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Abstract. The Mittag-Leffler function is an extension of the exponential function and plays important role in the
field of differential equations. The objective of this paper is to find two classes of differential equations whose
solutions are functions 7,,; and Hy;, j =0,..., p — 1, which are the special case of Mittag-Leffler functions.
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1. INTRODUCTION

The special function

o n

Z
E =Y — z,aeC, Ra)>0 1.1
is called the Mittag-Leffler function, introduced in [13, 14] by Gosta Magnus Mittag-Leffler.
The Mittag-Leffler function was introduced to give an answer to a classical question of complex
analysis, that is, to describe the procedure of analytic continuation of power series outside the
disc of their convergence [15]. The generalization of Mittag-Leffler function

©o n

Z
Eopg(z2) =) =——, za,BeC Ra),RP)>0 1.2
first appeared in [17, 18]. The functions (1.1) and (1.2) are a simple generalization of the
exponential function and their main properties were given in [5, 7]. The Mittag-leffler functions

have various applications in natural and engineering sciences, especially in physics, stochastic
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systems, dynamical systems theory, and disordered systems; see, e.g., [10, 11]. The Mittag-
Leffler functions can be utilized in fractional calculus and its applications. They appear in the
solutions of fractional-order integral equations and fractional-order differential equations, and
especially in the investigations of the fractional generalization of the kinetic equation, random
walks, Lévy flights, superdiffusive transport and in the study of complex systems [11]. Recently,
many researchers defined various generalizations and extensions of the Mittag-Leffler functions,
which are valuable for studying fractional calculus; see, e.g., [2, 3, 8, 9, 16, 19, 20].

As stated, the Mittag-Leffler functions often appear in the solutions of fractional differential
and integral equations. However, in this paper, we identify certain classes of ordinary differ-
ential equations whose solutions involve Mittag-Leffler functions. Specifically, we focus on
the functions 7,; and Hyj, j =0,...,p — 1, as a special case of Mittag-Leffler functions [1].
Utilizing a Laplace transform [4, 6, 12], we present:

(1) A class of ordinary differential equations of order p (Theorem 3.1), whose solutions are
linear combinations of the functions 7,,; and Hy;, j =0,1,...,p—1, where p > 2 is a
prime number.

(i1) A class of ordinary differential equations of order p 4 g (Theorem 3.3), whose solutions
are linear combinations of functions 7),; and H,;, j=0,1,...,p—1, and T;;; and H,;,
j=0,1,...,q—1, where p,q are a prime numbers such that p 4+ g > 4. In the special
case when p = ¢, we obtain an application, Theorem 4.1.

2. PRELIMINARIES

2.1. Notions. We use the following notation: N, R and C for the sets of positive integers,
real and complex numbers, respectively. For a given complex number z, we denote with R(z)
the real and with 3(z) the imaginary part. A Laplace transform of a function f is denoted by
L(f(1)(s) = [o" f(t)e''dt, s € C. The gamma function is denoted I'(z) = [, " le~'dt,
R(z) > 0.

2.2. Functions 7),; and H,;. We recall some definitions and assertions from [1].

Definition 2.1. [1] The functions 7,,;,H,; : R - R, j=0,1,2,--- ,p—1, p € N, are defined as

follows: _ _
&, (—1)rgpnt > pntj

T,i(t) = ;)(pn—ﬂ)‘ Hpyj() =Y T (2.1)

For each r € R, we have

Tl()(t) = i (—l)nt” :eit, Hl()(t) = Z

n!

n=0 n=0"
oo (—1)”t2n o0 (_l)nt2n+l ‘
To(t) = ~——~—— =cost (1) = -~ =—sint
20(1) ngb i =% 21(1) ngb IS
oo t2n g t2n+1
Hyo(t) = — = ht Hy () = ———— =ysinhr.
20(1) ,;)(211)! cosht (1) ,;)(Zn—i—l)! -
Lemma 2.2. [1] Let p be a prime number, p > 2. Then
g(ij(aO)(S): 7]20715-'-7p_17

sP +aP
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sP—i=lgi
L (Hpj(at))(s) = W,]’ =0,1,....,p—1,
220~ T(a))s) = m(1+ %),
(21~ Hyofar)))(s) = (1~ 4,

and

ZL(tTyo(at))(s)

3. MAIN RESULTS
Theorem 3.1. Let p be a prime number, p > 2 and a > 0. The solution of the equation

Y () —ay(t)—b=0,  y(0)=ao , Y(0) =ai,.... Y"1V (0)=a, (3.1)

is
p—1

b b
Y1) = ,26 ;LHp,(wz) o+~ Hyo({/ar) — = (3.2)
Proof. Using the Laplace transform on (3.1), we obtain
L (1) —ay(t) = b)(s) = "L (( ZS] (P=r=1)( a-i”(y(t))(S)—l—?ZO

S

from which it follows
p—1 .
Y ap-j-18'+ s

L)) =

Using a inverse Laplace transform and Lemma 2.2, we obtain

pl s/ 1
y(t) - ZOaPJlg_](sp_a)(t)—i_bg_l(s(sp_ ))(t)
j=
= ap—j-1 1
:j:() P IHPP Jj— l(v_t)—}_bg ( (SP—a))(t)
p—1 .

0J
From Theorem 3.1 and Lemma 2.2, we have the following remark.
Remark 3.2. Let p be a prime number, p > 2, and a < 0. The solution of the equation
Y1) —ay(t)=b=0,  y(0)=ao, ¥(0) =ar,..., y*"V(0)=ap-1  (3.3)
is
(1) :ELTMW—%H?TPO( o ar) - 2. (3.4)
=0 ¢/ (—a) a a
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Theorem 3.3. Let p,q be prime numbers, p+ q > 4. The solution of the differential equation
VPO (0) — ayP) (1) — by () +aby(e) — d =0,
¥(0) =ao, y(0) =ar,..., 7 D(0) =ap 141

where a,b >0, a # b, is
p—1

(1) = 25/— pj{/_t+z\/— Hyj(Vat) "’dZ pj‘,/_t)

j=0

(3.5)

+d2f i () + S (o) 1)+ P ) 1),

where Aj, j=0,...,p—1andBj, j=0,...,q— 1 are solutions to the system
aA,_j 1+bBy j 1 =aa, j 1+ba; j 1—apig—j1,j=0,...q—1,
Agj1+Byj1=a4 j1, j=0,...q—1, (3.6)
Aptg—j-1—@Ap—j-1 = Apig—j-1 —aap—j-1, J=q;---,p— 1,
andCj, j=0,...,p—1and D, j=0,...,q— 1 are solutions to the system
aCp_1+bDy 1 = —1
aCp_j_1+bDy_; 1=0, j=1,...,q—1
Cy—j-1+Dy—j-1=0, j=0,...,q—1
Cpig—j-1—aC,_j 1=0, j=gq,....,p— 1.

(3.7)

Proof. Without loos of any generality, we can assume p > g. Using the Laplace transform on
(3.5), we see that

LD (1) — ayP)(e) = by () + aby(t) — d)(s)

pt+g—1 ) p—1 )
=s"TL(y(1)(5) = Y apig-j18 —asPL(y(0)(s) +a Y ap-j-15’
j=0 j=0
q—1 . d
—bs1ZL(y(t))(s)+b Z ag—j—18' +abZ(y(t))(s) — S 0
j=0
from which it follows that
q—1 . r-l .
.Zo(aerq—j—l —aap_j1 —bag_j1)s' + ¥ (apiq—j-1 —aap—_j1)s’
Pv(t _J= j=q
(1) (s) s e
pt+q—1
j=p
T b (s —a)
In view of
g—1 p—1 p+q—1
_Zo(aerq—j—l —aap_j-1—bay_j- )8! + Z (apig-j—1—aapj- s+ Y Ap+q—j— 18/
j= j=q j=p

(s7 = b)(s? —a)
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p—1 ooq-l .
L Apj1st Y Bpojs
j=0 =0

sP—b + s —a

we have
q—1 - p—l - ptgq-1 '
Y (@pig-j-1 —aap_j1 —bag_j1)s'+ Y (aprg-j1 —aap_j1)s’+ Y, apig-j1s’
J=0 j:q j=pr
= —aZAjls—l- Zles
j=0
-1 p—1
:_Z aAp—j-1+bBy_j_1)s +Z pg—j—1 —aAp—j— 1)
j= j=q
ptq—1

+ Z (Aprg—j—1+Bpig—j1)s’,

from which we have system (3.6). Similarly,

(sP —b)(s9—a)  sP—b + s1—a

implies

R .
I=- Z (aCI’*J'*l +qufj71)S] + Z (Cerqf];l —an,j,I)s]
J=0 Jj=q
ptq—1
+ Z Cpig—j1+Dpig—j1)s,

from which we obtain (3.7). Further,

p-1 . q-1 .
Y CisP il Y D5t
1 _j=0 n j=0
s(sP —b)(s1—a)  s(sP—Db) s(s?—a)

p—2 . q—2 .
Y CjsP=i=2 Y D;s17I72
Jj=0 Jj=0 Cp— 1 qu 1

sP —b + s1—a +s(sl”—b)%_s(sq—a)
5P q 1Dj_1sq—j—1 Cp1 CpoisPl D,y Dyys971

_Z’ sP—b j:l si—a  bs  b(sP—b) as  a(si—a)

Using an inverse Laplace transform and Lemma 2.2, we obtain the desired conclusion immedi-

ately. 0J

The following assertion is a consequence of Theorem 3.3 and Lemma 2.2.
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Remark 3.4. (i) If a > 0, b < 0, then the solution of equation (3.5) is

p—1 .
Aj

Y(t):jzbﬁ il +Z\/—w (V—ar) +dZ€/—p1 (¢/=br)
+d2 Hyj(Yat) + —L=(Tyo(Y/=br) — 1) + —2= (Hyo(Yar) - 1),

where A;, j = 0,...,p —1land Bj, j=0,...,q— 1 are solutions to system (3.6), since Cj,
j=0,....,p—1l,and Dj, j=0,...,q— 1 are solutions to system (3.7).
(i1) If @ < 0, b > 0, then the solution of equation (3.5) is

Z(/—pj\/_t"‘z\/— QJ\/_t+dZ p1<7_t>

T,(V/—at) +

—(Tyo(¥/~ar) - 1),

+d2 ¢— 2= (Hpo(Vbr) ~ 1) +
where Aj, j=0,...,p—1, and Bj, j=0,...,g— 1 are solutions to system (3.6), since Cj,
j=0,....p—1 and Dj, j=0,...,q— 1 are solutions of the system (3.7).

(iii) If @ < 0, b < 0, then the solution of equation (3.5) is

Ty (/—bt) T,i(V—at) (¢/—br)

+dZ </— P]

= (Tyo(V/ —at) —1),

)+ Z \/_
P=L(Tpo({/—br) — 1) +

e v—
+dZ Ty (V—ar)+

where Aj, j= 07...,p —1land Bj, j=0,...,q— 1 are solutions to system (3.6), since Cj,
Jj=0,....,p—Tland Dj, j=0,...,g— 1 are solutions to system (3.7).

4. APPLICATIONS

In this section, we give some applications of Theorem 3.3 from Section 3.

Theorem 4.1. Let p be a prime number, p > 2. The solution of the differential equation
yo(0) = ay'P)(6) + by(0) - d = O,

4.1)
¥(0) =ag, ¥(0) =ay,..., ¥ (0) = azp
wherea=m+n b=m-n,m>n>0, is
1o dp+j—ndj —aptj
y(t) = —LH,i({/mt —H {/nt
0= o B (2t () Sy 4
d nH mt) —mH nt
+_(1+ pO(\’/_) pO({}/_)>
b m—n
Proof. From Theorem 3.3, we find the desired conclusion immediately. 0

From Theorem 4.1 and Lemma 2.2, one has the following observations.
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Remark 4.2. (i) If m > 0 > n, then the solution of equation (4.1) is

Z, ap+1 W’H i(/mt) + ﬁTM( —nt))
d

nH mt) —mT,o( Y/ —nt
+_(1+ pO(\’/_) pO( ))
b m—n

(i1) If O > m > n, then the solution of equation (4.1) is

y(t) = — pf(“”*f B (Y/=mt) + " 2 ()

w5 ey )
+§(1 N nTpo(\”/jntrzl:lszo( —nt)>.

5. EXAMPLES

In this section, we present some examples, which indicate how our results can be applied to
concrete problems.

Example 5.1. Using Remark 3.2, one can see that the solution of the differential equation

Y1) +2y(1) =3=0, y(0)=1,)(0)=2,y"(0)=4

T32(x/_z)+§

§(1) = —5 TV + )

\/—T31(\/_t> \/—

Example 5.2. Using Theorem 4.1, one can see that the solution of the differential equation

YO () =3y (1) +2y(r) — 5 =0,

51
y(0) =1, Y(0) =2, y"(0) =3, y"(0) =4, yD(0) =5, Y (0) = 6 oD

is

H32(\/—t) TH30(t) — H31 (1) —I—é.

(1) = - Hio(V20) + :

\/—H31(\/_t) i

Example 5.3. Using Theorem 3.3, one can see that the solution of the differential equation

¥ (1) =3y (1) - 22 (0) + 63(1) — 4 =0,

(5.2)
¥(0) =1, Y'(0) =2, y"(0) =2, y"(0) =4, y¥(0) =5
is
17
:——H V/2t) + ———=Hz1 (V2t) + ——=Hz> (V21
y(t) 30(V2t) + \/E 31(V2t) 2373 32(V2t)
46
—H 3t —H 3t —
+69 20(\/_)+ 233 21(\/_)4-69,
__ 16 _ 3 _ 2 _ 9 3
WhereAO_ﬁaA 23aA2_23’BO_23,B1 23aC0——§,C1——g,CZ——g,DO—g,

and D| = &



8 A. H. ANSARI S. MAKSIMOVIC, M.M. CHALAKEI

6. CONCLUSION

The aim of this paper is to solve linear constant coefficient differential equations of forms:
Y )+ cary" P () + .+ ey P (6) +eoy(t) =¢, n=12 (6.1)

and
P (1) — ayP) (1) — by D (¢) + aby(t) —d = 0, (6.2)

where the a,b, c,d, and c; are constants, p,q € N, and p,q > 2. Applying the Laplace transform
on (6.1) and (6.2), we obtained their solutions as a linear combination of functions 7,;,H,; :
R—R, j=0,1,2,...,p—1,p € N, defined by (2.1). We believe that the methods introduced
in this paper offer valuable opportunities for further research in the field of ordinary differential
equations.

Acknowledgements

This paper was supported by the project ”Localization in the phase space: theoretical, practical
and numerical aspects”, No. 19.032/961-103/19 funded by Ministry of Scientific and Techno-
logical Development and Higher Education Republic of Srpska. This paper is dedicated to
Professor Stojan Radenovié¢ on the occasion of his 75th birthday.

REFERENCES

[1] A.H. Ansari, X.L. Liu, V.N. Mishra, On Mittag-Leffler function and beyond, Nonlinear Sci. Lett. A 8 (2017),
187-199.

[2] A.H. Ansari, S. Maksimovi¢, H. A. Nabwey, Z. D. Mitrovi¢, Application of some classes of Mittag-Leffler
functions in solving conformal fractional differential equations, Mathematical Analysis Theory and Applica-
tions, Taylor & Francis, Routledge, 2024.

[3] A.Chandola, R.M. Pandey, R. Agarwal, L. Rathour, V.N. Mishra,On some properties and applications of the
generalized m- parameter mittag-leffler function, Adv. Math. Model. Apapl. 7 (2022), 130-145.

[4] N. Dogan, Solution of the system of ordinary differential equations by combined Laplace transform—adomian
decomposition method, Math. Comput. Appl. 17 (2012), 203-211.

[5] M.M. Dzherbashyan, Integral Transforms and Representations of Functions in the Complex Plane, Nauka,
Moscow, 1966.

[6] V. Eiderman, An Introduction to Complex Analysis and the Laplace Transform, Taylor & Francis Group,
LLC, 2022.

[7]1 A. Erdélyi, W. Magnus, F. Oberhettinger, F.G. Tricomi, Higher Transcendental Functions, vol. 3, McGraw-
Hill, New York, 1955.

[8] F. Farid, S. Mehmood, L. Rathour, L.N. Mishra, V.N. Mishra, Fractional Hadamard and Fejér-Hadamard
inequalities associated with exp. (o,h — m)-convexity, Dyn. Contin. Discrete Impuls. Syst. Ser. A Math.
Anal. 30 (2023), 353-367.

[9] G. Farid, S.B. Akbar, L. Rathour, L.N. Mishra, V.N. Mishra, Riemann-Liouville Fractional Versions of
Hadamard inequality for strongly m-convex functions, Int. J. Anal. Appl. 20 (2022), 674-694.

[10] R. Gorenflo, A. A. Kilbas, F. Mainardi, S. V. Rogosin, Mittag-Leffler Functions, Related Topics and Appli-
cations, Springer-Verlag, Berlin Heidelberg, 2014.

[11] H.J. Haubold, A. M. Mathai, R. K. Saxena, Mittag-Leffler Functions and Their Applications, J. Appl. Math.
2022, (2011), 298628.

[12] O. Kiymaz, An algorithm for solving initial value problems using Laplace adomian decomposition method,
Appl. Math. Sci. 30 (2009), 1453-1459.

[13] G. M. Mittag-Leffler, Une generalisation de I’integrale de Laplace-Abel, Comptes Rendus de I’ Academie des
Sciences Série II 137 (1903), 537-539.



SOLUTIONS OF TWO CLASSES OF ORDINARY DIFFERENTIAL EQUATIONS 9

[14] G. M. Mittag-Leffler, Sur la nouvelle fonction Ey(z), Comptes Rendus de 1’ Academie des Sciences 137
(1903), 554-558.

[15] G. Mittag-Leffler, Mittag-Leffler, Sur la representation analytigie d’une fonction monogene (cinquieme note),
Acta Math. 29 (1905), 101-181.

[16] L. Rathour, A.U. Rehman, S. Bibi, G. Farid, L.N. Mishra, V.N. Mishra ,k-fractional integral inequalities
of Hadamard type for strongly exponentially (&, 2 —m)- convex functions, Appl. Math. E-Notes 23 (2023)
393-411.

[17] A. Wiman, Uber de fundamental satz in der theorie der funktionen E(z), Acta Math. 29 (1905), 191-201.

[18] A. Wiman, Uber die Nullstellun der Funktionen Ey(z), Acta Math. 29 (1905), 217-234.

[19] A.K. Yadav, RM. Pandey, V.N. Mishra, New results on (p1, p2,..., pn,k) Analogue of Lauricella Function
with Applications in Fractional Calculus Operator, In: Singh, S., Sarigdl, M.A., Munjal, A. (eds) Algebra,
Analysis, and Associated Topics. Trends in Mathematics. Birkhiduser, Cham, 2022.

[20] A.K. Yadav, R.M. Pandey, V.N. Mishra, Bicomplex r-Parameter Mittag- Leffler Function and Associated
Properties, IAENG Int. J. Appl. Math. 53 (4) (2023), 1585-1593.



