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HOMOCLINICS OF SUPERQUADRATIC OR ASYMPTOTICALLY QUADRATIC FOURTH
ORDER DIFFERENTIAL EQUATIONS
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Abstract. In this paper, we study the existence of homoclinic and ground state homoclinic solutions for the fourth order
differential equation u() (x) +2¢(x)u®) (x) + (¢?(x) +¢' (x) + @) u” (x) + 0g(x)u’ (x) + a(x)u(x) = f(x,u(x)) when the potential
F(x,u) = [y f(x,v)dv is superquadratic or asymptotically quadratic in the second variable. We apply the critical point theory
and variational methods. To the best of our knowledge, the existence of homoclinic solutions of this type of equations was not
previously studied.
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1. INTRODUCTION

Consider the problem of finding homoclinic solutions for the following fourth-order differential equa-
tion

u® () +2g(x)u? (x) + (47 (x) + ¢ (x) + @)u" (x) + @g () (x) +a(u(x) = flxu(x),  (F)

where @ is a constant, a,q € C(R,R), and f € C(R? R) are three real functions periodic in the first
variable. Here as usual, we say that a solution u of (%) is homoclinic (to 0) if u € C4(R,R), u # 0, and
u(x) — 0 as |x| —> 0. A ground state homoclinic solution is a homoclinic solution that minimizes the
energy associated to equation (%) among all homoclinic solutions. Many problems arising in science and
engineering call for the solving of partial or ordinary differential equations and systems. These equations
are difficult to solve, and there are very few general techniques that can be applied to solve them. In the
three last decades, critical point theory and variational methods have been highly successful in solving
nonlinear problems in partial and ordinary differential equations. If ¢ = 0, equation (.%#) takes the
following form u(* (x) 4+ @u” (x) 4+ a(x)u(x) = f(x,u(x)) and the existence and multiplicity of homoclinic
solutions for this equation have been investigated recently by many mathematicians via critical point
theory and variational methods; see, e.g., [1]-[17] and the references therein. However, to the best of our
knowledge, there is no research regarding the existence of homoclinic solutions for equation (.%). In the
present paper, we are interested in the existence of homoclinic and ground state homoclinic solutions for
(%) when the nonlinearity F(x,u) is superquadratic or asymptotically quadratic at infinity in the second
variable by using the monotonicity trick of Jeanjean and the concentration compactness principle.
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The remaining of this paper is organized as follows. Section 2 is devoted to some preliminary results.
In Section 3, we study the existence of ground state homoclinic solution for (.%) under superquadratic
growth. In Section 4, the last section, we prove the existence of homoclinic solution for (.%) under
asymptotically quadratic growth.

2. PRELIMINARIES

To prove our main result via the critical point theory, we need to establish the variational setting for
(Z). In the following, since Q is continuous and periodic, then, for all 1 <s < oo, we can endow L*(R)
with the following equivalent norm

1
s

Jul = ([ 2 luo)pax) "

Let H*(R) be the Sobolev space with inner product and norm given respectively by
<u, v >p= / 2 [ (x)V" (x) + o (x)V' (x) + u(x)v(x) | dx
R
and 1
Jull e =< uyu >,

for all u,v € H*(R). In this paper, we assume that a satisfies the following condition
(#7) a: R — Ris a continuous function, and there exists a constant ag such that

0 <ap <a(x)and o < 2./ay.
Lemma 2.1. [18, Lemma 8] Assume that a satisfies (<7 ). Then there exists a constant ¢y > 0 such that
/ 20 [ (x)? — o ()2 + a(x)u(x)?] dx > co |lull% . Yu € H(R).
R

By Lemma 2.1, we define

E= {u € HZ(R)//ReQ(X) [u” (%)% — wu' (x)? +a(x)u(x)?]dx < 00}
with inner product
<u,v>= /ReQ(x) [ ()" (x) — 0’ (x)V (x) + a(x)u(x)v(x)]dx
and corresponding norm
lull = ( /R 29[ (x)2 — o (x)? + a(x)u(x)?] dx) .

It is easy to verify that E is a Hilbert space. Since E = H?(R), then it is known that E is continuously
embedded into LSQ(]R) for2 < s <oo,and E — L; (R) is compact for all 2 < s < co. Hence, there exists
a constant 7, > 0 such that

ulls < s llull, YuckE. 2.1)

Now, we prove that equation (.%) possesses a mountain pass type solution. For this purpose, we apply a
monotonicity trick due to Jeanjean [5] together with the concentration compactness principle [13].

Lemma 2.2. [19] Let E be a Banach space and I C R be an interval. Consider a family (®)),c; of
continuously differentiable functionals on E of the form ®) (u) = A(u) —AB(u), VA € I, where B(u) >0
forallu € E, A(u) — +o0 or B(u) — +oo as ||u|| — oo. Assume that there exist two points vi,v, € E
such that

c; = inf max @, (y(x)) > max{®, (v), P, (v2)}, VA €1,
el xe[0.1]
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where
I'={yeC((0,1],E)/y(0) = vi, (1) = v2}.
Then, for almost A € I, there is a sequence (v,) C E such that
(i) (vu) is bounded in E,
(ii) Dy (vn) — 2,
(iii) @} (v,) — O on E'.
Moreover, the map A — c;, is continuous from the lefft.

Definition 2.3. Let (u,) be a bounded sequence in a Banach space. We say that (u,) is vanishing if, for

each R > 0,
y+R
lim sup 20 |u, > dx = 0,
= yeR Jy—R
and (u,) is nonvanishing if there exist ¢ > 0, R > 0, and (y,) C R such that

o R )
liminf 20 |y, [*dx > o.
n—-y00 Yu—R

In the vanishing case, we have the following result, which is a special case of Lions [20].

Lemma 2.4. [20] Let (u,) be a bounded sequence, if, for any R > 01im, e sup,cg fyyjlf Q) |u,|? dx =
0, then u, — 0 in L*(R) for 2 < s < co.

3. SUPERQUADRATIC GROWTH

In this Section, we are concerned with the existence of ground state homoclinic solutions to the fourth
order differential equation (.%), where a,q € C(R,R) and f € C(R?,R) are such that a(x),Q(x) =
Jo q(s)ds and f(x,u) are T—periodic in x and F(x,u) = [y f(x,v)dv is superquadratic in the second
variable not satisfying the global (7 %) superquadratic condition. More precisely, we take the following
conditions
(F1) f(x,u) = o(|u|) as u — O uniformly in x, F(x,0) = 0, and F(x,u) > 0 for all (x,u) € R?,

(F») there exist constants p > 2 and Cp > 0 such that

|f (e, )| <C0(1+|bt\p 1) V(x,u) eR?,

F(x,u)

(F}) lim )

]

= 4o, fora.e.x € R,

(Fy) there exists a constant ¢ > 1 such that
F(x,su) < 6F (x,u), ¥(s,x,u) € [0,1] x R?,
where F (x,u) = 2, u)u—F (x,u).
Our main result in this section reads as follows.

Theorem 3.1. Assume that (<) and (F\) — (Fy) are satisfied. Then equation (.7 ) possesses at least one
ground state homoclinic solution.

It is important to notice that conditions (F,) and (F4) imply that F(x,u) is superquadratic both at the
origin and at infinity, which is different from the (<7 %)- condition.
Let us state the following example to illustrate our Theorem 3.1.

Example 3.2. Let a(x) = 3 +cos(%x) and F (x,u) = (14 sin(%x)) [u* In(1+ |u]*) for all (x,u) € R
It is easy to check that a and F satisfy all the conditions of Theorem 3.1. However, since F (%TT,u) =0
for all u € R, it does not satisfy the (<7 %)-condition.
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3.1. Proof of Theorem 3.1. Now we are in a position to establish the corresponding variational frame-
work to obtain the existence of ground state homoclinic solution for (.%). For this end, define the energy
functional @ associated to equation (%)

=3 / — oo (x)% + a(x)u(x)?]dx — / PO (x, u(x))dx
R
on the Hilbert space E introduced in Section 2. By (F}) and (F»), for any € > 0, there exists a constant
C¢ > 0 such that
£ (x,u)| < € Jul +Ce [uf?! 3.1

and

0<F(x,u) < ]u| —1——] P (3.2)
for all (x,u) € R%. Hence, it is known that & € C! (E,R) and

' (u)v = / 2 [ (x)v" (x) — i (x)V (x) + a(x)u(x)v(x) ] dx —/ 20 £ (o, u(x) ) v(x)dx
R R
=<u,v> —/ 2 £ (o, u(x) ) v(x)dx
R
for all u,v € E. Moreover, the nontrivial critical points of ® on E are homoclinic solutions of (% ). Now,
we define on E the family of functionals
() = A(u) ~ AB(w), A € [1,2],
where
2/ — ou (x)? +a(x)u(x)?]dx

and

B(u) = / PO F (x,u(x))dx.

R

We also present some lemmas which are used in the subsequent discussion.

Lemma 3.3. Assume that (/) and (Fy) — (F3) are satisfied. Then
(i) There exists up € E\ {0} such that @ (up) <O, forall A € [1,2],

(i) ¢; = inf max @, (y(x)) > max{®; (v1),P; (v2)}, VA € [1,2],
relxe[0,1]

where
I'={yec([0,1],E)/v(0) = 0,¥(1) = uo} .
Proof. (i) Let eg € C5(R) \ {0}. By (F3), the fact F(x,u) > 0 and Fatou’s lemma, we have

@ @ F
lim 220€0) o iy 1(“;60) > lleoll? = tim eQ@C)i(x’sezO)!
S—o0 Ky §—oo S S0 Jeg#£0 ’S€0|

€0|2dx < —,

for all A € [1,2]. Hence, there is so > 0 large enough such that ®;(spep) < 0. Then, setting uy = speo,
we obtain @, (1) < P (up) < 0 and (i) holds.
(ii) By (2.1) and (3.2), we have

2 p
/Re F(x,u)dx < ||u||L2+ ) “llullfy < =% Jlul +=, Il

Hence

1 2nhC
P (1) > @a(u) > (5~ end) >~ 2

By taking € small enough, we deduce that there exist constants o > 0 and 0 < p < ||uo|| such that
Diny = & forall A € [1,2], where By ={u € E/ ||u|| <p}.
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LetI'={yeC([0,1],E)/y(0) =0,y(1) =up}. Since, for any y € I', we have y(0) =0 < p < y(1) =
|luo||, then there exists x, €]0, 1[ such that p = y(xy), and then

c; = inf max @, (y(x)) > o > max {P, (0),P, (uo)}.
yel'xel0,1]

The proof of Lemma 3.3 is completed. g
Combining Lemma 2.1 and Lemma 3.3, we obtain the following lemma.

Lemma 3.4. Assume that (/) and (Fy) — (F3) are satisfied. Then, for any A € [1,2], there exists a
bounded sequence (u,) C E such that ®; (u,) — c) and @, (u,) — 0 as n — oo,

Lemma 3.5. Assume that (<7), (F1), and (F») are satisfied. Then, for any bounded vanishing sequence
(un) C E, we have lim,, e, [ e?OF (x,u,)dx = 0.

Proof. Using (3.1) and (3.2), we obtain
€ C
J I (s < 5l %

and

2
< & lunllz2 + CelluallZs -

/ 20 £ (x, 1y udx
R

Since (u,) is vanishing, Lemma 2.4 implies that

/ PO F (x,u,)dx —» 0 and / 20 £ (x, 1y updx — 0
R R
as n — oo, and the proof of Lemma 3.5 is completed. U

Lemma 3.6. Assume that (<7), (Fi), (F2), and (Fy) are satisfied. Then, for all bounded sequence
(un) C E satisfying
0< lim @, (uy) <cy and lim @) (u,) =0,
n—-yo

n—-y

there is (y,) C Z such that, up to a subsequence, u,(x) = u,(x+y,T) satisfies
Uy — uy # 0, Dy (uy) < ¢y and D'y (uy) =0.

Proof. Since @ (u,)u, — 0, one has
. ~ . 1 .
r,lil)lool ReQ(X)F(X’ un)dx = nlil)lw <(1)7L (un> - Eq)/)u (un)un> = nli?wq)k (un> >0

which together with Lemma 3.5 implies that (u,) is nonvanishing. Hence, there exist constants ¢ > 0,
R > 0, and a subsequence (y,) C R such that
FutR
liminf 29 |u, P dx > o > 0.
= J5,-R
Letting u,(x) = u,(x+y,T), we choose (y,) C Z such that
2R 0 c
liminf [ €2 |a,[*dx > 5 >0. (3.3)

n—e J_oR
Since a(x) and F (x,u) are T —periodic in x, then ||u,|| = ||ua], @, (4,) = Py (u,), and

@) (t1y) — 0 as n — oo. (3.4)
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Indeed, for any v € E, set v,(x) = v(x —y,T). It is clear that ||v,|| = ||v|| and

|5, ()] =

/ o) [y — oy + aityy — A f(x, 1) v] dx
R

/ eQ( )[u;: Z a)u V +aunvn —lf(X, u”l)v”]dx
R

= ‘q)jl(“n)vn| < HCD%(M,,)H [vall = “q)i(”n)“ |v]| — 0,

which implies (3.4). Since (u,) is still bounded, up to a subsequence if necessary, there exists uy € E
such that

Uy, —uy inE,
Uy — uy in L, (R) fors €]2,00], (3.5)
U, — uy a.e. inR,

and uy, # 0 by (3.3). We claim that for all compact K C R, and f(x,u,) — f(x,u;) in L*>(K). Arguing
indirectly, we may assume that there exist a constant & > 0 and a subsequence (i, ) such that

[ €917 = f) P > &0, VK EN. (3-6)
K

By (3.5), we can assume that }';° | ||u,, — u;LHLz < ooand Y7 |y, —up 201 nk) < oo Let w(x) =

Yo |tn, (x) —uy (x)| forallx € K. Thenw € L2( )ﬂL2 Y(K). By (3.1), there holds for all k € N and
xeR

i) = f ) < 2( 1)+ 1 (02 )

[(g|unk]—|—cg |, |~ )2_’_[(8’”1‘_’_(:8‘””;;—1)2}

1[I P+ P g P+ iy 20

| /\

IN

<& (Jn =l +hual)+ (J, — 0
+ |M/1!>2(p_1) +ua | + \MMZ(’H)}
< Co Il + PP g P+ P77
where C1,C, are positive constants Combining this with (3.5), Lebesgue’s Dominated Convergence

Theorem implies limy e [ €2 | £ (x, 1, ) — f(x,17) |2 dx =0, which contradicts (3.6). Hence the claim
above is true. It follows that

tim [ 90 ((f(x,0) — fx,u2) ) yidx =0, ¥y € Gy (R,RY),

n—-c0 R

which implies that @, is weakly sequentially continuous. Hence, by (3.4), we deduce

@, (u3) = 0. 3.7)
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Now, by (Fy) and Fatou’s lemma, one obtains

IO L
¢, > lim (CI);L(un) — ECD’A(M,,)MO

n—y

= lim /1 PN F (x, i, )dx

n‘)oo

>)L/ XM;L

=@ (u2) - E‘I’ﬁ (a3 Juy,

= @y (uy).
The proof of Lemma 3.6 is completed. g

As a consequence of Lemma 2.4 and Lemma 3.6, we have the following lemma.

Lemma 3.7. Assume that (<), (F1), (F»), and (Fy) are satisfied. Then there exist (A,) C [1,2] and
(un) C E\ {0} such that
A — 1, @ (1) < ¢y, and @) (u,) = 0.

Lemma 3.8. The sequence (u,) obtained in Lemma 3.7 is bounded.

Proof. Suppose by contradiction that ||u,|| — e as n — 0. Set w,, = HZ"H Then ||w,|| = 1, and by

Lion’s concentration compactness principle [13], either (w,) is vanishing or it is nonvanishing. Hence
the proof of the lemma will be completed if we show that (w;,,) is neither vanishing nor nonvanishing.
Assume that (w,) is vanishing. Let (s,) C [0, 1] be a sequence such that @ (snu,) = max,c(o 1) Py, (Stn).-
Forany M > 0, letv,, = <2\I\MFH>M” = 2v/Mw,. Since (vn) is vanishing and bounded, by Lemma 3.5 and
(3.1), one has .

/ReQ(")F(x, Vp)dx —> 0 as n — oo,

Now, for n large enough, H\q €]0, 1], and by the definition of s,, we deduce that

D, (Suttn) > Py (vy) =2M — l,,/ eQ(X)F(x, vp)dx > M,
R

which implies that
D, (Sptty) —> +o0 asn — oo, (3.3)
Since ®;, (0) =0 and ®, (u,) < c;, < c1, then s, €]0, 1] and
d
<I>/1 (Sultn ) Splty = snd (IIDA (sun))| =0. (3.9)
S=Sp

Therefore, using (3.8) and (3.9), we deduce that

~ 1 1
/ eQ(x)F(x,snun)dx = — <<I>aﬂ (Sputn) — fCIDi (snu,,)s,,un)
R A’I’l 2 n
1
= —Dy (spuy) —> +ooasn —» oo.
A
However, it follows from (F4) and Lemma 3.7 that

/eQ(x)f(x’ Snlty)dx < 6/ eQ(x)f(L Un)dx
R R

[q)/l (un) — ;q);l,, (un)un}

(e
=—®y (uy) < —c; <ocy, VneN,
" n A«n n

q?’\q

>
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yielding a contradiction.
Assume that (w,) is nonvanishing. Then, as in the proof of (3.6), by the translation invariance of
equation (%), one has w, — w in E and w,(x) — w(x) a.e. in R for some w € E \ {0}. On the set

Q = {x € R/w(x) # 0}, one has |u,(x)| — +eoo. It follows from (F3) that
F
|(x’|bén) (Wa|> — Ho0 as n — oo,

Un

Therefore, taking into account meas(€2) > 0 and using Fatou’s lemma, we obtain

F F
[ Tt) g [ oo FOM) e s oasn oo
S PR APY

On the other hand, since 0 < ®; (u,) < ¢, < ci, we deduce that

F 1
lim /eQ(x) (xmg)dx:*a
neJR 1| 2

a contradiction. The proof of Lemma 3.8 is completed. O

Now, we are in the position to complete the proof of Theorem 3.1. by Lemma 3.5, Lemma 3.6, and
(3.1), we have, for any v € E,
D' (u,)v = D) (up)v+ (Ay — 1)/ 20 £ (x, uy ) vdx — 0 as n —s oo
" R
Hence ®'(u,,) — 0. Combining (3.1) and Lemma 3.8 yields

i = A [ €209,
R
<&l 2 +Ce ]l G-10)
2

< &3 [lun||* +Cenp ||ueal”
which implies that ||u,|| > d, Vn € N for some constant d > 0. If (u,) is vanishing, Lemma 2.4 and (3.10)
imply that u,, — 0, a contradiction. Hence (u,) is nonvanishing. Proceeding as in the proof of Lemma
3.7, we can obtain a sequence (y,) C Z such that if #,(x) = u,(x+y,T), then u, — u and ®'(u) = 0.

Therefore equation (.%#) possesses a nontrivial homoclinic solution.
Finally, we prove the existence of ground state homoclinic solution of (.7). Set

K={uecE\{0}/®'(u) =0}

and m = infx ®(u). Using (F4) and the fact u € K, we obtain 0 <m < f(u). By the definition of m, there
exists a sequence (v,) C K such that f(v,) — m as n — oo. Following the same procedures as in the
proof of Lemma 3.8, we have that (v,) is bounded. Since (v,) C K and ®'(v,) = 0, similar to (3.10), we
obtain that ||v,|| > d; > 0 for all n and (v,) is nonvanishing. Hence, arguing as in (3.5)-(3.7), there exists
v € E\ {0} such that ' (v) = 0 and ®(v) < m. Noting that v € K, one has ®(v) > m. Thus ®(v) = m.
This ends the proof.

4. ASYMPTOTICALLY QUADRATIC CASE

In this Section, we are concerned with the existence of homoclinic solution for the fourth order dif-
ferential equation (%), where a,q € C(R,R) and f € C(R?,R) are such that a(x), Q(x) = [; g(s)ds and
f(x,u) are T—periodic in x, and F (x,u) = [y f(x,v)dv is asymtotically quadratic with respect to the sec-
ond variable. More precisely, we assume that F (x,u) is of the form F (x,u) = S |u[* +V (x,u), where S
is a positive constant and we take the following assumptions:

(Fs) F(x,u) >0, ¥(x,u) € R?,
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(Fs) there exist positive constants ¢, r and p > 2 such that

f(x,u)| <cluf™"', VxeR, |ul <,

(F7) V(x,u) = o(|u]) as [u] — e,
(F3) F(x,u) = 1 f(x,u)u — F(x,u) > 0 for all (x,u) € R?, and there are positive constants a;,b; > 0,
R > rand o €]1,2[ such that

- ai ’M‘p7vx€R7 ’“‘ﬁ’?
Flx,u) >
(x,u) —{ by |ul*, Vx € R, |u| > R.

Before stating the main result of this section, we consider the eigenvalue problem

{ Ty 1 2¢% 4 (@ + g+ 0)0LE + 0t au= Au,
uck,
which has a non-decreasing sequence of positive eigenvalues 0 < A; < A, < A3 <
Theorem 4.1. Assume that (<f), (Fs) — (F3) and the following condition
S>M ©)

are satisfied. Then equation (.F ) possesses at least one homoclinic solution.

Remark 4.2. Let 1
(15— 000) nf” if [ <1
F(x,u) = 2 ) ’
(1) { TSP — 000 x| if x| > 1,

where 6 € C(R,R) is periodic in 7, 0 < infyer 6 (x) < sup,r 0(x) < 5,and 1 < a <2 < p. Itis easy to
check that the above function F satisfies conditions (Fs) — (Fg).

4.1. Proof of Theorem 4.1. Consider the functional ® defined on the space E introduced in Section 2

D(u) = 2 ReQ(x) [u” (x)? — ou (x)? +a(x)u(x)*] dx — /ReQ(")F(x,u(x))dx

= Sl = [ 2O u(x))ax.
2 R

It is known that @ is continuously differentiable on E. For all u4,v € E, we have

@ (u)v = /ReQ(’C) [ ()" (x) — o' (x)V (x) + a(x)u(x)v(x)]dx — /ReQ(x)f(x, u(x))v(x)dx

=<u,v> —/ReQ(x)f(x,u(x))v(x)dx

Moreover, the critical points of @ are classical solutions of (.%) satisfying u(x) — 0 as |x| — eo.
In the following, we will reason by successive lemmas.

Lemma 4.3. Assume that (<), (Fs), and (F7) are satisfied. Then, for any bounded vanishing sequence
(un) € E, we have lim,, e, [ 2O F (x,u,(x))dx = 0

Proof. By (Fs) and (F7), for every € > 0, there exists a positive constant C¢ such that
£ Ceu)] < eful +Ce |ul"™", V(x,u) € R, @.1)
Since F(x,0) = 0, we deduce

Ce

F(x,u)| < = lul + ul?, V(x,u) € R%. (4.2)
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Let (u,) € E be a bounded vanishing sequence. Then Lemma 2.4 implies that u, — 0 in L*(R) for all
s €]2,00[. Combining this with (4.1), (4.2), and Holder’s inequality yields

/ReQ(X)f(x,un(x))u,,(x)dx < & Jun|Z2 + Ce a2y — 0 as n — oo

and c.
I (x(2)) < 3l il — O s — e
Hence [ ¢2™ F (x,u,(x))dx — 0 as n — oo and the proof of the lemma is completed. O
In the following, we define on E the family of functionals

P, (u) =A(u) —AB(u), A €[1,2]
where

=3 / — ou' (x)? +a(x)u(x)2] dx
and

B(u) = / 2O F (x, u(x))dx.
R

Lemma 4.4. Assume that (<7), (C) and (F;) are satisfied, then there exists vy € E \ {0} such that
(131(\/0) = (I)(V()) <0.

Proof. Since S > A;, we can choose a nonnegative function ¢ € E such that

/ 20 |@(x)Pdx = 1 and / 2 (9" ()2~ 09 (x* + a(x)g(x|dx < 5.
R R
Assumption (W7) implies that, for all x € R with ¢(x) # 0,

lim F(X,S(P()C) — lim F(X,S(P(X) |S(p(X)|2 _ %S‘(p(X)F,

e (s

which together with (C) and Fatou’s lemma implies

00 - N i [ 000 F:50()
o R 2/ 0@ (x)+a(x)p(x) }dx Jim € o dx
< - llm x S(P( ))dx
§—>o0 S2

<f—/ (x)[*dx = 0.

Consequently, there exists a pos1t1ve constant so large enough such that the element vy = so¢ satisfies
vo # 0 and ®(vp) < 0. The proof of Lemma 4.4 is completed. O

Now, let

¢y = inf sup @ (y(x))
el x€[0,1]

where
I'= {YE C([()? 1]7E)/Y(0) =0, Y(l) = VO} :
Lemma 4.5. Assume that (/) and (Fg) — (Fg) are satisfied. Then for any sequence (u,) C E satisfying
0< lim @, (u,) < cy and @ (uy) — 0 asn — oo,
n—>o0
there exists a subsequence (u,, ) such that

U, — uy # 0 with @ (uy) < c; and D) (uy) =0.
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Proof. Note that
- 1 1 |
/ReQ(x)F(x, up(x))dx = T [CD;L (tn) — §¢ﬁ(un)un] 7 nhglm®l (un) > 0.
Since (u,) is bounded, then Lemma 4.3 implies that (u,) does not vanish, i.e., there exist positive con-

stants r, 8 > 0 and a sequence (s,) C R such that

lim 2 |u, | dx > 8, (4.3)

n—re0 Ir(sn)
where I,.(s,) = [sp — 1,5, + r]. From the boundedness of (u,), we can assume, after passing to a subse-
quence, that u, — u, in E and u, — uy in L? (R), which together with (4.3) implies that u; # 0. By

loc

the weakly sequentially continuity of ®; and the fact &, (1,) — 0 as n — co, we obtain
D) (up)v = nliﬁmoofl)ﬁ(un)V =0, WeE.

Hence @ (13 ) = 0. Combining (Fg) with Fatou’s lemma yields

. . 1
¢ 2 lim @3 () = lim @5 (ur) = 50 (un)u

n—-soo

= lim A eQ(x)ﬁ(x,un(x))del/eQ(x)ﬁ(x,u;L(x))dx
R

n—-700 R

= @; (uy) — %‘1’& (. )up, = @y (uy).

The proof of Lemma 4.5 is completed. U

Lemma 4.6. Assume that (/) and (Fs) — (F7) are satisfied. Then for any A € [1,2], there exists a
sequence (vy) C E such that

(vn) is bounded, ®; (v,) —> c; and @', (v,) — 0. (4.4)
Proof. For the vy € E obtained in Lemma 4.4, we have f(vg) < 0. It follows from (Fs) that ®; (vg) <
f(vg) <0, forall A €[1,2]. By (2.1) and (4.2), we have
€ C
[ O ) < Snd P+ Enf e E.
Since ¢ is arbitrary, then [ e?®)F (x,u(x))dx = o(||u]|?) as u —> 0. Hence, there exists a constant 0 <
ro < ||vo|| such that
1
eQOF (x,u(x)dx < - [lull”, ¥ ] < ro.
R
For all y € T, there is s, € [0, 1] such that ||y(sy)|| = ro and

max &, (y(s)) = P, (v(sy))

s€[0,1]
1
=570~ [

1 r
> iptsplP =2

CUIF (x, Y(sy))dx

Q

which implies that

ASL

c; = inf max @, (y(s)) >

>0, VA €1,2] 4.5)
yel'sel0,1]

and
c) > max{CID,l(O),CI);L(l)}.

Hence, the family (®,) Ae[1,2] satisfies the hypotheses of Lemma 2.2, which completes the proof of
Lemma 4.6. ]
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Combining Lemma 4.5 and Lemma 4.6, we deduce that there exist a sequence (4,) C [1,2] converging
to 1 and a sequence (u,) C E satisfying

up #0, Oy (un) < ¢, and @%ﬂ(un) =0. (4.6)
Since
3l =0 [ O () < 5,
and
il = 20 [ €2t ()t

we deduce that

/eQ(x>f(x,un( ))dx< 4 Yn e N.
R kn

It is clear that ( :) is decreasing and bounded by ¢|, which implies that [, 2™ F (x,u,(x))dx < ¢,
Vn e N.

Lemma 4.7. Assume that (<) and (Fs) — (F3) are satisfied. Then the sequence obtained in (4.5) is
bounded.

Proof. Using (F;) and (Fy) respectively, we can find a positive constant C; such that

/ 0 | f(x, 1 (x))| |1t dx < C / 20 |u, (x) | dx 4.7
{xeR/|un(x)|>r} {x€R/|uy (x)|>r}
and
LWE X, u,(x))dx
/{XER/|un(x)|2r} ( ( ))
= P F (x, 1y (x) ) dx + P F (x,u,(x))dx
{x€R/r<|un(x)| <R} {x€R/|uy (x)| >R}
1 ~
> inf F O(x) L(0)|%d ‘
= R% perrSii<k) (x’u)/{xeR/rs|un<x>|sze}e un(x)[" 4.8)

by / 20 |1,y (x)|* dx
{xER/|un (x)| >R}

>C 20 [, (x)|* dix,
{xeR/|un (x)|=r}

where C; = inf { R% infcr r<ju<r) F (x,u),b } By (4.4), we have for a positive constant C3

D), (un) — %@ﬁn(un)un

<cC
ln ~ L3,
which together with (F3) and (4.8) implies
@, (uy, ‘cI>’
C; > l"( )~ /eQ (2, up (x))dx
R
- F () + [ COF (3, (1)) 49)
/{x€R/un( )\<r} {x€R/Juy (x)[ >}
> a1/ QW) |un|pdx+C2/ 2 |y, |* dx.
{x€R/|uy (x)| <} {x€R/|uy (x)[ >}
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Taking s €]0, § [, we see that Holder’s inequality, (2.1), and (4.9) imply

) |1y dx

/ e
(<R i () 27}

= 20 |y, > ‘un‘2(1ﬂ) dx
{(xeR/Jun ()21}

Q3 N
47 (05500
{xeR/|un (x)|>r} {x€R/|up (x)|>r}

< Co a1,

where Cy = (g;) mi Y and 22029 > 2. Now, since @ (is)u, = 0, then (Fy), (2.1), (4.7), and (4.9)

imply
HunH —l/ F O (%) )u (x)dx

SZ eQ(X)f X, Up(X))un(x dx
{xeR/‘un(x)‘Sr} ( ( )) ( )

+2 eQ(X)f X, U () )ty (X dx
{xeR/|uy (x)|>r} ( ( )) ( )

< 2(:/ Q) ]un(x)\“dx—i—ZCl/ 29 u, (x)|* dx
{xeR/|un(x)|<r} {xeR/|un(x)|>r}

(4.10)

C _
< 2¢ > 4201 Calua |1,
1

where 2(1 —s) < 2. Hence (4.10) implies that (u,) is bounded and the proof of Lemma 4.7 is completed.
O

Now, we are in position to prove Theorem 4.1. Let (u,) be the bounded sequence obtained in (4.6).

By taking a subsequence if necessary, we can assume that #, — u and u, — u a.e. on R. Using (4.6),
we obtain

Tim @ (v = Tim (@), ()t (A~ 1) /R €2 £(x, up (x)v(x)dx] =0, W € E.
We divide into two cases.
First case: limsup,__,.,®; (u,) > 0. In this case, the result follows from Lemma 4.5.
Second case: limsup, ., ®; (u,) <O0. Let (s,) C [0,1] be such that
D, (sputn) = max P (suy),
s€[0,1]

we denote by (v,) the sequence defined by v, = s,u,. It is clear that (v,) is bounded. Using (2.1) and
(4.1), we obtain, foralln € Nand u € E,

@, (= [ul]* = 2, / 20 f (i, u(x)u()dx
> [ =2 | 27 ux)u(x)d

> |lul® —2en; lul]* —2Cen] Jull”

Taking € = we obtain

41]2’
1

(> 3 [1=4Cen ul”2 | .
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1

Letting r| = <8an{,’> " we have

1
) (u)u > ZHMHZ, Yu € B(0,r). (4.11)
Similarly, using (2.1) and (4.2), we can find a positive constant r, such that
1
@, (u) > gHMHZ, Vu € B(0,r,). (4.12)

Combining (4.11) with the fact @) (u,) = 0 yields [|u,| > 6, Vn € N, where 6 = inf(r1,r2). Let 0 <
oa<1l.ForallneN,s§, = aﬁ €]0, 1[. It follows from (4.12) that

1 1
@, (Snttn) > @3, (Stn) > 53 lual|* > £ (06)%, (4.13)

which together with @, (0) = 0 implies that 5, > 0. Moreover, we have

limsup f (u,) = limsup [CID;Ln(un) + (A — 1)/ ePYIF (x,u,(x))dx
n—-soo n—-voo R
= limsup®; (u,) <0,

n—-soo

which together with (4.13) implies 5, < 1. Hence s, €]0, 1[ and then ) (v,)v, =0 forall n € N and
~ 1
2o /R (3, (1)) = By, (v) = 5B} (va) v = B3, ().

Consequently, we obtain from (4.13) that limsup,__,.. [ €2 F (x,v,(x))dx = limsup, .. ®; (v,) > 0.
Since (v,) is bounded, it follows from Lemma 4.3 that (v, ) does not vanish, so (u,) does not vanish. By
going to a subsequence if necessary, Lemma 4.5 implies that v, — v # 0 with ®(v) = 0 and the proof of
Theorem 4.1 is finished.
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