λ ) : [t0,+∞) →
Rn×Rm×Rp, such that

(i). (x(t0),y(t0),λ (t0) = (x0,y0,λ0).
(ii). The trajectory (x(t),y(t),λ (t)) are locally absolutely continuous, and then (x(t),y(t),λ (t))

are differentiable almost everywhere.
(iii). For almost every t ∈ [t0,+∞), (3.1) is satisfied.

4. GLOBAL CONVERGENCE

In this section, we will investigate the global convergence of the dynamical system (3.1) in
general convex assumptions.

Lemma 4.1. Suppose that Assumption 3.1 and Assumption 3.2 hold. Let (x(t),y(t),λ (t))
be the strong solution of the dynamical system (3.1) with an initial point (x0,y0,λ0). Then
(ẋ(t), ẏ(t), λ̇ (t)) is locally absolutely continuous, (ẍ(t), ÿ(t), λ̈ (t)) exists almost everywhere, and
the following inequality holds for almost every t ∈ [t0 +∞) with some L > 0:

‖ẍ(t)‖+‖ÿ(t)‖+‖λ̈ (t)‖ ≤ L(‖ẋ(t)‖+‖ẏ(t)‖+‖λ̇ (t)‖).
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Proof. Let T > t0 and s, t ∈ [t0,T ]. By Lemma 3.3, (3.1) and the triangle inequality we have

‖ẏ(s)+ y(s)− (ẏ(t)+ y(t))‖

≤ 1
ηg
‖Q(y(s)− y(t))−ρBT A(x(s)− x(t))−BT (λ (s)−λ (t))‖

≤ L1(‖x(s)− x(t)‖+‖y(s)− y(t)‖+‖λ (s)−λ (t)‖), (4.1)

where L1 =
1

ηg
max{‖Q‖,ρ‖BT A‖,‖BT‖}> 0. Similarly, there exist L2, L3 > 0 such that

‖ẋ(s)+ x(s)− (ẋ(t)+ x(t))‖
≤ L2(‖x(s)− x(t)‖+‖y(s)− y(t)‖+‖λ (s)−λ (t)‖) (4.2)

and

‖λ̇ (s)− λ̇ (t)‖ ≤ L3(‖x(s)− x(t)‖+‖y(s)− y(t)‖+‖λ (s)−λ (t)‖). (4.3)

Adding (4.1)-(4.3), by the triangle inequality we have

‖ẋ(s)− ẋ(t)‖+‖ẏ(s)− ẏ(t)‖+‖λ̇ (s)− λ̇ (t)‖
≤ L(‖x(s)− x(t)‖+‖y(s)− y(t)‖+‖λ (s)−λ (t)‖), (4.4)

where L = L1 +L2 +L3 +2.
Since (x(t),y(t),λ (t)) are locally absolutely continuous, for any ε > 0, there exists η > 0

such that, for any finite family of disjoint intervals Ik = (ak,bk)⊆ [t0,T ] with ∑k |bk−ak| ≤ η ,
we have

∑
k
‖x(bk)− x(ak)‖ ≤

ε

3L
, ∑

k
‖y(bk)− y(ak)‖ ≤

ε

3L
, ∑

k
‖λ (bk)−λ (ak)‖ ≤

ε

3L
.

Consequently, from (4.4), we get

∑
k
‖ẋ(bk)− ẋ(ak)‖ ≤ ε, ∑

k
‖ẏ(bk)− ẏ(ak)‖ ≤ ε, ∑

k
‖λ̇ (bk)− λ̇ (ak)‖ ≤ ε.

So (ẋ(t), ẏ(t), λ̇ (t)) is locally absolutely continuous. By Remark 2.5, (ẍ(t), ÿ(t), λ̈ (t)) exists
almost everywhere. Taking s = t +h with h > 0 in (4.4), dividing both sides of (4.4) by h and
letting h→ 0, we have

‖ẍ(t)‖+‖ÿ(t)‖+‖λ̈ (t)‖ ≤ L(‖ẋ(t))‖+‖ẏ(t)‖+‖λ̇ (t)‖).

This inequality holds for almost every t ∈ [t0,+∞) since T > t0 is arbitrary. �

For notation simplicity, we introduce

G0 =

In
Im

γIp

 , G1 =

P̂
Q

1
ρ

Ip

 , G = G−1
0 G1 =

P̂
Q

1
ργ

Ip


with P̂ = P + ρAT A. From Assumption (3.2), we have G0 � 0, G1 � 0, and G � 0. Let
(x(t),y(t),λ (t)) be a strong solution of the dynamical system (3.1). Denote

λ̄ (t) = λ (t)+
1
γ

λ̇ (t),
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u(t) =

x(t)
y(t)
λ (t)

 , u∗ =

x∗

y∗

λ ∗

 , ū(t) =

x(t)+ ẋ(t)
y(t)+ ẏ(t)

λ̄ (t)

 .

where u∗ ∈Ω is a saddle point. It is easy to verify that

u̇(t) = G0(ū(t)−u(t)). (4.5)

Lemma 4.2. Suppose that Assumption 3.1 and Assumption 3.2 hold. Define the energy function
E (t) = 1

2‖u(t)−u∗‖2
G. Then

Ė (t) ≤ 1
γ
〈Aẋ(t), λ̇ (t)〉−‖ū(t)−u(t)‖2

G1
(4.6)

−ν f ‖ẋ(t)+ x(t)− x∗‖2−νg‖ẏ(t)+ y(t)− y∗‖2.

Proof. Computing the time derivative of E (t), we have

Ė (t) = 〈u̇(t),G(u(t)−u∗)〉
= 〈ū(t)−u(t),G1(u(t)−u∗)〉 (4.7)

= 〈ū(t)−u(t),G1(ū(t)−u∗)〉−‖ū(t)−u(t)‖2
G1
,

where the second equality follows from (4.5). It follows from (3.1) and (3.2) that

−BT
λ̄ (t)−Qẏ(t)+ρBT Aẋ(t) ∈ ∂g(ẏ(t)+ y(t)) (4.8)

and
−AT

λ̄ (t)−Pẋ(t) ∈ ∂ f (ẋ(t)+ x(t)). (4.9)
Since u∗ = (x∗,y∗,λ ∗) is a saddle point, from (3.3) and (3.1) we have

1
γρ

λ̇ (t) = A(ẋ(t)+ x(t)− x∗)+B(ẏ(t)+ y(t)− y∗). (4.10)

Then, we can compute

〈ū(t)−u(t),G1(ū(t)−u∗)〉

= 〈P̂ẋ(t), ẋ(t)+ x(t)− x∗〉+ 〈Qẏ(t), ẏ(t)+ y(t)− y∗〉+ 〈 1
ργ

λ̇ (t), λ̄ (t)−λ
∗〉

(4.10)
= 〈Pẋ(t)+AT

λ̄ (t)−AT
λ
∗, ẋ(t)+ x(t)− x∗〉+ 1

γ
〈Aẋ(t), λ̇ (t)〉

+〈Qẏ(t)+BT
λ̄ (t)−ρBT Aẋ(t)−BT

λ
∗,(ẏ(t)+ y(t)− y∗)〉

≤ 1
γ
〈Aẋ(t), λ̇ (t)〉−ν f ‖ẋ(t)+ x(t)− x∗‖2−νg‖ẏ(t)+ y(t)− y∗‖2,

where the last inequality follows from (4.8), (4.9) and Assumption 3.1. This together with (4.7)
yields the desired result. �

Remark 4.3. Since ν f ≥ 0 and νg ≥ 0, from (4.6) we have

Ė (t)≤ 1
γ
〈Aẋ(t), λ̇ (t)〉−‖ū(t)−u(t)‖2

G1
. (4.11)

In fact, the above inequality still holds when f and g are convex functions (in this case, ν f =
νg = 0).
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Theorem 4.4. Suppose that Assumption 3.1 and Assumption 3.2 hold. Let u(t)= (x(t),y(t),λ (t))
be a strong solution of the dynamical system (3.1) with an initial point (x0,y0,λ0). Then the fol-
lowing statements are true:

(i). For every u∗ = (x∗,y∗,λ ∗) ∈Ω, limt→+∞ E (t) exists.
(ii). (ẋ(t), ẏ(t), λ̇ (t))→ 0 as t→+∞.

(iii). There exists a saddle point u∗ = (x∗,y∗,λ ∗) such that u(t)→ u∗ as t → +∞. As a
consequence, (x(t),y(t),λ (t))→ (x∗,y∗,λ ∗) as t→+∞.

Proof. (i). Since P� ( 1
4γ
−1)ρAT A, there exists ε > 0 such that P+ρAT A< ρ

4γ
AT A+εIn. On

the other hand, there exists β0 > 0 such that ε

2 In < β0AT A. Taking β = ρ

4γ
+β0, then

P+(ρ−β )AT A<
ε

2
In +(

ε

2
In−β0AT A)� 0 (4.12)

and
1
ρ
− 1

4βγ
=

1
ρ
− 1

ρ +4γβ0
> 0. (4.13)

Following from (2.1), we have

1
γ
〈Aẋ(t), λ̇ (t)〉 ≤ β‖Aẋ(t)‖2 +

1
4γ2β

‖λ̇ (t)‖2 = ‖ẋ(t)‖2
βAT A +

1
4γ2β

‖λ̇ (t)‖2. (4.14)

By the definition of ū(t), u(t), G1, it follows from (4.11) and (4.14) that

Ė (t)≤ 1
γ
〈Aẋ(t), λ̇ (t)〉− 1

ργ
‖λ̇ (t)‖2−‖ẋ(t)‖2

P+ρAT A−‖ẏ(t)‖
2
Q (4.15)

≤−‖ẋ(t)‖2
P+(ρ−β )AT A +

1
γ
(

1
4γβ
− 1

ρ
)‖λ̇ (t)‖2−λmin(Q)‖ẏ(t)‖2.

Since Q � 0 and λmin(Q) > 0, this together with (4.12) and (4.13) implies Ė (t) ≤ 0. Since
G� 0, E (t) is a nonincreasing and nonnegative function, this yields (i).
(ii). Integrating (4.15) on the interval [t0,+∞], using (4.12), (4.13) and Q � 0, form (i) we

can get ∫ +∞

t0
‖ẋ(t)‖2 <+∞,

∫ +∞

t0
‖ẏ(t)‖2 <+∞,

∫ +∞

t0
‖ż(t)‖2 <+∞,

which implies

ẋ(·) ∈ L2([t0,+∞),Rn), ẏ(·) ∈ L2([t0,+∞),Rm), λ̇ (·) ∈ L2([t0,+∞),Rp).

This together with Lemma 4.1 yields

ẍ(·) ∈ L2([0,+∞),Rn), ÿ(·) ∈ L2([0,+∞),Rm), λ̈ (·) ∈ L2([0,+∞),Rp).

Then, for almost every t ∈ [t0,+∞),

d
dt
‖ẋ(t)‖2 = 2〈ẍ(t), ẋ(t)〉 ≤ ‖ẍ(t)‖2 +‖ẋ(t)‖2 ∈ L1([t0,+∞),R).

Applying Lemma 2.7, we have
ẋ(t)→ 0 as t→+∞.

Similarly, we get ẏ(t)→ 0, λ̇ (t)→ 0 as t→+∞, this is (ii).
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(iii). Let û = (x̂, ŷ, λ̂ ) be any sequential cluster of u(t) with u(tn) = (x(tn),y(tn),λ (tn))→ û
as tn→+∞. From the third equality of (3.1) and (ii) we get

lim
tn→+∞

Ax(tn)+By(tn)−b = 0. (4.16)

It follows from (4.8) and (4.9) that

−BT
λ̄ (tn)−Qẏ(tn)+ρBT Aẋ(tn) ∈ ∂g(ẏ(tn)+ y(tn))

and
−AT

λ̄ (tn)−Pẋ(tn) ∈ ∂ f (ẋ(tn)+ x(tn))

Let tn→+∞. By (ii) and [28, Proposition 20.38] we get

−BT
λ̂ ∈ ∂g(ŷ), −AT

λ̂ ∈ ∂ f (x̂).

This together with (4.16) implies (x̂, ŷ, λ̂ ) is a saddle point. So every sequential cluster point of
u(t) belongs to Ω. By (i) and G� 0, u(t) is bounded on [t0,+∞). Let u1, u2 be two sequential
cluster points, say u(t1

n)→ u1 and u(t2
n)→ u2. Since u1 and u2 belong to Ω, from (i), ‖u(t)−

u1‖G and ‖u(t)−u2‖G converge as t→ ∞. In turn

2〈u(t),G(u1−u2)〉= ‖u(t)−u2‖2
G−‖u(t)−u1‖2

G +‖u1‖2−‖u2‖2
G,

so, 〈u(t),G(u1−u2)〉 converges to a constant C. Passing to the limit along u(t1
n) and along u(t2

n)
yields

C = 〈u1,G(u1−u2)〉= 〈u2,G(u1−u2)〉,
and then ‖u1− u2‖2

G = 0, this together with G � 0 implies u1 = u2. So u(t) has a unique
sequential cluster point in Ω, there exists a saddle point u∗ = (x∗,y∗,λ ∗) such that u(t)→ u∗ as
t→+∞. As a consequence, (x(t),y(t),λ (t))→ (x∗,y∗,λ ∗) as t→+∞. �

Remark 4.5. It is worth noting that the proof of Theorem 2 only requires the inequality (4.11).
Therefore, by assuming only the convexity of the objective functions f and g, the global con-
vergence of the dynamical system (3.1) can be guaranteed.

Remark 4.6. Taking Q= θ1Im−ρBT B with θ1 > ρ‖BT B‖, P= θ2In−ρAT A with θ2 >
ρ

4γ
‖AT A‖,

then Assumption 3.2 holds. In this case, the dynamical system (3.1) collapses to the following
proximal primal-dual dynamical system:

ẏ(t)+ y(t) = prox 1
θ1

g(y(t)−
1
θ1

p(t)),

ẋ(t)+ x(t) = prox 1
θ2

f (x(t)−
1
θ2

q(t)),

λ̇ (t) = γρ(A(ẋ(t)+ x(t))+B(ẏ(t)+ y(t))−b),

where
p(t) = BT (ρ(Ax(t)+By(t)−b)+λ (t))

and
q(t) = AT (ρ(Ax(t)+B(y(t)+ ẏ(t))−b)+λ (t)).

This can be seen as the continuous counterpart of the linearized ADMM algorithm.
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5. EXPONENTIAL CONVERGENCE

As shown by Proposition 3.4 and Theorem 4.4, under mild conditions, the dynamical sys-
tem (3.1) with an initial point admits a unique strong solution which converges to a sad-
dle point of the problem (1.1) as the time t → +∞. In this section, we always assume that
u(t) = (x(t),y(t),λ (t)) is the unique strong solution of the dynamical system (3.1) with an
initial point u(t0) = (x0,y0,λ0) and u(t)) converges to u∗ = (x∗,y∗,λ ∗) ∈Ω as t→+∞.

Firstly, we show the exponential convergence of the dynamical system (3.1) under some
strongly convex and Lipschitz continuity assumptions on f and g, along with certain rank as-
sumptions on A and B.

Lemma 5.1. Suppose that B has a full column rank. Then for any µ1 > 0,

‖ẏ(t)+ y(t)− y∗‖2 ≤ c1‖ẋ(t)+ x(t)− x∗‖2 + c2‖λ̇ (t)‖2,

where c1 = λ
−1
min(B

T B)(1+µ1)‖AT A‖> 0, c2 = λ
−1
min(B

T B)(1+ 1
µ1
) 1

ρ2γ2 > 0.

Proof. It follows from (4.10) and (2.3) that for any µ1 > 0,

‖B(ẏ(t)+ y(t)− y∗)‖2 =

∥∥∥∥ 1
ργ

λ̇ (t)−A(ẋ(t)+ x(t)− x∗)
∥∥∥∥2

(5.1)

≤ (1+
1
µ1

)
1

ρ2γ2‖λ̇ (t)‖
2 +(1+µ1)‖AT A‖‖ẋ(t)+ x(t)− x∗‖2.

Since B has a full column rank,

‖B(ẏ(t)+ y(t)− y∗)‖2 ≥ λmin(BT B)‖ẏ(t)+ y(t)− y∗‖2.

This together with (5.1) yields the result. �

Lemma 5.2. Suppose that f is L f -Lipschitz continuous and A has a full row rank. Then for any
µ2 > 1,

‖λ̄ (t)−λ
∗‖2 ≤ c3‖ẋ(t)+ x(t)− x∗‖2 + c4‖ẋ(t)‖2,

where c3 = λ
−1
min(AAT )(1− 1

µ2
)−1L2

f > 0, c4 = λ
−1
min(AAT )µ2‖P‖2 > 0.

Proof. Since ∇ f is Lipschitz continuous and −AT λ ∗ = ∇ f (x∗), it follows from (4.9) that

‖−AT
λ̄ (t)−Pẋ(t)+AT

λ
∗‖2 = ‖∇ f (ẋ(t)+ x(t))−∇ f (x∗)‖2

≤ L2
f ‖ẋ(t)+ x(t)− x∗‖2.

This together with (2.2) implies

(1− 1
µ2

)‖AT (λ̄ (t)−λ
∗)‖2 ≤ L2

f ‖ẋ(t)+ x(t)− x∗‖2 +(µ2−1)‖P‖2‖ẋ(t)‖2

for any µ2 > 1. Since A has a full row rank,

‖AT (λ̄ (t)−λ
∗)‖2 ≥ λmin(AAT )‖λ̄ (t)−λ

∗‖2

with λmin(AAT )> 0. The conclusion follows from the last two inequalities. �
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Lemma 5.3. Suppose that ∇ f is L f -Lipschitz continuous, and ∇g is Lg-Lipschitz continuous,
[B,A] has a full row rank. Then for any µ3 > 1 and µ4 > 0,

‖λ̄ (t)−λ
∗‖2 ≤ c5‖ẋ(t)+ x(t)− x∗‖2 + c6‖ẏ(t)+ y(t)− y∗‖2 + c7‖ẋ(t)‖2 + c8‖ẏ(t)‖2,

where ĉ = λ
−1
min([B,A][B,A]

T ) > 0, c5 = (1− 1
µ3
)−1ĉL2

f > 0, c6 = (1− 1
µ3
)−1ĉL2

g > 0, c7 =

ĉµ3(1+µ4)‖[ρAT B,PT ]‖2 > 0 and c8 = ĉµ3(1+ 1
µ4
)‖Q‖2 > 0.

Proof. Since −AT λ ∗ = ∇ f (x∗), −BT λ ∗ = ∇g(y∗) and ∇ f and ∇g are Lipschitz continuous,
from (4.8) and (4.9) we get∥∥∥∥[ −BT

−AT

]
(λ̄ (t)−λ

∗)+

[
−Q
0

]
ẏ(t)+

[
ρBT A

P

]
ẋ(t)
∥∥∥∥2

= ‖∇g(ẏ(t)+ y(t))−∇g(y∗)‖2 +‖∇ f (ẋ(t)+ x(t))−∇ f (x∗)‖2 (5.2)

≤ L2
g‖ẏ(t)+ y(t)− y∗‖2 +L2

f ‖ẋ(t)+ x(t)− x∗‖2.

Applying (2.2) we have∥∥∥∥[ −BT

−AT

]
(λ̄ (t)−λ

∗)+

[
−Q
0

]
ẏ(t)+

[
ρBT A

P

]
ẋ(t)
∥∥∥∥2

≥ (1− 1
µ3

)

∥∥∥∥[ −BT

−AT

]
(λ̄ (t)−λ

∗)

∥∥∥∥2

(5.3)

+(1−µ3)

∥∥∥∥[ −Q
0

]
ẏ(t)+

[
ρBT A

P

]
ẋ(t)
∥∥∥∥2

for any µ3 > 1. Applying (2.3) we have∥∥∥∥[ −Q
0

]
ẏ(t)+

[
ρBT A

P

]
ẋ(t)
∥∥∥∥2

≤ (1+
1
µ4

)‖Q‖2‖ẏ(t)‖2 +(1+µ4)‖[ρAT B,PT ]‖2‖ẋ(t)‖2 (5.4)

for any µ4 > 0. Combining (5.2)-(5.4) and using the fact [B,A] has a full row rank, we obtain
the desired result. �

With the above three lemmas in hand, we prove the exponential convergence of the dynamical
system (3.1).

Theorem 5.4. Suppose that Assumption 3.1 and Assumption 3.2 hold, ∇ f is L f -Lipschitz con-
tinuous, and ν f > 0, and one of the following conditions is satisfied:

(i). A has a full row rank and B has a full column rank.
(ii). A has a full row rank and νg > 0.

(iii). ∇g is Lg-Lipschitz continuous, B has a full column rank, [B,A] has a full row rank.
(iv). ∇g is Lg-Lipschitz continuous, νg > 0, [B,A] has a full row rank.

Then, there exists σ > 0 such that for almost every t ≥ t0,

‖u(t)−u∗‖G ≤ e−σ(t−t0)‖u(t0)−u∗‖G.
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Proof. By (4.6) and (4.14), there exists β > 0 with P+(ρ−β )AT A� 0 and 1
ρ
− 1

4γβ
> 0 such

that

Ė (t) ≤ −‖ẋ(t)‖2
P+(ρ−β )AT A−

1
γ
(

1
ρ
− 1

4γβ
)‖λ̇ (t)‖2−‖ẏ(t)‖2

Q

−ν f ‖ẋ(t)+ x(t)− x∗‖2−νg‖ẏ(t)+ y(t)− y∗‖2 (5.5)

≤ −C1(‖ẋ(t)‖2 +‖ẏ(t)‖2 +‖λ̇ (t)‖2)

−ν f ‖ẋ(t)+ x(t)− x∗‖2−νg‖ẏ(t)+ y(t)− y∗‖2,

where C1 = min{λmin(P+(ρ−β )AT A), 1
γ
( 1

ρ
− 1

4γβ
),λmin(Q)}> 0.

Following from the inequality (2.3) with µ = 1
2 and the definition of E (t), we can compute

E (t) =
1
2
‖x(t)− x∗‖2

P̂ +
1
2
‖y(t)− y∗‖2

Q +
1

2ργ
‖λ (t)−λ

∗‖2

≤ λmax(P̂)(‖ẋ(t)+ x(t)− x∗‖2 +‖ẋ(t)‖2)

λmax(Q)(‖ẏ(t)+ y(t)− y∗‖2 +‖ẏ(t)‖2) (5.6)

+
1

ργ

(∥∥∥∥1
γ

λ̇ (t)+λ (t)−λ
∗
∥∥∥∥2

+
1
γ2‖λ̇ (t)‖

2

)
≤ C2(‖ẋ(t)‖2 +‖ẏ(t)‖2 +‖λ̇ (t)‖2)+λmax(P̂)‖ẋ(t)+ x(t)− x∗‖2

+λmax(Q)‖ẏ(t)+ y(t)− y∗‖2 +
1

ργ
‖λ̄ (t)−λ

∗‖2,

where C1 = max{λmax(P̂),λmax(Q), 1
ργ3}> 0.

If there exists σ > 0 such that

Ė (t)+σE (t)≤ 0, (5.7)

then multiplying by eσt and integrating over [t0, t] we have

eσtE (t)≤ eσt0E (t0).

This together with the definition of E (t) implies

‖u(t)−u∗‖G ≤ e−σ(t−t0)‖u(t0)−u∗‖G.

To complete the proof, it suffices to show that the inequality (5.7) holds when one of the
conditions (i)− (iv) is satisfied.
(i). It follows from Lemma 5.1 and Lemma 5.2 that

λmax(Q)‖ẏ(t)+ y(t)− y∗‖2 +
1

ργ
‖λ̄ (t)−λ

∗‖2

≤ (c1λmax(Q)+
c3

ργ
)‖ẋ(t)+ x(t)− x∗‖2 + c2λmax(Q)‖λ̇ (t)‖2 +

c4

ργ
‖ẋ(t)‖2,

which together with (5.5) and (5.6) implies that (5.7) holds with

σ = max
{

C1(C2 + c2λmax(Q)+
c4

ργ
)−1,ν f (λmax(P̂)+ c1λmax(Q)+

c3

ργ
)−1
}
> 0.
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(ii). It follows from Lemma 5.2, (5.5) and (5.6) that (5.7) holds with

σ = max
{

C1(C2 +
c4

ργ
)−1,ν f (λmax(P̂)+

c3

ργ
)−1,νgλmax(Q)−1

}
> 0.

(iii). It follows from Lemma 5.1 and Lemma 5.3 that

λmax(Q)‖ẏ(t)+ y(t)− y∗‖2 +
1

ργ
‖λ̄ (t)−λ

∗‖2

≤ c9‖ẋ(t)+ x(t)− x∗‖2 + c10(‖ẋ(t)‖2 +‖ẏ(t)‖2 + λ̇ (t)‖2),

where c9 = c1λmax(Q)+(c5+c1c6)(ργ)−1 > 0, c10 = c2λmax(Q)+(c7+c8+c2c6)(ργ)−1 > 0.
This together with (5.5) and (5.6) implies that (5.7) holds with

σ = max
{

C1(C2 + c10)
−1,ν f (λmax(P̂)+ c9)

−1}> 0.

(iv). It follows from Lemma 5.3, (5.5) and (5.6) that (5.7) holds with

σ = max
{

C1(C2 +
c7 + c8

ργ
)−1,ν f (λmax(P̂)+

c5

ργ
)−1,νg(λmax(Q)+

c6

ργ
)−1
}
> 0.

�

Table 1 summarizes the four cases under which we establish the exponential convergence of
the dynamical system (3.1). In many practical problem models, the matrix B is usually equal
to −Im. In this case, B has a full column rank and [B,A] has a full row rank. Here, we give an
example to show that the conditions can be satisfied. Consider the elastic net problem:

min
x∈Rn

τ1‖x‖1 +
τ2

2
‖x‖2 +

1
2
‖Mx−b‖2,

where τ1,τ2 > 0. With the constraint x = y, the elastic net problem can be reformulated as:

min
x,y

τ1‖y‖1 +
τ2
2 ‖x‖

2 + 1
2‖Mx−b‖2,

s.t. x− y = 0, (5.8)

It is easy to verify that condition (i) of Theorem 5.4 is satisfied. Then we can use the dynamical
system (3.1) to solve (5.8) with exponential convergence.

It should be pointed out that the strong convexity of the objective function and the full rank
assumption of the matrix may not be satisfied in some problems. For example, if we take τ1 = 1
and τ2 = 0, the elastic net problem becomes the following LASSO regression problem:

min
x,y

τ1‖y‖1 +
1
2‖Mx−b‖2.

s.t. x− y = 0, (5.9)

where none of condition (i)− (iv) is satisfied. This motivates us to consider the exponential
converge of the dynamical system (3.1) without strong convexity assumption. Define the set-
valued mapping T : Rn×Rm×Rp⇒Rn×Rm×Rp, which is associated with the KKT system
of the problem (1.1), as the following:

T (x,y,λ ) =

 AT λ +∂ f (x)
BT λ +∂g(y)
Ax+By−b

 .
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It is easy to verify that

Ω = {(x,y,λ )|0 ∈T (x,y,λ )}= T −1(0). (5.10)

Since Ω is a closed convex set, define

dist(u(t),Ω) = min
u∈Ω
‖u(t)−u‖ and distG(u(t),Ω) = min

u∈Ω
‖u(t)−u‖G,

where G is defined in Section 4. Then we have

dist2G(u(t),Ω)≤ λmax(G)dist2(u(t),Ω). (5.11)

To investigate the exponential convergence without strong convexity, we make the following
assumption.

Assumption 5.5. T is metrically subregular at (x∗,y∗,λ ∗) for 0 with a neighbourhood U of
(x∗,y∗,λ ∗) and modulus κ > 0.

Remark that the metric subregularity condition is a standard assumption for the linear con-
vergence of numerical algorithms for optimization problems when strong convexity assumption
is not satisfied.

Theorem 5.6. Suppose that Assumption 3.1, Assumption 3.2 and Assumption 5.5 hold. Then
there exist t1 ≥ t0 and σ > 0 such that

dist2G(u(t),Ω)≤ e−σ(t−t1)dist2G(u(t1),Ω), ∀t ≥ t1.

Proof. Consider the Lyapunov function

V (t) = dist2G(u(t),Ω). (5.12)

Denote û(t) = (ẋ(t)+ x(t), ẏ(t)+ y(t),λ (t)). By Theorem 4.4, û(t)→ (x∗,y∗,λ ∗) ∈ Ω as t →
+∞. Then there exists t1 ≥ t0 such that û(t) ∈U for all t ≥ t1. Since T is metrically subregular
at (x∗,y∗,λ ∗) for 0 with a neighbourhood U , it follows from (5.10) and the triangle inequality
that for all t ≥ t1,

dist2(u(t),Ω) ≤ 2dist2(û(t),Ω)+2‖û(t)−u(t)‖2

≤ 2κ
2 ·dist2(0,T (ẋ(t)+ x(t), ẏ(t)+ y(t),λ (t))) (5.13)

+2(‖ẋ(t)‖2 +‖ẏ(t)‖2).

By the definition of T , we can compute

dist2(0,T (ẋ(t)+ x(t), ẏ(t)+ y(t),λ (t)))

≤
∥∥∥∥1

γ
AT

λ̇ (t)+Pẋ(t)
∥∥∥∥2

+

∥∥∥∥1
γ

BT
λ̇ (t)+Qẏ(t)−ρBT Aẋ(t)

∥∥∥∥2

+

∥∥∥∥ 1
ργ

λ̇ (t)
∥∥∥∥2

≤C3(‖ẋ(t)‖2 +‖ẏ(t)‖2 +‖λ̇ (t)‖2), (5.14)

where the first inequality follows from (3.1), (4.8) and (4.9),

C3 = max
{

2‖P‖2 +3‖ρBT A‖2,3‖Q‖2,
1
γ2 (2‖A‖

2 +3‖B‖2 +
1

ρ2 )

}
> 0.

It follows from (5.11)-(5.14) that for all t ≥ t1,

V (t)≤C4(‖ẋ(t)‖2 +‖ẏ(t)‖2 +‖λ̇ (t)‖2), (5.15)
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where C4 = (2κ2C3+2)λmax(G)> 0. Since G� 0, there exists an invertible matrix Ḡ such that
G = ḠT Ḡ. Then we have

V (t) = min
u∈Ω
‖u(t)−u‖2

G = min
u∈Ω
‖Ḡu(t)− Ḡu‖2 = dist2(Ḡu(t),Ω̄),

where Ω̄ = {Ḡu | u ∈Ω} is a nonempty closed convex set. By [28, Corollary 12.30], we obtain

V̇ (t) =
d(dist2(Ḡu(t),Ω̄))

dt
= 2〈Ḡu(t)−P

Ω̄
(Ḡu(t)), Ḡu̇(t)〉

= 2〈u(t)− Ḡ−1P
Ω̄
(Ḡu(t)),Gu̇(t)〉,

where
P

Ω̄
(u) = argmin

ū∈Ω̄

‖u− ū‖

is the projection operator onto Ω̄. Since Ḡ−1P
Ω̄
(Ḡu(t)) ∈Ω, replacing u∗ by Ḡ−1P

Ω̄
(Ḡu(t)) in

(4.7), from (5.5) we have

V̇ (t)≤−2C1(‖ẋ(t)‖2 +‖ẏ(t)‖2 +‖λ̇ (t)‖2), ∀t ≥ t0. (5.16)

It follows from (5.15)-(5.16) that for all t ≥ t1,

V̇ (t)+σV (t)≤ 0

with σ = 2C1/C4. Then by similar arguments as in Theorem 5.4, we obtain the desired result.
�

Remark 5.7. When f and g are both piecewise linear-quadratic functions, T is a piecewise
linear multifunction. The desired metric subregularity of T (Assumption 5.5) follows imme-
diately from [35, Theorem 3.3]. In particular, Assumption 5.5 holds for the LASSO regression
problem (5.9).
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FIGURE 1. Simulation of dynamical system (3.1) for the elastic net problem
with different γ and P = ( 1

2γ
−1)In
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6. NUMERICAL STIMULATION

In this section, two examples are simulated to verify and visualize the theoretical results
established in Section 5. We always use Matlab ODE solver ode45 to solve dynamical systems.

Consider the elastic net problem (5.8) with τ1 = 1 and τ2 = 0.1. Let M ∈ R40×100 be
generated by the standard Gaussian distribution. Suppose that x∗ ∈ R100 has 5 non-zero ele-
ments generated randomly and b = Mx∗. Now, we using the dynamical system (3.1) to solve
the problem (5.8). Set the parameter Q = 0.2Im and ρ = 1. Figure 1 shows the behavior
of ‖u(t)− u∗‖G and F(x(t))−minF with different choice of γ and P = ( 1

2γ
− 1)In, where

F(x) = τ1‖x‖1 +
τ2
2 ‖x‖

2 + 1
2‖Mx−b‖2.

Consider the LASSO regression problem (5.9) with τ1 = 1. Let M ∈R100×200 be generated by
the standard Gaussian distribution. Suppose that x∗ ∈R200 has 10 non-zero elements generated
randomly and b = Mx∗. Using the dynamical system (3.1) to solve the problem (5.9) with the
parameter Q = 0.2Im and ρ = 1, P =−0.75In. Figure 2 shows the behavior of ‖u(t)−u∗‖G and
F(x(t))−minF with different choice of γ , where F(x) = ‖x‖1 +

1
2‖Mx−b‖2.
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FIGURE 2. Simulation of dynamical system (3.1) for the LASSO regression
problem with different γ

From Figure 1 and Figure 2, we can see that ‖u(t)− u∗‖G and F(x(t))−minF converge to
zero approximately with a linear rate, which matches our theoretical analysis.

7. CONCLUSION

In this paper, we propose a new primal-dual dynamical system approach (3.1) for solving
the separable convex optimization problem, which can be treated as the continuous limit of the
discrete proximal ADMM algorithm with a larger dual step size. The trajectory of the proposed
dynamical system globally converges to a saddle point of the problem under suitable parameter
settings. The decay rate of the trajectory can be exponential provided that additional strong
convexity and full rank assumptions are satisfied. The exponential convergence of the trajec-
tory to the saddle point set can be guaranteed under the metric subregularity condition, instead
of strong convexity and full rank assumptions. Two numerical results support our theoretical
results.
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