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Abstract. In this paper we suggest a new method for investigation of stability of Fredholm properties of operators
on interpolation Banach spaces constructed by the real interpolation method. The method consists of two closely
related steps. In the first step, invertible operators are investigated. In the second step, the results obtained for
invertible operators are applied to investigation of Fredholm operators. This approach allows us to obtain results
on stability of kernels and cokernels of Fredholm operators in the spaces constructed by the real interpolation
method. A characterization of maximal intervals of parameter 0 for which an operator T : )_('9761 — )_}g’q is Fredholm
is also obtained.
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1. INTRODUCTION

A linear bounded operator 7: X — Y from a Banach space X to a Banach space Y is called
a Fredholm operator if it has a finite dimensional kernel, that is, n(7) := dim(ker7) < o and
its range 7'(X) has a finite codimension in Y, that is, d(T') := dim(Y /T (X)) < . The quantity
i(T):=n(T)—d(T) is called the index of the operator 7. It is clear that a set of Fredholm op-
erators is a natural extension of a set of invertible operators. Note also that Fredholm operators
are very important in analysis and in PDE’s in particular.

Let us recall some basic properties of Fredholm operators. It is well known that from d(7') <
oo it follows that T'(X) is a closed subspace of Y (see, for example, [1]). It is also known that
if an operator T is a Fredholm operator and a bounded linear operator S: X — Y is such that
|1S—T|lx_y <€, where € =&(T) > 0 is small enough, then the operator S is also Fredholm with
i(S) =1i(T) and n(S) < n(T), d(S) < d(T). Moreover, if we consider the conjugate operator
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T*:Y* — X* of the Fredholm operator T, then T* is also Fredholm and n(T*) = d(T) and
d(T*)=n(T).

Throughout the paper by a Banach couple X = (Xo,X1) we mean two Banach spaces X, X
that are linearly and continuously embedded in some Hausdorff linear space 2". Let 6 € (0,1)
and g € [1,00]. As usual, by Xg q= (XO,X1)9 .¢ We denote the interpolation space constructed by
the real method of interpolation and by [X ]9 = [Xo,X1], the interpolation space constructed by
the complex method (see [8]).

We recall that a couple X = (Xo,X1) is called regular if Xo N X is dense in X;, i = 0,1. An
interpolation functor F is called regular if for any couple X the space Xo M Xj is dense in F ()? ).
Functors F(X) = [X]g and F(X) = Xp , are regular for 8 € (0,1) and g € [1,).

Let T: (Xo,X1) — (Yo,Y1) be a bounded linear operator from a Banach couple (Xp, X)) to
a Banach couple (Yp,Y)), i.e., T: Xo+X; — Yo +Y; is a linear operator and the restriction of T
to X; (i =0,1) is a bounded linear operator to ¥; (i = 0,1). Henceforth we only consider such
type of operators. Everywhere below we use the notation ker 7 := {x € Xo+ X;: Tx =0}.

The following remarkable result on local stability of Fredholm operators for the complex
method of interpolation was proved by I. Shneiberg (see [18]) in 1974.

Theorem 1.1. (Shneiberg) Let T : (Xo,X1) — (Yo,Y1). Suppose that for some 6, € (0, 1) the op-
erator T : [X)g, — [Yg, is Fredholm. Then there exists € > 0 such that for any 6 € (6, — &, 6, +
€) the operator T: [X]g — [Y]g is Fredholm with an index equals to the index of T: [X]g, —

e

In the same paper ([18], Lemma 6) 1. Shneiberg also proved that for all 6 € (6, — €,0, + €),
we have

n(T: [X]o — [Y]o) <n(T: [X]o, = [Y]o,), (1.1)
d(T: [X]g — [Y]p) <d(T: [X]o, — [¥]p,). (1.2)

K.-H. Forster and K. Giinther showed that (1.1) and (1.2) are in fact equalities (see [11]). It is
also clear that from Theorem 1.1 and the inequalities (1.1) and (1.2) it follows that if an operator
T: [X]g, — [Y]e, is invertible then for any 6 € (6, — &, 6, + €) the operator T: [X]g — [V]g is
also invertible.

For the real method analogs of Shneiberg’s result were obtained by M. Zafran (see [19]) in
1980 for invertible operators and by W. Cao and Y. Sagher (see [10]) in 1990 for Fredholm
operators. In 1998 M. Krause (see [14]) proved the following more general result.

Theorem 1.2. (Krause) Let T': (X(),Xl) (Yo,Y1). Suppose that for some 0, € (0,1) and
g« € [1,00) the operator T : Xg = Yg* «q. 15 Fredholm. Then there exists € > 0 such that for

any 0 € (6, —€,0,+¢) and q € [1,0) the operator T : X97q — Y97q is Fredholm with the same
index and kernel, i.e.,

i(T: Xgy— Yoq)=i(T: Xo, 4. — Yo.4.),
kerT ﬂ}?qu =kerT ﬂ)_(’g*yq*.

Moreover, there exists a finite dimensional space M C YyNY) independent of 0 € (0, —€,0,+€)
and q € [1,00) such that Yo , = M ST (Xg ).
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Let us note that Shneiberg’s theorem (which deals with the complex method) does not prove
the local stability of kernels and cokernels of Fredholm operators, and Krause’s theorem (which
deals with the real method) proves the local stability for the case of g < e but not for g = .

In this paper, we suggest a new strategy for investigation of Fredholm operators on interpola-
tion spaces constructed by the real interpolation method. This strategy is based on the reduction
theorem that reduces investigation of Fredholm operators to investigation of invertible opera-
tors. This approach allows us to prove new and interesting results.. In particular, we generalize
Krause’s theorem for the important and non-trivial case ¢ = «o. We also use our results to
characterize maximal intervals of Fredholmness in terms of generalized dilation indices.

We would like to note that the use of dilation indices was inspired by the remarkable work
due to S. Ivanov and N. Kalton [13] on interpolation of subspaces. Note also that the con-
nection between the problem of description of maximal Fredholm intervals and the problem of
interpolation of subspaces was considered in [3].

2. INVERTIBLE OPERATORS IN SPACES OF REAL INTERPOLATION

Let T: (Xo,X;) — (Yo,Y1) be a bounded linear operator between Banach couples and let
a parameter g, € [1,00] be fixed. In [15] (see also [19] for 1 < g. < o) it was shown that if
T: Xp, 4 — Yo, s is invertible, then there exists 6 > 0 such that for any 6 € (6, — 3,0, + )
the operator T: Xy @ = Yo, 4. is invertible. So the set of all 6 € (0, 1) for which the operator

T: X g = Yo .. 1s invertible is open. A similar result for the complex method was obtained by
Shneiberg in [18].

Definition 2.1. Let 7: (Xo,X;) — (Yo,Y1). An interval (a,b) C (0,1) is said to be an in-
terval of invertibility of T for the real method with a parameter ¢, if for any 6 € (a,b) the
operatorT : Xg ,, — Yg 4, is invertible.

Let us start with the following theorem.

Theorem 2.2. Let (a,b) be an interval of invertibility of an operator T : (Xo,X1) — (Yo, Y1) for
the real method with a parameter q.. € € [1,00]. Then for any 60, 0, € (a,b) and any interpolation
functor G the operator T : G(Xg0 7 ,Xel q.) = G(Yeo q*,Yel .q.) Is invertible.

Proof. Let 6y, 6, € (a,b). Since the operator

T : (XQOH* 7X01 751*) — (Y907q* ? Yel 7q*)

is invertible on the end spaces, i.e., the operators 7': X@i7q* — )_}91.7%, i =0,1, are invertible, then
according to Proposition 1 in [4] it is sufficient to prove the injectivity of the operator

T: )?907q* —}—Xgl P ?90761* + ?91 G (21)

To prove its injectivity it is enough to show that on the interval (a,b) the operator T has the
property of “local injectivity”, i.e., for any 0, € (a,b) there exists € = €(6,) > 0 such that for
any Uo, U1 € (6, — €, 0, + €) the operator

T: X/J(hq* +X,u'17Q* — YMOJI* + Yﬂl,q* (2.2)

is injective. Indeed, suppose that on (a,b) the operator T has the property of “local injectivity”
but the operator (2.1) is not injective. Then there exists a non-zero element x € Xq, 4, + Xp, 4.
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such that Tx = 0. Hence, x = xo + X1, Xo € )?90761*, x| € )?91 .¢. and so from Tx = 0, we have
y=Txo=T(—x;) € 1790’% N 17917%. Then from the reiteration theorem it follows that

yE m Yeﬂ*.
6¢€[6p,01]

By our hypothesis the operator 7': ng — 1797% is invertible for any 6 € [0y, 6], so there
exists a family {xg}gcg, 6, Of elements xg € )?97q* such that Txg = y. Let us now observe
that from “local injectivity” of T, it follows that for any 6, € [0y, 0] there exists an interval
(6, — €, 0, + €) such that the elements xg are equal for all 6 € (6, — €,0, + &) N[Oy, 0;]. Now
using compactness of the interval [6p,0;], we can conclude that xq, = xg,. It remains to note
that xg, = xo and xg, = —xy. Therefore x = xo +x; =0, i.e., from “local injectivity” follows
injectivity of the operator (2.1). So we only need to prove “local injectivity”. Let 0, € (a,b)
then there exists 6 > 0 such that the operator T': (Xo,X1)g 4. — (Y0,Y1)e,4, is invertible for any
0 € (6, —6,0.+ 9). Now let us consider the couples (Ag,A;), (Bo,B1), where
AO = XQ*_SH* +X€*+6,Q*’ A] = XG*_SH* QXQ*+S,Q*’
BO = ?6*76,(1* + ?6*+6,Q*7 Bl = ?9**67(1* m?6*+6,q*‘
From the calculations in [16] and [17], based on K-divisibility (see Theorems 3.3.15 and 3.8.7
in [9]), it follows that for A € (0,1/2) we have
(A0,A1)a g, = 29*7(172/1)5,% +)?9*+(1721)5,q*7
(Bo;B1)3 4. = 179*—(1—21)6,% + ?9*—1-(1—21)57(]*
and
(A0,A1)1/2,4, = Xo,.q.> (Bo,B1)1/2.4. = Yo, 4.- (2.3)

Since T': (Ag,A1) — (Bo,B1), from (2.3) follows the invertibility of the operator
T: (A0,A1)1/24. — (Bo,B1)1)2,4,-
So there exists £, > 0 such that for all A € (1/2— €,1/2+ &) the operator
T: (A(),A]) — (B(),B])A’q*

is invertible. Hence, if we take € € (0,20¢€;) then A =1/2—¢/26 € (1/2—¢€,1/2) and the
operator

A.q«

T: X6*787q* +X6*+£7(I* — Y6*787q* + Y0*+87Q*

is invertible. From the reiteration theorem we deduce that for any po, 1) € (0, — €, 0, + €) the
following inclusion holds:

XIJ'07(1* + X,ul ' * - XQ*—&Q* + X9*+€7‘Z* .
Thus, the operator (2.2) is injective and so “local injectivity” is proved. U

From Theorem 2.2 and the reiteration theorem for the real method immediately follows:

Corollary 2.3. If (a,b) is an interval of invertibility for an operator T : (Xo,X1) — (Yo,Y1) for
the real method for some parameter q, € [1,00|, then (a,b) is an interval of invertibility for the
real method for any parameter q € [1,00].
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Remark 2.4. Theorem 2.2 also follows from Theorem 4.9 and Proposition 4.2 in [7]. However,
the proof presented above is much simpler than the proof in [7]. Corollary 2.3 also follows from
the results in [4].

3. FREDHOLM OPERATORS IN SPACES OF REAL INTERPOLATION

In this section we apply our results on invertibility of operators to investigation of Fredholm
operators. Below we need the following technical lemma (see Lemma 3.1 in [6]).

Lemma 3.1. Let X and Y be Banach spaces such that X C Y and X is dense in Y. Then for any
closed subspace V of Y with dim(Y /V') < oo there exists a finite dimensional subspace M of X
with dimM = dim(Y /V') such that Y =M @V and X =M & (X NV). In particular, we have
dim(Y/V) =dim(X /(X NV)).

Our main tool in this section is the following theorem.

Theorem 3.2. (Reduction theorem) Let X, Y be regular couples and F be a regular func-
tor. Let T: (Xo,X1) = (Yo,Y1). Suppose that T F(X)— F(Y) is Fredholm. Then there ex-
ist couples (Xo,Xl) (Yo,Yl) and an invertible operator T: F(Xo,X,) — F(Yo,Y1) such that
if T: G(Xo,Xl) — G(Yo,Yl) is invertible for some interpolation functor G then the operator
T: G(X) — G(Y) is Fredholm with the index equal to the index of T: F(X) — F(Y).

Proof. The proof repeats the reasoning given in Theorem 1.2 in [6]. For the convenience of the
reader we show here the construction of the couples (Xo, X;), (Yy,¥;) and the operator 7. The
construction consists of several steps.

Since T: F(Xp,X;) — F(Yy,Y;) is Fredholm therefore dim(ker 7' N F(Xp,X;)) < . Hence,
there exists a closed subspace Uy of Xy + X such that Xy +X; = (ker T N F (Xp, X)) ® Uy. From
regularity of (Xp,X;) and Lemma 3.1 it follows that there exists a finite dimensional subspace
My C XoNX; such that

Xo+X1 =My ®Us. (3.1)
Then we define Xi by )Z =X;NUg fori=0,1.

From Fredholmness of T': F(Xp,X;) — F(Yy,Y1), we have dim (F (Yy,Y1)/T (F(Xo,X1))) <
oo. Since Yy NY) is dense in F(Yy,Y;) then by Lemma 3.1 there exists a finite dimensional space
My C YoNY; such that F(Yy,Y;) = My © T (F(Xo,X;)). As My is finite dimensional then in
Yo + Y there exists a closed subspace Uy which is a complement to My, i.e.,

Yo+ Y =M; ©Uy. (3.2)

Let us now define the space Yi by Yi:=YN Uy for i =0,1. To construct the operator T, we
consider the projections Py : Xo +X; — Uy and Py: Yo +Y) — Uy with the correspondmg ker-
nels My and My (see (3.1) and (3.2)). We define the operator T by T:= =P TP Xo +X1 —
Y() + Y] ]

Below we need the following lemma (see also [12] and [2]).

Lemma 3.3. Suppose that couples X, Y are ordered and regular, i.e., Xo C X1, Yo C Y1, X is
dense in X| and Yy is dense in Y|. Suppose that an operator T : (Xo,X1) — (Yo,Y1) is such that
the operators T : X; — Y;, i = 0,1, are Fredholm with equal indices. Then

kerT NXy=kerT NX; (3.3)
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and
T(X()) = T(X])QY(). (3.4)
Moreover, there exists a finite dimensional space M C Yy such thatY; =M & T (X;),i=0,1.

Proof. Let nj = dim(ker7 NX;), i =0, 1. Then from the inclusion
kerT NXy C kerT NX; (3.5)

it follows that ny < nj. Since Y is dense in Y; and the operator T': X; — Y is Fredholm, Lemma
3.1 withX =Yy, Y =Y and V = T(X)) yields that the codimension of 7 (X)) in Y] is equal to
the codimension of 7 (X;) NYj in ¥y. Clearly,

T(Xo) C T(Xl)ﬂY() (3.6)
and so dy := dim(7 (Xp)/Yo) > d; := dim(T (X;)/Y;). From equality of indices of the operators
T:X;—Y;,i=0,1, we have ny —ny = dy — d;. Hence from the inequalities ng < ny, dy > d
it follows that ng = n and dy = d;. Consequently, in the inclusions (3.5) and (3.6) we have the
equality of the indicated linear spaces, i.e., we have proved (3.3) and (3.4).

Finally, let us choose M such that Yy = M & T(Xy). As the codimension of 7 (Xp) in Y is
equal to the codimension of 7(X;) in ¥} and T'(Xy) = T(X;) NYy then Y} = M & T(X;). This
completes the proof. 0

In the next theorem we consider a family {Fy} of interpolation functors Fy, 6 € (0, 1), such
that

(a) functors Fyg are of order 0, i.e., for any couple X holds )?971 C Fy ()? ) C )?9700;
(b) functors Fy are regular and satisfy the reiteration theorem F) (Fy, Fp,) = Fli-2)801+26,5

() if T: (Xo,X1) — (Yo,Y1) and T': Fg (X) — Fg, (Y) is invertible, then there exists € > 0
such that for any interpolation functor G the operator
T: G(Fo,—e(X),Fo, (X)) = G(Fo,—e(¥), Fo (V)
is invertible.

Note that from Theorem 2.2 it follows that the family of functors of real interpolation Fy(-) =
(-)6,q. With a fixed parameter g, € [1,0) satisfies the conditions (a)-(c).
Our main result in this section is the following theorem.

Theorem 3.4. Let {Fy},0 < 0 < 1, be a family of interpolation functors that satisfies the above
conditions (a)-(c). Suppose that T: (Xo,X;) — (Yo,Y1) and T: Fy (X) — Fy (Y) is Fredholm.
Then there exists € > 0 such that for any interpolation functor G
(i) the operator
T: G(FG*—eo?)aFeﬁe(X))) - G(FQ*—S(?)7F9*+8(Y))
is Fredholm with the index equal to the index of T': Fy (X) — Fg_(Y);
(i1) the spaces
W =kerT NG(Fp, ¢(X),Fp, (X)), (3.7)
WW =T (G(Fo,_¢(X),Fo.4+¢(X))) N (YoNY7) (3.8)

do not depend on the functor G;
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(ii1) there exists a finite dimensional space M C Yo NY| independent of G such that
G(FB*—e(Y)aFO*Jrs(?)) =Mo T(G(FG*—e(X)aFGﬁS(X)))-

Proof. (i) From the reiteration theorem and regularity of functors Fy, 8 € (0, 1), it follows that
without loss of generality we can assume that the couples (Xp,X;), (Yo,Y1) are regular. Let
(Xo,X1), (Yo,Y1) and T be the couples and the operator constructed in Theorem 3.2. In this
case the operator

T: Fg* (Xo,f(l) — FQ* (Yo,f/l)

is invertible. Then from the condition (c) for the family of functors Fy it follows that there exists
€ > 0 such that for any interpolation functor G the operator

T: G(Fo,—¢(X0,X1),Fo, +¢(X0,X1)) = G(Fo,—¢(Yo,11), Fo, 4¢(Yo,11))
is invertible. So from Theorem 3.2 it follows that the operator
T: G(F,(X),Fo, (X)) = G(Fo,—e(Y), Fo,1(Y))

is Fredholm with the index equal to the index of T': Fy_(X) — Fq_(Y).
(i1) From (i) it follows that the operator

T:FGWS(X)‘FFG*%( ) — Fo, 8<?)+F9*+8(Y)

is Fredholm with the index equal to the index of T': Fg (X) — Fy_(Y). Let us consider a couple
(Ap,A1) where

Ao = G(Fo,—¢(X),Fo,+¢(X)), A1 =Fo_s(X)+Fo1e(X)
and a couple (By,B) where
Bo=G(Fo.¢(Y),Fo.1e(Y)), Bi=Fo,e(Y)+Fo,ye(Y).

Clearly, these couples are ordered. As XoNX; C Ag C Ay and Xp N X is dense in A; therefore
the couple (Ag,A1) is regular. Similarly, the couple (B, B;) is also regular. Moreover, from (i)
we see that the operator T': (Ag,A;) — (Bo,B)) satisfies the conditions of Lemma 3.3. Hence,
kerT NA; =kerT NAy, i.e.,

ker7N (FO*—E(X) +F9*+S(X)) = kerTﬂG(FO*—e(X),FOﬁs(X))-

As the left-hand side of this equality does not depend on the interpolation functor G therefore
the space W (see (3.7)) is independent of G. Moreover, from Lemma 3.3 it also follows that
T(A]) NBg = T(A()), ie

T (Fo,—¢(X)+Fo,1(X)) NG(Fo, ¢(Y),Fo, 1Y) = T(G(Fp,—¢(X), Fo,e(X))).
If we intersect both parts of this equality with ¥y NY; then from the embedding
YoNYi C G(Fa,—¢(Y),Fo,1¢(Y)) = Bo
we obtain
T (Fp,—¢(X)+Fo, (X)) N(YoNY1) = T(G(Fp, —¢(X), Fo. (X)) N (YoNY1).

As the left-hand side does not depend on G therefore the space WW (see (3.8)) is independent
of G. The proof of the statement (i1) is complete.



8 I. ASEKRITOVA, N. KRUGLYAK, M. MASTYLO

(iii) From Lemma 3.1 with X = YoNY,,Y = Fy_(Y) +Foe(Y) and V = T (Fy,_¢(Xo,X1) +
Fp,+¢(X0,X1)), we obtain that there exists a finite dimensional space M C Yy NY; such that
Fo,¢(Y)+Fo,1e(Y) = M®T(Fo,¢(X) + Fo,e(X)).

We can see that the codimension of T'(Fy__¢(X) + Fg 1¢(X)) in Fo, _¢(Y) + Fo¢(Y) (i.e., the
codimension of T'(Ay) in By) is equal to dimM.

From (i) it follows that the indices of the operators T: Ag — Bg and T : A; — B are equal,
so from the equality of kernels ker 7N Ao = ker T NA; (see (ii)) we obtain that the codimension
of T(Ap) in By is equal to the codimension of T (A ) in B;. Hence, the codimension of T'(Ag) in
By is equal to dimM. As

M CYoNY; C G(Fo,_¢(Y),Fg.1e(Y)) = By
and
MNT(Ayg) CMNT(A) ={0}
therefore By =M & T (Ap), i.e.,
G(FB*—e(Y)aFO*Jrs(?)) =M® T(G(FG*—e()?)aFeﬁs()?)))-
Moreover, from the construction of M it is clear that M is independent of the functor G. U

To formulate the next result we need the following definition.

Definition 3.5. Let 7: (Xo,X;) — (Yo,Y1). An interval (a,b) C (0,1) is said to be an interval
of Fredholmness of the operator T for the real method with a parameter g, if the operator
T: (X0,X1)6,4. = (Y0,Y1)0 4, is Fredholm for all 6 € (a,b).

The next theorem proves stability of kernels and cokernels of an operator 7 on a Fredholm
interval for the real method. Note also that this theorem generalizes the result due to M. Krause
[14] to the important case of g = oo.

Theorem 3.6. Let T: (Xo,X1) — (Yo,Y1) and let (a,b) be an interval of Fredholmness of the
operator T for the real method with a parameter q, € [1,00). Then for any 0 € (a,b) and
q € [1,00] the operator T : )?g’q — 1797(1 is Fredholm and the spaces

W =kerTNXg, and WW =T (Xp,) N (YoNY1)

are independent of 0 € (a,b) and q € [1,00]. Moreover, there exists a finite dimensional space
M C YoNY; such that

Yo =MST(Xe,) (3.9)
forall © € (a,b) and g € [1,00].
Proof. Note that for any 6, € (a,b) the operator T: Xq,_,. — Yp, 4. is Fredholm. Applying
Theorem 3.4 with functors of real interpolation Fg(-) = (+)g.4, and G() = (-)1 4- ¢ € [1,0], we
obtain that there exists € = £(6,) > 0 such that for all 6 € (6, — €, 6, + €) the spaces

W =kerT NXg, and WW =T (Xg,) N (YoN Y1)

are independent of 6 € (0, — £(60.), 60, +€(6,)) and g € [1,0|. Let 8y, ) € (a,b), then

[60,61]C | (6.—¢(6,),6,+¢€(6,)).
9*6[00791}
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From compactness of the interval [6p, 0] it follows that this interval can be covered by a finite
number of constructed above intervals (60, — &(6,), 6, + €(0,)) with 6, € [6p,6;]. From this
and from independence of W and WW of 6 and ¢ on each interval (6, —&(6,),0.+€(6,)) it
immediately follows that the spaces W and WW are independent of 6 on the interval [6, 6,].
Since 6y, 6, € (a,b) are arbitrary we have independence of W and WW of 6 and ¢ on the whole
interval (a,b).

Now let us prove that there exists a finite dimensional space M C Yy NY; independent of
0 € (a,b), with the property (3.9). First let us note that from Fredholmness of the operator
T it follows that for any 6 € (a,b) the space T(Xg,,) is closed in Yy, and therefore from
YoNnY C 179761 we obtain that the subspace

WW =T(Xg4) N (YoN11)

is closed in Yy NY].
Now, if in the statement (iii) in Theorem 3.4 we set G(X) = X| / , then for any 6 € (a,b), we
obtain the existence of a finite dimensional space Mg C Yy NY; such that

?Qﬂ =My P T()_(»gjq).
If we intersect the spaces in both sides of this equality with Yy NY; we obtain
YoNnY1 =MgOWW.

Hence WW has a finite codimension in ¥y NY;. As WW does not depend on 6 € (a,b) and g €
[1,00] therefore there exists a finite dimensional space M that is also independent of 6 € (a,b)
and g and such that

YonYi=MeWW.

Moreover, it is clear that for any 6 € (a,b) and g € [1, 0] we have
Yoq=Mo®T(Xo ) CMBT(Xpy) = Yo,
This gives us the required equality (3.9) and the proof is complete. 0J

Corollary 3.7. If (a,b) is an interval of Fredholmness of an operator T for the real method
with a parameter g, € [1,0), then (a,b) is an interval of Fredholmness for any q € [1,0|, and
so the interval of Fredholmness is independent of q. € [1,00).

4. CHARACTERIZATION OF MAXIMAL FREDHOLM INTERVALS

Let an operator T: (Xo,X;) — (¥o,Y1) be invertible on the end spaces, i.e., the operators
T:X;—Y;,i=0,1,are invertible. Suppose also that for some parameters 0, € (0,1), g € [1,o0)
the operator 7T': ng — ?g*ﬂ is Fredholm. In this section we show that it is possible to charac-
terize the maximal interval (a,b) that contains 6, and such that for all 6 € (a,b) the operator
T: )?97q — 179# is Fredholm. We would like to mention that the problem of characterization of
a maximal interval of invertibility of an operator was solved in [4].

Below we need the notion of quotient operators for the case of couples. Let (Xp,X;) be
a couple and let U C Xy + X; be a closed subspace. Then we can consider a quotient operator
with the kernel U, i.e., an operator

m: Xo+Xi = (Xo+X1)/U,
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where (Xo+ X)) /U (we also denote it by m(Xy+ X)) is a quotient space with the quotient norm
H'xHTL'(X()-i-Xl) = 7'[(1)3{;)? H'XHX()-i-Xl :

Note that X; N U is a closed subspace of X;, i = 0,1. Therefore, on the space 7(X;) we can
consider the quotient norm X;/(X;NU), i.e.,

1%l ) = ﬂ(igf:xHxHXi, i=0,1.

The couple ((Xp), (X;)) with these norms is said to be the quotient couple. Then with the
equality of the norms (see [S]) we have

E(X()) —|-7'L'(X1) = 7'[(X() +X1>.

It is not difficult to prove the next result.

Proposition 4.1. Let T: (Xo,X1) — (Yo,Y1). Suppose that U C kerT is a closed subspace of
Xo+ X1 and w: Xo+ X1 — (Xo+X1)/U is a quotient map. Then there exists a unique bounded
linear operator S: (n(Xy),n(X1)) — (Yo, Y1) such that

T =Sm.

To characterize maximal Fredholm intervals of an operator 7: (Xp,X;) — (¥p,Y1) we need
to define linear spaces Vg = vy 7). Vel’ = 4 4(T)- These spaces were introduced in [4] and
they are defined by the formulas

Vgﬂ(T) = {x ekerT : x=xp+x1, X0 6297qﬂXo, X1 EXI},
Velﬂ(T) = {x ekerT : x =xy+x1, X9 € Xo, X1 6297qﬂX1}.

The spaces Vg. q and Vel 4 can also be defined in terms of the K-functional (see [4]):

{x €kerT : (/Ol(t_eK(t,x;Xo,Xl)Y?) < oo}7
{x ckerT : (/lw(t_eK(t,x;Xo,Xl)Y?); < 00} .

From these definitions it follows (see [4] and [5]) that

-

0
Ve,q

1
Ve,q

0 0 1 J
VG],Q C Ve()’q, V907q C V91761 lf 9() < 9] (4.1)
and
kerT NXp g =Vg ,NVg - (4.2)

We also define a linear space ngq such that
0 I U
kerT = (Ve’q+V97q) D Vg 4- 4.3)
In [5] it was shown that in the case when T : )ﬁ(e’q — 1797q is Fredholm the spaces Vg q N Vel q and
ngq are finite dimensional and the operator 7' can be decomposed into three operators

T =111, (4.4)
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where 77 is a quotient operator with the kernel Uy = Vg_ ma Veli , that maps the couple (Xo,X1) to

the couple (77(Xop), T1(X1)), the operator 75 is a quotient operator with the kernel U, = T} (Vg,q)
that maps the couple (71(Xp),71(X1)) to the couple (7>T;(Xo),7>T1(X1)) and T3 is chosen in
such a way that T = T3T>T; (see Proposition 4.1).

The next theorem proves stability of spaces V(g . V9'7 4 on Fredholm intervals.

Theorem 4.2. Suppose that an operator T : (Xo,X1) — (Yo,Y1) is invertible on the end spaces.
Let (a,b) be a Fredholm interval of the operator T for the real method and 1 < g < oo. Then the
spaces ng, VQ1 g are independent of 0 € (a,b).
Proof. Let us first prove that
Vog=WVoa+Vog) N(Ve,+Va,), i=0,1. (4.5)
Clearly, . S
Voy C Vo, +Vo) NV, +Va,).

To prove the opposite embedding let x € (Vei. gt ngq) N (Vg. P Vel q). Then there exist decom-
positions

xX=u+v, uc Véﬂ, Ve \N/qu,
X=vy+Vvi, Vo € ngq, V] € V917q.
Hence "
v=vo+vi—u€ Vo N (Vg,+Va,)-
From the definition of Vgﬂ it follows that \79761 al\%; .t Vy ;) =10}, ie., v=0, and therefore
x=u € Vj_, which proves (4.5).
Let us now show that the linear space

0 1
Vo tVe,
is independent of 6 € (a,b), i.e., Vgo q+V910 .= Vgl q+V911 , forany 6, 61 € (a,b). Itis sufficient

to show that the embedding
0 1 0 1
V907q + Veo,q C V91 at V61 4 (4.6)
is valid for any arbitrary 6,0, € (a,b). Let x € Vg) .t Vel0 ” which means that x = vy + vy,

where v; € V4 . i =0, 1. From the definition of Vj, . we get

4
_ .0, .1 .0 %% 1

Vo =V + Vo, vy € Xo ﬂXgO’q, Vo € X1,

V= V(l)-l-V%, V(l) € Xo, V% eX ﬂ)_(:gmq.
Asv; € kerT then

TV = —Tv}! € T(Xg,4) N (YoNY;) =WW, i =0,]1.

Defining xop = v8 —|—v(1) and x| = v(l) —|—V% we have
xX=vo+v = (v8+v?)+(v(1)+v%) = X0 + X1,

where x; € X; (i =0,1) and Txg = —Tx; € WW. According to Theorem 3.6 the space WW is
independent of 6 € (a,b), i.e.,

WW =T (Xg,,) N (YoNY1) =T (Xg, ,) N (YoNY1)
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and therefore there exists ¥ € )?91 ¢ such that
Tx = T)C() == —Txl.

Let us consider a decomposition x = (xo — X) + (x] + %) with xo — %, x; +% € kerT. Since
X € Xg, 4 therefore according to Propositions 4 and 2 from [4] there exists a decomposition
X =Xp+ X such that X; € X; ﬂ)?gl .- Hence,
Xo —X = (xo —Xo) — X1 and x| + X = Xp + (x1 + 1),
where
xo — Xo € Xo,—X1 € X1 ﬂ)?ghq and Xy € Xy ﬂ)_(»gl’q, x1+ X% € X;.

It means that xo — ¥ € Vel1 q and x; +X € Vgl 7 1.e.,
o - 0 1
x=(xo—%)+ (x1 +X) € Vg ,+Vp .

This proves the embedding (4.6) and therefore Vé) gt VQ1 q is independent of 6 € (a,b).
The fact that the space Vg a7t Vel q does not depend on 6 € (a,b) allows us to choose the space

‘79741 in (4.3) independently of 8 € (a,b). So, everywhere below we suppose that the space ‘797q
is independent of 6 € (a,b).
From (4.5) it follows that to prove the theorem it remains to show that the spaces

Vo g+t Vo.q Vag+Voy (4.7)

are independent of 6 € (a,b). From (4.2) and Theorem 3.6 we see that Vg q N Vel — kerT ﬂ)?gg

is independent of 6 on the whole interval (a,b). Since the space Vy , is also independent
of 0 € (a,b) we obtain that the operators 77 and 7> in (4.4), and, consequently, even 73 are
independent of 6 € (a,b). As shown in [5], the operator

Ty: (TT1(X0), ToT1(X1))o.g — (Yo, Y1)e 4
is invertible for all 6 € (a,b). Therefore, from Theorems 11 and 14 in [4], it follows that
Ve()),q(T3) & Vel,q(T3) = kerT3 (4.8)
and the spaces ng ,(13) and V(,17 ,(T3) are independent of 6 € (a, b).
From the definitions of the spaces Vg’ ,(T) and V917 ,(T) itis not difficult to prove that
T (Vg ,(T)) C V4 ,(T3), i=0,1. (4.9)
Therefore, from (4.8) it follows that
T,T1(Vy ,(T)) ® Ty (Vg ,(T)) C kerT5.

On the other hand, T> 7' : Xo+X; — ThT1(Xo) + T2 T1 (X)) is surjective therefore for any z € ker T3
there exists x € Xy + X such that 7,T1x = z. Clearly, x € kerT = Vg q + VQ1 Pas Vg 4 and therefore

x=vo+vi+7 wherev; €V}, i=0,1,and v € Vg ,. Since T (Vg ;) = ker T we have

0,9’
z=D1Tix=TTvo+1Tiv;.

Hence,
T,T1 (Vg ,(T)) & LTy (Vg ,(T)) = ker Ts.
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Taking into account (4.8) and (4.9), we obtain
T (Ve (T)) =V4 ,(T3), i=0,1.

So from ker(7>T}) = Veoq N Ve1 et ‘70,41 it follows that
{x €Xo+ X, : BTix e vgg(m} =V (T)+ Vo (T), i=0,1.

Since the space V) 4,(13), i=0,1, and the operator 757} are independent of 6 € (a,b) therefore
the space V) +T) +\797q(T), i =0,1, is also independent of 6 € (a,b).

We have proved that the space (4.7) is independent of 6 € (a,b) and thus the proof of the
theorem is complete. [

In [5] the spaces Vg e Vel q and Vg’q were used to formulate the necessary and sufficient con-

dition for Fredholmness of an operator 7': f(g’q — 179,{1. The result was formulated in terms of
generalized dilation indices. Let us remind the definitions of these indices.

Let us consider a set Q C Xy +X;. We denote by f(Q) an infimum of all 6 € [0, 1] for which
there exists y = y(0,Q) > 0 such that for all x € Q\ {0} and all 0 < s <, we have

K(s,x:X0.X1) (S)e' (4.10)

K(t,x;Xo0,X1) — '\t
If in this definition we consider such parameters s and ¢ that satisfy the inequalities 0 < s <¢ <1,
then we obtain an index By(Q) and if we consider such parameters s and 7 that satisfy the
inequalities 1 < s < then we obtain an index B.(Q).

Similarly, by () we denote the supremum of all 6 € [0, 1] for which there exists y =
7(6,Q) > 0 such that for all x € Q\ {0} and all 0 < s < ¢ we have

K(s,x: X0, X1) _ (S)Q' (4.11)

K(t,x;X0,X1) — t

If instead of 0 < s < we consider such parameters s and # that satisfy the inequalities 0 < s <t
< 1 then we obtain an index (L) and if we consider such parameters s and ¢ that satisfy
1 <s <t then we obtain an index Q.(Q).

In the case when the set Q consists of one element, i.e., Q = {x}, we denote the indices &t(Q),
B(Q) by a(x), B(x) (similarly, we obtain the indices ot (x), Bo(x), 0tw(x) and Be(x)). Note that
if Q= {0}, we put a(Q) = ap(Q) = ttee(Q) = 1 and B(Q) = P (Q) = P (Q) = 0.

Let U C Xy + X be a closed subspace, then if 7 is a quotient operator with a kernel U then
using Proposition 5 in [S] we obtain that the K-functional of an element 7(x) € 7(Xo) + 7(X)
is equal to

K(l’,ﬂ:()C), ﬂ(XO)vn-(Xl)) = I}ggK(l?x_i_l/hXOqu)'

Thus, the indices for the set T(Q) (Q C Xo + X)) with respect to the couple (7(Xp),7(X;)) can
be calculated in terms of the K-functional of the couple (Xo,X;). We denote them by o(Q;U),
B(Q;U), ap(U), Bo(2U), 06 (R2;U), and Pu (23 U).

Note that from the definition of the Fredholm interval for the real method with a parameter ¢
it follows that if an operator T': (Xo,X1)g, 4 — (Y0,Y1)0, 4, 1 < g < o, is Fredholm, then there
exists a maximal Fredholm interval (a,b) that contains 6.
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Theorem 4.3. Suppose that an operator T': (Xo0,X1) — (Yo,Y1) is invertible on the end spaces
and the operator T : Xg g Yg g1 < g <oo, is Fredholm. Let (a,b) > 6, be a maximal Fred-
holm interval for the real method with a parameter q. Then 6 € (a,b) if and only if

Beo(U) < 6 < o(U), (4.12)
Bo(ViU) < 8 < oe(V;U), (4.13)
B(Ve, sU+V) <0 <a(Vy ;U+V), (4.14)

where U = V&q N Vel*jq andV =V, .

Proof. Necessity. Let 6 € (a,b). From Theorem 4.2 we see that V) g = VGO* , and Vg q= Vel* g

and therefore the space \79,,] can be chosen equal to \79*#. Hence, Corollary 1 from [5] gives us
that for 0 the inequalities (4.12)-(4.14) are valid.

Sufficiency. We need to show that for any 0 satisfying the inequalities (4.12)-(4.14), the
operator 7 : )?9 q— 179 .¢ 1s Fredholm. Since T': )?9 q— 179 .¢ 1s Fredholm, the operator T' can
be decomposed as T = TRT, T (see (4.4)), where T1,T, are quotient operators with the kernels
V(9 q ﬂVe and T} (Vg*_‘ ), respectively. From Theorem 10 and Theorem 11 in [5] it follows that
for any 0 satlsfying (4.12)-(4.13), the operators

Ti: (X0,X1)e,4 — (T1(X0), T1(X1))6 .45

T>: (Ti(Xo), Ti(X1))e,g = (T2T1(X0), T2T1(X1)) 6.4
are Fredholm. Note that from Theorem 12 in [5] we conclude that the operator 73 defined on
(IT1(Xo), 2T (X1))s, 4 is invertible. Therefore, applying Theorem 14 from [4], we conclude
that for any 0 satisfying (4.14) the operator T3 : (T>T1(Xo), T2T1(X1))e.4 — (Y0,Y1)e 4 is invert-
ible. Consequently, the operator

T =T5LT: (Xo0,X1)eq — (Y0,Y1)6,4

is Fredholm. This completes the proof. 0

5. CHARACTERIZATION OF MAXIMAL INTERVALS OF INVERTIBILITY

Theorem 4.3 generalizes Theorem 14 from [4], in which maximal intervals of invertibility
were characterized. In this case U = Ve e Ve1 4 =10} V= 73 ¢ =10} and we arrive at the
following theorem.

Theorem 5.1. Suppose that an operator T : (Xo,X1) — (Yo,Y1) is invertible on the end spaces
and the operator T : Xg, 4 — Yp, 4,1 < q < oo, is invertible. Let (a,b) be a maximal interval of
invertibility of the operator T that contains 0. Then 6 € (a,b) if and only if

=B(Vy.,) <O <a(Vg ,) =b. (5.1)

The calculation of indices 8 (Vy, ;) and a(V& ;) 1s a rather difficult problem. As we can see
below, the next result allows us to simplify the calculations in some concrete situations.

Theorem 5.2. Suppose that an operator T : (Xo,X1) — (Yo,Y1) is invertible on the end spaces.
Let (ag,bo) and (ay,by) be two maximal intervals of invertibility of T for the real method with
ag <by<ay <by. If6y € (ao,bo) and 6, € (al,bl) then

by = a(V(%’q ﬂVelhq)v ar = B(V(%,q mvgw).
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Proof. We need some simple properties of dilation indices that follow directly from the defini-
tions (see (4.10), (4.11)):

(i) let Q@ C Xp+ X; and Q # {0} then

(@) < B(Q); (5.2)
(i) if Qo C Q| C Xo + X; then
o(Q) > o(Q1) and B(Qo) < B(Q)). (5.3)
Note that from (5.1) we have
ai=PB(Vy,,) bi=a(Vy,), i=0,1. (5.4)
Let us first show that
Vaa =V a® Ve Ve o) Ve a=Vaa® Ve aVe q)- (5.5)

From invertibility of operators
T: Xg.q— Yo.q i =0,1,
and Theorem 11 from [4] it follows that
kerT =Vg  @Vg ., i=0,1. (5.6)
Hence,
Vo oV NV o) ={0}, Ve ,N (Vg ,NVe, ) = {0}

and therefore from the inclusions (4.1) we have

Vo 4@ (Ve o WVa o) CVa o Vara® Ve o Ve, 4) C Ve, o (5.7)

Now let us prove the opposite inclusions. According to (5.6) for any x € kerT there exist
decompositions
0 1 0 1
X:X60+X90, X:.Xgl +XQ1, (58)
where xgo € ng, xéo eyl

0 0 1 1 0 1 _ .0 1
9.4 and Xg, € V61 4 %6, € Vﬂl,q' So Xg, T Xg, = Xg, T Xg, and therefore
the element

_ .0 0o _ .1 1
u —XGO —XQI —Xel —XQO

0 1 ; 0 _.,0 1 _ 1 ;
belongs to 2 " Vo, .q Since Xg, = Xg, T and xp = xg -+ u therefore from the assumption that

xe VGO0 g Ve have x = xgo in (5.8) and consequently we obtain the inclusions
0 0 0 1
Voo.g © Vor.q @ (Veovq n V91,q>'
Similarly, from the assumption that x € Vel1 g We have
Vo . CVg @V NV )
01,9 60,9 bo,g" ' " O1,9/

The obtained inclusions together with (5.7) give the equalities (5.5).
To prove the theorem we need to show that

a(Véth) - a(ve%aq mvelhq)’ B(Velhq) - B(Véth rw‘/ellvq).
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VO

. . . 0 1 O
First let us note that the inclusions Veo, p N V917 q cV B.q

00.° N Vel1 4 C Vell q and the property
(5.3) give us

B(VeraMVorq) < B(Ve,q)- (5.10)
Since Ve%,q = Vg1,q & (ng N Vell ’q), any element x € Vgo’q can be decomposed as x = u + v,

where u € Vgl g andv € V& q N Vel1 7 Hence, from (5.10) and (5.4) it follows that

B(VeyqMVe,q) < B(Ve, ) =ar <br=a(Vg ,)
and therefore Lemma 1 in [4] gives us the inequalities
K(s,u+v) K(s,u)+K(s,v)
Kt,utv) = "Kou) + K@)
g YZ(%)“(V& ,q)*SK(t, u) + y3(§>a(Vgo,qu9]1 ’q)_gK(t, V)
- K(t,u)+K(t,v)

for 0 < s <t. Here ¥, i = 1,2,3, are positive constants independent of u,v,s and . From the
properties (5.2) and (5.3) we have

and therefore
Klsx) _ Rlsutn) 8@t e,
K(r,x)  K(t,u+v) — "t

which means that
and we have the equality in (5.9). Similarly, we can prove the equality in (5.10). Indeed, as

1 _yl 0 1 . 1
Vorqa = Voo.q© (V907 Ve, q) therefore an arbitrary element x € Vy g can be decomposed as

x=u+v, where u € V9107 q andv € V& q N Vell, 7 Hence, from (5.9) and (5.4) it follows that
B(Vayg) = a0 <bo=a(Vg ) < (Vg ,NVg, ).
So from Lemma 1 in [4] we have
K(s,u+v)> K(s,u)+K(s,v)
K(t,u+v) ~ "V K({t,u)+K(t,v)
V) vy vl
L PR K ) + 5 ()P0 o K e,
- K(t,u)+K(t,v)

for 0 < s <t. Here ¥, i = 1,2,3, are positive constants independent of u,v,s and . As 0 <s <¢
and

B(VayqMVa g) = (Ve ,NVe o) = a(Ve o) > B(Vg,,)
therefore
Rls,utv) o B0 0V, e
K(t,u+v) — "'t
Hence, [3(V911 7 q) < B(Vgo 4N Vgll ) and we obtain the equality in (5.10). This completes the
proof of the theorem. U
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Note that if dim (Veoo’q ﬁVell ’q> =landec€ VQOM N Vel1 & then in Theorem 5.2 we have by =
o(e) and a; = B(e).

In [4] it was shown that if an operator T': (Xo,X;) — (Yp,Y1) is invertible on the end spaces
and dimker7 = n then the number of maximal intervals of invertibility does not exceed n +
1. The next theorem applies Theorem 5.2 to find the necessary conditions for the number of
maximal intervals of invertibility to be exactly n+ 1.

Theorem 5.3. Let T: (Xo,X1) — (Yo,Y1) be an operator invertible on the end spaces with
dim(kerT') = n. The set of invertibility consists of (n+ 1) disjoint intervals if and only if there
exists a basis ey, ...,e, of kerT such that

0<oer) <PB(er) <oaler) <P(er) <...<alen) <Pley) <.

Proof. Sufficiency follows immediately from Theorem 16 in [4]. To prove necessity, let the
set of invertibility consists of n+ 1 disjoint intervals (ay,by), ..., (ant1,bn+1), Wwhere a; < by <
agr1 < bri1, k=1,...,n,and let 6; € (ay,by). Note that from Theorem 5.1 one has

ar =B (Ve o) b = (Vg ,)
and therefore ng’q #* V(%H#’ VQIM =+ Velk%q for each k =1,...,n+ 1. Hence, from (4.1), the
equality ker T = V(% q &> Velk q (see Theorem 11 in [4]), and the fact that dimker7 = n we obtain
0 0 0 0
kerT =V ,DVg gD . DVg 2. DV =10}, (5.11)
1 1 1 1
{0} =V, CVgyC-..CVggC...CVq  ,=kerT (5.12)

with strict inclusions. Therefore, for the intervals (ay,b;) and (@, 1,b,+1) Theorem 5.1 gives
us

ay =B (Vg ,) =B({0}) =0,
a1 = a(Vg 1) =a({0}) =1.
Taking into account the equalities (5.5), from the inclusions (5.11)-(5.12) we have
ngq:V90k+17q@(veokvqmvelk+lvq), k€{17.“,n}'

Therefore,
0 1 0 1 0 1
kerT = (Vg ,MVe, 4) & (Vg MVay ) &+ ® (Vg 4V, )

and dim(Ve(l g mvng g)=1.ke{l,....n}. Lete, be an arbitrary element from V& g ﬁVE}k+1 o k=
l,...,n. Itis clear that {ey,...,e,} forms a basis in ker 7. Applying Theorem 5.2 we arrive at

by =a(Vg NV ) =(e) and a1 =B(Vg ,NVg )= Bler)
foreach k =1,...,n. Hence, as
O=a1<b1<ary<br<...<ayy1 <bpy1=1
we have constructed a basis {ey,...,e,} of kerT such that

0<ofer) <PB(er) <oaler) <P(er) <...<alen) <Pley) <.

We conclude the paper with the following.
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Remark 5.4. The proof of the theorem shows that in the settings of Theorem 5.3 the set of
invertibility of the operator 7, i.e., the set of all 8 € (0, 1) such that T': )?9761 — )_}gﬂ is invertible,

is (0,0c(e1)) U(B(er), ax(e2))U...U(B(en), 1).
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