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Abstract. In the present paper, we initiate a new type of fuzzy contraction, namely the concept of fuzzy a-n-
O -contraction and prove some fixed point results for such class of mappings in the setting of complete fuzzy
metric spaces. We discuss certain significant consequences of our findings using different instances of admissible
functions and auxiliary functions. The results combine, extend, and improve a number of earlier findings in the
literature.
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1. INTRODUCTION

One of the bases of study in functional analysis is fixed point theory, which provides a com-
bination of mathematical techniques, ideas, and useful tools for the solution of numerous issues
that arise from other disciplines of mathematics as well as several scientific and engineering
specialties. The improvements in fixed point theory over the past 60 years or more have created
a vibrant and stimulating area of research in modern mathematics that primarily serves the study
of nonlinear phenomena. In fact, it is possible to examine the existence of solutions to a number
of fundamental problems by presenting them as an equivalent fixed point problem. Practically,
it is possible to convert the operator equation .#x = 0 into the fixed point equation .£’x = x,
where .7 is a self-mapping with the suitable domain.

Since the initial paper of Zadeh [28] in 1965, interest in fuzzy sets has been steadily in-
creasing. As a result, significant theoretical and applied progress is made in the fields of logic,
topology and analysis, with numerous applications in the realms of computer sciences and en-
gineering. Kramosil and Michaelek [14] presented fuzzy metric spaces, George and Veeramani
[6] refined the concept of fuzzy metric spaces in [14] and proved that each fuzzy metric yields
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Hausdorff topology. The approach for defining contractive mapping in fuzzy metric spaces is
currently a significant theoretical advancement. In fact, the Banach and Edelstein theorems
were first extended to fuzzy metric spaces by Grabiec [5] in 1988. Gregori and Sapena [7]
offered the concept of fuzzy contractive mappings and showed numerous fixed point results
for these mappings. As a notable enhancement, Mihet [17] generalized the idea of fuzzy con-
tractive mappings and presented the notion of fuzzy y-contractive mappings. Wardowski [27]
recently defined the idea of fuzzy .7#-contractive mappings and used it to demonstrate sev-
eral results. In order to unify and enrich various classical types of fuzzy contraction, Mous-
saoui et al. [19] (see also [20]) used the simulation function approach to initiate new types
of fuzzy contractive principles and proved some new fixed point theorems. Recently, Saleh et
al. [8] achieved some new fixed point results by initiating a new class of auxiliary functions
®:(0,1) — (0,1) which was motivated by the studies of Jleli ez al. [13]. For more details about
current achievements in metric and fuzzy metric fixed point theory as well as related techniques
see (e.g[1,2,3,7,9,12,13, 15, 16, 18, 21, 22, 24, 27]).

2. PRELIMINARIES

In order to make our study self-contained, we cover some fundamental notions in this section.
Throughout this paper, N and R will stand for the set of all positive integer numbers and the set
of all real numbers, respectively.

Definition 2.1. [23] A continuous t-norm is a binary operator * : [0, 1] x [0, 1] — [0, 1] satis-
fying the following conditions:

() * is commutative and associative,

(45): * is continuous,

(A3): xx1 =y forall y €10,1],

(M) x+*¢ < oxm whenever y <o and ¢ <m,forall y,¢,0,7 < [0,1].

Example 2.2. The following ones are classical examples of continuous t-norm:
D: x*xp9=x.9,
2): 2+ ¢ =max{0,x +¢ —1},
3): x*z¢ =min{y,¢}.
Definition 2.3. [6] The 3-tuple (I, v, ) is said to be a fuzzy metric space if v is an arbitrary
set, * is a continuous t-norm and v is a fuzzy set on I'? x (0, +oo) satisfying:
(#1): v(x,y,1) >0,
(42): v(x,y,t) =1ifand only if x =y,
(%3) V(x Y ) - V(y,x t)
(G4): v(x,z,t +5) > v(x 1) *Vv(y,z,5),
(¢5): v(x,y,.):(0,400) — [0,1] is continuous.
for all x,y,z€I" and s, > 0.

The number v(x,y,?) can be regarded as the degree of nearness of x and y with respect to the
variable ¢.

Lemma 2.4. [5] v(x,y,.) is nondecreasing function for all x,y in T.
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Example 2.5. [6] Let (I',d) be a metric space, x * ¢ = min(yx,¢) for all y,¢ € [0, 1] and
At!

vix,yt)= ———-——— A,p,l ERT
(. 30) Att+ pd(x,y) P
Then (T, v, %) is a fuzzy metric space.
Setting A = p =1 = 1, we obtain
Vi) = —
x? Y = T N
Y t+d(x,y)

we call this fuzzy metric induced by a metric d the standard fuzzy metric.

Example 2.6. [6] LetI'=R and y «¢ = x.¢ for all y,¢ € [0,1] and the mapping v : T’ x I x
(0,400) = [0,1] by

—1
v(x,yt)= {eXp (ht—y')} forall x,y e T',t > 0.

Then (I, v, %) is a fuzzy metric space.

Definition 2.7. [6] Let (', v, *) be a fuzzy metric space.

(1) Asequence {y;} CI'is said to be convergent or converges toy € I'if lim 1o V(y,¥,1) =
1 for all ¢ > 0.

(2) A sequence {y;} CI'is said to be a Cauchy sequence if for all € € (0,1) and ¢ > 0, there
exists jo € N such that v(yj,y;,t) > 1 —¢forall j,i >ng .

(3) A fuzzy metric space in which each Cauchy sequence is convergent is called a complete
fuzzy metric space.

Definition 2.8. [7] Let (I', v, *) be a fuzzy metric space. A mapping . : " — I is said to be a
fuzzy contractive mapping, if there exists 7 € (0, 1) such that

1 1
———1<7 —1 2.1
v(ZLx, Ly,t) - (v(x,y,t) )’ @D
forallx,yeI'and ¢ > 0.

Definition 2.9. [7] A sequence {x,} in a fuzzy metric space (I, v,*) is said to be fuzzy con-
tractive, if there exists 7 € (0, 1) such that

1 1
e ()
v(-x}’H—lrer—Zat) V(xnyxn—o—l,t)

foralln € Nandr > 0.

Gregori and Sapena then proved the following fixed point theorem.

Theorem 2.10. [7] Let (I',v,*) be a complete fuzzy metric space in which fuzzy contractive
sequences are Cauchy. If £ : 1" — I is a fuzzy contractive mapping then £ has a unique fixed
point.

As a result of his study the following theorem was established by Tirado [26].
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Theorem 2.11. [26] Let (I, v,*1) be a complete fuzzy metric space and £ :T" — T be a map-
ping such that

1— v("%xagy?t) < T(l - V(X,y,t)) :
forall x,y € T, t > 0 and for some t € (0,1). Then £ has a unique fixed point.

In 2020, Saleh et al. [8] brought in the concept of fuzzy © s-contractive mappings, which was
inspired by the results of Jleli ez al. [13], by employing an auxiliary function @, : (0,1) — (0,1)
fulfilling the following conditions

(£1): Oy is non-decreasing,

(£2): Oy is continuous,

(23): lim, 4 O(®,) = 1 if and only if lim,_, . @, = 1, where {®,} is a sequence in
(0,1).

Example 2.12. [8] Let ®¢: (0,1) — (0, 1) be a function defined by
T

O /(@) =1—cos (Ew), for all ® € (0,1).

Example 2.13. [8] Let ©7: (0,1) — (0, 1) be a function defined by

Or(w) = "o, forall o € (0,1).

Gopal and Vetro extended the concept of a-admissible mappings to the framework of fuzzy
metric space as follows.

Definition 2.14. [4] Let (T, v, *) be a fuzzy metric space and let & : I' x T X (0, +o0) — [0, +o0)
be a functions. We say that . : I — I is a-admissible if, for all x,y € T’

o(x,y,t) > 1 implies o(ZLx, ZLy,t) > 1 forallt > 0.
As per [10, 25], we employ the notion of admissible mapping in the form below.

Definition 2.15. [10, 25] Let (I', v, %) be a fuzzy metric space and let o, : ' x I X (0, +00) —
[0, +c0) be two functions. We say that .Z : T" — T is o--admissible with respect to 7 if, for all
x,yel

o(x,y,t) > n(x,y,t) implies a(Lx, Ly, t) > n(Lx, Ly,t) forallt > 0.

if we take a(x,y,r) =1 for all x,y € I" and ¢t > 0, then we say that .Z is an 1n-subadmissible
mapping.

Definition 2.16. [11] Let o, : I’ X I' X (0,400) — [0,4o0) be two functions. We say that
% :T — T is a-n-continuous mapping if for a given x € I" and a sequence {x,} such that
xp = x €T asn— +oo, A(xp, Xp11,1) > N (Xn,Xpt1,t) implies Lx, — Lx as n — oo

3. MAIN RESULTS

In this part, we define the concept of fuzzy a-1-@ s-contraction and we also prove some fixed
point theorems for this class of mappings in the framework of complete fuzzy metric spaces.
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Definition 3.1. Let (I', v, x) be a fuzzy metric space, .2 : A — A a self mapping and o, 7 :
I'x T x (0, 400) — [0,4-00) be two functions. We say that .’ is a fuzzy o-n-@ s-contraction if

1> v(Zx, 2y, - .
{and a(z,;,(r)gn&,?fx,f) implies (O (v(x.y.0)]" < O;(V(Lx,Ly1)) (D)

for all x,y € T and r > 0, where @y € Q and 7 € (0, 1).

Theorem 3.2. Let (I', v, x) be a complete fuzzy metric space and let a,1n : T x IT" x (0, +00) —
0, 4-00) be two given functions and £ : T' — I be a fuzzy o--1-O -contraction such that

(i) & is a-admissible with respect to N;

(ii) there exists xo € I such that ot(xo,-Lxo,t) > 1N (x0,-Lx0,1);

(iii) £ is a-n-continuous.
Then, £ has a fixed point.
Proof. Let xy € I such that a(xo,-ZLxo,t) > 1n(xo,-Lx0,t) and define the sequence {x,} by

L0 = Lx,-1
foralln > 1. As .Z is oi-admissible with respect to 7, it follows that
o (xp,x1,1) = 0t(x0,-Lx0,t) > M (x0,-Lx0,1) = N (x0,X1,1)
Recursively, we derive
O (X, L Xnyt) = OU(Xp, Xnt1,8) > N (Xp,Xpt1,1), foralln € N. (3.2)

If for some mg € N, X,y = Xy, +1, it follows that x,,, is a fixed point of .Z. Then, suppose that
Xp # Xp1 for all n € N. Taking into account that . is a fuzzy «-1-O -contraction, we have

1> @p(V(xn,Xn11,1)) > [®f(v(xn—17xmt))]r
[@f(v(xn—laxn>t>))]T
> [(E‘)f(\/(xnfz,xnf17l‘))]r2

n

> [@7(v(x0,x1,1))]"
Passing to the limit as n — 4o, we deduce

lim @f(V(xy,xp41,t)) = 1.

n——+oo
Employing (Q3), we obtain

ngl;?mv(xnaxn—l-lat) = 17 (33)

Next, we prove that {x,} is a Cauchy sequence {x,}. On contrary, suppose that {x,} is not a
Cauchy sequence. Thus, there exists € € (0,1), fo > 0 and two subsequences {x,, } and {x, }
of {x, } such that my > n; > k for all k € N and

V(X s Xy 10) < 1—€. (3.4)
Lemma 2.4 yields that

1
v(xmk,xnk,ao) <l—=¢. (3.5)
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By choosing n; as the lowest value satisfying (3.5), we obtain

I
v(xmk,l,xnk,ao) >1—¢. (3.6)

Making use of (3.1) with x = x;,,—1 and x = x,,, _1, we have

®f(v(xmk7xnkat0) > [@f(V(ka,I,Xnk,I,to)))T > ®f(v(xmk,17-xnk,17t0>)~ (37)
As Oy is nondecreasing, we conclude that
V(ka_] ank—17t0) < V(xmk,xnk,to) (38)

From (3.4), (3.6), (3.8), and (¢4), we have
1 — &> V(X Xn,,t0)

> V(X 1,Xn—1,10)

lo )
> v(xmkfl y Xny s 5) * V(xnkaxnk,l ’ 5)
)
> (1—¢)x v(xnk"x”lk_175)'
Letting k — o< in both sides of the last inequality, and using (3.3), we get
kgToo v(xmkaxl’lka tO) = kEIEOO v(-xmkfl 7xnk71 9 IO) = 1 — €. (39)

Again, taking the limit as k — +oo in (3.7), taking into account the continuity of ®¢ and (3.9),
we obtain

[©/(1—¢)]" <Or(l—¢),
which is a contradiction. Therefore, {x,} is a Cauchy sequence. As (X,M,x) is a complete

fuzzy metric space, there exists @ € I' such that x, - @ as n — +oo. Now, as .Z is a-1-
continuous and & (x,—1,%,,t) > N(x,—1,Xs,1), one has

v, Zw,t) = nEwaVfonv’) = nli)l}rle(Xn,xn+1,l) =v(w,m,t)=1,

which means that o is a fixed point of .Z. U

Theorem 3.3. Let (I',v,*) be a complete fuzzy metric space. Let o, : T X ' X (0,+400) —
[0, +-00) be two given functions and £ : T — T be a fuzzy o-1-@ p-contraction such that

(i) £ is a-admissible with respect to N;

(ii) there exists xo € I such that o(xg, L xo,t) > N (x0,-Lx0,1);

(iii) if {x,} is a sequence in T such that ot(x,,X,41,t) > N (Xp,Xn11,2) foralln €N, t >0 and
X, — x €T as n — +oo, then either 0(Lxn,x,t) > N(Lxn, LXn,t) 0or (L%, x,1) >
N(L*xp, L3xp,t) for alln € N.

Then, £ has a fixed point.

Proof. Let xo € T such that a(xg,-ZLxo,t) > 1(x0,-Lx0,t). By following the same lines of the
proof of Theorem 3.2, we obtain

a(xnagxnyt) = (X(Xn,xn+],f) > n(xnaxn—i-lat)

for all n € N, where .Zx,, = x,,+-1 and x, — x € I' as n — +o0. From (iii), we have a(.ZLx,,x,t) >
N (L%, L, t) O Q( L%, %,1) > N (L%, L%, t) for all n € N. which means a(x,,1 1,x,1) >
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N (Xn41,Xn42,1) OF O(Xpi2,X,1) > 1N (Xy42,Xn43,7). Thus, there exist a subsequence {x,, } of
{x,} such that

O (X, X, 1) 2> M (X s Xy 158) = N (X, L Xy 1) (3.10)
From (3.10), we get
Of(V(Lxp, Lx,1) > [Of(V(Xny,x,1)))" > Op(V(X,, X,1)). (3.11)
Since ®¢ is non-decreasing, we conclude
V(X 41, Lx,1) > V(%X x,1). (3.12)

By passing to the limit as n — +o0 in (3.12), we obtain v(x, Zx,t) = 1, that is, Zx = x. O

The following criterion will be taken into account in order to ensure the uniqueness of the
fixed point of an a-1-© -fuzzy contraction.

(U) For all x,y € #Z2(L), we have a(x,y,t) > n(x,y,t), where F P (Z) represents the set
of fixed points of .Z.

Theorem 3.4. Adding hypothesis (U) to the assumptions of Theorem 3.2 and Theorem 3.3, we
obtain the uniqueness of the fixed point of Z£.

Proof. We argue by contradiction, suppose that @, @ € I' are two distinct fixed points. Thus,
v(w,m,t) < 1 forall > 0. By the condition (U), we obtain
o(w,o,t) >n(w,o,t).
Hence
0/(V(Z0,28.1)) = 0;(v(0,8.1)) > [O(v(@,8.0)]",
Which is a contradiction with the fact that T < 1. Thus, the fixed point of . is unique. 0

Corollary 3.5. Let (I, v, *) be a complete fuzzy metric space and £ :T" — T be a self mapping
such that

oy =yt . .
{ and 1 > v(nggy’t) lmplles [V(x,y,t)] S V(ZX,gy,t)

forall x,y € I"and t > 0, and suppose
(i) & is a-admissible;
(ii) there exists xo € I such that a(xo, Lxo,t) > N (x0,-Lx0,t);
(iii) -Z is a-n-continuous.
Then, £ has a fixed point.

Proof. The conclusion can be drawn from Theorem 3.2 by defining O /(@) = w for all ® €
(0,1).

O
Corollary 3.6. Let (I, v,*) be a complete fuzzy metric space and £ :T' — T be a self mapping
such that
o(x,y,1) > 1 - .
<
{ and 1 > v(ZLx, Ly,t) implies (@ 7(v(x,y,1))]" < Of(v(Lx, Ly,t))

forallx,y €T andt >0, where ©y € Q and t € (0,1). and
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(i) Z is o--admissible;
(ii) there exists xo € I such that a(xo, Lxq,t) > 1 (x0,-Lx0,1);
(iif) .Z is a-n-continuous.
Then, £ has a fixed point.

Proof. The conclusion can be drawn from Theorem 3.2 by defining n(x,y,¢) = 1 forall x,y € I.
0

Corollary 3.7. [8] Let (I',v,*) be a complete fuzzy metric space and £ : T — T be a self
mapping such that for all x,y € T with v(£x, Ly,t) < 1 we have

O (v(Lx, Ly,1)) > [Of(v(x,y,1))] ",
Then £ has a fixed point.

Proof. The conclusion can be drawn from Theorem 3.2 by defining 1 (x,y,7) = o(x,y,¢) = 1 for
all x,y eI 0

Corollary 3.8. Let (I',v,x) be a complete fuzzy metric space and £ : ' — I be a mapping
satisfying:

{ 1> v(ZLx, Ly,t) and
o (x,y,t) > 1n(x,y,1)
and

implies [1 +sin (g(v(x,y,t) - 1))} ’ <1+sin (g(v(iﬂx,iﬂy, Y)— 1))

(i) Z is a-admissible with respect to 1;
(ii) there exists xo € I such that o(xo,-Lxo,t) > 1M (x0,-Lx0,1);
(iii) .Z is o-n-continuous.
Then £ has a fixed point.
Proof. The proof follows from Theorem 3.2 by taking ©¢(®) = 1+ sin (5(® — 1)) for all
w e (0,1). O
Example 3.9. Let I' = [0, 1] endowed with the fuzzy metric v : T'x I" x (0, +e0) — [0, 1] defined

by v(x,y,t) = H; forall x,y € I', t > 0 and * is the minimum t-norm. We define & : "' —T°

x—yl
by
S(XX——H) lf.X' - [0, %],
Lx =
X otherwise,
and @7 : (0,1) — (0,1) by
Of(w)=c'"®

Also define the functions &, : T' X I" X (0, 4-00) — [0, +o0) by

_ [ 24xy ifxyel0,}],
ofx,y,1) = { 0 otherwise,

f I+xy ifxye [07%]’
n(x,yt) = { 9 otherwise,
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First, we show the a-admissibility of . with respect to 1. Let x,y € I, observe that a(x,y,t) >
. . 1 1 .

n(x,y,t) forallz > 0if and only if x,y € [0, 5]. Hence, Zx, £y € [0, 5], thats is, a(Lx, Ly,t) >
n(ZLx,ZLy,t). Clearly, for any xq € [0, %], we have a(xg,-ZLxq,t) > 1(x0,-Lx0,t) for all £ > 0.
Next, if {x,} is a sequence in I" such that a(x,,x,+1,7) > N (xp,Xp+1,¢) foralln € N, ¢ > 0 and
Xn — x €T as n — oo, it is easy to see that {x,} C [0,3], x € [0,3] and Lx, — Lx €T, thus
% is oi-n-continuous.

For all x,y € I with v(Zx, £y,t) <1 and T = %, we have

. 1 :l_t—|—|$x—.,§fy]
v(ZLx, Ly,t) t
| Zx, Ly
=——r==
_’5(;;1) 5(yy+1)’
t
1 (_Ix—yl)
SE+D+1) t
—x—=yl
2t

Hence,

Of(V(ZLx, Ly,t)) = T
> 6T = O ()"

Therefore, . fulfil all the hypothesis of Theorem 3.4 and .Z has a unique fixed point x = 0.
However, by considering x,y € (%, 1], there is no 7 € (0, 1) satisfying the contractive condition
(2.1), which means that the result established by Gregori and Sapena [7] is not applicable in this
case.

4. APPLICATIONS

To study the existence and uniqueness of a solution to the mentioned first order periodic
differential problem (4.1) , we employ theorem 3.4 in this part.

W) = g(s,u(s)), s €07,
) (@.1)
u(0) = u(T),

g:10,T] x R — R is continuous mapping and 7' > 0. Denotes by I' = %’(|0,T],R) the space
of continuous mappings u : [0,7] — R and .# : I' x I' — R the metric given by .# (u,w) =
sup,e(o,7] |u(s) —w(s)| for all u,w € I. Define the function ®; : (0,1) — (0,1) by
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with n(u,w,t) = a(u,w,t) = 1 for all u,w € T and consider the fuzzy metric v : I’ x I" x
(0,400) — [0, 1] defined by

t
t+ M (u,m)
and the product t-norm *,, hence (I',v,*) is a complete fuzzy metric space. Note that, the
problem (%) may be expressed as

v(u,m,1) =

D) 4 Su(s) = g(s,uls)) + Suls),

u(0) = u(T),
s € 10,T], 0 < &. The problem above is equivalent to the following integral equation
T
u(s) = / G(s,0) (g(t,u(0) + Su(t))dl 4.2)
0

forallu e I', with ¥ : [0,T] x [0,T] — R is given by

ST +-3)
T 0<l<s<T,
g@@:{ ST T =t=t =

S(0—s
o, 0<s<U<T.

with & [ 4 (s,0)dl = 1.
Theorem 4.1. Suppose that for all u,® € I" and ¢ € [0,T]:
u(f) — o(£)|

(4, u(€) +8u(l) — (g(¢, 0(f) + dw(0)]| < 6(————).

(4.3)
Then 4.1 has a unique solution.

Proof. Let £ :T" — T be the integral operator given by

T
Lull) = /0 G(s,0) (g(,u(0) + Su(t))de

for all u € I. Notice that, u is a fixed point of .7’ is equivalent to say that u is a solution of the
equation (4.1). Let u, w € I', by (4.3), we have
M(Lu, Lo) = sup | Lu(s)— ZLw(s)|
s€[0,T]
T

Considering that Mzw(f)l < SUpyefo 7] |”(£)_2w(€)‘ = ///(214,(9) and 8. [] 4 (s,0)dl = 1, it follows
that

T
M sup G (s,0)dl
2 s€[0,7] /0



NEW FIXED POINT RESULTS 11

Using the last inequality, we get

{_ 1 M (u,0)
v(ZLu, Lw,t) t
M Lu, L)
t
— M (u,)
- 2t
1 |

!

2 v(u,w,t)

Taking into account the expression of the function ®¢, we obtain

1
O (V(Lx, Ly1)) = ' VZTom

1

> [o' T = [0 (v (1))

—_

As a result, Theorem 3.4’s assumptions are fulfilled. As a consequence, £’ possesses an unique
fixed point in I" that is an unique solution of (4.1). ([l

5. CONCLUSION

We initiated the notion of @-1-® ¢-fuzzy contraction in the context of fuzzy metric spaces by
including the idea of o-admissibility with the control function ®¢ and developed some fixed
point results regarding the existence and uniqueness of fixed point for such contractions. It is
important to mention that by appropriately integrating a number of instances of the functions
O, a and 1, we may specialize and bring a wide range of possible consequences from our main
findings. The results might open up possibilities for new directions in fuzzy metric fixed point
research, in addition to the study of coincidence and common fixed point in a more extended
framework, such as fuzzy b-metric spaces, partially ordered fuzzy metric spaces, and other
general structures. .
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