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Abstract. The first author recently derived several approximation results by neural network operators. There, the
activation functions are induced by the arctangent, algebraic, Gudermannian and generalized symmetrical sigmoid
functions. The results we apply here are univariate on a compact interval, regular and fractional. The outcome is
the quantitative approximation of Brownian motion over the two dimensional sphere. We derive several Jackson
type inequalities estimating the degree of convergence of our neural network operators to a general expectation
function of Brownian motion. We give a detailed list of approximation applications regarding the expectation of
well known functions of Brownian motion. Smoothness of our functions is taken into account producing higher
speeds of approximation.
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1. INTRODUCTION

The first author of this paper in [1, 2] first established neural network approximation to contin-
uous functions with rated by very specifically defined neural network operators of Cardaliagnet-
Euvrard and ’Squashing’ types, by employing the modulus of continuity of the engaged func-
tion or its high order derivative, and producing very tight Jackson type inequalities. He treats
there both the univariate and multivariate cases. The defining these operators "bell-shaped’
and ’squashing’ functions are assumed to be compact support. Also the first author inspired
by [17], continued his studies on neural networks approximation by introducing and using the
proper quasi-interpolation operators of sigmoidal and hyperbolic tangent type which resulted
into [4, 5, 6, 7, 9], by treating both the univariate and multivariate cases. He did also the corre-
sponding fractional cases [8, 10, 12].
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In [16], the first author continued similar studies for Banach space valued functions for activa-
tion functions deriving from the arctangent, algebraic, Gudermanian and generalized symmet-
rical sigmoid functions. The authors based and inspired by [22] perform here neural network
quantitative approximations to Brownian motion over the two dimensional sphere.

They present a series of Jackson type inequalities estimating the error of approximation to a
general expectation function of the Brownian motion and its derivative. They produce regular
and fractional calculus results. They finish with a lot of important applications.

2. ABOUT NEURAL NETWORK OPERATORS

2.1. About the arctangent activation function neural networks. We consider the function
arctan(x) = [ 45 1o forall x € R and use the function

2 T 2 [T dz
h(x) := —arct <— ):_/ , R.
(x) arctan { x ) 112 X€E

which is a sigmoid type function and it is strictly increasmg We have that 2(0) =0, h(—x) =
—h(x), h(+e) =1, h(—e) = —1, and /' (x) = e 4 — for all x € R. We consider the activation
function v (x) = I (h(x+1) —h(x—1)), x € R, and we notice that y; (x) = y;(—x), i.e., it is
an even function. Since x+1>x—1,then h(x+1) > h(x—1), and y;(x) > 0 for all x € R. We
see that y;(0) = —arctan (%) =20.319. Letting x > 0, we have that

, 1, p —4m2x
L e F ) T e pam y s B
Hence, yi(x) < 0 for x > 0, That is y; is strictly decreasing on [0,+o0) , strictly increas-
ing on (—c0,0], and y{(0) = 0. Observe that lim_, o Wi (x) = I (h(+o0) — h(+e0)) = 0 and
limy—s oo Y1 (x) = }l (h(—o0) — h(—e0)) = 0. That is the x-axis is the horizontal asymptote on y;.
Thus v is a bell symmetric function with maximum y;(0) =2 0.319.

Theorem 2.1. ([11, p. 286]) We have that Y= _ y(x—i) =1 for every x € R.

Theorem 2.2. ([11, p. 287]) It holds [*2 y(x)dx = 1.
Hence, y(x) is a density function on R.

Definition 2.3. Letting f € C([a,b]), we call the first modulus of continuity of f at § > 0O the
following @1 (f,8) = sup, ye(q.p]:jx—y|<s |/ (x) — f(¥)|. We have that @ (f,6) — 0if and only
if 6 — 0.

Denote by | -] the integral part of the number and by [-] the ceiling of the number.

Definition 2.4. ([11]) Let f € C([a,b]) and n € N: [na]| < |nb|. Define the real positive linear
network operator

i £ 4 (nx— k)
An(f,x):= Lnb X € [a,b].
Lhpa) V1 (X — k)

Clearly here 1A, (f,x) € C([a,b]). In[1 1], we studied the pointwise and uniform convergence
of 1A, (f,x) to f(x) with rates

Theorem 2.5. ([11]) Let f € C([a,b]),0 < a < 1,n € N:n'"% > 2 x € [a,b]. Then
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(1)
1 4
1A () = 7001 49757 o1 ( Fro ) 4 ot Ll =i pu(),

and
(2) |1AL(f) = fll < p1(f). We notice that li_r>n 1An(f) = f, pointwise and uniformly.
n—oo

Definition 2.6. Let v>0,n=[v], f € AC" (|a, b]) (space of functions f with f"~1) € AC ([a,b]),
absolutely continuous functions). We call left Caputo functional derivative (see [18, 49-52],
[21, 23]) the function DY, f(x) = ) fa( £)"=V=1 £ (£)dt for every x € [a,b], where T is

the gamma function I'(v) = [;”e"tV~1dt,v > 0. Notice DY, f € L ([a,b]) and DY, f(x) exists
a.e. on [a,b]. We set DY, f(x) = f(x) for every x € [a,b].

Definition 2.7. (see also [3, 20, 21]) Let f € AC’”([a b]),m = [B],B > 0. The right Caputo

functional derivative of order 8 > 0 is given by D flx)= 1“((;—12& fx (& —x)ym=B=1gm(Oyag,

for every x € [a,b]. We set Dg_ f(x) = f(x). Notice that Df, f € Ly(|a,b]) and Df, exists a.e.
on [a,b].

We also mention the real valued fractional approximation result by neural networks.

Theorem 2.8. ([11]) Lert0 < < 1,f €C" ([a,b]),0< B < l,x€[a,b],n € N:n'"F >2. Then

4.9737
[1An(f %) — f(x)| < Ta+1)
(07 1 (07
o1 <Dx7f’ nP ) [a,x] + o <D*x ’ ) [x,0] n
nop

2

ot 72y UPE S g (5= @ IDE e (=) )}

As we see here that we obtain the real valued fractionally type pointwise convergence with
rates of A, — I the unit opertor as n — oo.

2.2. About the algebraic activation function neural networks. Here see also [13].
. . . Ty Co
We consider the generator algebraic function ¢@(x) = o M e N, x € R, which is a
sigmoidal type of function and is a strictly increasing function. We see that ¢(—x) = —@(x)
with ¢(0) = 0. We obtain that

1
@' (x) = ———— >0, forevery x € R,

(1 _|_x2m) 2m
proving @ as strictly increasing over R, ¢'(—x) = ¢’(x). We easily find that

Jim @(x) = 1,¢(+e0) = 1, and lim_¢(x) = —1,¢(—) = —1.

We consider the activation function Y (x) = §[@(x+ 1) — @(x—1)]. Clearly, it is y»(x) =
Y, (—x) for every x € R, so v, is an even function and symmetric with respect to the y-axis.

Clearly y,(x) > 0, for every x € R. Also it is y»(0) = 221_’"2’ m € N. By [13], we have that
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V) (x) <0, for x > 0. That is y» is strictly decreasing over [0, o). Clearly v is strictly in-
creasing over (—eo,0] and y3(0) = 0. Furthermore, we obtain that

lim i (x) = 7 (9(+22) — p(+<)) = 0.

X—> 00 4
and :

Jim yo(x) = o (@(—e0) = @(—e0)) =0,
which is the x-axis is the horizontal asymptote on y, . Conclusion, y; is a bell shape symmetric
function with maximum v, (0) = —--—= m € N.

2 2m 27
Theorem 2.9. ([13]) It holds ¥;=° _ y»(x—i) = 1 for every x € R.
Theorem 2.10. ([13, p. 2871) It holds [Ty (x)dx = 1.
So v, is a density function.

Definition 2.11. ([13]) Let f € C([a,b]) and n € N : [na| < |nb]. We introduce and define the
real positive valued linear network operator

2 FE (e —k)

Z/En:bH na] V2 (nx —k)

Clearly here A, (f,x) € C([a,b]). We mention here about the pointwise and uniform con-
vergence of »A, (f,x) to f(x) with rates.

Theorem 2.12. ([13]) Let f € C([a,b]),0< a« < 1,n € N:n'"% > 2 x € [a,b],m € N. Then
(1)

2Ay (fax) =

,X € [a,b].

A (f,x) — f)] <2 (W/TF47)

1 [/ 1o _
@ (f’”_a) " 2m(n'=¢ —2)2m] = e

and

(2) 12An(f) = fllw < P2(f)-

Hence, lir_{l 2An(f) = f, pointwise, and uniformly.
n——oo

Theorem 2.13. ([13]) LetO< o < 1,f € C' ([a,b]),0< B <1,meN,x€[a,b],neN:n'"B >

2. Then )
241 +4m
_ < V7"
|2An(f,X) f(x)| = F((X+ 1)
a 1 a ¢ 1
o1 (Drf ’ ﬂﬁ)[a x] + o (D*x ’nﬁ)[x,b]

b

noB *
., 1
4m (n'-P — 2)2m

As we see here that we obtain the real valued functionally type pointwise convergence with
rates of »A,, — I the unit operator as n — oo.

(e, <b—x>a)}.
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2.3. About the Gudermannian activation function neural networks. We consider gd(x) the
Guardemannian function [14], which is a sigmoid function, as a generator function:

6(x) = 2arctan (1anh (¥ ) / U _. ed(x)xcR
X) = Zarctan \ ran - = = X). X .
2 o0 cosht 8 ’

Let the normalized generator sigmoid function

Flx) = fo(@:i/ox dt —§/X;dz,xeR.

/4 nJo cosht w)y e +e!
Here f'(x) = #h(x) > 0 for every x € R. Hence f is strictly increasing on R. Notice that
tanh(—x) = —tanh(x) and arctan(—x) = —arctan(x),x € R. So, here the neural network acti-

vation function is y3(x) = ; [f(x+1) — f(x— 1)] for all x € R. By [14], we see that y3(—x) =
y3(x) for every x € R, i.e., it is even and symmetric with respect to the y—axis. Here, we have
f(4o0) =1,f(—e0) =1 and f(0) = 0. Clearly, it is f(—x) = —f(x) for every x € R, an odd
function, symmetric with respect to the origin. Since x+1>x—1and f(x+1) > f(x—1),
we obtain y3(x) > 0 for all x € R. By [14], we have that y;(0) = 2gd(1) = 0.551. By [14],
y3 is strictly decreasing on [0,4-0), strictly increasing on (—eo,0], and y5(0) = 0. Also we
have that XETOO y3(x) = xg@m y3(x) = 0, which is the x—axis is the horizontal asymptote on

y;3. Conclusion, y3 is a bell symmetric function with maximum y3(0) = 0.551 .
Theorem 2.14. ([14]) It holds that ¥ _ y3(x—i) = 1 for every x € R
Theorem 2.15. ([14]) It holds that [*2 y3(x)dx = 1.

So yi3(x) is a density function.

Definition 2.16. ([14]) Let f € C([a,b]) and n € N : [na| < |nb|. Define the real positive
valued linear network operator

[nb]
s —p
345 (f,x) = — n[:lbj ,X € [a,b].
Y. y3(nx—k)
k=[na)

Clearly, here 3A, (f,x) € C([a,b]). We mention here about the pointwise and uniform con-
vergence of 34, (f,x) to f(x) with rates.
Theorem 2.17. ([14]) Let f € C([a,b]),0< o < 1,n € N:n'=%* > 2 x € [a,b]. Then
(1)

8111, )} = p3(f),

ne(,llfa_z

345 (f,x) = f(x)| <2.412 [a)l (f,}%) +

and
(2) [3An(f) = fllo < p3(f)-

We obtain that EI}_I 3A,(f) = f, pointwise and uniformly.
n oo

We also mention the following real valued functional approximation result by neural net-
works.



6 G.A. ANASTASSIOU, D. KOULOUMPOU

Theorem 2.18. ([14]) Let 0 < o < 1,f € C'([a,b]),0 < B < l,x € [a,b],n e N:n'"B > 2.

Then 2.412
— < - =
a 1 ar 1
o1 (Dx_f ’ nﬁ>[a A] o (D*x ’nﬁ>[x,b]

»

nop +

1 o o o o
+m (HDx—fHooiaM (X—(l) + HD*xf”oo,[x,b] (b_x) )} .

As we see here that we obtain the real valued functionally type pointwise convergence with
rates of 3A,, — I the unit operator as n — oo.

2.4. About the generalized symmetrical activation function neural networks. Here we
consider the generalized symmetrical sigmoid function ([15, 19]) fi(x) = #, u>0,xe
L [x|H ) #
R. This has applications in immunology and protection from disease togeEher wgth probability
theory. It is also called a symmetrical protection curve. The parameter i is a shape parameter
controling how fast the curve approaches the asymptotes for a given slope at the inflection point.
When p =1 fj is the absolute sigmoid function, and when (t = 2 fj is the square root sigmoid
function. When p = 1.5 the function approximates the arctangent function, when p = 2.9 it
approximates the logistic function, and when p = 3.4 it approximates the error function. Pa-
rameter U is estimated in the likelihood maximization ([19]) For more details, see [19]. Next,
we study the particular generator sigmoid function

fHrlx)= %,l is an odd number, x € R

(1 + |x|l> ’

We have that f>(0) =0, and f>(—x) = —f2(x). So f> is symmetric with respect to zero. When

x > 0, we obtain that ([15])
1

frx) = —= >0
(134) %
that is f> is strictly increasing on [0, +o0), strictly increasing on (—eo,0]. Hence f is strictly
increasing on R. We have that f;(+e) = f>(—c) = 1. Let us consider the activation function

([15]): .
Wa(x) = 2 Lx+1) = falx—1)]=

1 x+1 x—1
II/4<X) = Z 1 1
(1+yx+1|’t)* (1+|x—1yl)l
Clearly, it holds ([15]) wa(—x) = wu(x) for every x € R, y4(0) = ﬁﬁ’ and yy4(x) > 0, for every

x € R. Following [15], we have that yy is strictly decreasing on [0, +e0), strictly increasing on
(—o0,0], by w4—symmetry with respect to y—axis, and y;(0) = 0. Clearly, it is ET yu(x) =
X oo
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lim W4 (x) = 0. Therefore the x—axis is the horizontal asymptote on yy(x) . The value y4(0) =

where A is an odd number, is the maximum of yy, which is a bell shaped function.

V?
Theorem 2.19. ([15]) It holds that ¥;*° _ ya(x—i) = 1 for every x € R.
Theorem 2.20. ([15]) We have that [ yy(x)dx = 1.

So yy(x) is a density function on R.

Definition 2.21. ([15]) Let f € C([a,b]) and n € N : [na| < |nb|. Define the real positive
valued linear network operator

nb)
Y f()va(nx—k)
,X € |a,b].

Y Wa(nx—k)
k=[nd]

Clearly here 4A, (f,x) € C([a,b]). We mention here about the pointwise and uniform con-
vergence of 4A, (f,x) to f(x) with rates.

Theorem 2.22. ([15]) Let f € C([a,b]),0< a < 1,n € N:n!=%* > 2 x € [a,b],A € N is odd.
Then

(1)
[4n (f.0) = f(0)] <2V14+2* |@

1 1. ]
(f’na>+)t(nl—a_2)/1] -p4(f)>
and

(2) [14An(f) = flleo < Pa(f). Hence, lim 4A,(f) = f, poinwise and uniformly.

Next, we mention the corresponding real valued fractional approximation result by neural
networks.

Theorem 2.23. ([15]) Let 0 < o < 1, f € C' ([a,b]),0 < B < 1,A is odd x € [a,b],n € N :
n'=P > 2. Then

2 1 +24
l4A, (f,x) = f(x)] < T(a+1)
o1 (Df‘x_f’ nLﬁ> [a,x] + o (Dgx " nP ) [x,b]

nop *

+M(1ﬁ % 7 (1D 1l oy (5= @)+ 1D Flle o (b ) )}

As we see here that we obtain real valued fractionally type pointwise convergence with rates
of 4A, — I the unit operator, as n — oo. We give the following unified definition.
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Definition 2.24. Let f € C([a,b]) and n € N: [na] < |nb]. Define the following positive linear
network operators (j = 1,2,3,4)

nb
LZJfGNWWX—@
(1) = = € [a,b].
L yj(nx—k)
k=[na)
Set
4.9737, ji=1
_J2¥1+4m j=2meN
7Y 2412, ji=3

24/1+2*, j=4, €Nisodd
Furthermore, let n,m € N,0 < a < 1 and A € N is odd. Define,

;

4 .
) j=1
—m, j=2

1-a -2 2

T
ﬂe(”] o_ 2) .]_

1 .
- =4
\2'(”],&_2)1’ ]

We present the unified basic result.

Theorem 2.25. Let f € C([a,b]),0< o < 1,n € N:n'"%* > 2 x € [a,b],j=1,2,3,4. Then
(1)
1
)= )| <5 fan (£ ) 4500 U7 =510

and

(2)
154n(f) = £l < Pi(1)-
Hence 1211 jAn(f) = f, pointwise and uniformly.

Proof. From Theorems 2.5, 2.12, 2.17, and 2.22, we have the desired conclusion immediately.

[
Remark 2.26. Let m,n € N;0O < B <1 and A € N is odd. Set
( 2 o 1
ﬂz(nlfﬁ—Z)’ J=
1
1 —9
. 4m(n1—B—2)2m’ /
8j(l’l) = 4 _3 .
22 T
1
=4,
w2y 7

Next, we present the following unified result.
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Theorem 2.27. Let 0 < o < 1,f € C'([a,b]),0 < B < l,x € [a,b],n e N:n'""B >2 j=
1,2,3,4. Then

[iAn(f ‘_ oc+1)

o1 (D;x’f ’ nLﬁ> ag O <D*ax ’”B>[x7b]

y

noB

+

85(1) (1D ] g (6= @)%+ 1D f gy (b —0)%) }.
where c;j as in (2.4). We have jAn(f,x) — f(x), asn — oo.

Proof. From Theorems 2.8, 2.13,2.18, and 2.23, we obtain the desired conclusion immediately.
O

3. ABOUT BROWNIAN MOTION ON 2—DIMENSIONAL SPHERE

3.1. Describing the Brownian motion on S2. ([22]) The Brownian motion on S” is a dif-
fusion (Markov) process W;, > 0, on S” whose transition density is a function P(¢,x,y) on
(0,00) x 8" x §" satisfying % = %AnP, and P (t,x,y) — 8:(y) ast — 0T, where A, is the Laplace-
Beltrami operator of S” acting on the x-variables and d,(y) is the delta mass at x, i.e. P(z,x,y)
is the heat kernel of S”. The heat kernel exists, it is unique, positive, and smooth in (¢, x,y).

Remark 3.1. The heat kernel P(z,x,y) satisfies the following properties
(1) Symmetry: P(z,x,y) = P(t,y,x).
(2) The semigroup identity, for any s € (0,7), P(t,x,y) = [o P(s,x,2)P(t —s,2,y)d1(z),
where du is the area measure element of S".
(3) Forallt >0and x € §" [ P(t,x,y)du(y) =
(4) Ast — oo, P(t,x,y) approaches the uniform density on S", i.e. lim, . P(t,x,y) = i
where A,, is the area of the §” with radius a. It is also well known that

n+1
271-7 n
Ap=— a , for n odd
(")

2"(2—1)Im2a"
(n—1)!

Finally, the symmetry of S” implies that P(¢,x,y) depends only on 7 and d(x,y), the distance
between x and y. Thus in spherical coordinates it depends on ¢ and the angle ¢ between x and
y. Hence, P(t,x,y) = p(t, @), where p(z, @) satisfies

A, = , for n even.

dp 1 _1 op I*p
8_[_§Anp 2a2 (l’l—l)COt(P a_‘{‘w

and lim,_,+ aA,_1p(t, @) -sin" ! @ = §(¢), where §(-) is the standard Dirac delta function on
R.
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3.2. Explicit form of the heat kernel of S>. Let W;, > 0 be the Brownian motion on a 2-
dimensional sphere S? of radius a. The transition density function p(¢, ) of X; is the unique

solution of 5 2 (t.0) 5
p_ 1 p,9) . dp
ot 2a’sing < 2?2 Sln(P+8(pCOS(P)
and lim,_,+ 27a®sin@ - p(t, @) = 8(¢). The solution to the diffusion equation

JdK(t,p) 1 oK(t,¢) . 9°K(1,9)
ot  sing (COS(P 2 Tsing 2

with initial condition limt_>0+ 2nsin(@)K(t,0) = 6(¢) is given by the function

K(t,p) = 4— Z (2n+1)exp ( n(n+ 1)\/2_t> PY(cos ).
neN
Here P,?, n=20,1,2,... isthe associated Legendre polynomials of order zero, i.e.,
1 4
0 _ . _1\n
B = gy g L7 =1

This fact implies the following result.

Proposition 3.2. ([22]) The transition density function of the Brownian motion W, t > 0 on S?
with radius a it is given by the function

p(t, Q)= 47r — Z (2n+1)exp

neN a

(-1 Ecosg),

Theorem 3.3. Consider function g : R — R, which is bounded on [0, T, i.e. there exists M > 0
such that |g(9)| < M, for every ¢ € [0,n], and Lebesgue measurable on R. Let also W (t,¢)
be the Brownian motion on S*. Then the expectation E (|g(W)|) (t) = [ |g(9)|p(t,9)d¢ is

continuous int,and E (|g(W)|) (t) < aMp (t,,d0) , where p (ty, ¢o) = max p(t,9) with
(t.9)€[t.12] x[0,7]
0 <t <ty, where p(t,) is the transition density function of the Brownian motion Wy, t > 0 on

S given by (3.2).

Proof. 1t i1s known that the transition density function of the Brownian motion W;,# > 0 on
S2,p(t, ) is continuous in (¢,9) € [t,1] x [0,7],#; > 0. By the extreme value theorem, there
exists (to, o) € [t1,72] x [0,7] such that p(to,P0) = max(, g)efs, n]x[o,x] P (t:¢). So we have
0<p(t,0) < plto, o) for every (t,9) € [t1,12] x [0,7]. Let N € N,ty,t € [t1,00] 1 ty — £, as
N — oo. Then, p(ty,¢) — p(t,9) for every ¢ € [0,7]. The function g : R — R, is bounded

n [0,7], i.e. there is a M > 0 such that |g(¢)| < M, for every ¢ € [0,7], and Lebesgue
measurable on R. Furthermore, we have that |g(¢)| p(ty,0) — |g(¢)|p(t,¢9) as N — oo and
1g(®)|p(tn, 0) < |g(9)|p(ts, o) for all ¢ € [0,7] and N € N. So, by dominated convergence
theorem, we obtain that E (|g(W)|) (ty) — E (|g(W)|) () as N — oo. Thus E (|g(W)]) (¢) is
proved to be continuous in ¢. Moreover, |g(@)| p(t,0) < Mp (t,,¢o) for all ¢ € [t1,1;] and ¢ €

[0, 7). Thus, E (|g(W)]) (t) = [5" 18(9)| p(t,¢)d¢ < TMp (0, 90) - B
Proposition 3.4. Consider function g : R — R, which is bounded on [0, 7t] and Lebesgue mea-
surable onR. Let also W (t, ¢ ) be the Brownian motion on S2. Then the expectation E(lgW)]) (2)

= [ 1(9)| p(t,9)d¢ is differentiable in t, and 9L( |g = [y lg(o )] (t’(p))d(/), which is con-
tinuous in t.
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Proof. As itis mentioned above, the transition density function of the Brownian motion W;,# > 0
on 2, p(t, ) is continuous in (¢,9) € [t1,12] x [0,7],#; > 0. We have

T
E(jsW))) = [ 16(6)]p(t.0)d0, for every € [1.1:).
We apply differentiation under the integral sign. We notice

0 0
12(0)| pg;@gM pgf;¢)

o0, [t1,12] %[0, 7]

Therefore, there exists

3E(\§§W)|) :/O” 12(0)] 3(Pgt,¢))d¢’

which is continuous in ¢ (same proof as in Theorem 3.3). O

4. MAIN RESULTS

We present the following general approximation results of Brownian Motion by neural net-
work operators.

Theorem 4.1. Let 0 < v < 1,n € N:n!=% > 2.t € [t1,15], where t; >0, j = 1,2,3,4. Then,

(1)
[An (E (1)) (1) — (E (2W)]) (1)
<cs o1 (E (80N ) + OB (£l
— oy (E (W),
and

(2) (| AnE (18OV)D) = E (&W))| oy < PACE (J8W)]). Then lim 4,(E (Jg(W)])) =
E (|g(W)|), pointwise and uniformly.

Proof. By Theorem 2.25, we have the desired conclusion immediately. 0J

Theorem 4.2. Let 0 < v < 1,n € N:n!=% > 2.t € [t1,12], where t; >0, j = 1,2,3,4. Then,

(1)
0 d
(2L g (E5000) (t)‘ S
JE(lsW))Y 1 JE (|s(W)|) _. (9E(gW)])
“ [(01 (( ot ) ’n_a> ‘1‘7](”) H ot oo,[tl,tz]] — P ( ot ) ,
and
(2)
anCELEOND,) OE (50D i < py 2D,

3E(|g(W)\)) _ 9E(gW)])

Then nlgrolo iAn( 5 5 pointwise and uniformly.

Proof. By Theorem 2.25, we have the desired conclusion immediately. U

Next, we give the following fractional calculus related result.
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Theorem 4.3. Let 0 < o, < 1,1 € [t1,1],t; >0,neN:n'"P >2 j=1,2,3,4. Then
c.
[An (E (IgW)D (1) = E (IgW)) ()| < i3

(a+1)
o (DEE(sW))) ) +on (DSE (WD) )

noB

[tvlﬂ

+

+i(n) ([IDEE (W) = 10)% + IDZE (1OV) )y (2 —1)% )}
Then ;A (E (Js(W)))(1) > E (|g(W)]) (1), asn — o

Proof. By Theorem 2.27, we have the desired conclusion immediately. 0J

5. APPLICATIONS

For a function g : R — R, which is bounded on [0, 7] and Lebesgue measurable on R and
W (t,¢) the Brownian motion on S?, we use the following notations E (|g(W)|) := E (|g(W) |)(O)

and w E(|lgW )|)(1) . We can apply our main results to function g(W) = W. Consider
the functlon g: R — R, where g(x) = x for every x € R. Let also W(z, ¢ ) be the Brownian motion
on S2. Then the expectation E (|W|) (t) = | ¢ p(t,¢)d¢ is continuous in ¢. Moreover,

Corollary 5.1. Let0 < a < 1,n € N:n'=% > 2.t € [t1,12], wheret; >0,i=0,1and j=1,2,3,4.

Then
(1) |
s (EQWDD) 0= (Eaw)®) ()| <
cian (B )+ e = piEqw) )
and
(2)

b ) -2, <o

Then lim ;A,(E (|W]) )) =E (|W|)(i), pointwise and uniformly.
n—3o0

Proof. By Theorems 4.1 and 4.2, we have the desired conclusion immediately. 0

Next, we give the following fractional calculus related result.

Corollary 5.2. Let 0 < o, < 1,t € [t1,12],t; >0,neN:n'""B >2 j=1,2,3,4. Then

A EWD @) = EWD O] < 500

o1 (D;X*E (wl, "Lﬁ> [t1.1] o <D§3‘,E (WD, ”Lﬁ) [1,02]

noB

+

() (IDEE (WD gy (0= 1)+ IDSE (W) (2 =00}
Hence, jAn(E(IWD)(t) > E (W) (1), asn — .
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Proof. By Theorem 4.3, we have the desired conclusion immediately. U

For the next corollaries, we consider the function g : R — R, where g(x) = cosx for every
x € R. Let also W(t,¢) be the Brownian motion on S2. Then the expectation E (|cosW|) (t) =
Jo"|cos @] p(¢,¢)d¢ is continuous in ¢.

Corollary 5.3. Let0< a < 1,n €N:n'=%* > 2.t € [t1,12], wheret; >0,i=0,1and j=1,2,3,4.
Then
(1) . .
[#n (B (1cosw ) (1) = (E (1eosw )@ ) ()] <

i 1 i i
¢ {wl (E(\cosW\)(),n—a) +41(n) | E (cosw])? n tz]] —: p,(E (JcosW)V),

and

(2)

HA ( (lcosW )t )—E(|cosW\)(l) <pj(E(|cosW|)(i)).

Hf"’ [t1,12]
Then r}grolo jAn(E (|cosW|)(i)) =E (|cosW|)(i), pointwise and uniformly.
Proof. By Theorems 4.1 and 4.2, we have the desired conclusion immediately. O
Next, we give the following fractional calculus related result.
Corollary 5.4. Let0 < o, < 1,1 € [t1,12],1; >0,n e N:n'"B > 2 j: 1,2,3,4. Then

40 (E(jeos W) (1) = E (JeosW ) ()] < gy

o1 (DEE (JcosW L)
[Z],l‘}—i_ 1( *f (‘COS |)’nﬁ [l,tz]

nop

o, (DgE(ycosWy),niﬁ)

+

() ([IDEE (Jeos W[, (6 = 1)+ IDZE (jeos W)l (22 =1)%) }
Then jA,(E (|cosW|))(t) — E (|cosW|) (¢ ), asn — oo.

Proof. By Theorem 4.3, we have the desired conclusion immediately. 0

Let the function g : R — R, where g(x) = sinx for every x € R. Let also W(z, ¢) be the Brow-
nian motion on S2. Then the expectation E ([sinW|) (t) = [ sin(¢)p(¢,9)d¢ is continuous in
r.

Corollary 5.5. Let0 < a < 1,n €N:n'=% > 2.t € [t1,12], wheret; >0,i=0,1and j=1,2,3,4.
Then

(1)
i (E(Isinw)?) (0) = (E(Isinw ) (1) <
c{ ((|smW‘) 1)+yj )|[E (sinw)® Mm] = p;(E (|sinw|)?),

and
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(2)

[ (Esinw)®) ~Esinw )@ < py(E (sinw ).

Then lim ;A,(E (\sinW|)(i)) =E (]sinW|)(i), pointwise and uniformly.
n—roo

Proof. By Theorems 4.1 and 4.2, we have the desired conclusion immediately. O
Next, we give the following fractional calculus related result.
Corollary 5.6. Let 0 < a,f < 1,1 € [t),12],t; >0,n € N : n'=B>2 j: 1,2,3,4. Then

|jAn (E (IsinW|) (1)) — E (|sinW|) ( \_ oc+1)

) (Df‘E(|SinW!)7nLﬁ)[t o (D*“,E(IsinWD,n—ﬁ)

15
nop

[[7t2] +

() ([DEE (sin WD, (¢ =)+ IDLE (sinW )|y (2= )%) }
Then jA,(E (|sinW|))(t) — E (|sinW|) (¢), as n — oo.
Proof. By Theorem 4.3, we have the desired conclusion immediately. 0

Let the function g : R — R, where g(x) = tanhx for every x € R. Let also W(t,¢) be the
Brownian motion on S2. Then the expectation E (|[tanhW|) () = [ |tanh(9)| p(t,$)d¢ is con-
tinuous in .

Corollary 5.7. Let0 < a < 1,n €N:n'=%* > 2.t € [t1,12], wheret; >0,i=0,1and j=1,2,3,4.
Then
(1) . .
‘,An (E(|tanhW|)(')> (1) — (E(|tanhW|)(’)> (r)‘ <

1 . .
¢ {wl (E(\tanhW!)(’),n—a> +7(n)||E (janhw )| . lz]} —: p;(E (Jtanh W) D),

and

(2)

HA ( ([tanh W )" >—E(|tanhW|)(i)

< P (E (fianh W) ).

oo,[t1,12
Then I}I_IEO jAn(E (\tanhW|)(i)) =F (\tanhW|)(i), pointwise and uniformly.
Proof. By Theorems 4.1 and 4.2, we have the desired conclusion immediately. 0J
Next, we give the following fractional calculus related result.

Corollary 5.8. Ler0 < o, < 1,¢ € [t1,12],t; >0,n e N:n'~ ﬁ>21_1 2,3,4. Then

|] (E ([tanh W) (¢)) — E (Jtanh W|) ( ‘ < OH— 1)

0] (Df‘E(\tanhW]),,%ﬁ)[n 1] o (D*‘X,E(\tanhW\) ’ ”_ﬁ)[f ]

n®B

_I_
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+&;(n) <HDf‘,E(|tanhW|)||w7[[bt] (t —11)% + ID%E (|tanh W)l ;. (12 —t)“) } .
Then jA,(E (|tanhW|))(¢) — E ([tanhW|) (¢), as n — oo.
Proof. By Theorem 4.3, we have the desired conclusion immediately. 0J

In the following let as consider the function g : R — R, where g(x) = e~%*,¢ > 0 for every
x € R. Let also W(t,¢) be the Brownian motion on S>. Then the expectation E (e~%) (1) =
J&Fe " p(t,¢)d¢ is continuous in ¢.

Corollary 5.9. LetO < o < 1,n € N:n'=* >2 0> 0andt € [t;,1;], where t; > 0,i= 0,1 and
j=1,2,3/4. Then

(1)

A (E () (i)> (1) - (E () (i)) (1)

@ (E (egw)(i) nia) +75(n) ||E (eew)(i) g ]] = py(E (™) ",
11582

¢j

and

(2) .
<pi(E () "),

jAn <E (e*‘*w) (i)) —E (ﬂW) g

We have that li_r}n jAn(E (e_gw)(i)) =E (e_fw)(i), pointwise and uniformly.

°°7[tl 712}

Proof. By Theorems 4.1 and 4.2, we have the desired conclusion immediately. 0
Next, we give the following fractional calculus related result.

Corollary 5.10. Let 0 < a,f < 1,0>0, 1€ [t;,15],6; >0,n €N:n'"P >2 j=1,23,4. Then
c
An(E () 0) =£ (™) 0] < 1

( —/ 1 ¢ 1
“1 (D’OEE (e W) ’”_ﬁ) [t1,1] o <D*°‘,E (e W) ”TB) [t.t2]

nop +

(2 —t)“) } :
°°7[tvl2}

Proof. By Theorem 4.3, we have the desired conclusion immediately. U

__1
T 1™

for every x € R. Let also W(¢,¢) be the Brownian motion on S?. Then the expectation
E (ﬁ) t)= [ Hﬁp(t,@dgb is continuous in z.

\

+¢;(n) < DE (eJW) Hoo,[n N (r=n)"+ HD*O;E (ﬂw) ‘

We have jA,(E (™)) (t) — E (e7™) (t), asn — oo.

In the following we consider the logistic sigmoid function g : R — R, where g(x)

Corollary 5.11. Let 0 < a < 1,n € N:n'=% > 2 and t € [t1,t2], where t; > 0,i = 0,1 and
j=1,2,3,4. Then
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(1)
1 () 1 (i)
(2 () ) 0= (2 () )0
1 (i) 1 1 ()
cj |0 E<1+6_W> ,n—a +')/](I’l) E(1+€_W)
and
(2)
e 1 () - 1 () _ - 1 (i)
o (1+e—W) B <1+e—W> =Pl (1+e—W) -

. (@) @ :
We have that ,}1_13010 jAn(E <1+ﬁ) )=FE (Hﬁ) , pointwise and uniformly.

oov[tl 7t2]

o0, [11,12]

Proof. By Theorems 4.1 and 4.2, we have the desired conclusion immediately. 0J

Next, we give the following fractional calculus related result.

Corollary 5.12. Let 0 < o, < 1,, t € [t1,1],t; >0,neN:n'"P >2 j=1,2,3,4. Then

" (E (1+16_W) <r>) E (HL_W) <t>' < ks

a 1 1 o 1 1
@i (DFE <1+6‘W> ’n_ﬁ> W (D*’E <1+6‘W) ’n_ﬁ> it.2]

noB
1 1
. o o Y
+¢j(n) <‘DtE(1_|_e—W) D*tE(1+e—W) it (2 —1) >}

We have jA, (E (ﬁ)) (t) = E <1+ﬁ> (1), asn — oo.

Proof. By Theorem 4.3, we have the desired conclusion immediately. O

(t—tl)a—i-‘

oo, [t1,1]

Let now as consider the generalised logistic sigmoid function g : R — R, where g(x) =
(1 —I—e_x)_6, where § > 0, for every x € R. Let also W(¢,¢) be the Brownian motion on S2.

Then the expectation E ((1 +e W) _5> )= JF(1+e?) 0 p(t,0)d¢ is continuous in ¢.

Corollary 5.13. Let 0 < o < 1,6 >0,n € N: n'=% > 2 and t € [t1,t2], where t; > 0,i =0, 1
and j =1,2,3,4. Then

. jAn (E ((1 +e‘W)_6>(i)> (t) — (E ((1 +€_w)—5>(i)) 0
@ (E (0 +€W)_5)(i) nia) +ym|[E (1 —i—eW)_5>(i)

—p, (E ((1 +e‘W)5>(i)) :

<

°°7[t1 712]]

Cj
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and

(2)
jAn (E <(1 +e‘W)6)(i)) _E <(1 +e_w)6)(i)
(i)

—5\ (@) ,
We have that li_r)n jAn(E <(1 —|—g—W) 5) )=E ((1 +e—W) 5) , pointwise and uni-
n—oo
formly.

<piE((1+e™)7) .

°°7[tl 7t2]

Proof. By Theorems 4.1 and 4.2, we have the desired conclusion immediately. 0J
Next, we give the following fractional calculus related result.

Corollary 5.14. LetO< o, < 1,6 >0, t € [t1,1],11 >0,neN:n'"B>2, j:1 2,3,4. Then
-8 -5
~A,,<E(1 W ) ) E(l - ) <Y
k (14 ) 0) E(0+e™) ) 0] < 1 gy
W ) 1 —W 1
@i (Df‘,E((l—l—e ) >’”_ﬁ)[t1,t}+wl <D*atE< 1+€ )’n_ﬁ)[ttz

noB

e (o () 9o (e 9) |, moo) |
NS

Proof. By Theorem 4.3, we have the desired conclusion immediately. 0

The Gompertz function g : R — R, with g(x) = ¢*¢ ", u < 0 is a sigmoid function which
describes growth as being slowest at the start and end of a given time period. Let W (¢, ¢) be the

Brownian motion on S2. Then the expectation E <e”e_w> )= JF ete p(t,9)d¢ is continuous
mt.
Corollary 5.15. Let 0 < a < 1,u < 0,n € N:n'=* > 2 and t € [t;,1;], where t; > 0,i = 0,1
and j =1,2,3,4. Then

(1)
<

A (E (™) (i)> (1) - (E (e™) ("’) (t)
ci | o (E ((eufw) K ) n%) +y,(n)||E <(e”e_w> X ) wvm}] =:p; (E (e“e_w)(i)) ,

and

(2)

<p;(E (e“e_w) ”)

an( (1)) = ()"

—w () —w\ ()
We have that lim ;A,(E <e“e W) )=E <e“e W) , pointwise, and uniformly.
n—oo

°°7[t1 712}

Proof. By Theorems 4.1 and 4.2, we have the desired conclusion immediately. U
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Next, we give the following fractional calculus related result.

Corollary 5.16. Ler0 < o, < 1,u <0, 1€ [t1,12],t; >0,neN:n'"B >2 j=1,2,3 4. Then
(e ) 0) o) 0] < ey
af(pne™™) L < (ue L)
o1 <D’7E <e >’"ﬁ>[t1,t}+wl ¢ >’"ﬁ [tlg

noB

v (o (0 Ly, -0 o (o) ) |

We have ;A, (E <e“‘/’7 )) (1) = E (e“fW) (1), asn — oo,

Proof. By Theorem 4.3, we have the desired conclusion immediately.

O

kX

Another special case of The Gompertz functions is g : R — R, with g(x) =e™¢,k < 0. Let
W (¢, ) be the Brownian motion on S2. Then the expectation E (e_ekw) )= [y e‘ewjp(t, 0)do
is continuous in ¢.
Corollary 5.17. Let 0 < o < 1,k <0,n € N:n' =% > 2 and t € [t1,t2], where t; > 0,i = 0,1
and j =1,2,3,4. Then
(1)

A, (E (e_exw)(i)) T <e_e;<w>(i) <p; (E (e_eKW>(i)) '

o\ (0) o\ (0)
We have that li_r}n jAn(E (e_e W) )=E (e_e W) , pointwise, and uniformly.
n—soo

oo, [t1,1]

Proof. By Theorems 4.1 and 4.2, we have the desired conclusion immediately.
Next, we give the following fractional calculus related result.

Corollary 5.18. Let0 < o, B < 1,k <0, 1 € [t1,10],6y >0,n eN:n'"P >2 j=1,23,4. Then

in (£ () 0) £ () 0] < 7
@1 (D?‘E <e—e'<W> ’niﬁ) [t1.] o (D*“,E (e_EKW> ’n%) [t.12]

nop

s ([ (), 0 o () )

+
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We have jA, (E (e_eKW>> (t) = E (e_ekw) (t), asn — oo,
Proof. By Theorem 4.3, we have the desired conclusion immediately. 0

Finally, we consider the function g : R — R, with g(x) = P) (cosx), where P)(x) is the
Legendre Polynomial of degree m. Let W (¢, ¢) be the Brownian motion on S2. Then the expec-
tation E ([P (cosW)|) (t) = [¢7 | P (cos¢) | p(t,9)d¢ is continuous in 7.

Corollary 5.19. Let 0 < o < 1,n € N:n'=% > 2 and t € [t1,t2], where t; > 0,i = 0,1 and
j=1,2,3,4. Then

(1)
‘jAn (E (‘P,g (COSW)‘)(i)) (t)— (E (|P,?1 (cosW)D(i)) (t)‘ <

Cj {0)1 <E <<|P191 (COSW)D(i) 7> nia) +75(n) HE ((‘PBI (COSW>‘)(i)> Hoo,[tl,tzl]

=:p; <E (125 (cosW)|)(i)> ;

and

(2)
e (£ (R eosw)) )~ £ (Fhcosw)) ] <y (E ([Bh(eosw))) ).

oo, [t1,1]

We have that lim ;A,(E (|p? (cosW)|)(i)) =E(|P? (cosW)})(i), pointwise, and uni-
formly.

Proof. By Theorems 4.1 and 4.2, we have the desired conclusion immediately. UJ

Next, we give the following fractional calculus related result.

Corollary 5.20. Let 0 < o, < 1,1 € [ty,0],t; >0,neN:n'"BP >2 j=1,2,3,4. Then

‘jAn(E(‘P,g(CosW)D(t))—E(}P,?l(cosW |) ‘_ OH—I)

o] (Df‘,E (| P9 (cosW)

1 0 Bl
Vo), T o (DSE (Pheosw]) )

noB +

() (|| DEE ([P (cosW)) .o (0 = 10)+ [|DEE ([P (cos W)y (22 =1)%) -
We have jA, (E (|P) (cosW)|)) (t) = E (|P3 (cosW)|) (t), as n — oo,

Proof. By Theorem 4.3, we have the desired conclusion immediately. U



20 G.A. ANASTASSIOU, D. KOULOUMPOU

REFERENCES

[1] G.A. Anastassiou, Rate of convergence of some neural network operators to the unit-univariate case, J. Math
Anal. Appl. 212 (1997) 237-262.
[2] G.A. Anastassiou, Quantitative Approximations, Chapman and Hall / CRC Boca Raton, New York, 2001
[3] G.A. Anastassiou, On Right Fractional Calculus, Chaos, solitons and fractals, 42 (2009) 365-376.
[4] G.A. Anastassiou, Inteligent Systems: Approximation by Artificial Neural Networks, Intelligent Systems
Reference Library, Vol 19, Springer, Heidelberg, 2011.
[5] G.A. Anastassiou, Multivariate hyperbolic tangent neural network approximation, Comput. Math. Appl. 61
(2011) 809-821.
[6] G.A. Anastassiou, Multivariate sigmoidal neural network approximation, Neural Networks, 24 (2011) 378-
386.
[7] G.A. Anastassiou, Univariate hyperbolic tangent neural network approximation, Math. Comput. Model. 53
(2011) 1111-1132.
[8] G.A. Anastassiou, Fractional neural network approximation, Comput. Math. Appl. 64 (2012) 1655-1676.
[9] G.A. Anastassiou, Univariate sigmoidal neural network approximation, J. Comput. Anal. Appl. 14 (2012),
659-690.
[10] G.A. Anastassiou, Inteligent Systems II: Complete Approximation by Neural Network Operators, Springer,
Heidelberg, New York, 2016.
[11] G.A. Anastassiou, Intelligent Computations: Abstract Fractional Calculus, Inequalities, Approximations,
Springer, Heidelberg, New York, 2018.
[12] G.A. Anastassiou, Nonlinerarity: Ordianary and Fractional Approximations by Sublinear and Max-Product
Operators, Springer, Heidelberg, New York, 2018.
[13] G.A. Anastassiou, Algebraic function based Banach space valued ordinary and fractional neural network
approximations, New Trends in Mathematical Sciences, 10 (2022) 100-125.
[14] G.A. Anastassiou, Gudermannian function activated Banach space valued ordinary and fractional neural net-
work approximation, Adv. Nonlinear Var. Inequal. 25 (2022) 27-64.
[15] G.A. Anastassiou, Generalized symmetrical sigmoid function activated Banach space valued ordinary and
fractional neural network approximation,Analele Universitatii Oradea, Fasc. Matematica, 30 (2022) 117-134.
[16] G.A. Anastassiou, Banach Space Valued Neural Network. Springer, Heidelberg, New York, 2023.
[17] Z. Chen and F.Cao, The approximation operators with sigmoidal functions, Comput. Math. Appl. 58 (2009)
758-765.
[18] K. Diethelm, The Analysis of Fractional Diferential Equations, Lecture Notes in Mathematics 2004, Springer-
Verlag, Berlin, Heidelberg, 2010.
[19] A.J. Dunning, J. Kensler, L. Goudeville, F. Bailleux, Some extensions in continuous methods for immuno-
logical correlates of protection, BMC Medical Research Methodology 15 (2015) 107.
[20] A.M.A El-sayed and M. Geber, On the finite Caputo and finite Riesz derivatives, Electron. J. Theoritical
Phys. 32 (2006), 81-95
[21] G.S. Frederico and D.EM. Torres, Fractional Optimal Control in the sense of Caputo and the fractional
Noether’s theorem, Int. Math. Forum, 3 (2008) 479-493.
[22] D. Kouloumpou, V.G. Papanicolaou, Certain calculation regarding the Brownian motion on the sphere, J.
Concrete Appl. Math. 11 (2013) 303-316.
[23] S.G. Samko, A.A. Kilbas and O.I. Marichev, Fractional Integrals and Derivatives, Theory and Applications,
(Gordon and Breach, Amsterdam, 1993) [English translation from the Russian, Integrals and Derivatives of
Fractional Order and Some of Their Applications (Nauka i Tekhnika, Minsk,1987)].



	1. Introduction
	2. About Neural Network Operators
	2.1. About the arctangent activation function neural networks
	2.2. About the algebraic activation function neural networks
	2.3. About the Gudermannian activation function neural networks
	2.4. About the generalized symmetrical activation function neural networks

	3. About Brownian Motion on 2-Dimensional Sphere
	3.1. Describing the Brownian motion on S2
	3.2. Explicit form of the heat kernel of S2

	4. Main Results
	5. Applications
	References

