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Abstract. For piezoelectric tensors, Olive (2014) proposed a minimal integrity basis of 495 hemitropic invariants,
which is also a functional basis. In this article, we construct a new functional basis of hemitropic invariants of
piezoelectric tensors, using the approach of Smith and Zheng. By eliminating invariants that are polynomials
in other invariants, we obtain a new functional basis with 260 polynomially irreducible hemitropic invariants.
Thus, the number of hemitropic invariants in the new functional basis is substantially smaller than the number of
invariants in a minimal integrity basis.
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1. INTRODUCTION

In the early 1880s, Curie brothers [7, 8] discovered the piezoelectricity in certain crystalline
materials with no centrosymmetry, which describes a conversion from mechanical energy into
electricity or vice-versa [4, 9, 30]. The piezoelectric tensor arises form a linear electrome-
chanical interaction and hence is a third order tensor with the last two indices symmetric in
a three-dimensional physical space. Piezoelectric tensor is one of the most important tensors
which has extensive applications in physics and engineering. For instance, it has been widely
used in crystal study [9, 11, 13, 14, 30] and also been applied to production and detection of
sound, generation of high voltages, electronic frequency generation, microbalances, and ultra
fine focusing of optical assemblies [11].
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The theory of representations for tensor functions is also of prime importance in the ratio-
nal of material behaviors [2, 23, 29]. It was introduced to describe general consistent invariant
forms of the nonlinear constitutive equations and to determine the number and the type of scalar
variables involved. In the latter half of the twentieth century, representations in complete and
irreducible forms of vectors, second order symmetric tensors and second order skew-symmetric
tensors for both isotropic and hemitropic invariants in two- and three-dimensional physical
spaces, were well established by Spencer [22], Wang [24, 25, 26], Smith [20], Boehler [1], Pen-
nisi and Trovato [19] and simplified by Zheng [29]. In recent years, a series of breakthroughs
for third and fourth order tensors have been achieved in this field [5, 6, 12, 16, 17, 18].

The piezoelectric tensor contains eighteen independent elements in a three-dimensional phys-
ical space, since the last two indices are symmetric. As a special case of piezoelectric tensors,
the third order symmetric and traceless tensor has seven independent elements. Smith and Bao
[21] gave a minimal integrity basis of 4 isotropic invariants for third order symmetric and trace-
less tensors. Chen, Hu, Qi and Zou [5] proved that the Smith-Bao minimal integrity basis is
also a minimal functional basis of isotropic invariants of third order symmetric and traceless
tensors. The third order symmetric tensor is another spacial piezoelectric tensor and it has ten
independent elements. By the recent work of Olive and Auffray [17], a minimal integrity basis
of third order symmetric tensors contains 13 isotropic invariants. Remarkably, Chen, Liu, Qi,
Zheng and Zou [6] claimed that eleven out of thirteen isotropic invariants in the Olive—Auffray
basis form a minimal functional basis of third order symmetric tensors. Liu, Ding, Qi and Zou
[12] proposed a set of 10 isotropic invariants which forms a minimal integrity basis as well as a
minimal functional basis of third order Hall tensors. In addition, Olive, Kolev and Auffray [18]
presented a minimal integrity of 297 isotropic invariants for fourth order elasticity tensors.

In 2014, Olive [15] presented a minimal integrity basis of hemitropic invariants of the piezo-
electric tensor, which consists of 495 hemitropic invariants. Is it possible to find a functional
basis of hemitropic invariants of the piezoelectric tensor, which consists of polynomial invari-
ants, such that the number of hemitropic invariants in that basis is substantially smaller than
4957 We will give a positive answer to this question in this paper.

In this article, to obtain a functional basis of piezoelectric tensors, we apply a constructive
method which was developed by Smith [20] and Zheng [28]. For a group of second order
symmetric tensors, second order skew-symmetric tensors, and vectors, Smith [20] constructed
a set of invariants of the tensor group, such that all tensors in the group could be determined
from these invariants under a certain orthonormal basis. Zheng [27, 28] refined this method
further. The constructive method provides several intermediate tensors with order one and two.
Generally speaking, for recovering a higher order piezoelectric tensor, it is better to start from
intermediate tensors than to begin with only zero order tensors. This is the motivation of our
paper.

By the orthogonal irreducible decomposition [31] of tensors, the piezoelectric tensor is fac-
torized into four parts: a third order symmetric and traceless tensor, a second order symmetric
and traceless tensor, and two vectors. Since functional bases of second order tensors and vectors
are well-studied, the third order symmetric and traceless tensor is the only undetermined tensor.
By exploring contraction of indices of different tensors, we construct nine intermediate tensors:
five second order symmetric tensors and four vectors. Using the approach of Smith [20] and
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Zheng [28], we obtain a functional basis of 393 hemitropic invariants of these nine intermedi-
ate tensors. Next, starting from these nine intermediate tensors, we recover seven independent
elements of the third order symmetric and traceless tensor under a proper orthonormal basis.
This means that the functional basis of 393 hemitropic invariants of nine intermediate tensors
is also a functional basis of hemitropic invariants of the piezoelectric tensor. Finally, by elimi-
nating hemitropic invariants that are polynomials of other invariants in the functional basis, we
obtain a polynomially irreducible functional basis of piezoelectric tensors which contains 260
hemitropic invariants.

This paper is organized as follows. In Section 2.1, we introduce some basic definitions of
tensor spaces and the orthogonal irreducible decomposition of piezoelectric tensors. In Section
2.2, preliminary definitions of invariants and functional bases of second order tensors and vec-
tors are presented. In Section 3, starting from a set of nine intermediate tensors related to a
piezoelectric tensor, we prove that the piezoelectric tensor is determined by these intermediate
tensors. For this reason, a functional basis of the piezoelectric tensor is equivalent to a func-
tional basis of these intermediate tensors. In Section 4, we present a polynomially irreducible
functional basis of 260 hemitropic invariants of piezoelectric tensors as a final result. Moreover,
some special cases are considered to partially verify the correctness of our work. Finally, some
concluding remarks are addressed in Section 5.

2. PRELIMINARIES

In this section, we introduce some basic definitions and related results on the theory of rep-
resentations for tensor functions.

2.1. Decomposition of a piezoelectric tensor. We denote Piez as the linear space of piezo-
electric tensors with order three in a three-dimensional physical space. Clearly, a piezoelectric
tensor contains 18 independent elements:

P, P, P33, Pz, Pus, P,
Po1, P, P33, Pz, Pz, P,
Ps11, P, P33z, Pz, P31z, Papo.

Let T;j and T be the real linear space of third order tensors and the real linear space
of third order symmetric tensors in a three-dimensional physical space, respectively. Here, the
notation (..) means invariance under all permutations of indices in parentheses. In this sense,
we may denote Piez = T; ).

We use the Einstein summation convention, i.e., repeated indices indicate summation. Given
a positive oriented orthonormal basis {e;,e>,e3} of the three-dimensional physical space, a
tensor T € T; jx could be represented as

T=Tj-e®eje,

where T; j is a three-way array and ® stands for the tensor product. We call T; ;. the representing
array of the tensor T and denote T = (7} i) for a given coordinate system.

Let SO(3) be the rotation group in dimension three. Under an orthonormal basis, every
rotation is described by an orthogonal 3-by-3 matrix g with det(g) = 1. An SO(3)-action on
T;jx is denoted by * and defined by

*:80(3) x Tjjp — Ty (&T) = T := g+ T with T}, = gir&js&ki Trst-
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A subspace I C T, is SO(3)-stable if for all T € IF, it holds that
gxT e FVgeSO(3).
Generally, an SO(3)-stable space may be decomposed into smaller SO(3)-stable subspaces. If
a space contains no proper non-trivial SO(3)-stable subspace, we call it irreducible under the
SO(3)-action.
Let H" be the space of nth order symmetric and traceless tensors. Here, traceless means that
Tij=Tji=T;;=0,Vj
provided (7;jx) € T;jx. Since there is a classical isomorphism in the three-dimensional physical
space between H" and nth-degree harmonic homogeneous polynomials, a symmetric and trace-
less tensor is also called a harmonic tensor. All scalars and vectors are naturally harmonic. It is
a classical statement that H" is irreducible under SO(3)-actions [17]. Since Piez D T ; 4) D H3,
Piez is not irreducible.
Now, we factorize the space of piezoelectric tensors Piez into four irreducible subspaces [31]:
Piez - P oH o H> o H'. (2.1)
Using the approach given in [22], we split a piezoelectric tensor P into four parts (A,u,D,v).
The process is illustrated as follows

P ¢ Piez

y N\
S N
no try \ symmiy \

A e H3 ueH! D € H? v e H!

where S is a third order symmetric tensor with traces, N is a second order traceless tensor but it
1S asymmetric.
Let us see more details. We denote &; j the Levi-Civita symbol and 9;; the Kronecker delta:

Lo (k) € {(1,2,3),(2,3,1),(3,1,2)}, L ifie
Eijk = -1 if (lvjak) E{(1,3,2),(2,1,3),(3,2,1)}, and 6112{ 0 0therWi7Se
0  otherwise, '

For a given piezoelectric tensor P = (P;jx), we first compute a second order traceless tensor
N = (N;;) and a third order symmetric tensor S = (S;jx) by

1
Nij = & jPui and Sijk = Pijk — §(gji£Nk€ + &ieNje),

respectively. Second, from the second order traceless tensor N = (N;;), we calculate a vector
v = (v) and a second order symmetric and traceless tensor D = (D;;), where

1
Vi = gijkNij and Dij = N,‘j — Eeijkvk.

Finally, by the harmonic decomposition of the third order symmetric tensor S = (S;jx), we
obtain a vector u = (i) and a third order symmetric and traceless tensor A = (A; ;) via

1
ug = Siik and Ay = Sijk— g(ui5jk +u; O + ug 6ij).
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In summary, a piezoelectric tensor P is split into four tensors
A :Aijk-ei®ej®ek, u=u;-e, D= D;j-e;®ej, and v=v;-e;. (2.2)
Next, we address existing results on hemitropic invariants of lower order tensors.

2.2. A functional basis of hemitropic invariants of second-order symmetric tensors and
vectors. Before we start, we give some preliminary definitions. If for all T € T;j;, a scalar-
valued function (-) satisfies

I(T)=1(g+T) Vg € SO(3),

we call I a hemitropic invariant of T; j.
For example, we consider a scalar-valued function v - v, where v was defined in (2.2). Because

Vi = &ijkNij = &ijk€mt jPomi = €jki€jmePimi = (OmOie — Okt Oim) Pemi = Pixi — Pii
we know

8%V = g€k = &kt (Pii — Pii)ex,
for all g € SO(3). Then, it is straightforward to verify that
(g*V) - (g*V) = gkt (Piti — Prii) 8ks (Pisi — Piii) = Oss(Piti — Prii) (Pisi — Pyii) = V- V.
Hence, v v is a hemitropic invariant of Piez.

When we restrict scalar-valued functions in homogeneous polynomials, the algebra of invari-
ant polynomials on T; j is finitely generated, according to invariant theory [10].

Definition 2.1 ([18, Definition 4.1]). Let {I}, 1>, ...,1,} be a finite set of hemitropic invariants of
T;jx that are all homogeneous polynomials. If all hemitropic invariant polynomials of T} are
polynomials in /1,5, ...,I,, we call the set {I1,,...,I,} an integrity basis of T; . An integrity
basis is minimal if none of its proper subset is an integrity basis.

If we relax invariants from polynomials to scalar-valued functions, we get the functional
basis.

Definition 2.2 ([18, Definition 4.5]). A finite set of hemitropic invariants {I;,/,...,I.} of T;j
is called a functional basis of T, j if

Ii(Tl) :Ii(TZ) Vi= 1,...,1”

imply T = g* T, for some g € SO(3). A functional basis is minimal if none of its proper subset
is a functional basis.

For a given tensor T, a set of tensors
SO(3)«T={g+T:g€S0(3)}

is called the SO(3)-orbit of T. Clearly, the functional basis has the property of separating
SO(3)-orbits [18]. Since integrity bases are also functional bases [3], both integrity bases and
functional bases could separate orbits. In a geometric viewpoint, a piezoelectric material is a
point in the orbit space Piez/SO(3).

Once a typical tensor T in the SO(3)-orbit (SO(3) * T ) is determined by the set of hemitropic
invariants {/y,b,...,I,}, we compute any hemitropic invariant of tensor in (SO(3) x T;) from
T, directly, which is clearly a scalar-valued function in I, I, ..., I,. Thus, the set {1}, 1, ...,I,}
is named a functional basis of a tensor space.
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Smith [20] proposed a constructive approach for determining a functional basis of second-
order symmetric tensors Ay, ...,Ays, second order skew-symmetric tensors Wy,..., Wy, and
first order vectors vy,...,vp in a common coordinate system. Whereafter, Boehler [1] refined
Smith’s functional basis. Pennisi and Trovato [19] proved that the refined functional basis is
minimal. A summarize work was due to Zheng [29].

Let {e1,e,,e3} be a positive oriented orthonormal basis. The Levi-Civita tensor € = &; jxe; ®
e; ® ey is a constant tensor under the SO(3)-action. Hence, there is a one-to-one correspondence
between skew-symmetric tensors W = (W;;) and its axial vectors v = (v;) [28]:

1
W= —¢gv and V:—ES[W],
where €v .= g ve; @ e; and eW] =g kWjke;. Here, we only consider the functional ba-
sis of second-order symmetric tensors Ay,...,Ay and vectors vy,...,vp, which contains the

following hemitropic invariants [28, 29]:

(Vo Vo, Vo' VB, [Va; Vg, Vyl,

trAy, rA;, A}, rA Ay, rAZ Ay, rAy AT, rA7 A7, Ay A VA,

Vo AuVa, Vo -Aiva, [Va,Auva,Aiva], (2.3)
Vo EALAV], Vo E[ATAY], Vo - E[ALAT] [Va, AuVa, Avvyl,

(Vo Apvg, [Va, Vg, Apuval, [Va, Vg, Apuvgl,

where a,f,y € {1,2,...,P} with a < B <7, u,v,0 € {1,2,...,M} with u < v < o, and
[u,v,w] = v- (€u)w is the scalar triple product.

3. RECOVERY OF A PIEZOELECTRIC TENSOR

According to the decomposition of piezoelectric tensors (2.1), we know

1 1 1
Pije=Aijr+3 (€ixDyj+ €0 ;Dk) + 5 (6 juy O j =+ O jru;) + 3 (& jeEtkmVm + Eitk€mjvm), (3.1)
where A = (A;) € H>,D = (D;;) € H?, and u = (1;),v = (v;) € H'. For convenience, we
define some tensors:

B:= AikgAjkg eje;, €= AijkBjk -e;, F:= A,-jkuk~ei®ej, G:= A,-jkvk~ei®ej, 3.2)

E::Aikgejngkm-e,@ej, W= —%S[E], H:=E+¢ew, .

where B = (B;;) is a second order symmetric tensor, F = (F;;) and G = (G;;) are second order
symmetric and traceless tensors, E = (E;;) is a second order traceless and asymmetric tensor,
which is a sum of a symmetric and traceless tensor H and a skew-symmetric tensor (—€w), and
¢ = (¢;) and w are vectors. Clearly, E is equivalent to H and w.

The outline of the process for constructing a functional basis of piezoelectric tensors is as
follows. Using the approach of Smith [20] and Zheng [28], we estimate a group of nine inter-
mediate tensors

¢, u, v, w, B, D F G,andH (3.3)
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from a set of hemitropic invariants (which will be addressed in Section 4) under a certain pos-
itive oriented orthonormal basis. In a certain SO(3)-orbit, there are infinitely many group of
tensors which are equivalent, so we only need to determine any one of them, i.e., a typical
group of tensors is servable for identifying the SO(3)-orbit. The key point is to deal with a
group of tensors under a common positive oriented orthonormal basis. We may further rotate
tensors in the group (3.3) simultaneously to recover the third order symmetric and traceless ten-
sor A. Once D,u,v, and A are determined in a common positive oriented orthonormal basis, the
piezoelectric tensor P is computed from (3.1) straightforwardly and hence the set of hemitropic
invariants is a functional basis of piezoelectric tensors.

In the remainder of this section, we focus on the recovery of the only undetermined tensor
A = (A;jx) provided that tensors in the group (3.3) are known under a proper positive oriented
orthonormal basis.

Smith’s method is our fundamental tool for recovering a piezoelectric tensor from a set of
hemitropic invariants, i.e., its functional basis. A valuable tool in Smith’s method is the com-
position of rotations such that multiple tensors have better structure. For example, we consider
two nonzero vectors u and v that are not collinear. At the first step, we may rotate the coordinate
system such that the direction of 1-axis is along with the vector u. Hence, we have u = ue;
where u; = y/u-u. Second, since 2- and 3- components of u are all zeros, we could fix 1-axis
and further rotate 2- and 3-axes of the coordinate system such that v=v;e; 4+ v,e; with v, > 0,
while keeping u = uje;. It is well-known that the composition of two rotations is still a rota-
tion. In a word, we say that, under a proper positive oriented orthonormal basis {e;,e;,e3}, two
vectors u and v could be represented as

u=ue and vV =vie; +wey,

respectively. If u and v are not collinear, we can further obtain ©#; > 0 and v, > 0.
Furthermore, we define g(0) as a rotation in the 2-3 plane with a representing array

1 0 0
(8(0))ij=| 0 cos6 —sin6
0O sinf6 cosO

Clearly, g(6) € SO(3). As mentioned earlier, we have g(0) xe; = e for all 8 and hence
g(0)*(e; ®e;) = e; ®ey. By linear algebra, the second order symmetric and traceless tensor
do=—-2¢;Re;+er;Rer+e3Re;3 (3.4)

satisfies g(0) xdp = do for all 6. The skew-symmetric tensor (e; ® e3 — e3 ® e;) also satisfies
g(0)x(e®e3—e3®er) =eyRe3 —e3 e, forall 6.
Now, we consider third order symmetric and traceless tensors

di(a,B,7)=7(—2e Qe Re;+eReRe,+erRe; ey +e,Rer e
+e®esRe;tesRe Ve +e3 ez e)
+aeRee—eaRe3Re; —e3RerRe; —e3 ez D er)
+h(e20eRes+erRe3Re+e3Re Ve —e3Re3®es).

(3.5)

By calculations, it yields that
g(6>*d1(a7B7Y):dl(&757Y) and a2+ﬁ2:&2+525 (36)
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where &t = acos30 — 3sin36 andB = asin30+ B cos30. Clearly, we have g(0) xd;(0,0,7) =
d;(0,0,7) for all 6 and y. We note that patterns e;, e; R e, e, ® e3 —e3 @ ey, do, and d; are

useful for the following analysis on recovering the tensor A.
The third order symmetric and traceless tensor A has a representing array A; j :

A Az A3 Az A A3 A3 A3 —Aj1 —Ain
A A Aqp3 A Ao A A3 A A2 —Axn |,
Az Az A A | Az Az A —Ax | A —Ainx A —Axy  —Aj3—Axs

which has seven independent elements Aj11,A122,A112,A220,A113,A223, and A»3. To determine
these elements, we consider the following cases. Before we start, we give two propositions.

Proposition 3.1. If, :=trB =0 or I := trB> =0, Ajjk is a zero tensor.

Proof. Tt is straightforward to see that A;;; = 0 for all i, j, and k if I, = A;j3A;jx = 0. On the
other hand, if I4 = B;;B;; = 0, we have B;; = 0 for all i and j. Thus, B; = I = 0 and hence
Ajjx =0 forall i, j, and k. 0

Proposition 3.2. Let v,{, and A > 0 be constants and let & and B be two undetermined pa-
rameters. Suppose vectors 0, and v are parallel to e}, D = {dg and A = dy (., B,7y) with
a® + B2 = A, under a positive oriented orthonormal basis {e,e,e3}. Then, for all o and B
satisfying a? + B2 = A, tensor groups (A = dy (e, 3,7),D,u,v) are in the same SO(3)-orbit
with a typical group (d;(v/A,0,7),D,u,v).

Proof. Denote u = uje; and v =v;e;. By direct computations, we have

(B =2(Y +A)dy + (10 +4A)e; @y,
E=-3y(e;Re3—e3®ey),
F = uyydo,
G = v ydo,

¢ =47(A—27)er.

Clearly, when we fix 1-axis and rotate 2- and 3-axes of the positive oriented orthonormal basis

{e1,ep,e3}, tensors B,D,E F, G, c,u,v are invariant. For the tensor A, on one hand, under these
rotation in the 2-3 plane, the rotated tensor A could also be represented by the pattern

A=d(a,B,7),

where B
a’+ B> =A. (3.7)

On the other hand, all possible tensors d; (@, E ,y) satisfying (3.7) are located in the same SO(3)-
orbit and hence are equivalence. In this sense, the SO(3)-orbit of tensor A is determined. For
simplicity, we set A = d;(v/A,0,7) in a typical tensor group. O

If trB = 0, we have A = 0 by Proposition 3.1. It is straightforward to construct the piezoelec-
tric tensor from (3.1). In the following analysis, we suppose A # 0.

Case I: Vectors c,u, and v are not collinear. At the beginning, we introduce a tensor
2y — I3

K::A,-jkcke,-®ej = (ZBMB[J'—IQBU— 6,‘]') e,-®ej, (3.8)
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where I, = trB and I; = trB? are defined in Proposition 3.1 and the last equality is verified
directly by computation. Clearly, K = (K;;) is completely determined by B. Next, we use
equations A;jxck = Kij, A;jjruy = Fij, and A; jxvi = G for recovering elements of A; ji.

Without loss of generality, we assume that two nonzero vectors ¢ and u are not collinear. By
choosing a positive oriented orthonormal basis {e},e;,e3}, we have

c=ce; and u=uje| +ujey,

where ¢ = y/c¢-¢ >0 and u; > 0. Recalling equations A; jxcx = K;j and A; jruy = Fjj, we have

( 1
A = —Ki,
1
1
A2 = —Kj,
6]
1
Az = aK13,
1
A1 = —Kp,
1
1
Az = aKB,
1
Ay = M—Z(Fzz —Auy),
1
Az = —(Fa3 —Aj3uy).
\ us

All elements of A;j; are known and hence the third order symmetric and traceless tensor A is
determined under the basis {ej, e, es3}.

By a similar discussion, when ¢ and v (resp. u and v) are not collinear, we use A; jxcx = K;;
and A; jvi = Gjj (resp. A;juy = Fij and A;j v, = G;;) to determine A.

In the remainder two cases II and III, we suppose that vectors u, v, and ¢ are collinear.

Case II: D =0.

Case II.1: Vectors u, v, and ¢ are not all zero vectors. Since u, v, and ¢ are collinear, we choose
a proper positive oriented orthonormal basis {e},ey,e3} such that u = uje;,v=vje;,c = cje|
and the representing array of B has the form

Bi1 Biy Bis
Bij=| B2 Bn 0
Biz 0 Bs;
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If u # 0, we solve A; jux = F;; and obtain five elements of A; j;:

( 1
A = —rH,
u
1
Al = —Fy,
up
1
SAI13=—F3,
u
1
Al = —IFp,
up
1
Az = — I3,
\ up

In a similar way, we compute A111,A112,A113,A122, and A3 from A; pvi = G;j and A; jicp = K;
if v# 0 and ¢ # 0, respectively.
Case I.1.1: By # B33. From A; 4 Bjx = c¢; =0 for i € {2,3}, we have

(Baz — B33)A22p = —A112(B11 — B33) — 2A120B12 — 2A123B)13,
(Baz — B33)A2o3 = —A113(B11 — B33) —2A123B12 +2(A111 +A122)B13.

Hence, we get Ay> and App3 immediately.
Case II.1.2: By, = B33. Since AjyA ji¢ = Bij, combining B3 = 0 and By, — B3z = 0, we
establish a linear system

{A113A222 —A1124223 = 2A111A123 — 2A 1124113,

3.9
Al1An +A113A0s = —AT — 241114120 — A5,

The determinant of this linear system is obviously A% 12 —|—A% 13 = 0.

Case I1.1.2.1: Aj1p #0 or A3 # 0. Clearly, we solve Ayy; and App3 from the system (3.9)
straightforwardly.

Case I1.1.2.2: A112 = Aq13 = 0. The linear system (3.9) reduces to

2A111A123 =0,
{Alll(Alll +2A122) =0. G-10
Case I1.1.2.2.1: If A11; # 0. From the system (3.10), we have
A3 =0 and A = —2A12.
By examining the equation A; jxAs jx = B2, we find
Ny + Adys = By — A, (3.11)

2

Owing to Aj;p =A113 =A123 =0 and A1 = —2A12, the tensor A satisfies the pattern A =
d1 (A222,A223,A122). Furthermore, A= dl(A222,A223,A122) with (3.11), D= 0, u=ue, and
v = vy e; satisfy assumptions of Proposition 3.2. Hence, for simplicity, we set

1
A222 = 5322 _A%ZZ and A223 =0.
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Case I1.1.2.2.2: Ay11 = 0. Equations A;x¢A jx¢ = B;; reduce to

(2 2 1
Ay +Ain = 5311,
1

Alyy + A%y = 5(322 —Bi1),

| (3.12)
A3A120 —A2A123 = 5313,

1
\A222A122 +A23A123 = 5312-

We claim that Bj, = B3 = 0. Otherwise, we assume B%z + B% > 0 for contradiction. Since
Alll :A112 :A113 =0 and 322 = B33, equations AijkBjk = Ci forie {2,3} are indeed

2B12A122 +2B13A123 =0,
—2B13A122 +2B12A 123 = 0.

Clearly, the determinant of this linear system is positive. Hence A2, = A123 = 0, which contra-
dicts the last two equations in (3.12).
Clearly, when By} = By, we get Axpo = A3 = 0 by solving the second equation in (3.12).
Then, we consider the case B; # Bj>. By the second equation in (3.12), we have A%zz +
A%B > 0, which is the determinant of the last two linear equations in (3.12). Since B3 = Bj; =
O, we getA122 :A123 =0. By now, we know A]]] :Al 12 :A113 :A122 :A123 = 0 and hence
A =d; (A222,A223, O). Furthermore, B;; =0, By> > 0, and

1
Adp +A%y; = 5322- (3.13)

Clearly, A = d;(A22,A223,0) with (3.13), D =0, u = uje;, and v = vje; satisfy assumptions
of Proposition 3.2. Hence, for convenience, we set

1
A = 5322 and Az =0.
Case I1.2: u = v= ¢ =0. Hence, tensors D,E,F, G, and K are zeros. From (3.8), we get
2y — 12 .
KijZZBingj—IzBij—Tz&‘jZO Vi, j.

We now choose a proper positive oriented orthonormal basis {e;,e;,e3} such that the repre-
senting matrix of B is diagonal. Clearly, the above equations with i # j are trivial. Then, we
consider the above equation with i = j and obtain

2y 13

2Bj — LB;i — =0 Vi=1,23,

where the repeated subscript i with underline is not summarized. Hence, we claim that three

diagonal elements By, B»>, and B33 are all roots of a quadratic equation

2y — 13
3

Hence, at least two diagonal elements of B;; are equivalent. Thus, we assume

2x% — bhx — =0. (3.14)

B=Bje;®e; +Bzz(ez ®e2+e3®e3).
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Case IL.2.1: Byj # Boy. By A;xBji = ¢; = 0 that are
(B11 —B22)A111 =0,
(B11 —B2)A112 =0,
(B11 —B22)A113 =0,

we immediately have Ajjp = Aj12 = A113 = 0. Equations A;¢A jio = B;j reduce to

( 1
A%zz Jr1“%23 = 5311 ;

1
Asyy+ A%y = 5(322 —Bi1),
Ax3A12 —AxA13 =0,
(A220A 120 +A223A123 = 0.

Since B; # By, the determinant A%zz +A%23 of the last two linear equations are nonzero.
Hence, we have

A =Aj3 =0,
By; =0and By, > 0. Hence, A = d;(A222,A223,0) with A3,, +A3,; = 3B, D = 0,u =0, and
v = 0 satisfy assumptions of Proposition 3.2. Hence, for convenience, we set

1
Axp = 5322 and A3 =0.

Case 11.2.2: Bj; = By, and hence B;; = B116; j. We could choose the positive oriented or-
thonormal basis {e;,e;,e3} freely. Let e; be the maximizer of f(x) = A;jxixjxx on the unit
sphere {(x1,%2,%3) : X7 +x3 +x3 = 1} and let e; be the maximizer of f(x) = A, jxxix;x; in the
circle {(0,x2,x3) : x% +x§ = 1}. By KKT condition and some calculations, we have

Al =A113=A203=0, and Aj11 > A > 0.

We suppose Aj11 > 0; Otherwise A; i is a zero array. By the equation A jtA3jx = B2z, we
immediately have
A3 =0.
Equation AljkAij = Blz reduces to A222(A111 + 2A122) =0.
(a) Assume Ao = 0. Equations A;eA i = B;; with i = j reduce to

1
ATl +AIAI ATy = ATy = AT +2A11A 12 + ATy, = §B11.

By subtraction, we have Aj;1A122 = 0 and hence A%” = 0, which contradicts the assumption
A1 > 0.
(b) Hence, Aj2p = —lAm. Equations A;i/A e = Bi; withi = j = 1,2 reduce to
2 J J
3 2 1 2 2 1
A7 = -A A5, = =Bq1.
A=y 111 tA2) >

Hence, by Aj11 > A > 0, we get

2B11 /B11 B
A1 =1\ ——, Axp=1/—, and Ajp=—/—.
111 3 0 A 3 122 6
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Remark. We can process Case II.2 by introducing the characteristic polynomial of B. Be-
cause B;; is a diagonal matrix, its diagonal elements are all eigenvalues of B. Thus, we consider
the characteristic polynomial of B which is a cubic function. Applying the Cayley-Hamiltom
theorem for a 3-by-3 tensor B, we get

B® — (rB)B? + % ((trB)? — trB*) B — det(B)I = 0,
where I = §;je; ® e; is an identity tensor. By taking the trace operation, it yields that
det(B) = é ((tB)* — 3uB*uB + 2trB?) .

Recalling B;j = AjxA jke and ¢; = A; B jx = 0, we have

trB? = —é ((trB)3 — 5tB*trB — 3c- ¢) = —é ((‘[rB)3 - 5trB2trB) .
Hence, combining the above three equations, we obtain

B® — (tB)B% + % ((tB)? —t'B*) B — é ((trB)? — 2trB*uB) I =0,
that is,

B-Ii, L—2LD

B _LB2+2 “B_
2B+ 9

When the representing matrix of B is diagonal, its diagonal elements must satisfy a cubic equa-
tion

I=0.

21 I3 =211
PRIy e 22 2 5 42 0. (3.15)

Clearly, this is the characteristic polynomial of B. Moreover, there is no factor decomposition
in the cubic function in (3.15).
We know that three diagonal elements By, B2, B33 of the diagonal matrix B;; satisfy equa-
tions (3.14) and (3.15) simultaneously, i.e.,
2y — 13
3
-1 B-2uhL
X — hx* + 22 x— -2 9 =
That is to say, the above system has common roots. By the resultant theory in Algebra, this
system of two polynomials has a common root if and only if its resultant vanishes:

2x% — bhx — =0,

0.

n
R - 0
n
0 2 - —AE 0
2
det| 0 o0 2 A _2’43_’2 =0.
2 3
A 12214 B 51412 0
B—1Iy B—2I4b
0 1 —b 5 -2
By direct calculations, the resultant is indeed

1
@( 3 —31y)(I; —2I)* = 0.

Hence, we only need to consider the following two cases.
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e When I% — 314 = 0, the characteristic polynomial of B could be rewritten as

Hence By; = By = B33 = %Iz, which is exactly Case 11.2.2.
e When I% — 214 = 0, the characteristic polynomial of B reduces to

I8 %
x3—12x2+22x:x<x—52) =0.

Hence By} =0, By) = B3z = %Iz. This is exactly Case I1.2.1.

Hence, discussion of Case II is complete. Next, we study the last case.

Case III: D # 0. Since D is a second order symmetric and traceless tensor, we choose a
proper positive oriented orthonormal basis {e},e;,e3} such that

D=Dje;®e;+Dxye, e, — (D11 +Dy)es Res.

Clearly, if D11 = Dy = —Dj1 — D23, we have Dy = Dy, = 0 which contradicts the assumption
D # 0. Whereafter, we only need to consider the following two subcases:

— (IILA) D11 # D22, D11 # —D11 — D2y, and Dyy # —Dy1 — D2,
— (IIL.LB) D1y # D2 = —D11 — D12,

for recovering the third order symmetric and traceless tensor A.
(ITII.A) Equations E;; = Ax/€jm¢Diy, are represented as

((D11+2D2)A13 = Eyy,
(D11 +2Dy)Axs = Eay,
— (D11 +2D22)(A112 +A22) = Es,
—(2D11 +D22)A113 = E1a,
—(2D11 4+ D)A123 = En, (3.16)
2D +D2)(A111 +A122) = E3,

(
(
(D11 — Dy)A122 = En,
(D11 —D)A123 = E33.

By the assumption of (III.A), we have Dy + 2Dy # 0, 2Dy + D2y # 0, and Dy — Dy # 0.
Hence, seven independent elements Aq11,A122,A112,4222,A113,4223, and A23 are all solvable
from (3.16).
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(II.B) Suppose D1; # Dy, = —D11 — Dy;. Since the nonzero tensor D is traceless, we have
Dy = —2Dy;, Dy; # 0, and hence D = D,dy. Now, we solve (3.16) for

(A :_&;D;j%’
A122=—3E722327
A112=—3E712327
Ali3 =3E71222,
kAIZS 23%2222-

Equations A; ;B jx = c; for i € {2,3} are written as

(B2 — B33)A202 +2B23A203 = ¢ + (B33 — B11)A112 — 2B12A122 — 2B13A 123,

—2B23A202 + (Boy — B33)An3 = ¢3+ (B33 — B11)A113 — 2B12A123 + 2B13(A111 +A122) + 2B23A1 0.
Clearly, the determinant of a coefficient matrix of the above linear system in A7 and A»3 is
(322 — B33)2 + 43%3 > 0.

(IIL.B.1) If Byy — B33z # 0 or Ba3 # 0, we solve Ay and Ajp3 from the above linear system.

(II1.B.2) Otherwise, we suppose By, = B33 and B3 = 0. Equations B33 — By, =0and By =0
reduce to

A112Ary 4 Al 134203 = —A2) — 24111 A 129 — A2 s,
{ 1124222 +A113A223 111 114122 = 4113 (3.17)

A113A220 —A1124A223 = 2A111A123 — 2A112A113.
The determinant of the above linear system in Ay and A»73 is —A% 12 —A% 13 <0.

(IIL.B.2.1) If A;1p # 0 or A3 # 0, we solve Ajpo and Ajo3 from the above linear system.
(ITI.B.2.2) Otherwise, we assume Aj12 = A13 = 0. Then, the system (3.17) reduces to

Ap11(A11+24A122) =0,
2A111A123 = 0.

(IIL.B.2.2.1) If Ay11 # 0, we have Ay 11 = —2A 123 and A123 = 0. From the equation Aj j;A; jx =
B>, we have

1
A3y + A%y = 5Bz — Al (3.18)
Thus A = d;(A222,A223,A122).

Now, we turn to A; jru; = F;; which implies
urAnpy +u3Ans = Fo —ujAi22,
—u3A20 +upAn3 = F3.
If u% + u% # 0, we solve the above linear system and obtain A3, and Apy3 immediately. Other-
wise, we have up = u3 = 0 and hence u = ue;.

When v # 0 and ¢ # 0, we process a similar discussion using A; jxvy = G;; and A;jxci = K;j,
respectively.
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Whereafter, we consider the case that u,v,c are parallel to e;. Since D = Djdy, A =
d;(A20,A223,A12) satisfying (3.18), we may set

1
Axp = 5322 — A%, and Az =0

by Proposition 3.2.
(II1.B.2.2.2) Suppose A11; = 0. Equations on By, and B3 reduce to

1
A122A220 +A123A203 = 5312,

1
—A1234200 +A1224003 = 5313-

The determinant of the above linear system in Ay and Azpz is A,y + A%, > 0. If Ajpp #0
or Ajp3 # 0, we solve Az and Ajyz from the above linear system. Otherwise, we assume
A122 = A123 = 0. Moreover, the equation Aj jtA jx = B2, means

1
Alyy + A%y = 5322- (3.19)

Hence, A= d1 (A222,A223, 0).
Next, we consider A; jyu = F;j, which yields

urA200 +uzA3 = F,
—u3A +upAxsz = Fp3.

If u% + u% # 0, we solve the above linear system and obtain Ay, and Aj;3 straightforwardly.
Otherwise, we have up = u3 = 0 and hence u = ue;.
When v # 0 and ¢ # 0, we process a similar discussion using A; jxvy = G;; and A;jxci = K;j,
respectively.
Finally, we consider the case that u,v,c are all parallel to e;. Moreover, it holds that A =
d;(A22,A223,0) satisfying (3.19) and D = D;,dg. By Proposition 3.2, we may set
1

A222 = 5322 and A223 =0.

In Sum, we establish the following theorem.

Theorem 3.3. The SO(3)-orbit of the piezoelectric tensor P = (P;ji) is determined by a group
of tensors
D,B,F,G Huv,w,ande, (3.20)

where tensors D,u, v are defined in (2.2) and tensors B,F,G,H,w, ¢ are defined in (3.2).

4. A POLYNOMIALLY IRREDUCIBLE FUNCTIONAL BASIS OF PIEZOELECTRIC TENSORS

According to Theorem 3.3, we consider 9 intermediate tensors: four vectors u,v,w,c, four
second order symmetric and traceless tensors D, H,F, G, and a second order symmetric tensor
B. Using the approach of Smith [20] and Zheng [28], we directly obtain a set of 393 hemitropic
invariants which constitute a functional basis of these 9 intermediate tensors. Since the SO(3)-
orbit of the piezoelectric tensor P is determined by these 9 intermediate tensors, the set of
393 hemitropic invariants also form a functional basis of the piezoelectric tensor. Furthermore,
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because elements of 9 intermediate tensors are polynomials of 18 independent elements of the
piezoelectric tensor, these 393 hemitropic invariants may polynomially reducible, i.e., some
hemitropic invariants may be polynomials in the others. With computations by Mathematica,
we eliminate all the hemitropic invariants that can be polynomially represented by the others;
See the Supporting Material for details. Finally, we get a polynomially irreducible functional
basis of piezoelectric tensors, which contains 260 hemitropic invariants. We conclude this result
in the following theorem.

Theorem 4.1. A functional basis of piezoelectric tensors has 260 hemitropic invariants pre-
sented in Table 1. In addition, these 260 hemitropic invariants are polynomially irreducible.

In the remainder of this section, we compare our result with some existing works. First, we
consider a special case that the piezoelectric tensor is a third order symmetric and traceless
tensor, i.e., D=0, u = v =0 and hence P = A € H5. According to Olive and Auffray [17], a
set of five hemitropic invariants with degrees two, four, six, ten, and fifteen forms a minimal
integrity basis of third order symmetric and traceless tensors. For our result, there are only five
nonzero hemitropic invariants from Table 1 in this case:

12, 14, 167 110, and [C,BC,BZC]. (4.1)

Clearly, degrees of these five polynomially irreducible hemitropic invariants are two, four, six,
ten, and fifteen, respectively. Moreover, the set of five hemitropic invariants in (4.1) and the one
of Olive and Auffray [17] are equivalent.

Second, a third order symmetric tensor is also a special piezoelectric tensor. Also in [17],
there are 27 hemitropic invariants consisting of a minimal integrity basis of third order symmet-
ric tensors. For convenience, we use the same symbols as [17] and list all these 27 hemitropic
invariants {i, jo,...,i1s} of different degrees in Table 2.

In this case, we have D = 0, v =0, and

1
Pijx =Aijx + 3 (i1 + u Ok + uibij) € Tijpy-

Thus, P only refers to B,c,u, and F. From Table 1, there are exactly 20 nonzero hemitropic
invariants in Table 3, which form a functional basis of third order symmetric tensors. So we
have 7 less hemitropic invariants than Olive and Auffray’s basis.

On one hand, since {is, j»,...,i15} forms a minimal integrity basis, the above 20 hemitropic
invariants {I,...,[c,Bc,B%c]} can absolutely be polynomial represented by {i>, js,...,ij5}.
On the other hand, because we have seven less hemitropic invariants, there exist some invariants
in {i, ja,...,i15} that are not polynomials in I, ..., [c,Bc,B?c]. It means that our functional
basis is not a subset of Olive’s minimal integrity basis. With further calculations, we find all the
possible polynomial representations of {i3, j»,...,ii5} as Table 4. Here, “a ~ b @ ¢” means a
can be linear represented by b and ¢. We notice that i7, kg, ly, mo, no, i1y, ji1, i13 can not be
polynomial represented by {I, ..., [c,Bc,B%c]}, which agrees with our inference.

Finally, we list in Table 5 numbers of hemitropic invariants in different degrees of our polyno-
mially irreducible functional basis (FB) and Olive’s minimal integrity basis (MIB). Compared

with Olive’s result, the number of hemitropic invariants in the new functional basis is nearly a
half of Olive’s one.
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TABLE 1. A polynomially irreducible functional basis of hemitropic invariants

of piezoelectric tensors.

Degree | Invariants Number
L =AjjAij, w-u, V-V, u-v, trD2, 5
u-w, v-w, trD’, DB, u-Du, v-Dv, u-Dv, 7
Iy :=B;jB;jj, w-w, u-c, v-¢c [u,v,w], trHZ, tF?, G2, 27
HF, tHG, uFG, uD?*H, «D?F, uD?G, u-Hu,
v-Hv, u-Fu, v-Fv, u-Gu, v-Gv, u-DZu, V'DZV,
u-£DH], u-€[DG|, v-€DH], [u,v,Du], [u,v,Dv],

w-c, [uv,c], uDH?, uDF’, «DG’ t«DHF, trDHG, 35
trDHB, t«DFG, t«DFB, trDGB, w-Dw, u-€g[BH],

u-£HG|, u-€[FG], v-¢BH], v-€[FG|, w-g[DF],

w-£[DG], u-¢[D’H], u-¢[D’F], u-¢[D>G], v-¢D’H],
v-€[D’F], v-€D?’G], u-Fw, u-Gw, v-Gw, [u,v,Hu],
[w,v,Fu], [u,v,Gu], [u,w,Du], [v,w,Dv], [u,v,Hv]|,

[u,v,Gv],

6 Is :=cic;, [w,w,c], [v,w,c], trH> uF’ G’ tH’F, 65
trH?G, tH?B, uF?G, tHF?, tHG? tHB? tFG?,
rFB?, tGB?, tD’H?, tD?F?, uD?G?, tHFG,
w-Bw, w-Hw, w-Fw, w-Gw, u-H?*u, v-H?,
u-F2u, v-F?v, v-G?v, u-B%u, v-B%, w-D?w,

[u,Du,D?u], [v,Dv,D%], w-€[HF], w-e[HG], w-€e[FG],
c-€[DF], c-¢[DG], w-€D’B], w-g[D’F], w-g[D?G],
u-¢[DH?], u-eDF?, u-€DG?], v-eDH?], v-€eDF?,
v-€[DG?], [u,Du,Bu], [u,Du,Hu], [u,Du,Fu], [u,Du,Gu],
[v,Dv,Fv], [v,Dv,Gv|, v-Fe¢, [u,w,Bu], [u,w,Gu],
[v,Dv,Bv], [v,Dv,Hv], [v,w,Bv], [v,w,Fv], [u,c,Du],
[v,e,Dv], [u,w,Dw], [v,w,Dw],

7 |c-De, c-€[FG], u-¢[B’H], u-€[B’F], u-g[B’G]|, 54
u-e[H’F], u-€[H’G|, u-e[F’G], v-¢[B’H], v-€B>G],
v-e[H?F], v-e[H?’G], v-g[F’G], c-€[D’B], c-¢[D’H],
c-€[D’F], c-€D?G], u-€BH?], u-eBF?, u-¢BG?,
u-e[HG?], v-eBH?, v-¢[BF?, v-¢[BG?, v-eHF?],
v-€[FG?], w-€[DB?, w-gDH?], w-e[DF?, w-€g[DG?,
[u,Bu,Hu|, [u,Bu,Fu], [u,Bu,Gu|, [u,Hu,Fu],

[u,Hu,Gu|, [u,Fu,Gu], [v,Bv,Hv|, [v,Bv Fv|,
[v,Bv,Gv|, [v,Hv,Fv|, [v,Hv,Gv], [v,Fv,Gv], w-Fc,
w-Ge, [u,c,Hu], [v,c,HvV], [u,w,Bw]|, [u,w,Hw],
[u,w,Fw], [u,w,Gw|, [v,w,Bw|, [v,w . Hw|, [v,w Fw],
[v,w,Gw],
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Degree | Invariants Number
8 | uH’F?, «H’G?, tuH’B?, c¢-He, c-Fe, c-Ge, 23
c-D?c, w-H’w, w-€B’F], w-g[B>G], w-e[H’F|,
w-e[H’G], w-e[F’G], w-€[BH?], w-¢[BF?|, w-g[BG?|,
w-€[FG?], c-¢[DH?], c-€[DF?], c-g[DG?, [w,c,Dw|
[u,c,Dc|, [v,c,Dc],
9 [u,Bu,B?u], [u,Fu,F?u], [u,Gu,G?u], [v,Bv,B%v], 23
[v,Gv,G?v], [w,Dw,D’w|, c-€[B’F], c-£[B%G],
c-€[H’F], c-€[H?G], c-&BH?], c-¢[BF?], c-¢[BG?,
w,Dw,Bw|, [w,Dw,Hw|, [w,Dw Fw|, [w,Dw,Gw]|,
w,e,Bw|, [w,c,Hw|, [w,c,Fw], [w,c,Gw],
[u,c,Ge], [v,c,Fc],
10 | Iip:=Ajjrcicjck, [w,Bw,Hw], [w,Bw,Fw], [w,Bw,Gw], 10
(w,Hw,Fw|, [w,Hw,Gw], [w,Fw,Gw|, [w,c,Bc],
w,c,Fe], [w,c,Gcl,
[
[

12 | [w,Bw,B’w|, [c,Dw,Bc], [c,Dw,Hc|, [c,Dc,Fc|, 5
¢,Dc, G,

13 [e,Bc,He], [c,BcFc], [c,Be,Ge], [c,HcFc], 5
[c,He, Ge],

15 |[c,Bc,B?c]. 1

Total 260

TABLE 2. A minimal integrity basis of third order symmetric tensors has 27
hemitropic invariants.

Degree | Hemitropic Invariants | Degree | Hemitropic Invariants
2 i, o, 9 |io, Jo, ko, lg, my, ng, 09,
4 i4, Ja, ka, lg, 10 | ijo,
6 |, Jo; ke, s, ms, 1 i, Ju,
T i, J1s k7, 13 i3,
8 ig, 15 i1s.

5. FINAL REMARKS

A polynomially irreducible functional basis of 260 hemitropic invariants of piezoelectric ten-
sors has been constructed in this paper. There are 125 odd order hemitropic invariants and
135 even order hemitropic invariants in the new functional basis. We note that this polynomi-
ally irreducible functional basis of piezoelectric tensors are not necessary a minimal functional
basis.

At last, we claim that functional bases of piezoelectric tensors are more complex than that of
elasticity tensors. On one hand, hemitropic invariants of a piezoelectric tensor are not necessary
isotropic, since the piezoelectric tensor is of odd order. Nevertheless, hemitropic invariants and
isotropic invariants of even order elasticity tensors are equivalent. So we focus on hemitropic
invariants that forms a functional basis of piezoelectric tensors in this paper.
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TABLE 3. A functional basis of third order symmetric tensors contains 20
hemitropic invariants.

Degree | Hemitropic Invariants Number
2 L, u-u, 2
4 Iy, u-c, trF?, u-Fu, 4
6 |, rF°, rFB?, u-F?u, u-Bu, 5
7 | u-€[BF?], [u,Bu,Fu], 2
8 c-Fc, 1
9 | [u,Bu,B%u], [u,Fu,F?u], c-¢[B’F], ¢ [BF?], 4
10 | o, 1
15 |[c,Bc,B°cl. 1

TABLE 4. Polynomial relations.

Degree | Polynomial Relations

2 ir ~ (trB), jo ~ (u-u),

4 is ~ (rB)?> @ (rB?),  js~ (u-c), k4~ (tF?) @ ((tB)(u-c)),
ls~(u-Fu), ic~(c-¢c), jo~ (uFB*) @ ((uB)(u-c)),
6 | ke~ ((uB)(uF?)) @ ((uB)*(u-c)) & ((B)*(u-c)) & (u-Bu),
ls ~ ((tB)(u-Fu)) @ ((u-u)(u-c)) &k,
me ~ ((rB) (u-u)) @ ((u-u)(trF?)) @ (u-F?u),

7 j7~ (u-€BF?]), k7~ ([u,Bu,Fu)),

8 ig ~ (c-Fc),

9 lio~(c-e[B’F]), jo~ (c-£[BF?]), oy ~[(u-u)([u,Bu,Fu])] & ([u, Fu,F’u]),
10 i10 o~ (AijkC,'CjCk),

15 |ijs ~ ([c,Be,B%¢]).

TABLE 5. Numbers of hemitropic invariants in different degrees.

Degree | FB | MIB | Degree | FB | MIB
2 5 5 9 23 | 55
3 7 7 10 10| 14
4 27 | 28 11 0| 10
5 35 | 45 12 5 6
6 65 | 105 13 5 1
7 54 | 126 14 0 1
8 23 | 91 15 1 1
Total | 260 | 495

On the other hand, by the orthogonal irreducible decomposition of tensors, the elasticity ten-
sor is factorized into a fourth order symmetric and traceless tensor, two second order symmetric
and traceless tensors, and two scalars. Beside two scalars which are invariants naturally, we
only need to consider invariants and joint invariants of three symmetric and traceless tensors
for functional bases of elasticity tensors. However, according to (2.1), we must study invariants
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and joint invariants of four symmetric and traceless tensors for functional bases of piezoelectric
tensors. In this sense, the polynomially irreducible functional basis of 260 hemitropic invariants
of piezoelectric tensors is also significant for the theory of representations for tensor functions.
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