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Abstract. We begin by briefly surveying some results on the convergence of the Stochastic Gradient Descent
(SGD) Method, proved in a recent paper. These results are based on viewing SGD as a version of Stochastic
Approximation (SA). Ever since its introduction in the classic paper of Robbins and Monro in 1951, SA has
become a standard tool for finding a solution of an equation of the form f(6) = 0, when only noisy measurements
of f(-) are available. In most situations, every component of the putative solution 6, is updated at each step .
In some applications in Reinforcement Learning (RL), only one component of 6, is updated at each ¢. This is
known as asynchronous SA. In this paper, we study Block Asynchronous SA (BASA), in which, at each step ¢,
some but not necessarily all components of 0, are updated. The theory presented here embraces both conventional
(synchronous) SA as well as asynchronous SA, and all in-between possibilities. We provide sufficient conditions
for the convergence of BASA, and also prove bounds on the rate of convergence of 0, to the solution. For the case
of conventional SGD, these results reduce to those proved in our companion paper. Then we apply these results
to the problem of finding a fixed point of a map with only noisy measurements. This problem arises frequently in
RL. We prove sufficient conditions for convergence as well as estimates for the rate of convergence.

Keywords. Block asynchronous updating; Q-learning; Rates of convergence; Reinforcement learning; Stochastic
approximation.
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1. INTRODUCTION

1.1. Background. Ever since its introduction in the classic paper of Robbins and Monro [30],
Stochastic Approximation (SA) has become a standard tool in many problems in applied math-
ematics. It is worth noting that the phrase “Stochastic Approximation” was coined in [30]. As
stated in [30], the original problem formulation in SA was to find a solution to an equation of
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the form!
f(0)=c,

where f : R — R, c is a specified constant, and one has access only to noisy measurements of
the function. Obviously, one can redefine f and assume that ¢ = 0, without loss of generality.
Almost at once, the approach was extended to finding a stationary point of a ¢! -function J(-) :
R — R in [20], and to the case where J(-) : R4 — R in [4]. Other early contributions are
[10, 11]. In the early papers, SA was analyzed under extremely stringent assumptions on the
function, and on the measurement error. With the passage of time, subsequent researchers have
substantially relaxed the assumptions.

Over the years, SA has become a standard tool for analyzing the behavior of stochastic algo-
rithms in a variety of areas, out of which two topics are the focus in the present paper, namely:
optimization, and finding a fixed point of a contractive map, which arises frequently in Re-
inforcement Learning (RL). The aim of the present paper is two-fold: First, we survey some
known results in the theory of SA, including some results due to the present authors. Second,
we present some new results on so-called Block Asynchronous SA, or BASA.

1.2. Problem Formulation. Suppose f: RY — R? is some function. It is desired to find a
solution to the equation f(6*) = 0, when only noisy measurements of f(-) are available. An
iterative approach is adopted to solve this equation. Let # denote the iteration count, and choose
the initial guess O either in a deterministic or a random fashion. At time (or step) ¢ + 1, the
available measurement is f(6,) + &, |, where &, | is variously referred to as the measurement
error or the “noise.” Both phrases are used interchangeably in this paper. The current guess 6,
is updated via the formula

01 =0,+0a,0[f(6,)+&, 1], (L.1)

where &, € (0,00)¢ is called the step size vector, and o denotes the Hadamard product.® If
g:R? — R? is a map and it is desired to find a fixed point of g(-), when we can define f() =
g(0) — 6. This causes (1.1) to become

O 1=1g—0)00,+00[g(6;)+&, 4], (1.2)

where 1; denotes the column vector of d ones. In this case, it is customary to restrict o; to
belong to (0,1)? instead of (0,0)¢. Then each component of 6, is a convex combination of
the corresponding components of 0; and the noisy measurement of g(8,). If J: RY — R is a
C'-function, and it is desired to find a stationary point of it, then we can define f(6) = —V.J(9),
in which case (1.1) becomes

6141 = 6+ 0,0 [—VI(0,)+&,, ). (1.3)

The choice f(0) = —VJ(0) instead of VJ(6) is used when the objective is to minimize J(-), and
J(+) is convex, at least in a neighborhood of the minimum. If the objective is to maximize J(-),
then one would choose f(6) = VJ(0).

IFor the convenience of the reader, all results cited from the literature are stated in the notation used in the
present paper, which may differ from the original paper.

Recall that if a,b are vectors of equal dimension, then their Hadamard product ¢ = aob is defined by
ci .= a;b; for all i.
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What is described above is the “core” problem formulation. Several variations are possible,
depending on the objective of the analysis, the nature of the of the step size vector, and the
nature of the error vector &, ;. Some of the most widely studied variations are described next.

Objectives of the Analysis. Historically, the majority of the literature is devoted to showing
that the iterations converge in expectation to a solution of the equation f(6) = 0 (or its modifica-
tion for fixed point and stationarity problems). This is the objective in [21] and other subsequent
papers. In recent times, the emphasis has shifted towards proving that the iterations converge
almost surely to the desired limit. Since any stochastic algorithm such as (1.3) generates a sin-
gle sample path, it is very useful to know that almost every run of the algorithm leads to the
desired outcome.

Another possibility is convergence in probability. Suppose 6, — 6" in probability, and
define

q(t,€) :=Pr{[|6; — 67[]2 > €}. (1.4)

The objective is to derive suitable conditions under which, ¢(¢,€) — 0 as t — oo for each € > 0,
and if possible, to derive explicit upper bounds for ¢(¢, €). Some authors refer to such bounds as
“high probability bounds.” The advantage of bounds on ¢(¢, €) is that they are applicable for all
t (or at least, for all sufficiently large t), and not just when t — oo. For this reason, some authors
refer to the derivation of such bounds as finite-time SA. Some contributions in this direction
are [3, 8, 28, 31, 35]. We do not discuss FTSA in the paper. The interested reader is referred to
the above-cited papers and the references therein.

Step Size Sequences. Next we discuss various options for the step size vector a;, which is
allowed to be random. In all cases, it is assumed that there is a scalar deterministic sequence
{B;} taking values in (0,0), or in (0,1)? in the case of (1.2). We will discuss three commonly
used variants of SA, namely: synchronous (also called fully synchronous), asynchronous, and
block asynchronous. In synchronous SA, one chooses a; = B;1;. Thus, in (1.1), the same
step size fB; is applied to every component of 6,. In block asynchronous SA (or BASA), there
are d different {0, 1}-valued stochastic processes, denoted by k',i € [d], called the “update”
processes. Then the i-th component of 6, is updated only if k! = 1. To put it another way,
define the “update set” as S; := {i € [d] : k' = 1}. Then o/ =0 if i & S;. However, this raises
the question as to what ¢ is for i € S;. Two options are suggested in the literature, known as
the “global” clock and the “local” clock respectively. This distinction was first suggested in [5].
If a global clock is used, then o = B;. To define the step size when a local clock is used, first
define

vii=) K. (1.5)
7=0

Thus v/ counts the number of times that 6 is updated, and is referred to as the “counter” process.
Then the step size is defined as

o = thi. (1.6)
The distinction between global and local clocks can be briefly summarized as follows: When
a global clock is used, every component of 6; that gets updated has exactly the same step
size, namely f3;, while the other components have a step size of zero. When a local clock is
used, among the components of 8, that get updated at time ¢, different components may have
different step sizes. An important variant of BASA is asynchronous SA (ASA). This phrase
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was apparently first used in [33], in the context of proving the convergence of the Q-learning
algorithm from Reinforcement Learning (RL). In ASA, exactly one component of 6, is updated
at each ¢. This can be represented as follows: Let {N;} be an integer-valued stochastic process
taking values in [d]. Then, at time ¢, the update set S is the singleton {N, }. The counter process
v/ is now defined via

1
vtl = Z I{NT:i}v
7=0

where I denotes the indicator process. The step size can either be f; if a global clock is used, or
Bv;' if a local clock is used. In [5], the author analyzes the convergence of ASA with both global
as well as local clocks. In the Q-learning algorithm introduced in [36], the update is asynchro-
nous (one component at a time) and a global clock is used. In [33], where the phrase ASA
was first introduced, the convergence of ASA is proved under some assumptions which include
Q-learning as a special case. Accordingly, the author uses a global clock in the formulation of
ASA. In [12], the authors use a local clock to study the rate of convergence of Q-learning.

Error Vector. Next we discuss the assumptions made on the error vector £, ;. To state the
various assumptions precisely, let 8f, denote (6o, ---,0,), and define afy and &' analogously;
note that there is no &. Let .% denote the o-algebra generated by 8, o), &', and observe
that % C .%,11. Thus {.% };>0 is a filtration; Now (1.1) makes it clear that 6, is measurable
with respect to .%;, denoted by 8, € .# (.%;). Given an R%-valued random variable X, let E;(X)
denote E(X|.%;), the conditional expectation of X with respect to .%;, and let CV;(X) denote the
conditional variance of X, defined as

CVi(X) = E(IIX — E/(X)|)3) = E:(X?) — [E(X)]*.

An important ingredient in SA theory is the set of assumptions imposed on the two entities
Ei(&,, 1) and CV;(&,, ;). We begin with E;(&, ), The simplest assumptions are that

E(&11) =0, V1, (1.7)

and that there exists a constant M such that
CW(&,H) <M, Vt. (1.8)

where the equality and the bound hold almost surely. To avoid tedious repetition, the phrase
“almost surely” is omitted hereafter, unless it is desirable to state it explicitly. Equation (1.7)
implies that {&,} is a martingale difference sequence with respect to the filtration {.%; }. Equa-
tion (1.7) further means that f(0,) + &, | provides an unbiased measurement of f(6;). In (1.9),
the bound on CV(&, +1) is not just uniform over ¢, but also uniform over 6;. Over time, the as-
sumptions on both E; (&, ;) and CV;(&, ) have been relaxed by successive authors. The most
general set of conditions to date are found in [18],% and are as follows: There exist sequences
of constants u; and M; such that

1E (& )ll2 < e (1+]6:]]2), Vr. (1.9)

CVi(Era1) S Mi(1+]16:]3), Vr. (1.10)
In [18], the following are established:

3This paper is currently under final review by Journal of Optimization Theory and Applications.
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(1) Suppose
Y o <o) oupy <o, ) 0P M] < oo
=0 t=0 t=0

Then the iterations {6, } are bounded almost surely.
(2) If, in addition, ) ;> ;o4 = oo, then 6, converges almost surely to the unique solution of
(1.1).
Thus, by suitably tuning the step size sequence, bounds of the form (1.9) and (1.10) can be
accommodated. The literature review in [18, Section 1.1] contains details of the various inter-
mediate stages between (1.7)—(1.8) and (1.9)—(1.10), and the relevant publications. A condensed
version of it is reproduced in Section 2.1. The reader is also directed to [24] for a partial survey
that is up to date until its date of publication, 2003.

Methods of Analysis. There are two broad approaches to the analysis of SA, which might be
called the ODE approach and the martingale approach. In the ODE approach, it is shown that,
as the step sizes oy — 0, the stochastic sample paths of (1.1) “converge” to the (deterministic)
solution trajectories of the associated ODE 6 = (). This approach is introduced in [9, 21, 26].
Book-length treatments of the ODE approach can be found in [2, 7, 22, 23]. The Kushner-Clark
condition [22] is not a directly verifiable condition, but one needs to fall back on martingale
or similar assumptions (such as ‘mixingale’) on noise to verify it. The martingale method
was pioneered in [14], and independently discovered and enhanced in [29]. In this approach,
the stochastic process {6,} is directly analyzed without recourse to any ODE. Conclusions
about the behavior of this stochastic process are drawn using the theory of supermartingales.
The two methods complement each other. A typical theorem based on the ODE approach
states that if the iterations remain bounded almost surely, then convergence takes place. Often
the boundedness (also called “stability”) can be established using other methods. Also, the
ODE approach can address the situation where the equation has multiple solutions. In contrast,
in the martingale approach, both the boundedness and the convergence of the iterations can
be established simultaneously. An important paper in the ODE approach is [6], in which the
boundedness of the iterations is a conclusion and not a hypothesis.

1.3. Contributions of the Paper. After the survey of the Stochastic Gradient method, the
emphasis in the paper is on the finding the solution of a fixed-point equation of the following
form: Suppose h maps the sequence space (R?)N into itself. The objective is to find a fixed
point x* € (RY)N such that

h,(x*) =x;, V¢ > 0. (1.11)
This part of the paper consists of an analysis of Block (or Batch) Asynchronous SA, or BASA,
for finding a solution to (1.11). Suppose h(-) is a memoryless contraction, in the sense that

hy (x) = g(x)
for some map g : R? — R? which is a contraction in the £..-norm. Then the formulation reduces
to (1.2). But we also the more general case where h has memory, delays, etc. Towards this end,
we begin by analyzing the convergence of “intermittently updated” processes of the form
wip1 = (1 — oKk )wy + 04 K1,

where {w,} is an R-valued stochastic process, {&} is the measurement error, {¢; } is a (0, 1)-
valued “step size” process, and {k; } is a {0, 1}-valued “update” process. For this formulation,
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we derive sufficient conditions for convergence, as well as bounds on the rate of convergence.
We study both the use of both a local clock as well as a global clock, a distinction first introduced
in [5]. This formulation is a precursor to the full BASA formulation of (1.2), where again we
derive both sufficient conditions for convergence, and bounds on the rate of convergence.

1.4. Scope and Organization of the Paper. This paper contains a survey of some results
due to the present authors, and some new results. In Section 2, various results from [18] are
stated without proof; these results pertain to the convergence of the synchronous SA algorithm,
when the error signal &, 1 satisfies the bounds (1.9) and (1.10). These are the most general
assumptions to date. In Section 3, we survey some applications of these convergence results to
the stochastic gradient method. The results in [18] make the least restrictive assumptions on the
measurement error. These two sections comprise the survey part of the paper.

In Section 4, we commence presenting some new results. Specifically, we study Block (or
Batch) Asynchronous SA, denoted by BASA, as described in (1.2). The focus is on finding
a fixed point of a map g : R — R which is a contraction in the /.-norm, or a scaled version
thereof. While this problem arises in Reinforcement Learning in several situations, finding fixed
points is a pervasive application of stochastic approximation. The novelties here are that (i) we
permit a completely general model for choosing the coordinates of 6; to be updated at time #,
and (ii) we also derive bounds on the rate of convergence.

2. SYNCHRONOUS STOCHASTIC APPROXIMATION

2.1. Historical Review. We begin with the classical results, starting with [30] which intro-
duced the SA algorithm for the scalar case where d = 1. However, we state it here for the
multidimensional case. In that paper, the update equation is (1.1), and the error &, ; is assumed
to satisfy the following assumptions (though this notation is not used in that paper)

Ef(&,y) =0,CVi(E, ) <M? 2.1)

for some finite constant M. The first assumption implies that {§, ; } is a martingale difference
sequence, and also that £(6,) + &, | is an unbiased measurement of f(6,). The second assump-
tion means that the conditional variance of the error is globally bounded, both as a function of
0, and as a function of . With the assumptions in (2.1), along with some assumptions on the
function f(-), it is shown in [30] that 6, converges to a solution of f(6*) = 0, provided the step
size sequence satisfies the Robbins-Monro (RM) conditions

i 0 < oo, i 0 = oo, (2.2)
t=0 =0

This approach was extended in [20] to finding a stationary point of a €’! function J : R — R, that

is, a solution to VJ(0) = 0,* using an approximate gradient of J(-). The specific formulation

used in [20] is

J(O+cA+EL ) —T(6 —aA+ET)
2C[

- ~ V(). (2.3)

4Strictly speaking, we should use J’(8) for the scalar case. But we use vector notation to facilitate comparison
with later formulas.
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where ¢; is called the increment, A is some fixed number, and é;l, 5;1 are the measurement

errors. This terminology “increment” is not standard but is used here. As is standard in such a
setting, it is assumed that VJ(+) is globally Lipschitz-continuous with constant L. For simplicity,
it is common to assume that these sequences are i.i.d. and also independent of each other, with
zero mean and finite variance M2. We too do the same. In order to make the expression a better
and better approximation to the true VJ(6;), the increment ¢; must approach zero as t — oo.
Note that there are two sources of error in (2.3). First, even if the errors ﬁil are zero, the
first-order difference is not exactly equal to the gradient VJ(6,). Second, the presence of the
measurement errors étﬁl introduces an additional error term. To analyze this, let us define

z =Ei(h11),% =2, —VJ(0,),C, 1 =h1 — 7. 2.4)
In this case, the error term satisfies
IE: (S i)l < L, CVi(E i) < MP/(267). 2.5)

These conditions are more general than in (2.1). For this situation, in the scalar case, it was
shown in [20] that 6, converges to a stationary point of J(-) if the Kiefer-Wolfwitz-Blum (KWB)
conditions

e =0, (a7 /cf) < o0, Y e <00, Y 0y =0 (2.6)
t=0 t=0 t=0

are satisfied. This approach was extended to the multidimensional case in [4], and it is shown
that the same conditions also ensure convergence when d > 1. Note that the conditions auto-
matically imply the finiteness of the sum of .

Now we summarize subsequent results. It can be seen from Theorem 2.5 below that in the
present paper, the error &, | is assumed to satisfy the following assumptions:

I1E: (&1 1)ll2 < e (14 1164]]2), (2.7)

CVi(&ri1) < MP(1+16413), (2.8)

where 0; is the current iteration. It can be seen that the above assumptions extend (2.5) in
several ways. First, the conditional expectation is allowed to grow as an affine function of
|6¢]|2, for each fixed ¢. Second, the conditional variance is also allowed to grow as a quadratic
function of ||, ||, for each fixed 7. Third, while the coefficient i, is required to approach zero,
the coefficient M; can grow without bound as a function of z. We are not aware of any other
paper that makes such general assumptions. However, there are several papers wherein the
assumptions on &, 1 are intermediate between (2.1) and (2.5). We attempt to summarize a few
of them next. For the benefit of the reader, we state the results using the notation of the present
paper.
In [21], the author considered a recursion of the form

041 =0 —0VI(0;)+ &, 1+,

where 3, — 0 as t — oo. Here, the sequence {&,_ | } is not assumed to be a martingale difference
sequence. Rather, it is assumed to satisfy a different set of conditions, referred to as the Kushner-
Clark conditions; see [21, A5]. It is then shown that if the error sequence {&, n | } satisfies (2.1),
1.e., is a martingale difference sequence, then Assumption (AS) holds. Essentially the same
formulation is studied in [27]. The same formulation is also studied [7, Section 2.2], where
(2.1) holds, and B, — 0 as r — . In [32], it is assumed only that limsup, 3, < c. In all
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cases, it is shown that 6, converges to a solution of f(0*) = 0, provided the iterations remain
bounded almost surely. Therefore, the boundedness of the iterations is established via separate
arguments.

In all of the above references, the bound on CV; (&, ;) is asin (2.1). We are aware of only one
paper when the bound on CV; (&, +1) is akin to that in (2.8). In [16], the authors study smooth
convex optimization. They assume that the estimated gradient is unbiased, so that y; = 0 for
all . However, an analog of (2.8) is assumed to hold, which is referred to as “state-dependent
noise.” See [16, Assumption (SN)]. In short, there is no paper wherein the assumptions on the
error are as general as in (2.7) and (2.8).

2.2. Convergence Theorems. In this subsection, we state without proof some results from [18]
on the convergence of SA, when the measurement error satisfies (2.7) and (2.8), which are the
most general assumptions to date. In addition to proving convergence, we also provide a gen-
eral framework for estimating the rate of convergence. The applications of these convergence
theorems to stochastic gradient descent (SGD) are discussed in Section 3.

The theorems proved in [18] make use of the following classic “almost supermartingale theo-
rem” of Robbins-Siegmund [29, Theorem 1]. The result is also proved as [2, Lemma 2, Section
5.2]. Also see a recent survey paper as [13, Lemma 4.1]. The theorem states the following:

Lemma 2.1. Suppose {z},{fi},{g:},{h:} are stochastic processes taking values in [0,),
adapted to some filtration { %}, satisfying

Ef(z1) < (1+ fi)ze +& — hy a.s., Ve, (2.9)

where, as before, E;(z,+1) is a shorthand for E(z,11|-%;). Then, on the set
Qy:={w: Zﬁ(a)) <eo}N{m: Zg,(a)) < oo},
t=0 t=0

we have that lim;_,. z; exists, and in addition, Y.;> o h,(®) < oo. In particular, if P(Qo) = 1, then
{zt} is bounded almost surely, and ¥ h; (@) < oo almost surely.

The first convergence result, namely Theorem 2.4 below, is a fairly straight-forward, but
useful, extension of Lemma 2.1. It is based on a concept which is introduced in [14] but without
giving it a name. The formal definition is given in [34, Definition 1]:

Definition 2.2. A function 1 : R, — R is said to belong to Class £ if 1(0) = 0, and in
addition
inf n(r)>0,V0<e<M <oo.
e<r<m

Note 7n(+) is not assumed to be monotonic, or even to be continuous. However, if 1 : Ry —
R is continuous, then 1(+) belongs to Class 4 if and only if (i) n(0) = 0, and (ii) n(r) > 0
for all » > 0. Such a function is called a “class P function” in [15]. Thus a Class % function is
slightly more general than a function of Class P.

As example of a function of Class 4 is given next:

Example 2.3. Define a function f : R, — R by

[, if 0 € [0,1],
¢(9) _{ e O ife>1.
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Plot of ¢(60)

FIGURE 1. An illustration of a function in Class %

Then ¢ belongs to Class A. A sketch of the function ¢ (-) is given in Figure 1. Note that, if we
were to change the definition to:

0, if 6 €[0,1],
¢(6) = { 2e-0=1 if g > 1,

then ¢ () would be discontinuous at 6 = 1, but it would still belong to Class Z. Thus a function
need not be continuous to belong to Class A.

Now we present our first convergence theorem, which is an extension of Lemma 2.1. This
theorem is used to establish the convergence of stochastic gradient methods for nonconvex
functions, as discussed in Section 3. It is [18, Theorem 1].

Theorem 2.4. Suppose {z},{fi},{g},{h:},{ox} are [0,00)-valued stochastic processes de-
fined on some probability space (Q, X, P), and adapted to some filtration {. % }. Suppose further
that

Et(Zt+l) < (1+ﬁ)z;+gt—a7hl a.s., Vt. (210)
Define
Qy:={wecQ:) filw)<eoand Y g(®)< oo}, (2.11)
=0 =0
Q1 :={) o(w)=co}. (2.12)
t=0
Then

(1) Suppose that P(Qo) = 1. Then the sequence {z} is bounded almost surely, and there
exists a random variable W defined on (2, X, P) such that z;(®) — W (®) almost surely.
(2) Suppose that, in addition to P(Qqg) = 1, it is also true that P(Q1) = 1. Then

litrninfh[(a)) =0Vw e QyNQy. (2.13)
—>00

Further, suppose there exists a function 1 (-) of Class 9 such that h,(®) > n(z(w)) for
all ® € Q. Then z;(®) — 0 ast — oo for all ® € €.

Next we study a linear stochastic recurrence relation. Despite its simplicity, it is a key tool in
establishing the convergence of Stochastic Gradient Descent (SGD) studied in Section 3. Sup-
pose 8¢ is an R?-valued random variable, and that {{,};>1 is an R?-valued stochastic process.
Define {6, },> recursively by

Or1i=0—-04)0,+08,. 1,t>0, (2.14)
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where { o },>¢ is another [0, 1)-valued stochastic process. Define {.%; } to be the filtration where
7, is the c-algebra generated by 09, ), ¢. Note that (2.14) is of the form (1.2) with g(8) = 0.
Hence g(-) has the unique fixed point 0, and we would want that 8; — 0 as t — co. Theorem 2.5
below is a ready consequence of applying [18, Theorem 3] to the function J(8) = (1/2)||6/3.

Theorem 2.5. Suppose there exist sequences of constants {1}, {M;} such that, for allt > 0 we

have
1E:(Se)ll2 = [Imell2 < pe(1+16¢]]2), (2.15)
CVi(&rt) = Ellw, 1 13) < MP(1+1164]13). (2.16)
Under these conditions, if
Y of <o, Y oy <0, Y Miad < oo, (2.17)
=0 t=0 t=0

then {0} is bounded, and |0,y converges to an R%-valued random variable. If in addition,
Y o =0, (2.18)
t=0

then 6, — 0.

Next, we state an extension of Theorem 2.4 that provides an estimate on rates of convergence.
For the purposes of this paper, we use the following definition inspired by [25].

Definition 2.6. Suppose {Y; } is a stochastic process, and { f; } is a sequence of positive numbers.
We say that

() ¥; =0(f;) if {Y;/ f;} is bounded almost surely.

(2) ¥, = Q(f;) if Y; is positive almost surely, and { f; /Y;} is bounded almost surely.
(3) Y, = O(f,) if ¥, is both O(f;) and Q(f;).

4) Y; =o(f) if Y;/fi — 0 almost surely as t — oo.

The next theorem is a modification of Theorem 2.4 that provides bounds on the rate of con-
vergence. It is [18, Theorem 2].

Theorem 2.7. Suppose {z},{fi},{g:},{a:} are stochastic processes defined on some proba-
bility space (Q, X, P), taking values in [0,0), adapted to some filtration {.%,}. Suppose further
that

Ei(ze41) < (14 fi)ze + 8 — 04z VE, (2.19)

where
th( < oo, th ) < oo, Zal

Then z; = o(t =) for every A € (0, 1] such that (i) there exists a T < oo such that

() — At >0V > T, (2.20)
and (ii)
Y (t+1)g i 1 = oo, (2.21)
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With this motivation, we present a refinement of Theorem 2.5. Again, this is obtained by
applying [18, Theorem 4] to the function J(6) = (1/2)||6/)5.

Theorem 2.8. Let various symbols be as in Theorem 2.5. Further, suppose there exist constants
Y > 0and 6 > 0 such thar

M = 0<t_y)aMt = 0(t8)7
where we take Y =1 if u; = 0 for all sufficiently large t, and 0 = 0 if M; is bounded. Choose the
step-size sequence {0y} as O(t=1=9)) and Q(r=1=¢)) where ¢ is chosen to satisfy

0 < ¢ <min{0.5— 9,7},
and ¢ € (0, ¢]. Define

v:=min{l —2(¢+38),7y—0}. (2.22)

Then 6,3 = o(t™*) for every A € (0,V). In particular, if u; = 0 for all t and M, is bounded
with respect to t, then we can take v =1—2¢.

3. APPLICATIONS TO STOCHASTIC GRADIENT DESCENT

In this section, we reprise some relevant results from [18] on the convergence of the Sto-
chastic Gradient Method. Specifically, we analyze the convergence of the Stochastic Gradient
Descent (SGD) algorithm in the form

0r11 =06, —0oh g, (3.1)

where h; is a stochastic gradient. For future use, let us define
Z; = Et(ht+1),xt =Z; — VJ(et), Cl‘+1 = ht+1 —Z. (32)

The last equation in (3.2) implies that E;({, ;) = 0. Therefore
Er(Ihe1l13) = llze )3+ Eil| 13- (3.3)

We make two assumptions about the stochastic gradient: Assumption: There exist sequences
of constants {1, } and {M,} such that

%[l < e [1+[|VI(O,) 2], VO, € RY, W, (3.4)
E(IIC, 113 < MH1+J(6,)], V6, € R, Wr. (3.5)

As mentioned above, these are the least restrictive assumptions in the literature.
In order to analyze the convergence of (3.1), we make two standing assumptions on J(-),
namely:

(S1) J(-)is €', and VJ(-) is globally Lipschitz-continuous with constant L.
(S2) J(-) is bounded below, and the infimum is attained. Thus

J*:= inf J(0)
OeRd

is well-defined, and J* > —oo. Moreover, the set
Syp:={0:J(6=J"}
is nonempty. Note that hereafter we take J* = 0.

3Since +~7 is undefined when ¢ = 0, we really mean (¢ + 1)~7. The same applies elsewhere also.
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Aside from these standing assumptions, we introduce four other conditions. Note that not all
conditions are assumed in every theorem
(GG) There exists a constant H < o such that |[VJ(0) |3 < HJ(8), V6 € RY.
(PL) There exists a constant K such that ||VJ(8)|3 > KJ(8), V6 € R.
(KL’) There exists a function y/(-) of Class 4 such that ||VJ(0)|2 > w(J(8), V6 € R4,
(NSC) There exists a function 1(-) of Class % such that p(8) < n(J(0)), V6 € RY, where

p(6):= inf 69l

In the above (GG) stands for “Gradient Growth.” It is satisfied with H = 2L whenever J(+)
is convex, but can also hold otherwise. Condition (PL) stands for “Polyak-Lojasiewicz,” while
(KL) stands for “modified Kurdyka-Lojasiewicz.” Finally, (NSC) stands for “Near Strong Con-
vexity.” A good discussion of (PL) and (KL) (as opposed to (KL")) can be found in [19], while
[18, Section 6] explains the difference between (KL) and (KL’), as well Condition (NSC).

With this background, we first state a theorem on the convergence of the SGD, but without
any conclusions as to the rate of convergence. It is [18, Theorem 3].

Theorem 3.1. Suppose the objective function J(-) satisfies the standing assumptions (S1) and
(S2) together with (GG), and that the stochastic gradient h; | satisfies (3.4) and (3.5). With
these assumptions, we have the following conclusions;

(1) Suppose
Y o <o, Y gy <0, Y 0P M} < oo, (3.6)
=0 =0 t=0

Then {VJ(6,)} and {J(6,)} are bounded, and in addition, J(0,) converges to some
random variable as t — oo.
(2) If in addition J(-) satisfies (KL’), and

Y o = o, 3.7)
t=0

then J(0) — 0 and VJ(0;) — 0 as t — oo.
(3) Suppose that in addition to (KL’), J(-) also satisfies (NSC), and that (3.6) and (3.7) both
hold. Then p(6;) — 0 ast — co.

Theorem 3.1 does not say anything about the rate of convergence. By strengthening the
hypothesis from (PL) to (KL’), we can serive explicit bounds on the rate. It is [17, Theorem 4].

Theorem 3.2. Let various symbols be as in Theorem 3.1. Suppose J(-) satisfies the standing
assumptions (S1) through (S3), and also property (PL), and that (3.6) and (3.7) hold. Further,
suppose there exist constants Y > 0 and 8 > 0 such that®

M = O<t_y)aMt = 0(t8)7

where we take Yy =1 if W, = 0 for all sufficiently large t, and 6 = 0 if M; is bounded. Choose the
step-size sequence {0y} as O(t=1=9)) and Q(1=(1=C)) where ¢ and C are chosen to satisfy

0< ¢ <min{0.5—§,7},C € (0,9].

6Since +~7 is undefined when ¢ = 0, we really mean (¢ + 1)~7. The same applies elsewhere also.
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Define
vi=min{l -2(¢+98),y—0¢}. (3.8)

Then |VJ(6,)|3 = o(t™*) and J(6,) = o(t™*) for every A € (0,Vv). In particular; by choosing
¢ very small, it follows that |VJ(6,)||3 = o(t*) and J(6,) = o(t~*) whenever

A < min{1 —28,7}. (3.9)

Corollary 3.3. Suppose all hypotheses of Theorem 3.2 hold. In particular, if U, = 0 for all large
enough t in (3.4), and My in (3.5) is bounded with respect to t, then |VJ(6,)|5 = o(t™*) and
J(0,)=o0(t*) forall A < 1.

It is worthwhile to compare the content of Corollary 3.3 with the bounds from [1]. In that
paper, it is assumed that z, := E,(h; ;) = VJ(6,), and that CV;(h,, 1) < M? for some finite
constant M; see [1, Eq. (2)]. In the present notation, this is the same as saying that u; = O for all
t, and that M; = M for all ¢. Thus the assumption is that the stochastic gradient h; | is unbiased
and has conditional variance that is uniformly bounded with respect to ¢t and 0;. With these
assumptions on the stochastic gradient, it is shown in [1] that for an arbitrary convex obective
function, the best achievable rate ||V.J(6,)||2 = O(r~'/?), or equivalently, |VJ(6,)[3 = O(t").
Thus the bounds in Corollary 3.3 are tight for any class of functions satisfying the hypotheses
therein, which includes both convex as well as a class of nonconvex functions.

4. BLOCK ASYNCHRONOUS STOCHASTIC APPROXIMATION

Until now, we have reviewed some results from a companion paper [18]. This section and
the next contain original results due to the authors that are not reported anywhere else. Suppose
one wishes to solve (1.2), that is, to find a fixed point of a given map g(-). As mentioned earlier,
when every component of 0, is updated at each ¢, this is the standard version of SA, referred to
by us as “synchronous” SA, though the term is not very standard. When exactly one component
of 0, is updated at each ¢, this is known as “Asynchronous” SA, a term first introduced in [33].
In this section, we study the solution of (1.2) using “Block Asynchronous” SA, whereby, At
each step ¢, some but not necessarily all components of 0; are updated. This is denoted by
the acronym BASA. Clearly both Synchronous SA and Asynchronous SA are special cases of
BASA.

4.1. Intermittent Updating: Convergence and Rates. The key distinguishing feature of BASA
is that each component of 0, gets updated in an “intermittent” fashion. Before tackling the con-
vergence of BASA in R?, in the present subsection we state and prove results analogous to
Theorems 2.5 and 2.8 for the scalar case with intermittent updating.

The problem setup is as follows: The recurrence relationship is

Wil = (1_051Kt>Wt+OCth§z+17 4.1)

where {w;} is an R-valued stochastic process of interest, {;} is the measurement error (or
“noise”), {o} is a (0, 1)-valued stochastic process called the “step size” process, and {x; } is a
{0, 1}-valued stochastic process called the “update” process. Clearly, if k; = 0, then w; | = wy,
irrespective of the value of ¢; therefore w; 1 is updated only at those # for which k; = 1. This
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is the rationale for the name. With the update process {k; }, as before we associate a “counter”
process {V;}, defined by

v, = i K. 4.2)
Thus Vv; is the number of times up to and includis;g time ¢ at which w; is updated. We also define
v i(7):=min{reN:v, =1}, Vr > 1. (4.3)

Then v—1(-) is well-defined, and
viviie)) =t viiv) <t,vi(t)<t—1. (4.4)

The last inequality arises from the fact that there are # + 1 terms in (4.2). Also, k; = 1 only when
t = v~1(7) for some 7, and is zero for other values of ¢. Hence, in (4.1), if = v~!(7) for some
T, then w; gets updated to w; 1, and

Witl = W2 = =0 = Wy—I(141)> (4.5)

at which time w gets updated again. Thus w; is a “piecewise-constant” process, remaining
constant between updates. This suggests that we can transform the independent variable from ¢
to 7. Define

X7 = val(f), C’H—l = gv—l(T)Jrl, V1T Z 1, (46)
with the convention that x; = wq. Note that the convention is consistent whether vo = 1 or not
(as can be easily verified). Also we define b; := o4 k;, whenever t = vyl (1) for some 7. With
these definitions, (4.1) is equivalent to

x7+1 — (1 _bf)xT+beT+1, \V/T 2 1, (4.7)

Note that, in (4.7), b is arandom variable for all T > 1, and that there is no by. To analyze the
behavior of (4.7), we introduce some preliminary concepts. Let .%; be the c-algebra generated
by wo, k), &{. With the change in time indices, define {¢;}, where ¥; = 9},4(1), whenever
t = v~ (1) for some 7. Then it is easy to see that {&;} is also a filtration, and that

E(x:|9;) = Ei(wi|.F4)

whenever t = v~1(7) for some 7. Hence we can mimic the earlier notation and denote E (X |%;)
by E¢(X). Also, if it is assumed that original step size a; belongs to .Z(.%;), then b; €
M(F1) = M(F\1(r)) = A (9z). The assumption implies that, while the step 0o; may be
random, it only makes use of the information available up to and including step .

Now we present a general convergence result for (4.7). Observe that {w,} is a “piecewise-
constant version” of {x;}. Hence if some conclusions are established for the x-process, they are
also established for the w-process, after adjusting for the time change from ¢ to 7.

Theorem 4.1. Consider the recursion (4.7). Suppose there exist constants U;, M; such that

|Et (1) < e (1+[wr]) Ve >0, (4.8)
CV,(&41) < MP(14w?), Ve > 0. (4.9)

Define
fe= b2V F205 1 )+ M1 ) +3behy 1 () (4.10)

ge = br(21y 1 (o) T My () Doy (o). (4.11)
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Then we have the following conclusions:
(1) If
Y fe<eo ) gr <o, (4.12)
7=1 T=1

then x; is bounded almost surely.
(2) If, in addition to (4.12), we also have

Y br=o, (4.13)
=1

then x; = 0 as T — oo,
(3) If both (4.12) and (4.13) hold, then x; = o(ff’l)for every A < 1 such that

(T+ 1) g < oo, (4.14)

gk

1

o\
Il

by — AT 1] = oo, (4.15)

s

—_

T=
and in addition, there exists a T < o such that

by — At ' >0VT>T. (4.16)

Proof. The proof consists of reformulating the bounds on the error &, in such a way that
Theorems 2.5 and 2.7 apply. By assumption, we have that

|Er (&1)] < e (14 |wy]), Vi,

In particular, when t = v~!(7), we have that {; | = &1, and
B (Con)| = [Ei (1) < pa (T4 |wi]) = py1g) (14 [ ).

It follows in an entirely analogous manner that CVz(Cey1) < M, -15)(1 +x2). With these obser-
vations, we see that Theorems 2.5 and 2.7 apply to (4.7), with the only changes being that (i)
the stochastic process is scalar-valued and not vector-valued, (ii) the time index is denoted by 7
and not ¢, and (iii) y;, M; are replaced by Hy=1(7)s My-1(7) respectively. Now the conclusions of
the theorem follow from Theorems 2.5 and 2.7. U

Now, for the convenience of the reader, we reprise the two commonly used approaches for
choosing the step size, known as a “global clock™ and a “local clock™ respectively. This dis-
tinction was apparently first introduced in [5]. In each case, there is a deterministic sequence
{B:}r>0 of step sizes. If a global clock is used, then o = f3; at each update, so that bz = B, -1 ().
If a local clock is used, then o = By,, so that then by = B;_; . The extra —1 in the subscript is
to ensure consistency in notation. To illustrate, suppose k; = 1 for all . Then v, =7+ 1, and
vil(t)=1-1

Now we begin our analysis of (4.7) with the two types of clocks. Now that Theorem 4.1 is
established, the challenge is to determine when (4.13) through (4.16) (as appropriate) hold for
the two choices of step sizes, namely global vs. local clocks.

Towards this end, we introduce a few assumptions regarding the update process.

(Ul) v; — o0 as t — oo almost surely.
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(U2) There exists a random variable r such that
Vi
n — rast — oo, a.s.. “4.17)

Observe that both assumptions are sample-pathwise. Thus (U2) implies (U1).
We begin by stating the convergence results when a local clock is used.

Theorem 4.2. Suppose a local clock is used, so that & = By,, so that by = Br_1. Suppose
further that Assumption (U1) holds, and moreover

(a) {W} is nonincreasing; that is, ;11 < Uy, Vt.

(b) M, is uniformly bounded, say by M.
With these assumptions,

(1) If _ _
Y BF <, Y B < oo, 4.18)
t=0 t=0

then {x.} is bounded almost surely, and {w;} is bounded almost surely.
(2) If, in addition

Y Bi=c, (4.19)
t=0

then x; — 0 as t — o almost surely, and w; — 0 as t — oo almost surely.

(3) Suppose B, = O(t=1=9)), for some ¢ > 0, and B, = Q(t~'=C)) for some C € (0, ).
Suppose that 1, = O(t ™) for some € > 0. Then x; — 0 as T — oo, and wy —0ast — oo,
for all ¢ < min{0.5,€}. Further, x; = o(t*), and w; = o((v,)~ )for all A < € —¢.
In particular, if t; = 0 for all t, then x; = o(t~*), and w; = o((v;)™*) for all A < 1.

(4) If Assumption (U2) holds instead of (Ul), then in the previous item, w, = o((v;)~ l) can
be replaced by w; = o(t™*).

Proof. The proof consists of showing that, under the stated hypotheses, the appropriate condi-
tions in (4.12) through (4.16) hold.

Recall that by = B;_. Also, by Assumption (U1), v; — o as t — oo, almost surely. Hence
v~1(1) is well-defined for all 7 > 1.

Henceforth all arguments are along a particular sample path, and we omit the phrase “almost
surely,” and also do not display the argument @ € Q.

We first prove Item 1 of the theorem. Recall the definitions of f; and g; from (4.10) and
(4.11) respectively. Item 1 is established if t is shown that (4.12) holds. For this purpose, note
that ug < u; if s > ¢, and M; < M for all . We analyze each of the three terms comprising f.

First,
Yo=Y B =Y B <
=1 =1 =0
Next, since M; < M for all ¢, we have that
Zb2M2 <M22b2<oo
=1

Finally,

(o)

Z brpty-1( Z 1M1 = Zﬁtut < oo,
=0
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Here we use the fact that v~} (1) > 7—1, so that Hy-1(z) < He—1. Thus it follows from (4.10)
that {f;} € £1, which is the first half of (4.12). Next, since {bcfl,-1(r)} € £1, 50 is {7, (o)
Hence it follows from (4.11) that {g.} € ¢1, which is the second half of (4.12). This establishes
that {x;} is bounded, which in turn implies that {w, } is bounded.

To prove Item 2, note that Y. by = Y7 Br = oo. Hence (4.13) holds, and x; — 0 as T — oo,
which in turn implies that w; — 0 as t — oo.

Finally we come to the rates of convergence. Recall that i, = O(r~¢) while M, is bounded
by M. Also, B; is chosen to be O(t—1=9)) and Q(r~(1=C)). From the above, it is clear that

fr=0(z 22 L o(¢1+9-¢),
Hence (4.12) holds if
—242¢p <—land —14+¢ —€ < —1, or ¢ <min{0.5,¢}.
Next, from the definition of g; in (4.11), it follows that
(v (@) + 1)) rge < (v 1) ge = 0(r O,
Hence (4.14) holds if
—1+9—e+A<—-1 = A<e—9.

Combining everything shows that x; = o(7~*) whenever
¢ <min{0.5,e},A <e—¢.

If u; = 0 for all ¢, then € can be chosen to be arbitrarily large. However, the limiting factor is
that the argument in Theorem 2.7 holds only for A < 1. Hence x; = O(T_;L) whenever

0 <054 <1.

Now suppose Assumption (U2) holds, and fix some € > 0. Then along almost all sample paths,
for sufficiently large T' we have that v, /t > r — ¢ for all t > T. Thus, whenever ¢t > T, we have
that

vi>rt = o((v,) ") <o((rt)™) = o(t™*).

Thus w; has the same rate of convergence as xz. ]

Since the analysis can commence after a finite number of iterations, it is easy to see that
Assumption (a) above can be replaced by the following: {,} is eventually nonincreasing; that
is, there exists a T < oo such that p, 1 <y, Ve > T.

Next we state a result when a global clocks is used. Theorem 4.3 below is not directly com-
parable to Theorem 4.2 above. Specifically, in Theorem 4.2, the bias coefficient y, is assumed
to be non increasing, and the variance bound M? is assumed to bounded uniformly with respect
to r. However, the step sizes are constrained only by the requirement that various summations
are finite. In contrast, in Theorem 4.3, there are no assumptions regarding (, and .#;, but the
step size sequence {f3; } is assumed to be nonincreasing.

Theorem 4.3. Suppose a global clock is used, so that 0y = B, whenever t = v~'(7) for some ©
and as a result by = 3,1 ()- Suppose further that Assumption (U2) holds. Finally, suppose that
B is nonincreasing, so that B,1 < B for all t. Biy1 < By, for all t. Under these assumptions,
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(1) If (4.18) holds, and in addition
Y BAM} <o, (4.20)

then {w,} is bounded almost surely.

(2) If, in addition, (4.19) holds, then w; — 0 as t — oo almost surely.

(3) Suppose in addition that B, = O(t=1=9)), for some ¢ >0, and B, = Q(1t=1=9)) for
some C € (0,0]. Suppose that y; = O(t~) for some € > 0, and M; = O(t%) for some
0 > 0. Then w, — 0 as t — o whenever ¢ < min{0.5 —9J,¢€}. Moreover w; =o(t™*)
forall A < € — ¢. In particular, if 1, = 0 for all t, then w, = o(t ™) forall A < 1.

The proof of Theorem 4.3 makes use of the following auxiliary lemma.

Lemma 4.4. Suppose the update process {K;} satisfies Assumption (U2). Suppose {B;} is an
R -valued sequence of deterministic constants such that B,y < B; for all t, and in addition,
(4.19) holds. Then

Y Byie) = Y Biki =co. @.21)
7=1 t=0

Proof. We begin by showing that there exists an integer M such that, whenever 2% > M, we have

1 2k+1
?< Z Kt) >
t=2k41

By assumption, the ratio v,/t — r as t — oo, where r could depend on the sample path (though
the dependence on @ is not displayed). So we can define € = r/2, and choose an integer M such
that

(4.22)

N~

IT 1 1T—1 €
K —r|= K—r)| <=, VT >M.
Z 1 — T ;Z()(l r) 3 =
Thus, if 2K > M, we have that
1 2k+1 12k+1 1 2k
o Y (k—r)| < gZ(Kt—r) 5z (K —r)
1=2k41 =1 =1
< Zepleeot
373 72

Next, suppose that 3,1 < B for all ¢. (If this holds only for all sufficiently large t, we just start
all the summations from the time when the above holds.)

o o Skt - Skt
;)Bﬂft > Z( Z ﬁth) ZZ( Z B2k+lK[>

k=1 kg1 k=1 k=1
ok+2 ok+2
= —Z Y Bun > Z Y B-= Zﬁz—oo-
=1=0k+14] =1=pk+11] ka

This is the desired conclusion. ]
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Proof. Of Theorem 4.3: Recall that a global clock is used, so that bz = f3,-1(;). Hence

%)

fo = Z[B\%’l(’c)+ﬁ3*1(T)M\2/’1(’L')+BV—1(7)‘LLV_1(1)]
=1 7=1

[e)

= Z(,)[ﬁzz‘l‘ﬁthz"‘ﬁtﬂt] < oo

Via entirely similar reasoning, it follows that {g;} € ¢;. Hence (4.12) holds, and Item 1 follows.
To prove Item 2, it is necessary to establish (4.13), which in this case becomes

o)

Z :Bv—](’c) = Z br = oo,
=1

7=0
This is (4.13). Hence Item 2 follows.
Finally we come to the rates of convergence. The only difference is that now M; = 0(t5)
whereas it was bounded in Theorem 4.2. To avoid tedious repetition, we indicate only the
changed steps. The only change is that now

fr=0(t7229) 4 O(¢2+290+20) | o(7~1H978),
Hence (4.12) holds if
2420 <—1,-242¢0+26<—1l,and —1+¢p—e<—1,

or

¢ < min{0.5—6,¢}.
Next, from the definition of g; in (4.11), it follows that

(v @O+ 1) g < (v 1) g = O( O,
Hence (4.14) holds if
—1+9—e+A<—1 = A<e—9.
Hence x; = o(t*) and w, = o(r~*) whenever
¢ <min{0.5—68,e},A <e—¢.

If u, = 0 for all ¢, then we can choose € to be arbitrarily large, and we are left with

0 <05-0,A<1.

OJ

4.2. Boundedness of Iterations. Next, we give a precise statement of the class of fixed point
problems to be studied. In this subsection, it is shown that the iterations are bounded (almost
surely), while in the next subsection, the convergence of the iterations is established, together
with the rate of convergence. The boundedness of the iterations is established under far more
general conditions than the convergence. More details are given at the appropriate place.

Let N denote the set of natural numbers including zero, and leth: N x (RY)N — (R?)N denote
a measurement function. Thus h maps R¢-valued sequences into R?-valued sequences. The
objective is to determine a fixed point of this map when only noisy measurements of h are
available at each time 7. Specifically, define

n, =h(t,0;). (4.23)
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Suppose that, at time # + 1, the learner has access to a vector 1), + &, |, where &, , | denotes the
measurement error. The objective is to determine a sequence 7* € (RY)N (if it exists) such that

h(n*) =7,

using only the noise-corrupted measurements of 1.

To facilitate this, a few assumptions are made regarding the map h. First, the map h is
assumed to be nonanticipative’ and to have finite memory. The nonanticipativeness of h
means that

05,05 € (RHN, 0 = ¢ = h(r,05) =h(7,¢7),0< <1 (4.24)
In other words, h(z, 65’) depends only on 6f,. The finite memory of h means that there exists a

finite constant A which does not depend on 7, such that h(z, 6})) further depends only on 6’_, ‘1
With slightly sloppy notation, this can be written as

h(t,0h) =h(1,0'_, ), Vt > A, Vo5 € (RN, (4.25)
This formulation incorporates the possibility of “delayed information” of the form

Nei = &i(01(F —A1(2)), -+, 04(t — Ag(2))), (4.26)

where Aj(t),---,A4(t) are delays that could depend on ¢. The only requirement is that each
A;(t) < A for some finite A. This formulation is analogous to [33, Eq. (2)] and [5, Eq. (1.4)],
which is slightly more general in that they require only that t — A;(¢) — e as t — o, for each
index i € [d]. In particular, if h is “memoryless” in the sense that, for some function g : RY R4,
we have

h(r,60) = g(0/), (4.27)

then we can take A = 1. Note that, if h is of the form (4.27), then the problem at hand becomes
one of finding a fixed point in R of the map g, gives noisy measurements of g at eath time step.

To proceed further, it is assumed that the measurement function satisfies the following as-
sumption:

(F1) There exist an integer A > 1 and a constant y € (0, 1) such that
I, Wi _as1) =Bt 0)_pi) e S VIWI_at1 — Of—asillee V1 > A, VY5, 05 € (RN, (4.28)

This assumption means that the map 6;_, . ; — h(z,0}_, ) is a contraction with respect
to || - [|-. In case A =1 and h is of the form (4.27), Assumption (F1) says that the map
g is a contraction.

Now we discuss a few implications of Assumption (F1).
(F2) By repeatedly applying (4.28) over blocks of width A, one can conclude that

I(t, Wi _p1) = (5,00 ) ]l < VWG = 057 |, VU5, 05 € ROY. (429)

Therefore, for every sequence ¢f, the iterations h(z, ¢f)) converge to a unique fixed
point 7*. In particular, if we let (7*) denote the sequence whose value is 7* for every
t, then it follows that

Ih(z, (7)) — 7* [0 < CoyH/™), Wi, (4.30)
for some constant Cy.

"In control and system theory, such a function is also referred to as “causal.”
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(F3) The following also follows from Assumption (F1): There exist constants p < 1 and
¢} > 0 such that

Ih(t,05) [l < p max{ci, [|§fl=}, Vo € (R)N,z > 0. 4.31)

In order to determine 7* in (F2), we use BASA. Specifically, we choose 6 as we wish (either
deterministically or at random). At time ¢, we update 6, to 6, according to

0 1=0,+00n,+E&,.], (4.32)

where @ is the vector of step sizes belonging to [0,1)4, & ++1 1s the measurement noise vector
belonging to R?, and o denotes the Hadamard product. We are interested in studying two
questions:

(Q1) Under what conditions is the sequence of iterations {6, } bounded almost surely?

(Q2) Under what conditions does the sequence of iterations {6, } converge to T* as t — oo?
Question (Q1) is addressed in this subsection, whereas Question (Q2) is addressed in the next.

In order to study the above two questions, we make some assumptions about various entities
in (4.32). Let .%; denote the o-algebra generated by the random variables 6y, .ﬁt], and oc(’)”i for
i € [d]. Then it is clear that {.%; } is a filtration. As before, we denote E(X|.%;) by E;(X). 7

The first set of assumptions in on the noise.

(N1) There exists a finite constant c’1 and a sequence of constants {, } such that

1E:(Ers1) 12 < s (14 [[6p)|en), W2 > 0. (4.33)
(N2) There exists a finite constant ¢ and a sequence of constants {M;} such that
CVi(&iy1) < MF(1+|65)12), Ve >0, (4.34)

where, as before,

CVi€p1) = E(|E 1 — E(E)]13)

Before proceeding further, let us compare the conditions (4.33) and (4.34) with their counter-
parts (2.15) and (2.16) in Theorem 2.5. It can be seen that the above two requirements are more
liberal (i.e., less restrictive) than in Theorem 2.5, because the quantity ||6;||, is replaced by
105l Hence, in (4.33) and (4.34), the bounds are more loose. However, Theorems 4.5 and
4.10 in the next subsection apply only to contractive mappings. Hence Theorems 4.5 and 4.10
complement Theorem 2.5, and do not subsume it.

The next set of assumptions is on the step size sequence.

(S1) The random step size sequences { & ;} and the sequences {1 }, {M?} and satisfy (almost
surely)

Y o} <o Y MPo < o0, Y 0y < oo, Vi€ [d]. (4.35)
t=0 t=0 t=0
(S2) The random step size sequence {0 ;} satisfies (almost surely)

Y oyi=co, as., Vi€ [d]. (4.36)
t=0

With these assumptions in place, we state the main result of this subsection, namely, the
almost sure boundedness of the iterations. In the next subsection, we state and prove the con-
vergence of the iterations, under more restrictive assumptions.
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Theorem 4.5. Suppose that Assumptions (N1) and (N2) about the noise sequence, (S1) and (S2)
about the step size sequence, and (F1) about the function h hold, and that 0, is defined via
(4.32). Then sup;, ||0;||c < oo almost surely.

The proof of the theorem is fairly long and involves several preliminary results and observa-
tions.

To aid in proving the results, we introduce a sequence of “renormalizing constants.” This is
similar to the technique used in [33]. For ¢ > 0, define

A := max{]|0)]|, ¢} }, (4.37)
where c’1 is defined in (4.23). With this definition, it follows from (4.31) that 1, = h(z, 96)

satisfies
1Ml < PA, V. (4.38)

Define {, | = A; '€, for all t > 0. Now observe that A, ' < c1 ,and A; 1 < ([105)].) !
Hence

IE (1)l < ey 1) = oy, (4.39)
where ¢, = ¢} (cf1 + 1). In particular, the above implies that
|Er(G1,)| < vt > 0. (4.40)
Similarly
CVi(Gi14) < e3sME, Ve >0, (4.41)

for some constant c3.

If we compare (4.39) with (4.33), and (4.40) with (4.34), we see that the bounds for the
“modified” error £, ; are simpler than those for §, ;. Specifically, the right side of both (4.39)
and (4.40) are bounded with respect to 6}, for each 7, though they may be unbounded as functions
of ¢. In contrast, the right sides of (4.33) an (4.34) are permitted to be functions of ||0}||.

Though the next result is quite obvious, we state it separately, because it is used repeatedly
in the sequel.

Lemma 4.6. Fori € [d] and 0 < s <k < oo, define the doubly-indexed stochastic process

(s,k+1) Z[ H — )| @G (4.42)

=s r=t+1

where an empty product is taken as 1. Then {D;(s,k)} satisfies the recursion
Di(s,k+1) = (1 — o ;)Di(s,k) + 04 ;G y1,i, Di(s,5) = 0. (4.43)
In the other direction, (4.42) gives a closed-form solution for the recursion (4.43).

Recall that N denotes the set of non-negative integers {0,1,2,...,}. The next lemma is
basically the same as [33, Lemma 2].

Lemma 4.7. There exists Q1 C Q with P(Q) =1 and r{ : @1 x (0,1) — N such that
IDi(s,k+1)(@)| <&, Yk > 5> ri(0,8). (4.44)
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Proof. Let € > 0 be given. It follows from Lemma 4.6 that D; satisfies the recursion
D;i(0,t+1) = (1 — 0y ;)Di(0,1) + 04 i G v1,
with D;(0,0) = 0. Let us fix an index i € [d], and invoke (4.40) and (4.41). Then it follows from
(4.41) that
CVi(Gi1.0) < caMy,
and (4.40) also holds. Now, if Assumptions (S1) and (S2) also hold, then all the hypotheses

needed to apply Theorem 2.5 are in place. Therefore D;(0,k + 1) converges to zero almost
surely. This holds for each i € [d] Therefore, if we define

Q ={weQ:Di(0,k+1)(®w) —>0ast — oo Vie[d]},

then P(€21) = 1. We can see that for w € Q; we can choose 7 (®, €) such that Vk > rj(w,€),i €
[d] we have
1D:(0,k+1)(w)| < Le.
To proceed further, we suppress the argument @ in the interests of clarity. Observe from
(4.42) that, whenever s < k we have

k k
Dis,k+1) = Y[ ] 1—a)]eniGers (4.45)
t=s r=t+1
k k s—1 k
= Y[ IT (0 -ap]aibori= Y| TT 0 -]t @46
t=0 r=t+1 t=0 "r=r+1
[k Ts—1. s—1
= Di(0k+ 1)~ |[T0 - | X[ [T (1 =) riGri @447
| r=s | =0 "r=t+1
3 _
= Di(0,k+1)— [JJ(1 = 00i) | Di(0,s). (4.48)

Since 1 — o € (0,1) for all r,4, it follows that the product also belongs to (0, 1). Therefore
E
2
This is the desired conclusion. UJ

£
IDils,k+ 1] < D0 k+ 1) +[Di(0.5)| < 5 +5 =e.

Lemma 4.8. There exists Qy C Q with P(Q) =1 and r5 : @1 x N x (0,1) — N such that

k
[T —asi(w) <&, Vk>r;(w,j,€),icd,o0c Q. (4.49)

§=J

Proof. In view of the assumption (S2), if we define

Q) = {a)eQ: i_am-(w) =ooVie [d]},

s=]
then P(€) = 1. For all ® € Q,, we have

Y o (o) =
=)
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Using the elementary inequality (1 —x) < exp{—x} for all x € [0, o), it follows that

k
H(I—OC,,( ) <exp Zatl
5=
Hence for o € Q, H’S‘: j(l — oy i(w)) converges to zero as k — co. Thus we can choose
r5(®, j,€) with the required property. O

In the rest of this section, we will fix @ € ©; N Q,, the functions ri‘, r§ obtained in Lemma
4.7 and Lemma 4.8 respectively and prove that if (F1) holds, then ||6;(®)||« is bounded, which
proves Theorem 4.1.

Let us rewrite the updating rule (4.32) as

Orr1i=(1—04i) 6 i+ i(Mei+ A G i), i € [d], 1 >0, (4.50)
By recursively invoking (4.50) for k € [0,¢], we get
041, =Arp1,i +Bry1,i +Cri 4.51)
where t
A= [ T10 = o) | 6o, (4.52)
k=0
t 3
Biiii=Y, [ IT (- Olm)} O i Mk i (4.53)
k=0 "r=k-+1
13 t
Cr1i= Z[ IT ¢ _O‘r,i)} O i Ak G 1. (4.54)
k=0 r=k+1
Lemma 4.9. Foric [d],
|C,+1’i’ <A sup |Di(l’,l‘—f— 1)| (4.55)
0<r<t

Proof. We begin by establishing an alternate expression for Cy ;, namely

t
Crv1,i = AoDi (0,1 + 1)+ Y (Ax = A1) Dkt + 1), (4.56)
k=1

where Dj(-, ) is defined in (4.42). For this purpose, observe from Lemma 4.6 that C;; ; satisfies
Cip1i =M iGv1i+(1—04)Cri = ADi(t,t + 1)+ (1 — 04 )Gy 4, (4.57)

because 0y ;§;11,; = Di(t,t+ 1) due to (4.43) with s = . The proof of (4.56) is by induction. It
is evident from (4.54) that

C1,i=Noo,1C1,i = AoD;i(0,1).
Thus (4.56) holds when ¢ = 0. Now suppose by way of induction that

—1
Cri = AoDi(0,1) + Y (Ax— A1) Dj(k,1). (4.58)
k=1

Using this assumption, and the recursion (4.57), we establish (4.56).
Substituting from (4.58) into (4.57) gives
1
Crr1i=ADi(t,t + 1)+ Ao(1 — ;) Di(0,1) + (1 — 04 3) ) (Ak—Ak—1)Di(k,t).  (4.59)
k=1

N
|
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Now (4.42) implies that
(1 —0a1i)Di(k,t) = Di(k,t +1) — 04 ;G 11, = Di(k,t + 1) = Di(t,t +1).

Therefore the summation in (4.59) becomes
1—1 -1

Y (A= M) (1 — o )Di(k,t) = ) (Ax—Ax—1)Di(k,1)

k=1 k=1
— lt+1 Z Ay — A ] =51 +9; say.

Then § is just a telescoping sum and equals
Sy =—AN_1Dj(t,t + 1)+ AoD;(t,t +1).
The second term in (4.59) equals
Ao(1—04;)Di(0,1) = Ag[D;i(0,t + 1) — 0 ;i G11.i) = AoD;(0,2 + 1) — AgDj(t,t+1).

Putting everything together and observing that the term AgD;(t,7 + 1) cancels out gives

-1
Cii1i=AoDi(0,1+ 1)+ (A — A—1)Di(t,t + 1)+ Y (Ax — A1) Di(k,1).

k=1
This is the same as (4.59) with ¢ + 1 replacing ¢. This completes the induction step and thus
(4.56) holds. Using the fact that A; > A;_1, the desired bound (4.55) follows readily. [

Proof. (Of Theorem 4.1) As per the statement of the theorem, we assume that (F1) holds. We
need to prove that

supA; < oo.
>0

Define

0= mm{ p ;},

and observe that, as a consequence, we have that p(1+268) < 1. Choose rj = r{(0) as in
Lemma 4.7 such that
|Di(s,k+1)| < SVk>s>r], Vield].

It is now shown that

A< (1 +26)AFT Vi, Vi€ [d]. (4.60)
By the monotonicity of {A,}, it is already known that A, < Ar’l‘ for t < rj. Hence, once (4.60)
is established, it will follow that

sup Ay < (14206)A,
0<t<oo
The proof of (4.60) is by induction on ¢. Accordingly, suppose (4.60) holds for t < k. Using

(4.55), we have

|Crr1,i] < OA, < A,TS(l +29). (4.61)
It is easy to see from its definition that

k

A1l < A [H(l - as,i)}

s=0
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Using the induction hypothesis that A; < (1+28)A,; fort <k, we have

k k
<Y [T (1- )]

s=0 r=s+1

k k
< ;)[ [T« _ar,i)] Ots iP As

r=s+1

|Bit1,i Ns,i

because p(1+29) < 1. Also, the following identity is easy to prove by induction.

[ﬁ(l - Ots,i)} + i [ f[ (1- ar,,-)} 0 =1k < oo (4.62)

s=0 s=0 "r=s+1
Combining these bounds gives

A1l + B 1| < Ay
Combining this with (4.51) and (4.61) leads to
Ok1i <Ay (1+6(1+28)) <A (1+26).
Therefore [|041| < Ay;(1426), and
Mg = max{||Opp1]leo, A} < Apr(1+26).
This proves the induction hypothesis and completes the proof of Theorem 4.1. U

4.3. Convergence of Iterations with Rates. In this subsection, we further study the iteration
sequence (4.32), under a variety of Block (or Batch) updating schemes, corresponding to various
choices of the step sizes. Whereas the almost sure boundedness of the iterations is established
in the previous subsection, in this subsection we prove that the iterations converge to the desired
fixed point 7*. Then we also find bounds on the rate of convergence.

We study three specific methods for choosing the step size vector «; in (4.32). Within the
first two methods, we further divide into local clocks and global clocks. However, in the third
method, we permit only the use of a global clock, for reasons to be specified.

4.3.1. Convergence Theorem. The overall plan is to follow up Theorem 4.5, which establishes
the almost sure boundedness of the iterations, with a stronger result showing that the iterations
converge almost surely to 7*, the fixed point of the map h. This convergence is established
under the same assumptions as in Theorem 4.5. In particular, the step size sequence is assumed
to satisfy (S1) and (S2). Having done this, we then study conditions under which (S1) and (S2)
hold for each of the three methods for choosing the step sizes.

Theorem 4.10. Suppose that Assumptions (N1) and (N2) about the noise sequence, (S1) and
(S2) about the step size sequence, and (F1) about the function h hold, and that 0, is defined
via (4.32). Then 0, — ©t* as t — oo almost surely, where ¥ is defined in (F2).
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Proof. From (4.51), we have an expression for 6,1 ;, where A; 1 ;, B;11,; and C; 1 ; are given
by (4.52), (4.53) and (4.54) respectively. Also, by changing notation from k to ¢ and s to k in
(4.62), and multiplying both sides by 7', we can write

t

T = [ﬁ(l - a,w-)} T+ { i [ [T a- ar,i)i| ak,i} ', V.

k=0 k=0 "r=k+1

Substituting from these formulas gives

Or1i— 7 =Ars1i+Bii1i+ Gy (4.63)
where

t

A =[]0 —ou) (60 — ), (4.64)
k=0
_ t

By, = [ H (1 _ar,i)} Oi(Mii — ), (4.65)

r=k+1

and Gy ; 1s as in (4.54). It is shown in turn that each of these quantities approaches zero as
t — oo,
First, from Assumption (S2), it follows that®

t
[T(1—og) = 0ast— co.
k=0
Since 6y ; — 7;" is a constant along each sample path, A,HJ approaches zero.
Second, by combining (4.29) and (4.30) in Property (F2), it follows that

10— | < Y4165 — ()" o < CryH /A

for some constant C; (which depends on the sample path). Thus

Z i — 7| < oo
r=0
along almost all sample paths. Now it follows from (4.65) that

t

Bit1,i] < [ I1 (1—ar,i)] i Mk — 70|
r=k+1
t

< [T (- ap]ocr™ = Ly (4.66)
r=k+1

Let L; 1 ; denote the right side of this inequality. Then it follows from Lemma 4.6 that L, ;
satisfies the recursion
Lysii= (1= 00)Lyi+ 04, Cry 4. (4.67)

The convergence of L, ; to zero can be proved using Theorem 4.1. Since the quantity C; ’yV /A]
is deterministic, its mean is itself and its variance is zero. So in (4.8) and (4.9), we can define

pk = cy/A Ml =0 vr.

8We omit the phrase “almost surely” in these arguments.
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We can substitute these definitions into (4.10) and (4.11), and define
S = 03142051 (5) +3belly 1 () (4.68)

g%:bﬁmﬁquﬂ+b#WA@y (4.69)
Since o4 € [0,1] and the sequence {ur} is summable (because y < 1), and MF = 0, (4.12) is
satisfied. Also, by Assumption (S2), (4.13) is satisfied. Hence L;;1; — 0 as r — oo, which in
turn implies that By 1 ; — 0 as 1 — oo.
Finally, we come to G, ;. It is evident from (4.54) and Lemma 4.6 that C; | ; satisfies the
recursion
Cir1i= (1= )Cri+ 04 i i (4.70)
Now observe that A; is bounded, and the rescaled error signal {1 ; satisfies (4.40) and (4.41).
Hence, if A* is a bound for A;, then it follows from (4.40) and (4.41) that

|EZ(A1‘CI+1,i) S C2A*u’t7 Vt 2 07CW(AZCZ+17i) S C3A*M[27 Vt Z 07 (471)
Hence, when Assumptions (S1) and (S2) hold, it follows from Theorem 4.1 that C; 1 ; — 0 as
t — oo, O

4.3.2. Various Types of Updating and Rates of Convergence. Next, we describe three different
ways of choosing the update processes {; ;}.

Bernoulli Updating: For each i € [d], choose a rate b; € (0, 1], and let {x; ;} be a Bernoulli
process such that

Pr{x. =1} =b;, Vt.

Moreover, the processes {k;;} and {k; ;} are independent whenever i # j. Let v; ;, the counter
process for coordinate i, be defined as usual. Then it is easy to see that v; ;/f — b; as t — oo, for
each i € [d]. Thus Assumption (U2) is satisfied for each i € [d].

Markovian Updating: Suppose {Y;} is a sample path of an irreducible Markov process on
the state space [d]. Define the update process {k; ;} by

o —] .:{I,EE:L

SOl 0, ifY; #i.
Let i denote the stationary distribution of the Markov process. Then the ratio v, ;/t — ; as
t — oo, for each i € [d]. Hence once again Assumption (U2) holds.

Batch Markovian Updating: This is an extension of the above. Instead of a single Mar-
kovian sample path, there are N different sample paths, denoted by {¥;"} where n € [N]. Each
sample path {¥;"} comes an irreducible Markov process over the state space [d], and the dy-
namics of different Markov processes could be different (though there does not seem to be any
advantage to doing this). The update process is now given by

Kni — Z I{Ytn:l}
ne[N]

Define the counter process V; ; as before, and let u"* denote the stationary distribution of the n-th
Markov process. Then

Hence once again Assumption (U2) holds.
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Now we establish convergence rates under each of the above updating methods (and indeed,
any method such that Assumption (U2) is satisfied). The proof of Theorem 4.10 gives us a
hint on how this can be done. Specifically, each of the entities Al+1,i7Ll‘+1,iaCI+1,i satisfies a
stochastic recursion, whose rate of convergence can be established using Theorems 4.2 and
4.3. These theorems apply to scalar-valued stochastic processes with intermittent updating. In
principle, when updating 6;, we could use a mixture of global and local clocks for different
components. However, in our view, this would be quite unnatural. Instead, it is assumed that
for every component, either a global clock or a local clock is used. Recall also the bounds (4.33)
and (4.34) on the error §, ;.

Theorem 4.11. Suppose a local clock is used, so that o, ; = By, for each i that is updated at
time t. Suppose that {1 } is nonincreasing; that is, U+ < ly, Vt, and M, is uniformly bounded,
say by M. Suppose in addition that B, = O(t=1=9)), for some ¢ > 0, and B; = Q(1=1=)) for
some C € (0,9]. Suppose that g, = O(t~%) for some € > 0. Then 0; — 0 as T — oo for all
¢ < min{0.5,&}. Further, 8; = o(t~*) for all A < € — ¢. In particular, if y; = 0 for all t, then
0:=o(t*) forall A < 1.

The proof of the rate of convergence uses Item (3) of Theorem 4.1. In the proof, let us ignore
the index i wherever possible, because the subsequent analysis applies to each index i. Recall
that A, ; is defined in (4.64). Since In(1 —x) < —x for all x € (0, 1), it follows that

t t
In[(1—o) < =Y on,
k=0 k=0

where oy ; = 0 unless there is an update at time k. Now, since a local clock is used, we have that
0 ; = Bv,, whenever there is an update at time k. Therefore

t Vi
Z Ok,i = Z Bs
k=0 s=0

Now, if Assumption (U2) holds (which it does for each of the three types of updating consid-
ered), it follows that v, ; ~ t/r for large ¢. Thus, if B; = Q(’c*(lfc)), then we can reason as

follows:
Vi t / r

Y B Y s O~ (¢/r)C.
s=0 s=0

Therefore, for large enough ¢, we have that
t

[1(1—on) < exp(—(t/r)).

k=0

It follows from (4.64) that A,HJ — 0 geometrically fast.

Next we come to Btﬂ,i, which is bounded by L, ;, as defined in (4.67). Recall the defi-
nitions (4.68) and (4.69) for the sequences {ff} and {gk}. Then (4.12) and (4.13) will hold
whenever C > 0. Since Assumption (U2) holds, we have that

gy =Gy M <oy

for suitable constants C; and r’. The point to note is that the sequence {C,y" /T} 1s a geometrically
convergent sequence because ¥ < 1. Therefore (4.14) holds for every A > 0. Also, (4.15) holds
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for all C > 0. Hence it follows from Item (3) of Theorem 4.1 that L, ; = o(t"l) for every
A > 0.

This leaves only C;y ;. We already know that C; 1 ; satisfies the recursion (4.70). Moreover,
the modified error sequence {A,;(; ;} satisfies (4.71). The estimates for the rate of convergence
now follow from Item (3) of Theorem 4.1, and need not be discussed again.

Theorem 4.12. Suppose a global clock is used, so that oy ; = B; ; whenever the i-th component of
0, is updated. Suppose that P, is nonincreasing, so that B, < By for all t. Suppose in addition
that B = O(t~1=9), for some ¢ >0, and B, = Q(t~1=)) for some C € (0,9]. Suppose that
u; = O(t~¢) for some € > 0, and M; = O(t®) for some § > 0. Then 6, — 0 as t — oo whenever

¢ <min{0.5—9,¢}.

Moreover, 0; = o(t—*) for all A < & — ¢. In particular, if t; = 0 for all t, then 6, = o(t) for
all A < 1.

The proof is omitted as it is very similar to that of Theorem 4.11.

5. CONCLUSIONS AND PROBLEMS FOR FUTURE RESEARCH

In this paper, we reviewed some results on the convergence of the Stochastic Gradient method
from [18]. Then we analyzed the convergence of “intermittently updated” processes of the
form (4.1). For this formulation, we derived sufficient conditions for convergence, as well as
bounds on the rate of convergence. Building on this, we derived both sufficient conditions for
convergence, and bounds on the rate of convergence, for the full BASA formulation of (1.2).
Next, we applied these results to derive sufficient conditions for the convergence of a fixed point
iteration with noisy measurements.

There are several interesting problems thrown up by the analysis here. To our knowledge,
our paper is the first to provide explicit estimates of the rates of convergence for BASA. A
related issue is that of “Markovian” stochastic approximation, in which the update process is
the sample path of an irreducible Markov process. It would be worthwhile to examine whether
the present approach can handle Markovian SA as well.
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