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Abstract. In this paper, the necessary conditions of optimality of delay parameters, of the initial vector, of the
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functional and fixed right end.
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1. INTRODUCTION

In the paper, an optimization problem is considered for the differential equation with delays
in the phase coordinates and controls

(1) = (p(t),q4(t))" = f(t.x(t), p(t —7),q(t — 0),u(t),u(t - ), (1.1)
x(t) eR" 1t € [to, 1]

with the mixed initial condition

x(1) = (p(1),q(0)" = (9(1),8(1))",1 <10,
x(to) = (p(10),4(10))" = (po,&(t0))",

where T is the sign transposition.
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Condition (1.2) is called the mixed initial condition because it consists of two parts: the
first part is p(r) = @(),t < 19, p(to) = po, the discontinuous part, since in general p(ty) # po;
discontinuity at the initial moment may be related to the instant change in a dynamic process,
for example changes of investment and environment etc; the second part is g(1) = g(z),t < 1y,
the continuous part, since always ¢(ty) = g(t).

In this paper, for the optimization problem containing equation (1.1) and initial condition
(1.2), and general boundary conditions

Zi(T767 Gap()ax(tl)) =0,i= 1_71
and functional
ZO(T7 o, Gap()ax(ll)) — min

the necessary optimality conditions are proved: for delays 7, and 6; for the initial vector pg;
for the initial functions @(¢) and g(z); for the control u(t).

Delay optimal control problems with the mixed initial condition, without optimization of
delay parameters were considered in [1, 2]. The origin of the development of the optimal
control theory with delay goes back to [3]. Many works have been devoted to the investigation
of optimization problems with delay; see, e.g., [4]-[22] and the references therein.

The paper is organized as follows. In Section 2, the main theorem and its corollary are
formulated. The main theorem is proved in Section 3 by the scheme given in [21, 22].

2. STATEMENT OF THE PROBLEM AND FORMULATION OF MAIN RESULTS

Let R"” be the n-dimensional vector space of points x = (xl, . ,x”)T. Lett, >11>0, 00 >
o1 > 0, 6, > 0; > 0 be given numbers and let I = [fy, 1], with 1o + 7 < t1;1} = [T,10] and
L = [to— 61,11], where £ =ty — max{1,, 0, }. Suppose that P C R, C R,V C R" are convex
and open sets with k+m =n,x = (p,q)T € 0= (P,Q)T.

Furthermore, let the n-dimensional function f(¢,x, p,q,u,v) be continuous on I x O x P X
0 xV? and continuously differentiable with respect to x, p, g, u and v; there exists a number
L > 0 such that, for all (¢,x, p,q.u,v) €I x P x Q x V2,

|f(#,x, g u )|+ [ (O + O+ [ £ O+ [fu () + A < L

Denote by C(}, (I, R¥) the space of continuous differentiable functions ¢ : I; — RX. Let us
introduce the sets

D={pecCy(,R):@(t) €K, t €L}, G={g €C4(I},R™): g(t) M, t €I},
Q={CHBL,R") :ut)cU,teh},
where K C P, M C Q and U C V are convex and compact sets. To any element
w=(7,0,0,p0,9,8,u) €W = (171,%) X (01,02) X (61,62) x Ry
XPxGxQ,

where Py C P is a convex and compact set, we assign the nonlinear control differential equation
with delays in the phase coordinates and controls

x(t) = f(t,x(t),p(t —7),q(t —0),u(t),u(t —0)),r €1 (2.1)
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with the mixed initial condition

(1) = (p(1),4(0)" = (9(1),g(0)" 1 € [£.10), -

x(t0) = (po,&(t))". '
Definition 2.1. Let w = (7,0,0,po,¢,g,u) € W. A function x(t) = x(t;w) € O,t € [2,11] is
called a solution to equation (2.1) with initial condition (2.2) or a solution corresponding to
the element w if it satisfies condition (2.1) and is absolutely continuous on the interval / and
satisfies equation (2.1) almost everywhere on /.

It can be proved that for every element w € W there exits unique solution x(¢;w) defined on
interval I and it is continuous with respect to w; see [22].

Let the scalar-valued functions Zi(T,G, 0,p,x), i = 0,1, be continuously differentiable on
(11,1) X (01,02) X (61,62) X P X O.

Definition 2.2. An element w = (7,0,0, po, @,g,u) € W is said to be admissible if the corre-
sponding solution x(¢) = x(z;w) satisfies the boundary conditions

7(1,0,60,p0,x(t;)) =0,i =1,1. (2.3)

Denote by W) the set of admissible elements.

Definition 2.3. An element wy = (7o, Gy, 6o, Poo, o, 8o, Uo) € W is said to be optimal if for an
arbitrary element w € W) the inequality

2’(1, 60, 60, poo,xo(11)) < 2°(7, 6,6, po,x(11)) (2.4)
holds, where xo(1) = x(t;wo), x(t) = x(t;w).
(2.1)-(2.4) is called the optimization problem of the delays with the mixed initial condition.

Theorem 2.1. Let wy be an optimal element and xo(t) = (po(t),qo(t))! be the correspond-
ing solution. There exist a vector T = (my,...,m;) # 0, with my < 0, and a solution y(t) =

(y1(2), ..., Wn(t)) of the equation
V() = W) fle] = Wit 50) (folt + %), Oum ) = Wit +00) (Ot Syl + 0] (25)

with the initial condition
y(t)) = Zoy, W(t)=0,1>1 (2.6)

where ®,,x,, is the n X m zero matrix and

dZ(7, 60, 60, Poo; X0 (1))
dox ’
Tplt] = fp(t,x0(2), Po(t — T0),qo(t — 00), uo (), uo(t — 6b)),
such that the following conditions hold:
1) the condition for the delay Ty nZy = Y(to + ) f1 + ftf)l v(t)fplt]po(t — t0)dt, where

Z= (Zoa "'7ZZ)T720)C -

f1=f(to+70,x0(to + 70), P00, g0 (to + To — Cv), uo(to + 7o), to(to + 70 — 6p))

—f(to+ T0,%0(t0 + o), Po(t0), qo(to + To — G0, uo(to + o), uo(to +To — 60));
2) the condition for the delay 6y TZys = ftg V(1) fqltlgo(t — o0)dt;
3) the condition for the delay 6y TZyg = ,gl v (1) fo[t]uo(t — 6o)dt;
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4) the condition for the vector pyo,
(ﬂZOp + (v (1), -, ll/k(fo)))l?oo = max (ﬂzop + (1 (t0), -, Wk(fo))>l?o;
0ER

5) the condition for the initial function @q(t),

To fo

W (1 +70)fplt + 7ol @0 (1)dr = max Y(1+70) fplt + 70l @(r)dr;

fo—70 (PG‘I) th— 7T
6) the condition for the initial function go(t),

1o

(Wit 1(20), -+ Wn(t0) ) 8o (to) + Y (t +00) fqlt + 00]go(t)dt

fp—0p
fo

= max | (Vi (). - Yalto))(t0) + |~ wlt+-00)fylr+ovlg(o)e

th—O0p
7) the condition for the control function ug(t),

[ w0 [flo(6)+ Alente — 00 dr = max [ o) [t

o ueQ Jt

+flrJu(c — 60) | dr.
Theorem 2.1 on the bases of the variation formula of solution [23] will be proved by the
scheme given in [21, 22].
Now we consider the optimization problem with the integral functional
X(t) = f(t X(t) p(t o T)7q(t_ G)vu(t)au<t - 9))7t el
= (), g( )) t € [£,10),x(10) = (po,g(10))", x(11) = x1,
/ £, x(1), plt = 7),q(t — &), u(t),u(t — ))di — min.

Here f(¢,x, p,q,u,v) is a scalar-valued function continuous on I x O x P x Q x V2, and con-
tinuously differentiable with respect to x, p, ¢, u and v; @(t) € ® and g(¢) € G are fixed initial
functions; pg € P, and x| € O are fixed points.

Evidently, the above considered problem is equivalent to the following problem

(1) = fO1.x(1), p(t = 7),q(t — 0),u(t),u(t - 9)),
xX(t) = f(t,x(t), p(t = 7),q(t = 0),u(t),u(t - 6)),
2(t9) = 0,x(1) = (9(1),8(1))" .1 € [£.10),x(t0) = (p0,8(00))" . x(t1) = x1,
() — min,
which is a particular case of the problem (2.1)-(2.4). Therefore, Theorem 2.2 formulated below

is a simple corollary of Theorem 2.1. Let us introduce the function f = (fo, )T.

Theorem 2.2. Let (7,00, 00,uy) be an optimal element and xo(t) = (po(t),qo(t))T be the
corresponding solution. There exists a nontrivial solution Y(t) = (Wo(t), w1 (2),... ,¥u(t)) =
(wo(t),w(t)),t € I with yy(t) = const <0, of the equation

w(t) = -yt )fX[ | = ¥(t+1) (fp[t+T0]7®(n+l)X1n> —y(t+0op) <®(n+1)xk,fq[t+60])

P(t)=0,r>1
such that the following conditions hold:
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8) the condition for the delay T (1o + 7o) f1 + ftg‘ W (1) fplt]po(t — T0)dt = 0; where

fi = F(to+70,x0(to + ), Poo, g0 (to + To — O0), o (to + T0) , uo (fo + To — 6p))
—f(to+ T, x0(to + T), @0 (10), 90 (fo + T — 60), 4o (fo + To), o (to + T — 60)),
Tplt] = Fp(t,x0(2), po(t — 70), qo(t — Go), uo(t), uo (t — 6p));
9) the condition for the delay oy ftf)l V(1) f4lt)go(t — op)dt = 0;
10) the condition for the delay 6, f,g‘ V(1) fo[t]io(t — 60)dt = 0;
11) the condition for the control function uy(t),

[0 [ F0(e) + futoyuots — 80) | = max [ 0) [ ol

fo ue Ji,
(0wl — 9@} dr.

3. PROOF OF THEOREM 2.1

On the convex set IT=R x W, where R} = [0,00), let us define the mapping
Q: 11— R (3.1)
by the formula
0(5) = (2°(¢), . @'(¢)" =Z(1,0,6,po,x(t1:w)) +(£,0..,0)", ¢ = (§,w) €I

It is clear that ‘ o
0%(50) < 0%(6),0'(6) =0,i =1,1,Y6 € Ry x Wy C I,
where gy = (0,wyp).
Thus, the point gy = (0,wp) € I1 is a critical (see [21, 22]) since Q(gy) € dQ(IT). Moreover,
mapping (3.1) is continuous (see [22]).
There exist numbers & > 0 and @ > 0 such that, for an arbitrary € € (0, &) and
8¢ =(88,0w) € W :=1[0,0) x ¥y, CTI— g ={c—g: Vg €I},
where
ow=(61,60,00,0p9,00,0g,0u),
Yy, = (—a,a) x (—o, o) x (—o, o) x [Py — po]
X[® — @p] X [G — go] X [Q—uo),
G +edg eIl
On the basis of the variation formula of solutions [23], we have
Ax(t1;€0w) == x(t1;wo + €0w) —xo(t1) = €6x(t1;0w) +o0(€dw),
V(e,ow) € (0,€&) x Wy,
where
8x(11:81) = ¥ (10:11) ( (8P, Omet) + (@1, 88(10))" )

_{Y(t()—l-f();tl)fl —I—/ttl Y(s;tl)fp[s]po(s— T())ds}&?:

{ [ emnlaos—onasyso [ vistmin) i+ nisods

0 I0—10
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n /t " Y(s+on:t) fq[s—|—60]5g(s)ds—{ , Y(s;r)fv[s]uo(s—ﬂo>ds}59

00—00 )

n [” Y (s:11) [ Fuls|Bu(s) + f,[s]Su(s — 9@} ds; (3.2)
and

lim o(edw)
e—0 £

= 0 uniformly for dw € W,,;

Y (t;11) is the n X n— matrix function satisfying the linear differential equation with advanced
argument

Ly ttn) = -y ()£l —Y(H—‘L'o;tl)(fp[t—kro],@nxm) —Y(t+ 0011) (@nxk,fq[t+ oo])

dt
and the condition
E fort =1,
Y(t;t)) = ! !
Ouxn fort >ty

where E is the identity matrix.
Now we calculate a differential of the mapping (3.1) at the point &). Note that

0(c+¢€86)—0(q0) =Z(t9+€87,00+€60,00+ €386, poo + €0 po, x(t1;wo + ESw))
~Z(79, 60, 60, Poo, X0 (t1)) + €(8E,0...,0)7, £ € (0,€), 8w € P,
We introduce the notation
Zle;s| =Z(to+€s0T,00+ 580,600+ €560, poo + €56 po,xo(t1) + sAx(t1;€0w))
Let us transform the difference
Z(t+€0t,00+€80,600+ €60, poo + €6 po,x(t1;wo + €0w))
ld

—Z(To,Go,eo,Poo,X()(ﬁ))Z/ — Z[g;s]ds
o ds

1
:/ [8(Zf[s;s]6f+Zc[s;s]6G+Zg[£;s]69 +zp[s;s]5po)+zx[e;s]Ax(t1;eaw>}ds
0
1
:/ [e(2ele:1T+ Zo[e:5180 + Zo[e:5]50 + Zy[e:18 po + Zuless]Sx(rr; e6w)
0

+Zx[8;s]o(85w)]ds —e [ZOT5‘C—|—Z0656+Z0959 +Z0,8p0 +Zox5x(t1;5w)] +y(edw),

where

y(edw) = 8/01 {[Zf[s;s] —Z07)0T+ [Zs[€;5| — Zos |00 + [Zg[€; 5] — Zpg| OO

+(Z,[&;5) — Zop)Opo + [Zc[€; 5] — Zox) Ox(t1; 6w) + Zi[€; 5] 0(886w) }ds.

It is easy to see that

lim[Z;[€;s] — Zoc] = 0, lim[Zs[€; 5] — Zos] = 0, lim [Zg[€;5] — Zpg] = O,
e—0 e—0

e—0
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lim [Z,[€;5] — Zo,] = 0, lim [Z,[€: 5] — Zo,] = O.
lim (7, [e35] — Zo] = 0, lim(Zu[e:5] — Zod

Therefore, y(€6¢) = o(€8w) and then Q(gy + €6¢) — Q(c) = €dQ¢,(6¢) + o(€8¢), where
0(€6v) := o(edw) and differential dQ(6¢) of the mapping (3.1) has the form

ngo(Sg) =Z0:0T+Zp600 +Zpg00 +Z()p5p() +Z()x5x(t1;5w) + (5&,0, ...,O)T.
From relation (3.2), we have

3l
dQvO(5V) = |Zo; —Z()XY(Z‘O + T();tl)fl — ZQXY(t;ll)fp[t]p()(l‘ — To)dl} 0T

Ty

/tto ZoxY (t+ 70311 ft + 0] 0 p(2)dr + [Zo(F — " ZoY (t311) f4lt)go(t — Go)dl} oo

0—7T0 Io
+Z0p8 o+ ZoxY (to3t1) (8 po, Omx1)T + [ZOxY(IO;t1)<®k><1;ég(to))T

1 t
+ ' ZoY (14 00311) fot + 00]8g(t)dt + [ZOQ - 1ZOXY(t;tl)fv[t]uo(t — Go)dt] 06

Ip—0p Iy

+ ! ZoxY(t;tl){fu[t]5u(t) + folt]du(r — 60)}dt+ (8¢,0,...,0)7. (3.3)

T

From the necessary condition of criticality [21, 22] it follows that there exists a vector & =
(7o, ..., ;) # O such that

7dQ¢ (66) <0,V 0v e Ry x RxR xR X [Py— poo] X [ — ¢p] (3.4)
X[G—go] X [Q.—u()]
Introduce the function

v(1) = nZ0Y (t:11) (3.5)
as is easily seen, it satisfies equation (2.5) and condition (2.6). Taking into account (2.6) and
(3.5) from inequality (3.4), we obtain

20— wlto + w)i - | Y Sl polt — w67

)

/tto v(t+ ) fplt+70]60(t)dr + [EZOG_/ttl W(f)fq[f]%(f—ﬁo)df]50

0—"7T0

720y + (W1 10), e Y (10)) | 3P0+ | (Vi1 10). - Vi (10)) 85 1)

1o

+ Ww(t + 60) f, [t + 0] 5g(t)dt} n [7:209 _

fp—0p

131

() fylt)io(t — eo)dz} 56

To

+ [ w(t){ Ful18ut) + f,]1)Sult — 90)}dt+ (8¢,0,...,0)7 <0, (3.6)

To

V6E eR,, V8T ER, Voo €R, V60 € R, dpg € Py— poo, 0¢ € P — ¢,
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0g€G—gp, OucQ—up.

Let6T=00=8660=0,6py)=0,6¢0=0,6g=0,and 6u=0in (3.6). Then 7p6& <0, & € R,
This implies 7y < 0. Letting 6 = 66 =60 =0,8py =0,8¢0 =0,6¢g =0, and du =0 in (3.6),

we have
151

72—yl + )i~ | v pole — w)dr] ST <0

Taking into account that 8 T € R, we obtain condition /). Let 6§ =61 =00=0,8py=0,8¢ =
0,6¢ =0, and 6u = 0 in (3.6). Then we have

(200 - /to " Y0 fyldole — ov)di] 8o < 0.

Taking into account that 6o € R, we obtain the condition 2). Letting 6§ =6t =00=0,6py =
0,600 =0,6¢ =0, and du = 0 in (3.6), we have

n

[7:209 — | w()folt]uao(t — eo)dt] 06 <0.

fo
Taking into account that 60 € R, we obtain condition 3). Let 6§ = 6t =00=860 =0,0¢ =
0,6¢ =0, and 6u = 0 in (3.6). It follows that

[7Z0p+ (W1 (10), -, Vilt)) | 8po < 0.

Taking into account that 8py € Py — poo = {p — poo : p € Po}, we obtain condition 4). Let
0E=81=860=00=0,6py)=0,8¢g =0, and Su = 0 in (3.6). It follows that

/tfo V(4 1) folt + 0] 6 @(r)dr <O0.

0—T0
Taking into account that §¢ € ® — ¢, we obtain condition 5). Let 6§ = 67 =380 = 06 =
0,0po=0,0¢ =0, and ou = 0 in (3.6). It follows that

[V (). v 0)380) + [ Wi+ 00) ol + o0l (0)di] <0

fp—0p

Taking into account that g € G — g¢, we obtain condition 6). Let 6 = 67 = 60 = 60 =
0,6pp=0,0¢0 =0, and 0¢ = 0 in (3.6). It follows that

/zl y/(f){fu[t]5u(t) + f[t]8u(t — 90)}dt <0.

fo

Finally, taking into account that u € Q — ug, we obtain condition 7).

The present work is dedicated to the bright memory of the outstanding contemporary scientist
Professor Rafael Gabasov. He made a great contribution to the development of the theory of
optimal control and in the preparation of young scientific personnel. He was a very attentive
and charming person.
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