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HOMOCLINICS OF SUPERQUADRATIC OR ASYMPTOTICALLY QUADRATIC FOURTH
ORDER DIFFERENTIAL EQUATIONS

MOHSEN TIMOUMI

Department of Mathematics, Faculty of Sciences, Monastir University, Tunisia

Abstract. In this paper, we study the existence of homoclinic and ground state homoclinic solutions for the fourth order
differential equation u(4)(x)+2q(x)u(3)(x)+

(
q2(x)+q′(x)+ω

)
u′′(x)+ωq(x)u′(x)+a(x)u(x) = f (x,u(x)) when the potential

F(x,u) =
∫ u

0 f (x,v)dv is superquadratic or asymptotically quadratic in the second variable. We apply the critical point theory
and variational methods. To the best of our knowledge, the existence of homoclinic solutions of this type of equations was not
previously studied.

Keywords. Concentration compactness principle; Fourth order differential equation; Homoclinic solutions; Monotonicity tric;

variational methods.

1. INTRODUCTION

Consider the problem of finding homoclinic solutions for the following fourth-order differential equa-
tion

u(4)(x)+2q(x)u(3)(x)+
(
q2(x)+q′(x)+ω

)
u′′(x)+ωq(x)u′(x)+a(x)u(x) = f (x,u(x)), (F )

where ω is a constant, a,q ∈ C(R,R), and f ∈ C(R2,R) are three real functions periodic in the first
variable. Here as usual, we say that a solution u of (F ) is homoclinic (to 0) if u ∈C4(R,R), u 6= 0, and
u(x)−→ 0 as |x| −→ ∞. A ground state homoclinic solution is a homoclinic solution that minimizes the
energy associated to equation (F ) among all homoclinic solutions. Many problems arising in science and
engineering call for the solving of partial or ordinary differential equations and systems. These equations
are difficult to solve, and there are very few general techniques that can be applied to solve them. In the
three last decades, critical point theory and variational methods have been highly successful in solving
nonlinear problems in partial and ordinary differential equations. If q = 0, equation (F ) takes the
following form u(4)(x)+ωu′′(x)+a(x)u(x) = f (x,u(x)) and the existence and multiplicity of homoclinic
solutions for this equation have been investigated recently by many mathematicians via critical point
theory and variational methods; see, e.g., [1]-[17] and the references therein. However, to the best of our
knowledge, there is no research regarding the existence of homoclinic solutions for equation (F ). In the
present paper, we are interested in the existence of homoclinic and ground state homoclinic solutions for
(F ) when the nonlinearity F(x,u) is superquadratic or asymptotically quadratic at infinity in the second
variable by using the monotonicity trick of Jeanjean and the concentration compactness principle.
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The remaining of this paper is organized as follows. Section 2 is devoted to some preliminary results.
In Section 3, we study the existence of ground state homoclinic solution for (F ) under superquadratic
growth. In Section 4, the last section, we prove the existence of homoclinic solution for (F ) under
asymptotically quadratic growth.

2. PRELIMINARIES

To prove our main result via the critical point theory, we need to establish the variational setting for
(F ). In the following, since Q is continuous and periodic, then, for all 1≤ s < ∞, we can endow Ls(R)
with the following equivalent norm

‖u‖Ls =
(∫

R
eQ(x) |u(x)|s dx

) 1
s
.

Let H2(R) be the Sobolev space with inner product and norm given respectively by

< u,v >H2=
∫
R

eQ(x)[u′′(x)v′′(x)+u′(x)v′(x)+u(x)v(x)
]
dx

and
‖u‖H2 =< u,u >

1
2
H2

for all u,v ∈ H2(R). In this paper, we assume that a satisfies the following condition
(A ) a : R−→ R is a continuous function, and there exists a constant a0 such that

0 < a0 ≤ a(x) and ω ≤ 2
√

a0.

Lemma 2.1. [18, Lemma 8] Assume that a satisfies (A ). Then there exists a constant c0 > 0 such that∫
R

eQ(x)[u′′(x)2−ωu
′
(x)2 +a(x)u(x)2]dx≥ c0 ‖u‖2

H2 , ∀u ∈ H2(R).

By Lemma 2.1, we define

E =

{
u ∈ H2(R)/

∫
R

eQ(x)[u′′(x)2−ωu
′
(x)2 +a(x)u(x)2]dx < ∞

}
with inner product

< u,v >=
∫
R

eQ(x)[u′′(x)v′′(x)−ωu′(x)v′(x)+a(x)u(x)v(x)
]
dx

and corresponding norm

‖u‖=
(∫

R
eQ(x)[u′′(x)2−ωu

′
(x)2 +a(x)u(x)2]dx

) 1
2 .

It is easy to verify that E is a Hilbert space. Since E = H2(R), then it is known that E is continuously
embedded into Ls

Q(R) for 2≤ s≤ ∞, and E ↪→ Ls
loc(R) is compact for all 2≤ s < ∞. Hence, there exists

a constant ηs > 0 such that
‖u‖Ls ≤ ηs ‖u‖ , ∀u ∈ E. (2.1)

Now, we prove that equation (F ) possesses a mountain pass type solution. For this purpose, we apply a
monotonicity trick due to Jeanjean [5] together with the concentration compactness principle [13].

Lemma 2.2. [19] Let E be a Banach space and I ⊂ R+ be an interval. Consider a family (Φλ )λ∈I of
continuously differentiable functionals on E of the form Φλ (u) = A(u)−λB(u), ∀λ ∈ I, where B(u)≥ 0
for all u ∈ E, A(u)−→+∞ or B(u)−→+∞ as ‖u‖ −→ ∞. Assume that there exist two points v1,v2 ∈ E
such that

cλ = inf
γ∈Γ

max
x∈[0,1]

Φλ (γ(x))> max{Φλ (v1),Φλ (v2)} , ∀λ ∈ I,
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where
Γ = {γ ∈C([0,1],E)/γ(0) = v1,γ(1) = v2} .

Then, for almost λ ∈ I, there is a sequence (vn)⊂ E such that
(i) (vn) is bounded in E,
(ii) Φλ (vn)−→ cλ ,
(iii) Φ′

λ
(vn)−→ 0 on E ′.

Moreover, the map λ −→ cλ is continuous from the left.

Definition 2.3. Let (un) be a bounded sequence in a Banach space. We say that (un) is vanishing if, for
each R > 0,

lim
n−→∞

sup
y∈R

∫ y+R

y−R
eQ(x) |un|2 dx = 0,

and (un) is nonvanishing if there exist σ > 0, R > 0, and (yn)⊂ R such that

liminf
n−→∞

∫ yn+R

yn−R
eQ(x) |un|2 dx≥ σ .

In the vanishing case, we have the following result, which is a special case of Lions [20].

Lemma 2.4. [20] Let (un) be a bounded sequence, if, for any R > 0 limn−→∞ supy∈R
∫ y+R

y−R eQ(x) |un|2 dx =
0, then un −→ 0 in Ls(R) for 2 < s < ∞.

3. SUPERQUADRATIC GROWTH

In this Section, we are concerned with the existence of ground state homoclinic solutions to the fourth
order differential equation (F ), where a,q ∈ C(R,R) and f ∈ C(R2,R) are such that a(x),Q(x) =∫ x

0 q(s)ds and f (x,u) are T−periodic in x and F(x,u) =
∫ u

0 f (x,v)dv is superquadratic in the second
variable not satisfying the global (A R) superquadratic condition. More precisely, we take the following
conditions
(F1) f (x,u) = o(|u|) as u−→ 0 uniformly in x, F(x,0) = 0, and F(x,u)≥ 0 for all (x,u) ∈ R2,
(F2) there exist constants p > 2 and C0 > 0 such that

| f (x,u)| ≤C0
(
1+ |u|p−1 ), ∀(x,u) ∈ R2,

(F3) lim
|u|−→∞

F(x,u)

|u|2
=+∞, f or a.e. x ∈ R,

(F4) there exists a constant σ ≥ 1 such that

F̃(x,su)≤ σ F̃(x,u), ∀(s,x,u) ∈ [0,1]×R2,

where F̃(x,u) = 1
2 f (x,u)u−F(x,u).

Our main result in this section reads as follows.

Theorem 3.1. Assume that (A ) and (F1)− (F4) are satisfied. Then equation (F ) possesses at least one
ground state homoclinic solution.

It is important to notice that conditions (F2) and (F4) imply that F(x,u) is superquadratic both at the
origin and at infinity, which is different from the (A R)- condition.

Let us state the following example to illustrate our Theorem 3.1.

Example 3.2. Let a(x) = 3
2 +cos

(2π

T x
)

and F(x,u) =
(
1+ sin

(2π

T x
))
|u|2 ln

(
1+ |u|2

)
for all (x,u) ∈R2.

It is easy to check that a and F satisfy all the conditions of Theorem 3.1. However, since F(3T
4 ,u) = 0

for all u ∈ R, it does not satisfy the (A R)-condition.
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3.1. Proof of Theorem 3.1. Now we are in a position to establish the corresponding variational frame-
work to obtain the existence of ground state homoclinic solution for (F ). For this end, define the energy
functional Φ associated to equation (F )

Φ(u) =
1
2

∫
R

eQ(x)[u′′(x)2−ωu
′
(x)2 +a(x)u(x)2]dx−

∫
R

eQ(x)F(x,u(x))dx

on the Hilbert space E introduced in Section 2. By (F1) and (F2), for any ε > 0, there exists a constant
Cε > 0 such that

| f (x,u)| ≤ ε |u|+Cε |u|p−1 (3.1)
and

0≤ F(x,u)≤ ε

2
|u|2 + Cε

p
|u|p (3.2)

for all (x,u) ∈ R2. Hence, it is known that Φ ∈C1(E,R) and

Φ
′(u)v =

∫
R

eQ(x)[u′′(x)v′′(x)−ωu′(x)v′(x)+a(x)u(x)v(x)
]
dx−

∫
R

eQ(x) f (x,u(x))v(x)dx

=< u,v >−
∫
R

eQ(x) f (x,u(x))v(x)dx

for all u,v ∈ E. Moreover, the nontrivial critical points of Φ on E are homoclinic solutions of (F ). Now,
we define on E the family of functionals

Φλ (u) = A(u)−λB(u), λ ∈ [1,2],

where
A(u) =

1
2

∫
R

eQ(x)[u′′(x)2−ωu
′
(x)2 +a(x)u(x)2]dx

and
B(u) =

∫
R

eQ(x)F(x,u(x))dx.

We also present some lemmas which are used in the subsequent discussion.

Lemma 3.3. Assume that (A ) and (F1)− (F3) are satisfied. Then
(i) There exists u0 ∈ E \{0} such that Φλ (u0)< 0, for all λ ∈ [1,2],

(ii) cλ = inf
γ∈Γ

max
x∈[0,1]

Φλ (γ(x))> max{Φλ (v1),Φλ (v2)} , ∀λ ∈ [1,2],

where
Γ = {γ ∈C([0,1],E)/γ(0) = 0,γ(1) = u0} .

Proof. (i) Let e0 ∈C∞
0 (R)\{0}. By (F3), the fact F(x,u)≥ 0 and Fatou’s lemma, we have

lim
s−→∞

Φλ (se0)

s2 ≤ lim
s−→∞

Φ1(se0)

s2 =
1
2
‖e0‖2− lim

s−→∞

∫
e0 6=0

eQ(x) F(x,se0)

|se0|2
|e0|2 dx≤−∞,

for all λ ∈ [1,2]. Hence, there is s0 > 0 large enough such that Φ1(s0e0) < 0. Then, setting u0 = s0e0,
we obtain Φλ (u0)≤Φ1(u0)< 0 and (i) holds.

(ii) By (2.1) and (3.2), we have∫
R

eQ(x)F(x,u)dx≤ ε

2
‖u‖2

L2 +
Cε

p
‖u‖p

Lp ≤
εη2

2
2
‖u‖2 +

η
p
pCε

p
‖u‖p .

Hence

Φλ (u)≥Φ2(u)≥
(1

2
− εη

2
2
)
‖u‖2− 2η

p
pCε

p
‖u‖p .

By taking ε small enough, we deduce that there exist constants α > 0 and 0 < ρ < ‖u0‖ such that

Φλ|∂Bρ (0)
≥ α f or all λ ∈ [1,2], where Bρ = {u ∈ E/‖u‖< ρ} .
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Let Γ = {γ ∈C([0,1],E)/γ(0) = 0,γ(1) = u0}. Since, for any γ ∈ Γ, we have γ(0) = 0 < ρ < γ(1) =
‖u0‖, then there exists xγ ∈]0,1[ such that ρ = γ(xγ), and then

cλ = inf
γ∈Γ

max
x∈[0,1]

Φλ (γ(x))≥ α > max{Φλ (0),Φλ (u0)} .

The proof of Lemma 3.3 is completed. �

Combining Lemma 2.1 and Lemma 3.3, we obtain the following lemma.

Lemma 3.4. Assume that (A ) and (F1)− (F3) are satisfied. Then, for any λ ∈ [1,2], there exists a
bounded sequence (un)⊂ E such that Φλ (un)−→ cλ and Φ′

λ
(un)−→ 0 as n−→ ∞.

Lemma 3.5. Assume that (A ), (F1), and (F2) are satisfied. Then, for any bounded vanishing sequence
(un)⊂ E, we have limn−→∞

∫
R eQ(x)F̃(x,un)dx = 0.

Proof. Using (3.1) and (3.2), we obtain∫
R

eQ(x)F(x,un)dx≤ ε

2
‖un‖2

L2 +
Cε

p
‖un‖p

Lp

and ∣∣∣∣∫R eQ(x) f (x,un)undx
∣∣∣∣≤ ε ‖un‖2

L2 +Cε ‖un‖p
Lp .

Since (un) is vanishing, Lemma 2.4 implies that∫
R

eQ(x)F(x,un)dx−→ 0 and
∫
R

eQ(x) f (x,un)undx−→ 0

as n−→ ∞, and the proof of Lemma 3.5 is completed. �

Lemma 3.6. Assume that (A ), (F1), (F2), and (F4) are satisfied. Then, for all bounded sequence
(un)⊂ E satisfying

0 < lim
n−→∞

Φλ (un)≤ cλ and lim
n−→∞

Φ
′
λ
(un) = 0,

there is (yn)⊂ Z such that, up to a subsequence, ũn(x) = un(x+ ynT ) satisfies

ũn ⇀ uλ 6= 0, Φλ (uλ )≤ cλ and Φ
′
λ
(uλ ) = 0.

Proof. Since Φ′
λ
(un)un −→ 0, one has

lim
n−→∞

λ

∫
R

eQ(x)F̃(x,un)dx = lim
n−→∞

(
Φλ (un)−

1
2

Φ
′
λ
(un)un

)
= lim

n−→∞
Φλ (un)> 0

which together with Lemma 3.5 implies that (un) is nonvanishing. Hence, there exist constants σ > 0,
R > 0, and a subsequence (ỹn)⊂ R such that

liminf
n−→∞

∫ ỹn+R

ỹn−R
eQ(x) |un|2 dx≥ σ > 0.

Letting ũn(x) = un(x+ ynT ), we choose (yn)⊂ Z such that

liminf
n−→∞

∫ 2R

−2R
eQ(x) |ũn|2 dx≥ σ

2
> 0. (3.3)

Since a(x) and F(x,u) are T−periodic in x, then ‖ũn‖= ‖un‖, Φλ (ũn) = Φλ (un), and

Φ
′
λ
(ũn)−→ 0 as n−→ ∞. (3.4)
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Indeed, for any v ∈ E, set vn(x) = v(x− ynT ). It is clear that ‖vn‖= ‖v‖ and

∣∣Φ′
λ
(ũn)v

∣∣= ∣∣∣∣∫R eQ(x)[ũ′′nv′′−ω ũ′nv′+aũnv−λ f (x, ũn)v
]
dx
∣∣∣∣

=

∣∣∣∣∫R eQ(x)[u′′nv′′n−ωu′nv′n +aunvn−λ f (x,un)vn
]
dx
∣∣∣∣

=
∣∣Φ′

λ
(un)vn

∣∣≤ ∥∥Φ
′
λ
(un)

∥∥‖vn‖=
∥∥Φ
′
λ
(un)

∥∥‖v‖ −→ 0,

which implies (3.4). Since (ũn) is still bounded, up to a subsequence if necessary, there exists uλ ∈ E
such that

ũn ⇀ uλ in E,

ũn −→ uλ in Ls
loc(R) f or s ∈]2,∞[,

ũn −→ uλ a.e. in R,
(3.5)

and uλ 6= 0 by (3.3). We claim that for all compact K ⊂ R, and f (x, ũn)−→ f (x,uλ ) in L2(K). Arguing
indirectly, we may assume that there exist a constant ε0 > 0 and a subsequence (ũnk) such that

∫
K

eQ(x) | f (x, ũnk)− f (x,uλ )|2 dx≥ ε0, ∀k ∈ N. (3.6)

By (3.5), we can assume that ∑
∞
k=1 ‖ũnk −uλ‖L2(K) < ∞ and ∑

∞
k=1 ‖ũnk −uλ‖L2(p−1)(K) < ∞. Let w(x) =

∑
∞
k=1 |ũnk(x)−uλ (x)| for all x ∈ K. Then w ∈ L2(K)

⋂
L2(p−1)(K). By (3.1), there holds for all k ∈N and

x ∈ R

| f (x, ũnk)− f (x,uλ )|2 ≤ 2
(
| f (x, ũnk)|

2 + | f (x,uλ )|2
)

≤ 2
[(

ε |ũnk |+Cε |ũnk |
p−1
)2

+[
(

ε |uλ |+Cε |uλ |p−1
)2]

≤C1

[
|ũnk |

2 + |ũnk |
2(p−1)+ |uλ |2 + |uλ |2(p−1)

]
≤C1

[(
|ũnk −uλ |+ |uλ |

)2
+
(
|ũnk −uλ |

+ |uλ |
)2(p−1)

+ |uλ |2 + |uλ |2(p−1)
]

≤C2

[
|w|2 + |w|2(p−1)+ |uλ |2 + |uλ |2(p−1)

]
where C1,C2 are positive constants. Combining this with (3.5), Lebesgue’s Dominated Convergence
Theorem implies limk−→∞

∫
K eQ(x) | f (x, ũnk)− f (x,uλ )|2 dx= 0, which contradicts (3.6). Hence the claim

above is true. It follows that

lim
n−→∞

∫
R

eQ(x)
(

f (x, ũn)− f (x,uλ )
)

ψdx = 0, ∀ψ ∈C∞
0 (R,RN),

which implies that Φ′
λ

is weakly sequentially continuous. Hence, by (3.4), we deduce

Φ
′
λ
(uλ ) = 0. (3.7)
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Now, by (F4) and Fatou’s lemma, one obtains

cλ ≥ lim
n−→∞

(
Φλ (ũn)−

1
2

Φ
′
λ
(ũn)ũn

)
= lim

n−→∞
λ

∫
R

eQ(x)F̃(x, ũn)dx

≥ λ

∫
R

eQ(x)F̃(x,uλ )dx

= Φλ (uλ )−
1
2

Φ
′
λ
(uλ )uλ

= Φλ (uλ ).

The proof of Lemma 3.6 is completed. �

As a consequence of Lemma 2.4 and Lemma 3.6, we have the following lemma.

Lemma 3.7. Assume that (A ), (F1), (F2), and (F4) are satisfied. Then there exist (λn) ⊂ [1,2] and
(un)⊂ E \{0} such that

λn −→ 1, Φλn(un)≤ cλn and Φ
′
λn
(un) = 0.

Lemma 3.8. The sequence (un) obtained in Lemma 3.7 is bounded.

Proof. Suppose by contradiction that ‖un‖ −→ ∞ as n −→ ∞. Set wn =
un
‖un‖ . Then ‖wn‖ = 1, and by

Lion’s concentration compactness principle [13], either (wn) is vanishing or it is nonvanishing. Hence
the proof of the lemma will be completed if we show that (wn) is neither vanishing nor nonvanishing.
Assume that (wn) is vanishing. Let (sn)⊂ [0,1] be a sequence such that Φλn(snun) = maxs∈[0,1] Φλn(sun).

For any M > 0, let vn =
(

2
√

M
‖un‖

)
un = 2

√
Mwn. Since (vn) is vanishing and bounded, by Lemma 3.5 and

(3.1), one has ∫
R

eQ(x)F̃(x,vn)dx−→ 0 as n−→ ∞.

Now, for n large enough, 2
√

M
‖un‖ ∈]0,1[, and by the definition of sn, we deduce that

Φλn(snun)≥Φλn(vn) = 2M−λn

∫
R

eQ(x)F(x,vn)dx≥M,

which implies that
Φλn(snun)−→+∞ as n−→ ∞. (3.8)

Since Φλn(0) = 0 and Φλn(un)≤ cλn ≤ c1, then sn ∈]0,1[ and

Φ
′
λn
(snun)snun = sn

d
ds

(
Φλn(sun)

)
|s=sn

= 0. (3.9)

Therefore, using (3.8) and (3.9), we deduce that∫
R

eQ(x)F̃(x,snun)dx =
1
λn

(
Φλn(snun)−

1
2

Φ
′
λn
(snun)snun

)
=

1
λn

Φλn(snun)−→+∞ as n−→ ∞.

However, it follows from (F4) and Lemma 3.7 that∫
R

eQ(x)F̃(x,snun)dx≤ σ

∫
R

eQ(x)F̃(x,un)dx

≤ σ

λn

[
Φλn(un)−

1
2

Φ
′
λn
(un)un

]
=

σ

λn
Φλn(un)≤

σ

λn
cλn ≤ σc1, ∀n ∈ N,
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yielding a contradiction.
Assume that (wn) is nonvanishing. Then, as in the proof of (3.6), by the translation invariance of

equation (F ), one has wn ⇀ w in E and wn(x) −→ w(x) a.e. in R for some w ∈ E \ {0}. On the set
Ω = {x ∈ R/w(x) 6= 0}, one has |un(x)| −→+∞. It follows from (F3) that

F(x,un)

|un|2
|wn|2 −→+∞ as n−→ ∞.

Therefore, taking into account meas(Ω)> 0 and using Fatou’s lemma, we obtain∫
R

eQ(x) F(x,un)

‖un‖2 dx≥
∫

Ω

eQ(x) F(x,un)

|un|2
|wn|2 dx−→+∞ as n−→ ∞.

On the other hand, since 0≤Φλn(un)≤ cλn ≤ c1, we deduce that

lim
n−→∞

∫
R

eQ(x) F(x,un)

‖un‖2 dx =
1
2
,

a contradiction. The proof of Lemma 3.8 is completed. �

Now, we are in the position to complete the proof of Theorem 3.1. by Lemma 3.5, Lemma 3.6, and
(3.1), we have, for any v ∈ E,

Φ
′(un)v = Φ

′
λn
(un)v+(λn−1)

∫
R

eQ(x) f (x,un)vdx−→ 0 as n−→ ∞.

Hence Φ′(un)−→ 0. Combining (3.1) and Lemma 3.8 yields

‖un‖2 = λn

∫
R

eQ(x) f (x,un)undx

≤ ε ‖un‖2
L2 +Cε ‖un‖p

Lp

≤ εη
2
2 ‖un‖2 +Cεη

p
p ‖un‖p

(3.10)

which implies that ‖un‖ ≥ d, ∀n∈N for some constant d > 0. If (un) is vanishing, Lemma 2.4 and (3.10)
imply that un −→ 0, a contradiction. Hence (un) is nonvanishing. Proceeding as in the proof of Lemma
3.7, we can obtain a sequence (yn) ⊂ Z such that if ũn(x) = un(x+ ynT ), then ũn −→ ũ and Φ′(ũ) = 0.
Therefore equation (F ) possesses a nontrivial homoclinic solution.

Finally, we prove the existence of ground state homoclinic solution of (F ). Set

K =
{

u ∈ E \{0}/Φ
′(u) = 0

}
and m = infK Φ(u). Using (F4) and the fact ũ ∈ K, we obtain 0≤m≤ f (ũ). By the definition of m, there
exists a sequence (vn) ⊂ K such that f (vn) −→ m as n −→ ∞. Following the same procedures as in the
proof of Lemma 3.8, we have that (vn) is bounded. Since (vn)⊂ K and Φ′(vn) = 0, similar to (3.10), we
obtain that ‖vn‖ ≥ d1 > 0 for all n and (vn) is nonvanishing. Hence, arguing as in (3.5)-(3.7), there exists
ṽ ∈ E \ {0} such that Φ′(ṽ) = 0 and Φ(ṽ) ≤ m. Noting that ṽ ∈ K, one has Φ(ṽ) ≥ m. Thus Φ(ṽ) = m.
This ends the proof.

4. ASYMPTOTICALLY QUADRATIC CASE

In this Section, we are concerned with the existence of homoclinic solution for the fourth order dif-
ferential equation (F ), where a,q ∈C(R,R) and f ∈C(R2,R) are such that a(x),Q(x) =

∫ x
0 q(s)ds and

f (x,u) are T−periodic in x, and F(x,u) =
∫ u

0 f (x,v)dv is asymtotically quadratic with respect to the sec-
ond variable. More precisely, we assume that F(x,u) is of the form F(x,u) = 1

2 S |u|2 +V (x,u), where S
is a positive constant and we take the following assumptions:

(F5) F(x,u)≥ 0, ∀(x,u) ∈ R2,
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(F6) there exist positive constants c,r and p > 2 such that

| f (x,u)| ≤ c |u|p−1 , ∀x ∈ R, |u| ≤ r,

(F7) V (x,u) = o(|u|) as |u| −→ ∞,

(F8) F̃(x,u) = 1
2 f (x,u)u−F(x,u) ≥ 0 for all (x,u) ∈ R2, and there are positive constants a1,b1 > 0,

R > r and α ∈]1,2[ such that

F̃(x,u)≥
{

a1 |u|p , ∀x ∈ R, |u| ≤ r,
b1 |u|α , ∀x ∈ R, |u| ≥ R.

Before stating the main result of this section, we consider the eigenvalue problem{
d4u
dx4 +2q d3u

dx3 +(q2 +q′+ω)ω d2u
dx2 +ω

du
dx +au = λu,

u ∈ E,

which has a non-decreasing sequence of positive eigenvalues 0 < λ1 ≤ λ2 ≤ λ3 ≤ ....

Theorem 4.1. Assume that (A ), (F5)− (F8) and the following condition

S > λ1 (C)

are satisfied. Then equation (F ) possesses at least one homoclinic solution.

Remark 4.2. Let

F(x,u) =
{ (1

2 S−θ(x)
)
|x|p i f |x| ≤ 1,

1
2 S |x|2−θ(x) |x|α i f |x| ≥ 1,

where θ ∈C(R,R) is periodic in t, 0 < infx∈R θ(x)≤ supx∈R θ(x)< S
2 , and 1 < α < 2 < p. It is easy to

check that the above function F satisfies conditions (F5)− (F8).

4.1. Proof of Theorem 4.1. Consider the functional Φ defined on the space E introduced in Section 2
by

Φ(u) =
1
2

∫
R

eQ(x)[u′′(x)2−ωu
′
(x)2 +a(x)u(x)2]dx−

∫
R

eQ(x)F(x,u(x))dx

=
1
2
‖u‖2−

∫
R

eQ(x)F(x,u(x))dx.

It is known that Φ is continuously differentiable on E. For all u,v ∈ E, we have

Φ
′(u)v =

∫
R

eQ(x)[u′′(x)v′′(x)−ωu′(x)v′(x)+a(x)u(x)v(x)
]
dx−

∫
R

eQ(x) f (x,u(x))v(x)dx

=< u,v >−
∫
R

eQ(x) f (x,u(x))v(x)dx

Moreover, the critical points of Φ are classical solutions of (F ) satisfying u̇(x)−→ 0 as |x| −→ ∞.
In the following, we will reason by successive lemmas.

Lemma 4.3. Assume that (A ), (F6), and (F7) are satisfied. Then, for any bounded vanishing sequence
(un) ∈ E, we have limn−→∞

∫
R eQ(x)F̃(x,un(x))dx = 0.

Proof. By (F6) and (F7), for every ε > 0, there exists a positive constant Cε such that

| f (x,u)| ≤ ε |u|+Cε |u|p−1 , ∀(x,u) ∈ R2. (4.1)

Since F(x,0) = 0, we deduce

|F(x,u)| ≤ ε

2
|u|2 + Cε

p
|u|p , ∀(x,u) ∈ R2. (4.2)
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Let (un) ∈ E be a bounded vanishing sequence. Then Lemma 2.4 implies that un −→ 0 in Ls(R) for all
s ∈]2,∞[. Combining this with (4.1), (4.2), and Hölder’s inequality yields∣∣∣∣∫R eQ(x) f (x,un(x))un(x)dx

∣∣∣∣≤ ε ‖un‖2
L2 +Cε ‖un‖p

Lp −→ 0 as n−→ ∞

and ∫
R

eQ(x)F(x,un(x))≤
ε

2
‖un‖2

L2 +
Cε

p
‖un‖p

Lp −→ 0 as n−→ ∞.

Hence
∫
R eQ(x)F̃(x,un(x))dx−→ 0 as n−→ ∞ and the proof of the lemma is completed. �

In the following, we define on E the family of functionals

Φλ (u) = A(u)−λB(u), λ ∈ [1,2]

where

A(u) =
1
2

∫
R

eQ(x)[u′′(x)2−ωu
′
(x)2 +a(x)u(x)2]dx

and
B(u) =

∫
R

eQ(x)F(x,u(x))dx.

Lemma 4.4. Assume that (A ), (C) and (F7) are satisfied, then there exists v0 ∈ E \ {0} such that
Φ1(v0) = Φ(v0)< 0.

Proof. Since S > λ1, we can choose a nonnegative function ϕ ∈ E such that∫
R

eQ(x) |ϕ(x)|2 dx = 1 and
∫
R

eQ(x)
[
ϕ
′′
(x)2−ωϕ

′
(x)2 +a(x)ϕ(x)2

]
dx < S.

Assumption (W7) implies that, for all x ∈ R with ϕ(x) 6= 0,

lim
s−→∞

F(x,sϕ(x)
s2 = lim

s−→∞

F(x,sϕ(x)

|sϕ(x)|2
|sϕ(x)|2 = 1

2
S |ϕ(x)|2 ,

which together with (C) and Fatou’s lemma implies

lim
s−→∞

Φ(sϕ)

s2 =
1
2

∫
R

eQ(x)
[
ϕ
′′
(x)2−ωϕ

′
(x)2 +a(x)ϕ(x)2

]
dx− lim

s−→∞

∫
R

eQ(x) F(x,sϕ(x))
s2 dx

<
S
2
−
∫
R

eQ(x) lim
s−→∞

F(x,sϕ(x))
s2 dx

<
S
2
−
∫
R

eQ(x) S
2
|ϕ(x)|2 dx = 0.

Consequently, there exists a positive constant s0 large enough such that the element v0 = s0ϕ satisfies
v0 6= 0 and Φ(v0)< 0. The proof of Lemma 4.4 is completed. �

Now, let
cλ = inf

γ∈Γ
sup

x∈[0,1]
Φλ (γ(x))

where
Γ = {γ ∈C([0,1],E)/γ(0) = 0,γ(1) = v0} .

Lemma 4.5. Assume that (A ) and (F6)− (F8) are satisfied. Then for any sequence (un)⊂ E satisfying

0 < lim
n−→∞

Φλ (un)≤ cλ and Φ
′
λ
(un)−→ 0 as n−→ ∞,

there exists a subsequence (unk) such that

unk ⇀ uλ 6= 0 with Φλ (uλ )≤ cλ and Φ
′
λ
(uλ ) = 0.
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Proof. Note that∫
R

eQ(x)F̃(x,un(x))dx =
1
λ

[
Φλ (un)−

1
2

Φ
′
λ
(un)un

]
−→ 1

λ
lim

n−→∞
Φλ (un)> 0.

Since (un) is bounded, then Lemma 4.3 implies that (un) does not vanish, i.e., there exist positive con-
stants r,δ > 0 and a sequence (sn)⊂ R such that

lim
n−→∞

∫
Ir(sn)

eQ(x) |un|2 dx≥ δ , (4.3)

where Ir(sn) = [sn− r,sn + r]. From the boundedness of (un), we can assume, after passing to a subse-
quence, that un ⇀ uλ in E and un −→ uλ in L2

loc(R), which together with (4.3) implies that uλ 6= 0. By
the weakly sequentially continuity of Φλ and the fact Φ′

λ
(un)−→ 0 as n−→ ∞, we obtain

Φ
′
λ
(uλ )v = lim

n−→∞
Φ
′
λ
(un)v = 0, ∀v ∈ E.

Hence Φ′
λ
(uλ ) = 0. Combining (F8) with Fatou’s lemma yields

cλ ≥ lim
n−→∞

Φλ (un) = lim
n−→∞

[
Φλ (un)−

1
2

Φ
′
λ
(un)un

]
= lim

n−→∞
λ

∫
R

eQ(x)F̃(x,un(x))dx≥ λ

∫
R

eQ(x)F̃(x,uλ (x))dx

= Φλ (uλ )−
1
2

Φ
′
λ
(uλ )uλ = Φλ (uλ ).

The proof of Lemma 4.5 is completed. �

Lemma 4.6. Assume that (A ) and (F5)− (F7) are satisfied. Then for any λ ∈ [1,2], there exists a
sequence (vn)⊂ E such that

(vn) is bounded, Φλ (vn)−→ cλ and Φ
′
λ
(vn)−→ 0. (4.4)

Proof. For the v0 ∈ E obtained in Lemma 4.4, we have f (v0) < 0. It follows from (F5) that Φλ (v0) ≤
f (v0)< 0, for all λ ∈ [1,2]. By (2.1) and (4.2), we have∫

R
eQ(x)F(x,u(x))dx≤ ε

2
η

2
2 ‖u‖

2 +
Cε

p
η

p
p ‖u‖

p , ∀u ∈ E.

Since ε is arbitrary, then
∫
R eQ(x)F(x,u(x))dx = o(‖u‖2) as u −→ 0. Hence, there exists a constant 0 <

r0 < ‖v0‖ such that ∫
R

eQ(x)F(x,u(x))dx≤ 1
4
‖u‖2 , ∀‖u‖ ≤ r0.

For all γ ∈ Γ, there is sγ ∈ [0,1] such that
∥∥γ(sγ)

∥∥= r0 and

max
s∈[0,1]

Φλ (γ(s)) = Φλ (γ(sγ))

=
1
2

∥∥γ(sγ)
∥∥2−

∫
R

eQ(x)F(x,γ(sγ))dx

≥ 1
4

∥∥γ(sγ)
∥∥2

=
r2

0
4

which implies that

cλ = inf
γ∈Γ

max
s∈[0,1]

Φλ (γ(s))≥
r2

0
4
> 0, ∀λ ∈ [1,2] (4.5)

and
cλ > max{Φλ (0),Φλ (1)} .

Hence, the family (Φλ )λ∈[1,2] satisfies the hypotheses of Lemma 2.2, which completes the proof of
Lemma 4.6. �
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Combining Lemma 4.5 and Lemma 4.6, we deduce that there exist a sequence (λn)⊂ [1,2] converging
to 1 and a sequence (un)⊂ E satisfying

un 6= 0, Φλn(un)≤ cλn and Φ
′
λn
(un) = 0. (4.6)

Since
1
2
‖un‖2−λn

∫
R

eQ(x)F(x,un(x))dx≤ cλn

and

‖un‖2 = λn

∫
R

eQ(x) f (x,un(x))undx,

we deduce that ∫
R

eQ(x)F̃(x,un(x))dx≤
cλn

λn
, ∀n ∈ N.

It is clear that ( cλn
λn
) is decreasing and bounded by c1, which implies that

∫
R eQ(x)F̃(x,un(x))dx ≤ c1,

∀n ∈ N.

Lemma 4.7. Assume that (A ) and (F6)− (F8) are satisfied. Then the sequence obtained in (4.5) is
bounded.

Proof. Using (F7) and (F8) respectively, we can find a positive constant C1 such that∫
{x∈R/|un(x)|≥r}

eQ(x) | f (x,un(x))| |un|dx≤C1

∫
{x∈R/|un(x)|≥r}

eQ(x) |un(x)|2 dx (4.7)

and ∫
{x∈R/|un(x)|≥r}

eQ(x)F̃(x,un(x))dx

=
∫
{x∈R/r≤|un(x)|≤R}

eQ(x)F̃(x,un(x))dx+
∫
{x∈R/|un(x)|≥R}

eQ(x)F̃(x,un(x))dx

≥ 1
Rα

inf
{x∈R,r≤|u|≤R}

F̃(x,u)
∫
{x∈R/r≤|un(x)|≤R}

eQ(x) |un(x)|α dx

+b1

∫
{x∈R/|un(x)|≥R}

eQ(x) |un(x)|α dx

≥C2

∫
{x∈R/|un(x)|≥r}

eQ(x) |un(x)|α dx,

(4.8)

where C2 = inf
{

1
Rα inf{x∈R,r≤|u|≤R} F̃(x,u),b1

}
. By (4.4), we have for a positive constant C3

Φλn(un)− 1
2 Φ′

λn
(un)un

λn
≤C3,

which together with (F8) and (4.8) implies

C3 ≥
Φλn(un)− 1

2 Φ′
λn
(un)un

λn
=
∫
R

eQ(x)F̃(x,un(x))dx

=
∫
{x∈R/|un(x)|≤r}

eQ(x)F̃(x,un(x))dx+
∫
{x∈R/|un(x)|≥r}

eQ(x)F̃(x,un(x))dx

≥ a1

∫
{x∈R/|un(x)|≤r}

eQ(x) |un|p dx+C2

∫
{x∈R/|un(x)|≥r}

eQ(x) |un|α dx.

(4.9)
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Taking s ∈]0, α

2 [, we see that Hölder’s inequality, (2.1), and (4.9) imply∫
{x∈R/|un(x)|≥r}

eQ(x) |un|2 dx

=
∫
{x∈R/|un(x)|≥r}

eQ(x) |un|2s |un|2(1−s) dx

≤
(∫
{x∈R/|un(x)|≥r}

eQ(x) |un|α dx
) 2s

α
(∫
{x∈R/|un(x)|≥r}

eQ(x) |un|
2α(1−s)

α−2s )dx
) α−2s

α

≤C4 ‖un‖2(1−s) ,

where C4 =
(

C3
C2

) 2s
α

η
2(1−s)
2α(1−s)

α−s

and 2α(1−s)
α−2s ≥ 2. Now, since Φ′

λn
(un)un = 0, then (F6), (2.1), (4.7), and (4.9)

imply

‖un‖2 = λn

∫
R

eQ(x) f (x,un(x))un(x)dx

≤ 2
∫
{x∈R/|un(x)|≤r}

eQ(x) f (x,un(x))un(x)dx

+2
∫
{x∈R/|un(x)|≥r}

eQ(x) f (x,un(x))un(x)dx

≤ 2c
∫
{x∈R/|un(x)|≤r}

eQ(x) |un(x)|µ dx+2C1

∫
{x∈R/|un(x)|≥r}

eQ(x) |un(x)|2 dx

≤ 2c
C3

a1
+2C1C4 ‖un‖2(1−s) ,

(4.10)

where 2(1− s)< 2. Hence (4.10) implies that (un) is bounded and the proof of Lemma 4.7 is completed.
�

Now, we are in position to prove Theorem 4.1. Let (un) be the bounded sequence obtained in (4.6).
By taking a subsequence if necessary, we can assume that un ⇀ u and un −→ u a.e. on R. Using (4.6),
we obtain

lim
n−→∞

Φ
′(un)v = lim

n−→∞

[
Φ
′
λn
(un)v+(λn−1)

∫
R

eQ(x) f (x,un(x))v(x)dx
]
= 0, ∀v ∈ E.

We divide into two cases.
First case: limsupn−→∞ Φλn(un)> 0. In this case, the result follows from Lemma 4.5.
Second case: limsupn−→∞ Φλn(un)≤ 0. Let (sn)⊂ [0,1] be such that

Φλn(snun) = max
s∈[0,1]

Φλn(sun),

we denote by (vn) the sequence defined by vn = snun. It is clear that (vn) is bounded. Using (2.1) and
(4.1), we obtain, for all n ∈ N and u ∈ E,

Φ
′
λn
(u)u = ‖u‖2−λn

∫
R

eQ(x) f (x,u(x))u(x)dx

≥ ‖u‖2−2
∫
R

eQ(x) f (x,u(x))u(x)dx

≥ ‖u‖2−2εη
2
2 ‖u‖

2−2Cεη
p
p ‖u‖

p .

Taking ε = 1
4η2

2
, we obtain

Φ
′
λn
(u)u≥ 1

2

[
1−4Cεη

p
p ‖u‖

p−2
]
‖u‖2 .
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Letting r1 =
(

8Cεη
p
p

)− 1
p−2

, we have

Φ
′
λn
(u)u≥ 1

4
‖u‖2 , ∀u ∈ B(0,r1). (4.11)

Similarly, using (2.1) and (4.2), we can find a positive constant r2 such that

Φλn(u)≥
1
8
‖u‖2 , ∀u ∈ B(0,r2). (4.12)

Combining (4.11) with the fact Φ′
λn
(un) = 0 yields ‖un‖ ≥ θ , ∀n ∈ N, where θ = inf(r1,r2). Let 0 <

α < 1. For all n ∈ N, s̄n = α
θ

‖un‖ ∈]0,1[. It follows from (4.12) that

Φλn(snun)≥Φλn(s̄nun)≥
1
8

s̄2
n ‖un‖2 ≥ 1

8
(αθ)2, (4.13)

which together with Φλn(0) = 0 implies that sn > 0. Moreover, we have

limsup
n−→∞

f (un) = limsup
n−→∞

[
Φλn(un)+(λn−1)

∫
R

eQ(x)F(x,un(x))dx
]

= limsup
n−→∞

Φλn(un)≤ 0,

which together with (4.13) implies sn < 1. Hence sn ∈]0,1[ and then Φ′
λn
(vn)vn = 0 for all n ∈ N and

λn

∫
R

eQ(x)F̃(x,vn(x))dx = Φλn(vn)−
1
2

Φ
′
λn
(vn)vn = Φλn(vn).

Consequently, we obtain from (4.13) that limsupn−→∞

∫
R eQ(x)F̃(x,vn(x))dx = limsupn−→∞ Φλn(vn)> 0.

Since (vn) is bounded, it follows from Lemma 4.3 that (vn) does not vanish, so (un) does not vanish. By
going to a subsequence if necessary, Lemma 4.5 implies that vn ⇀ v 6= 0 with Φ′(v) = 0 and the proof of
Theorem 4.1 is finished.
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