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Abstract. In our recent research we studied the turnpike phenomenon for a class of symmetric variational prob-
lems. For this class of problems integrands possess two points of minimum and a certain well-posedness property
holds. In this paper, we show that some versions of the turnpike property hold if a set of minimizers of an integrand
is finite.
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1. INTRODUCTION

The study of the existence and the structure of solutions of variational problems, optimal
control problems and dynamic games defined on infinite intervals and on sufficiently large in-
tervals has been a rapidly growing area of research [3, 4, 10, 11, 16, 19, 21, 22, 24, 37, 39,
40, 47, 66, 69, 71, 74, 75, 76, 79] which has various applications in engineering [1, 16, 66],
in models of economic growth [2, 15, 16, 20, 25, 35, 36, 38, 42, 46, 52, 60, 61, 64, 66, 76], in
infinite discrete models of solid-state physics related to dislocations in one-dimensional crystals
[5, 65], in model predictive control [18, 27] and in the theory of thermodynamical equilibrium
for materials [17, 43, 49, 50, 51]. Discrete-time problems optimal control problems were con-
sidered in [3, 6, 7, 14, 23, 33], finite-dimensional continuous-time problems were analyzed in
[10, 12, 13, 42, 45, 48, 56, 70, 77, 78], infinite-dimensional optimal control was studied in
[16, 28, 29, 30, 54, 55, 57, 59, 62, 63, 80] while solutions of dynamic games were discussed in
[9, 26, 31, 34, 41, 58, 68, 72, 73].

In this paper we study the turnpike phenomenon for symmetric variational problems in in-
finite dimensional spaces. To have the turnpike property means, roughly speaking, that the
approximate solutions of the problems are determined mainly by the objective function and
are essentially independent of the choice of interval and endpoint conditions, except in regions
close to the endpoints.
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The turnpike property was discovered by P. Samuelson in 1948 when he showed that an effi-
cient expanding economy would spend most of the time in the vicinity of a balanced equilibrium
path (also called a von Neumann path). It is well known in the economic literature, where it
was studied for various models of economic growth. Usually for these models a turnpike is a
singleton.

Now it is well-known that the turnpike property is a general phenomenon which holds for
large classes of variational and optimal control problems. In our research, using the Baire
category (generic) approach, it was shown that the turnpike property holds for a generic (typical)
variational problem [66] and for a generic optimal control problem [70].

In this paper we are interested in individual (non-generic) turnpike results for symmetric
variational problems. These problems have applications in crystallography [32, 53, 67]. In
our recent research [81] we studied the turnpike phenomenon for a class of symmetric varia-
tional problems with integrands possessing two points of minimum and a certain well-posedness
property. In this paper, we show that some versions of the turnpike property hold if a set of min-
imizers of an integrand is finite.

2. BANACH SPACE VALUED FUNCTIONS

In this section we present preliminaries which we need in order to study turnpike properties
of infinite dimensional variational problems.
Let (X, ]| - ||) be a Banach space and a < b be real numbers. For any set E C R! define

xe(t) =1forallr € E and yg(r) =0 forallt € R'\ E.

If a set E C R! is Lebesgue measurable, then its Lebesgue measure is denoted by |E| or by
mes(E).

A function f : [a,b] — X is called a simple function if there exists a finite collection of
Lebesgue measurable sets E; C [a b] i € I, mutually disjoint, and x; € X, i € I such that

Z XE; (t)xi, t € [a,b].
iel
A function f: [a,b] — X is strongly measurable if there exists a sequence of simple functions
O : la,b] — X, k=1,2,... such that

klim |o(2) — f(2)|| = 0, t € [a,b] almost everywhere (a. e.). (2.1)
—so0

For every simple function f(-) = ¥;c; X£,(-)xi, where the set / is finite, define its Bochner inte-
gral by

/ F6)dt =Y |Eilx.
iel

Let f : [a,b] — X be a strongly measurable function. We say that f is Bochner integrable
if there exists a sequence of simple functions ¢ : [a,b] — X, k =1,2,... such that (2.1) holds
and the sequence { | f ¢ (t)dt};2_, strongly converges in X. In this case we define the Bochner

integral of the function f by
/ t)dt = lim / O (1)
a k—ro0
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It is known that the integral defined above is independent of the choice of the sequence { ¢ };_,
[44]. Similar to the Lebesgue integral, for any measurable set E C [a,b], the Bochner integral

of f over E is defined by
b
[ rodr= [ e ey
E a

The following result is true (see Proposition 3.4, Chapter 2 of [44]).

Proposition 2.1. Let f : [a,b] — X be a strongly measurable function. Then f is Bochner
integrable if and only if the function || f(-)|| is Lebesgue integrable. Moreover, in this case

[ rwarn < [y

The Bochner integral possesses almost the same properties as the Lebesgue integral. If f :
l[a,b] — X is strongly measurable and || f(-)|| € LP(a,b), for some p € [1,00), then we say that
f(+) is L? Bochner integrable. For every p > 1, the set of all L” Bochner integrable functions is
denoted by L”(a,b;X) and for every f € LP(a,b;X),

i = ([ I70)Pa) 7.

Clearly, the set of all Bochner integrable functions on [a,b] is L' (a,b;X).
Let a < b be real numbers. A function x : [a,b] — X is absolutely continuous (a. c.) on [a, D]
if for each € > 0 there exists § > 0 such that for each pair of sequences {1, }7_,, {s,}7_, C [a,]]
satisfying
q
th<sp,n=1,....q, Z(sn—tn) <4,

n=1
(tnySn) N (tmysm) = O for all myn € {1,...,q} such that m # n

we have
Z ||x(2,) — x(sn) || < €.

The following result is true (see Theorem 1.124 of [8]).

Proposition 2.2. Let X be a reflexive Banach space. Then every a. c. function x : [a,b] — X is
a. e. differentiable on |a,b] and

x(t) = x(a)+ / (dx/dt)(s)ds, t € [a,b]

where dx/dt € L' (a,b;X) is the strong derivative of x.

Let —o0 < 7] < Tp < oo. Denote by Wh(7, 15;:X) (or Wh(7), 1) if the space X is un-
derstood) the set of all functions x : 1], To] — X for which there exists a Bochner integrable
function u : [11, 7] — X such that for all t € (71, o],

=x(71)+ /Tj u(s)ds
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3. SYMMETRIC VARIATIONAL PROBLEMS

In this section we begin to study the turnpike properties for symmetric variational problems
in Banach spaces. To have the turnpike property means, roughly speaking, that the approximate
solutions of the problems are determined mainly by the integrand and are essentially indepen-
dent of the choice of interval and endpoint conditions, except in regions close to the endpoints.

Assume that (X, || - ||) is a Banach space. For each x € X and each r > 0 set
Blx,r)={yeX: [ly—x| <r}.

Suppose that the infimum over an empty set is co, the sum over an empty set is zero and denote

by Card(C) the cardinality of a set C.
Assume that f : X x X — R! is a bounded from below borelian function such that

f(x,y) = f(x,—y) forall x,y € X,
m is a natural number and there exists (%;,y;) € X x X, i = 1,...,m such that
%; # Xj foreach i, j € {1,...,m} satisfying i # j,
inf(f) :=inf{f(S,n): &, € X},
{(x,y) e XxX: flx,y) =inf(f)} ={(x,5), (%i,—%i): i=1,....m}.
(Note that it is possible that y; = 0 for some i € {1,...,m}.)

Assume that the following assumptions hold:
(A1) for each € > 0 there exists 6 > 0 such that for each (x,y) € X x X satisfying

flx,y) <inf(f)+6
there exists i € {1,...,m} such that the inequalities
lx—xifl <e

and
min{|ly —yill, [y +7ill} <€

(3.1)

hold;
(A2) for each € > 0 there exists 6 > 0 such that foreach i € {1,...,m} and each (x,y) € X x X
satisfying
lx =%l <8, [y =3l <&
the inequality
f(xay) < f(xia)_}i) +€
is true.

Assumption (A2) means that the function f is continuous at the points (%;,¥;), i
while assumption (A1) means that the minimization problem

f(x,y) = min, x,y € X

is well posed in a generalized sense.
Leta > 0and y : [0,00) — [0,00) be an increasing function satisfying

lim y(2) = oo.

t—roo

Assume that the following assumption holds:

(3.4)
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(A3) the function f is bounded on all bounded sets and for each (x,u) € X x X,
fOeu) 2 y({lu]))]u]] —a.

For each pair of nonnegative numbers 77 < 7> and each y,z € X we consider the problems
Tsz F(x(e), ' (£))dt — min, (Pr,.13)
xewWhl(Ty, 1),
/T sz (o), (1)) de — min, (Pry.13.)
xe Wh(T, 1), x(Ty) =y,
Tsz F(x(r),x' (1)) dt — min, (Pr, 7y2)

x e W]’](TI,TZ), x(Th) =y, x(Th) =z
and define .
2
U(T, ) =inf{ [  f(x(t),x'(t))dt: xe Whi(T1, 1)},

U(T,Tr,y) = inf{/TT2 Fx(0), X (1))dr : xe WHH(T, 1), x(T}) =y},

U(T1,T»,y,z) = inf{ Tsz Fx(2),x' (t))dt :

xe Wi (T, B, x(TY) =y, x(Th) = z}.
Leti € {1,...,m}. There are two cases: y; = 0; y; # 0. If ; = 0, then for each 7, > T} > 0,
the function x(¢) = X;, t € [T, T»] is a solution of the problems (Pr, ), (Pr, 1,.%), (Pr,.1.5.%)-
For each pair of numbers 7} < T; and each x € W (11, T3) set

101,70 = [ 70X ).
Analogously to Theorem 5.1 of [81] we Canlprove the following result.
Theorem 3.1. Let T >0and i€ {1,...,m}. Then
U, 7)=U(0,T,x;) =U(0,T,x;,x1) = T f(Xi, Vi)
Moreover, for each € > 0 there exists x € W1 (0,T) such that
x(0) =x(T) = x;,
1(0,T,x) < Tf(xi,y)+¢,
x(r) — % < e, 1 € 0,7),
X(t) € {3, —yi}t, t€[0,T] a e..
Analogously to Theorem 5.2 of [81] we can prove the following result.

Theorem 3.2. Let Ly,My > 0. Then there exist M1 > 0 such that for each T > Ly and each
v,z € X satisfying ||y||, ||z|| < My the inequality

U(07T7yvz> S Tf(fl,)_’l) +M1
holds.
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4. THE FIRST WEAK TURNPIKE RESULT

In this section we prove our first turnpike result. It shows that for approximate solutions
x of our variational problems on intervals [0, 7], where T is sufficiently large and given val-
ues x(0),x(T) at the end points belong to a given bounded set C, the Lebesgue measure of
all points ¢ € [0,7] such that (x(¢),x'(r)) does not belong to an €-neighborhood of the set
{(xi,¥i), (xi,—¥;) : i=1,...,m} does not exceed a constant L which depends only on & and
the set C and does not depend on 7,x(0),x(T). In the literature this property is known as the
weak turnpike property.

Theorem 4.1. Let € € (0,1) and Ly, My,M, > 0. Then there exists Ly > Ly such that for each
T > Ly and each x € WH(0,T) such that

x(0) € B(0,My) (4.1)
and at least one of the following conditions holds:
(a)
x(T) € B(0,Mo), I/(0,T,x) <U(0,T,x(0),x(T)) +M;
(b)

If(07 T,X) < U(Oa T,)C(O)) +M,

the inequality
mes({t € [0,T] : max{|x(t) — x|,
min{||x'(¢) — 3|, [|'(t) + 5|} } > € foreachi € {1,....m}}) < L.

Proof. Theorem 3.2 implies that there exists M, > 0 such that for each T > L and each y,z €
B(07M0)’

U(0,T,y,z) <Tf(x1,51) +M>. (4.2)

Assumption (A1) implies that there exists 0 € (0, €) such that for each (x,y) € X x X satis-

fying foreachi € {1,...,m},

max{[[x — %] +min{[|y — 5il|, [[y+73il[}} > € (4.3)
we have
flxy) > f(%, )+ 0. (4.4)
Set
L :max{Lo, 571(M1 —I—Mz)}—i—l. (4.5)

Assume that T > L;, x € Wh! (0,T), (4.1) is true and at least one of conditions (a) and (b) holds.
Conditions (a) and (b) and (4.1), (4.2), (4.5) imply that

If(07T7x) < Tf(ilay1)+M1+M2' (46)
Set
E={re€[0,T]: f(x(1),x'(t)) > f(%1,51) + 8} (4.7)
Equations (4.6) and (4.7) imply that

M, +M2+Tf(f1>)71) ZI(O,T,X)

= [ e+ [ p.20)d

0,7)\E
> T f(%1,51) + émes(E)
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and in view of (4.5),
mes(E) <8 (M + M) < L.

Assume that

te [N, L] \E.
By 4.7),

fx(0), ¥ (1)) < f(F1,51) + 8.

Combined with the choice of d (see (4.3) and (4.4)) this implies that there exists i € {1,...,m}
such that

Ix(1) —xi|| <e,

min{[[x'(e) + 3| [IX'(r) +5ill} < e.

Theorem 4.1 is proved. ]

5. AUXILIARY RESULTS
Analogously to Proposition 5.4 of [81] we can prove the following result.

Proposition 5.1. Let £,A € (0,1]. Then there exist y € (0,27 'A) and 8 > 0 such that for each
ke {l,...,m} and each
Y2 € B(%, 6)
there exists & € W-1(0,) such that
§(0)=y¢(r) =z
I<07 Ys é) < ’}/f()z/ﬁyk) TE,
I6(1) =%l <&, 1 €10,7],
B(E'(t),€) N {yk, —3k} #0,1€[0,7] a e..
Analogously to Proposition 5.5 of [81] we can prove the following result.

Proposition 5.2. Let €,A € (0,1]. Then there exist y € (0,A) and 8 > 0 such that for each
T > v, eachic {l,...,m} and each

¥,Z2 € B(%;,0)
there exists & € WH1(0,T) such that
§(0)=y, &(T) =z,
1(0,7,8) < Tf(%,5) +&,
I6(1) =%l <e,1€0,T],
B(&'(t),e)N {3, —3i} #0,t€[0,T] a. e..
Denote by 9t the set of all borelian functions g : X x X — R! such that
g(x,u) = y([lul)[ul —a (5.1)

(see (3.4) and (A3)) for each (x,u) € X x X.
The following result was obtained in [81] (Proposition 5.6).
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Proposition 5.3. Let My, € > 0 and 0 < Ty < 1. Then there exists & > 0 such that for each pair
of numbers Ty, T, satisfying

0<T, e+t +1l,
each g € M, each x € WHI(T1, T») satisfying

T

| st 0 <

T

and each t),t; € [T1,T,] satisfying |t} —t2| < 8 the inequality
[x(t1) —x(r2)[| < €

holds.

Proposition 5.4. Let €,A € (0, 1]. Then there exist § > 0 such that for each k € {1,...,m}, each
T > A and each & € W1 (0, T) satisfying

16(0) = x| < 8, [|E(T) — %]l < 6, (52)
1(0,7,8) <U(0,7,5(0),6(T)) + 8; (53)
the inequality
16(r) —xell < €

holds for all t € [0,T].
Proof. We may assume without loss of generality that
e <min{||%;—X;||: i,je{l,...,m}, i< j}/8. (5.4)
Proposition 5.3 implies that there exists
& € (0,min{e/4, A/8})

such that the following property holds:
(a) for each pair of numbers S, S satisfying

0<S8y, 85 € [Sl +A/8,Sl —|—A/4],
each g € M, each x € W1 (S}, S,) satisfying
$2
[ s @) <47l L5+ 1

1
and each t1,t; € [S1,S,] satisfying |t; — ;| < g we have

(1) —x(22)]| < &/4.

By (A1) there exists € € (0, &y/4) such that the following property holds:
(b) for each (x,y) € X x X satisfying

f(x,y) <inf(f)+&

there exists i € {1,...,m} such that ||x —%;|| < &/4.
Proposition 5.2 implies that there exists

§ € (0,7 /4) (5.5)
such that the following property holds:
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(c) foreach T > A, eachi € {1,...,m} and each
¥,z € B(%;,0)
there exists & € W!1(0,T) such that
§(0)=y, &(T) =z,
10,7,8) < Tf(%.5:) + & /4.

Assume that T > A, £ ¢ WH1(0,T), k € {1,...,m} and (64) holds, Property (c) and (5.3)

imply that
U(0,T,£(0),&(T)) < Tf (%, 5%) + &1 /4.
Equations (5.3)-(5.6) imply that

10,T,8) < Tf(%,5%) + 8 +&f /4 < T f (%, ) + &7 /2-
In view of (5.7), for each set E C [0,T],

JLSE@).E 1) dr < mes(E)/(550) + & /2.
We show that for each ¢ € [0, 7],
min{||&E(r) —%||: i=1,...,m} <e.
Assume the contrary. Then there exists
1€ [0,7T]
such that
1E(t0) —Xi| >€,i=1,...,m.
Clearly, there exists a € R! satisfying
[a,a+A/4] C [0,T], to € [a,a+A/4].
In view of (5.8),
I(a,a+A/4,8) <47 'Af(E,5i) + 1.
Property (a) and (5.12) imply that for each
t€la,a+A/4] N[ty —€,10+ €]
and eachi € {1,...,m},

1E(t) —&E(to)|| < /4
and

166) 5l > 1€ o) 5l - 1) ~ E ()] > &~ e/4.
Property (b), (5.13) and (5.14) imply that for each t € [a,a+A/4] N [ty — €,t0 + €],
f(E(1),8'(2)) > inf(f) +e&r.
By (5.71) and the inequality, &y < A/8,
mes([a,a+A/4|N[to— €,10+€]) > €.
It follows from (5.11), (5.15) and (5.16) that
1(0,T,&) > (inf(f) + &1)mes([a,a+ A/4] N [to — €,10 + €])
+inf(f)mes([0,T]\ ([a,a+A/4] N[ty — €,t0 + €]))

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)
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> inf(f)T + &g, > Tinf(f) + &}

This contradicts (5.7). The contradiction we have reached proves that for each ¢ € [0,T] (5.9)
holds. We show that for each ¢ € [0, T],

16() — x| <e.

Assume the contrary. Then there exists So € [0, 7] such that

1€ (So) — || > €. (5.17)
In view of (5.3), (5.4) and (5.17),
So € (0,T).
Set
Sy =sup{t e (0,T]: ||E(r) — x| <&, t€[0,T]}. (5.18)
Clearly, S; is well-defined,
S1 >0, 81 <8, (5.19)
IE(2) —xk|| < €, t€][0,8] (5.20)
By (5.18)-(5.20), there exists a strictly decreasing sequence {’cj}‘;f’zl such that
TjG(Sl,T],j:1,2,..., .imfj:Sh (521)
Jreo
1E(T)) — %l > €, j=1.2,.... (5.22)

By (5.9), extracting a subsequence and re-indexing, we may assume without loss of generality
that there exists p € {1,...,m} such that

1E(1)) —%pll <&, p=12,.... (5.23)
In view of (5.22) and (5.23),
p#k (5.24)

Equations (5.21) and (5.23) imply that
16(S1) —%pll <e.
Together with (5.20) this implies that
1%p — %] < 2e.

This contradicts (5.5) (see (5.24)). The contradiction we have reached proves that || (1) — % || <
g, t € [0,T]. Proposition 5.4 is proved. U
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6. A TURNPIKE RESULT

Now we state and prove our main result which give the full description of the structure of
approximate solutions u of our variational problems on an interval [0, 7] where T is sufficiently
large. It is shown that there are mutually disjoint subintervals E;, i = 1,...,q of [0,T] where g <
m and an injective mapping p: {1,...,q} — {1,...,m} such that the measure of the complement
0, 7]\ UL, E; does not exceed a constant which does not depend on T and foreachi € {1,...,q}
the set u(E;) is contained in a small neighborhood of %,,;.

Theorem 6.1. Let M > 0 and € € (0, 1) satisfy
e <min{||X;—X;|| : i,je{l,...,m}, i< j}/4. (6.1)

Then there exist L > 0, £,8 € (0,€) such that for each T > 2L and each u € W"1(0,T) such
that

u(0) € B(0O,M) (6.2)
and at least of the following conditions holds:
(i)
u(T) € B(O,M), 1(0,T,u) <U(0,T,u(0),u(T)) + 5; (6.3)
(ii)
1(0,T,u) <U(0,T,u(0))+ 6 (6.4)

there exist an integer ¢ > 1 and numbers S;,S; € [0,T],i=1,...,q such that
Si SSi? i= 17"'7617 Si+l >§i7 RS {1,,6]}\{6[},

Si<Siifie{l,....q}and S; < T (6.5)
and there exist ji,..., jq € {1,...,m} such that
Jp1 # Jp, for each p pr € {1,...,q} satisfying p1 # pa, (6.6)

S1 € [0,L], min{||u(Sy) —xi||: i=1,...,m} <8,
foreacht €0,S)),
min{||u(t) — x| : i=1,...,m} > 6,

foreach pe{l1,... q},
[u(Sp) =), |l < 8,

u(t) —%),|| <€, te [Sp, S5,
le(r) = 55,11 > 8, 1 € [Sp,Sp) if p> 1,

& <S,—8,.1<Lifp>1,

lut) = %5, 1l > 8, t € [Sp, TI\{Sp},

ifSp+& < T thenS,>S§,+¢€,

ifSy+¢e > Tthengp:T, pP=q,

S, < T then [u(S,) — ;| = ¢.

§;>T—L,
{t €[Sy, TIN{S,}: min{||u(t) —%||: i=1,...,m} <8} =0.
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Proof. Theorem 3.2 implies that there exist My > M such that
U(0,T,y,z) < Tinf(f)+ My (6.7)

for each T > 1 and each y,z € B(0,M).
By Proposition 5.3 there exists

€ €(0,e/8)

such that the following property holds:
(a) for each pair of numbers Sy, S satisfying

0< Sy, Sy €[S +471,8 +4],
each g € M, each x € W1 (S}, ;) satisfying
Sz
[ (0. (@)t < 4]inf()| + Mo +4

1
and each 1,1, € [S1,S,] satisfying |t} —#;| < € the inequality
[x(t1) —x(2)[| < /8

holds.
Proposition 5.4 implies that there exists 6 € (0, €;/8) such that the following property holds:
(b) foreach k € {1,...,m}, each T > /8 and each & € W!1(0, T) satisfying

16(0) =%ill < 8, I6(T) =%l < &

and
100,7,8) <U(0,T,¢(0),5(T)) + 6
the inequality
16() — %l <€
holds for all ¢ € [0, T].
Theorem 4.1 implies that there exists L > 1 such that the following property holds:
(c) for each T > L and each x € W!!(0, T) such that

x(0) € B(0,M)

and at least one of the following conditions holds:

x(T) € B(O,M), I/ (0,T,x) <U(0,T,x(0),x(T)) + 1;

1(0,T,x) <U(0,T,x(0)) +1
the inequality
mes({r € [0,T]: |x(¢r) —%|| > 6 foreachie {1,...,m}}) <L

is true.
Assume that 7 > 2L, u € Whl (0,T), (6.2) is true and at least of conditions (i) and (ii) hold.
Conditions (1), (i1) and (6.7) imply that

1(0,T,u) < Tinf(f) + Mo+ 1. (6.8)
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In view of (6.8) for each measurable set J C [0, 7],

/] Flu(t), i (1))dt < mes(J)inf(f) + Mo+ 1. (6.9)
Property (a) and (6.9) imply that for each t1,#, € [0, T] satisfying |t} — ;| < & we have
Ju(ty) —u()|| < €/8. (6.10)
Property (c), conditions (i), (i1) and (6.2) imply that there exists a number S; such that
Sy €[0,L], min{||u(S;) — x| : i=1,....m} <o (6.11)
and that for each r € [0,51]\ {S1},
min{||u(t) — x| : i=1,...,m} > 6. (6.12)
By (6.1) and (6.11), there exists a unique integer j; € {1,...,m} such that
(1) =%, < 5. (6.13)
In view of (6.11),
Si+e <2L<T. (6.14)

It follows from (6.10), (6.11), (6.13) and (6.14) that for each ¢ € [S1,S; + €],
lu(t) —u(S1)|| < /8,
) =%, | < [lu(t) —u(SOI + u(S1) —x; [ <e/8+ 5 <€

and
lu(t) —x;,|| <&, te[S,51+&]. (6.15)
Define
S| = sup{t € (S1,T]: [ju(t) —%;| <&, t€]0,1]}. (6.16)
By (6.15) and (6.16),
S > S+ ¢, ||u(§1)—)fj1|| <e. (6.17)

If §; = T, then our construction is completed.
Assume that §; < 7. In view of (6.16),

u(31) —5; | = e. (6.18)
Property (b), conditions (1), (ii) and equations (6.13) and (6.17) imply that for each r € (5 1,T],
lu(t) —xj,|| > 6. (6.19)
There are two cases:
{t€[8,T]: min{|lu(t)—%|:i=1,...,m} <8} =0; (6.20)
{t€[8,T]: min{||lu(t)—%|:i=1,...,m} <8} #0. (6.21)
If (6.20) holds, then property (c) and (6.17) imply that
Si+L>T

and our construction is completed.
Assume that (6.21) holds. Set

Sy =inf{t € [S|,T]: min{||u(t) —%|: i=1,...,m} < 3}. (6.22)
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Equations (6.1), (6.18) and (6.22) imply that
S>> 8
and there exists a unique j, € {1,...,m} such that
Ju(S2) ]| < 8. (6.23)
By (6.19) and (6.23),

J2 7# 1y u(S2) —%j,[| = 6.
It follows from (6.10), (6.16), (6.17), (6.22) and (6.23) that for every

te [O,T]Q[SQ—SI,SQ—F&]

we have
la(t) = %), || < [Ja(r) — u(S2) | + [[u(S2) — X
<d+¢e/8<¢/h (6.24)
Equations (6.1), (6.17) and (6.24) imply that
S1 <8 —¢. (6.25)
If S, + & > T, then S, = T and our construction is completed. Otherwise we set
Sy =inf{S € [S2,T]: |lu(t)—%;,|| <&, t€[S,S]}. (6.26)
Property (c), (6.22) and (6.26) imply that
S,—S,<L,S,—8 <L. (6.27)

Assume that k is an integer and we defined S;,S; € [0,T], i =1,...,k such that S; < §;, i =
1,...,k, if S; < T, then S; < S; foreachi € {1,...,k},

S,‘+1 >§i, i€ {1,...,](}\{](}
and we defined ji,..., jx € {1,...,m} for which

Jp1 7 Jp, foreach py,po € {1,...,k} satisfying p; # p»
and that (91)-(96) are true, for each p € {1,...,k},

[u(Sp) =), |l < 8, (6.28)

lu(e) — %, || < &, 1 €15,.5,), (6.29)
Ju(t) = x| > 8,1 €[Sp-1,8p) if p>1, (6.30)
&1<S,—8, 1 <Lifp>1, (6.31)
lu(t) — 5,11 > 8, 1 € 8, T]\ {5}, (6.32)
if S,+¢& < T then§, >S,+e, (6.33)

if S,+& >TthenS,=T, p=k, (6.34)

if S, < T then |[u(S,) —%;,|| = . (6.35)

(It is not difficult to see that for k = 1 our assumption holds.)
If S} = T, then our construction is completed. Assume that S; < T. There are two cases:

{t € [8,T]: min{||u(t)—%]|:i=1,...,m} <8} =0; (6.36)
{t € [8,T]: min{||u(t)—%]|:i=1,...,m} <8} #0. (6.37)
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If (6.36) holds, then property (c), conditions (i), (i1) and (6.29) imply that
Sx+L>T

and our construction is completed.
Assume that (6.37) holds. Set

Siy1 = inf{t €[S, T]: min{|ju(t) —%||: i=1,...,m} <5}
Equations (6.35), (6.37) and (6.38) imply that
Sk1 > Sk
and there exists a unique ji,1 € {1,...,m} such that
[w(Skr1) = Xjii [ < 6.
By (6.32) and (6.39),

Jkr1 #F jps p=1,.. k.
By (6.10) and (6.38), for every

t €10,TTN [Sks1— €1, Sk+1 + €1
we have
(1) = Ty | < Nuee) = (S )1+ Nee(Sie1) = T |
<d+¢e/8<¢/h
It follows from (6.1), (6.35) and (6.40),

Sk < Sky1 — €1

If Sy11+€ =T, then §k+1 = T and our construction is completed. Otherwise we set

§k+1 :inf{S S [§k+1,T] : ||bt(l‘) —)fijH <g te [Sk+1,5]}.
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(6.38)

(6.39)

(6.40)

(6.41)

Property (b), (6.37)-(6.41), (6.41) and equations above imply that the assumption made for k
also holds for k 4 1. Therefore by induction we constructed an integer ¢ > 1, numbers S;,S; €
[0,T],i=1,...,qgsuchthatS; < S;,i=1,...,q,if S; < T, then S; < S; foreachi € {1,...,q},

SH—l >S~i7 S {177Q}\{q}

and we defined ji,..., j, € {1,...,m} for which

Jp1 # Jp, foreach p1,pr € {1,...,q} satisfying p1 # p>

and that (6.11)-(6.16) are true, for each p € {1,...,q}, (6.28)-(6.35) hold (with p = q),

S, >T—L,

{t€[8,,T): min{|ju(t)—%||: i=1,...,m} <8} =0.

Theorem 6.1 is proved.
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7. THE SECOND TURNPIKE RESULT

Theorem 10 describes the structure of M-approximate solutions u of our variational problems
on an interval [0,7] where T is sufficiently large and M > 0 is sufficiently small. Our next
solutions is related to the case when M is fixed but not necessarily small. It is shown that

there are mutually disjoint subintervals E;, i = 1,...,q of [0,T] where ¢ does not exceed a
constant which does not depend on T and a mapping p: {1,...,q} — {1,...,m} (not necessarily
injective) such that the measure of the complement [0,7]\ U?_, E; does not exceed a constant
which does not depend on 7 and for each i € {1,...,q} the set u(E;) is contained in a small
neighborhood of ;).

Theorem 7.1. Let € € (0,1}, My > 0 and My > ||%i|| + ||3i]| + 1, i = 1,...,m. Then there exist
I > 0 and a natural number Q such that for each T > 1Q and each x € W11 (0,T) such that

[x(0)]| < Mo (7.1)
and at least one of the following conditions holds:
(a)
||X(T)H < My, I<07 Tvx) < U(Oa T,X(O),X(T)) +M;;
(b)

I<07T7x) < U(O,T,X(O)) +M,
there exist an integer q € [1,Q] and intervals [a;,b;] C [0,T], i =1,...,q such that
ai+1 > bi7 i€ {15 s 7Q}\{q}7
foreachi€ {1,...,q}, there exists p; € {1,...,m}, such that
||)C(l) _XPiH <gte [aiubi]
and
mes([0, T\ UL, [a;,bi]) <.

Proof. Theorem 6.1 implies that there exist Ly > 0, 6 > 0 such that the following property
holds:
(c) for each T > 2Ly and each u € W'1(0, T) such that
M(O),M(T) € B(OaMO)
1(0,T,u) <U(0,T,u(0),u(T))+ o
there exist an integer ¢ € {1,...,m} and numbers S;,S; € [0,7],i=1,...,q such that
S Sgi, i=1,...,q, Sit1 >§iv 1€ {1,...,(]}\{6[},
S;<S;ific{l,....q}and S; < T
and there exist ji,..., j, € {1,...,m} such that
Sy < Lo, S;>T —Ly,
Sp_gpfl S L(), pE {1,,6]}\{1},
u(t) =%, || <€, t€[Sp,Spl, p=1,...,q.
Theorem 4.1 implies that there exists L1 > 2Lg such that the following property holds:

(d) for each T > L; and each x € W!1(0, T) such that x(0) € B(0,Mp) and at least one of the
following conditions holds:
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x(T) € B(0,My), I7(0,T,x) < U(0,T,x(0),x(T)) +M; +1;

If(07 T,X) < U(Oa T,)C(O)) +M,
the inequality
mes({r € [0,T]: ||x(¢) —%i|| > 6 foreachi € {1,...,m}}) <L;.
Fix
lo=4L,+4, | > 4Ql. (7.2)
Choose an integer
0 >2m(4+86'My). (7.3)
Assume that 7 > [/Q and that x € WI’I(O,T) satisfies at least one of conditions (a) and (b).
Together with property (d) this implies that there exists
to € [0,L4] (7.4)
such that
min{||x(to) — %] : i=1,...,m} <38. (7.5)
Property (d), conditions (a), (b) and equations (7.1), (7.4) and (7.5) imply that there exists a
finite sequence of numbers o < #;--- < t, belonging to the interval [0,7] such that for each

ke {0,...,q},

min{||x(t) — %l : i=1,...,m} <8, (7.6)
tiy1 —t € [L1,2L4], i € {0,...,q}\{4q}, (7.7)
ty>T—2L;. (7.8
Now we construct a strictly increasing sequence of numbers S; € {to,...,7;},i=0,...,p. Set
So = 1. (7.9)

Assume that k£ > 0 is an integer and that we already defined a finite increasing sequence S; €
{to,...,14},i=0,... k. If Sy =1, then the construction is completed. Assume that

Sk < 1. (7.10)
If
I(Sk,lq,X) S U(Skvlq7x<Sk)7x(t‘]>) + 67
then we set
Sk+1 = Iq
and the construction is completed. Assume that
I(Sk,tq,x) > U(Sk,t4,%(Sk),x(t4)) + 0. (7.11)
There exists j € {0,...,q} such that
Si = Z;. (712)
If
I(Sk,lj+1,X) > U<Sk7tj+lax(Sk>7-x(tj+1)) + 67
then we set

Sk1 =1j+1-
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Assume that
I(Sk,tj41,X) S U(Skytjr1,x(Sk),x(tj41)) + 9. (7.13)
We define
Skrr=min{z;: ie{j+1,...,9}:
I(Sksti,x) > U (S 13, X(Sk ), x(1:)) + 8} (7.14)
Therefore by induction we defined a strictly increasing sequence of numbers
Sie{to,...,ty},i=0,...,p
such that
So =19, Sp =g,
foreach j € {0,...,p—1}\{p—1},
(S}, Sj+1,%) > U (S5 S j41,%(S),%(Sj+1)) + 8, (7.15)
foreach j € {0,...,p—1},ifi €{0,...,q} and
Sj << Sj—i-la
then
1(Sj,ti,x) <U(S),t;,x(S;),x(t;)) + 8, (7.16)
Conditions (a), (b) and (7.15) imply that
M, >1(0,T,x)—U(0,T,x(0),x(T))

> Y {1(S),8)41,%) —U(S},811,x(87),x(Sj11)) : j€{0,...,p—1}\{p—1}}

= (p—1)0
and
p<14+6 M. (7.17)
Assume that j € {0,...,p — 1} satisfies
Sii1—S;>1I. (7.18)

Property (d), conditions (a) and (b) and equations (7.2), (7.6), (7.14) and (7.18) imply that there
exists

S; € [Sj+1—3L1,Sj41—2Ly] (7.19)
such that
min{Hx(Sj)—XiH: i=1,....m}<9. (7.20)
It follows from (7.7), (7.16) and (7.19) that
1(S;,8;,x) <U(S;,8;,x(S;),x(5)) + 6. (7.21)

Property (c) and equations (7.2), (7.18)-(7.21) imply that there exist an integer g; > 1 and
numbers Sj’i,gj,i S [Sj,gj], i=1,... g such that

Sjﬂ' SSJ",', I= 1,...,6]]', Sj7l'+1 >§j7,’, i€ {1,..‘,qj}\{qj},
Sjﬂ' <Sj7,' ifie {1,...,(]]'} al’lde,,’ <T
and there exist kj 1,...,kj4; € {1,...,m} such that
Si1 <Lop+S§j, gj,qj > S — Ly,
Sj,p_gj,pfl §L07 jE {177qj}\{1}7
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||I/t(l) _'fjkr” S g, 1€ [Sj,’ﬁgj,f]v T= 177Qj

Consider the collection of intervals [S; r, S~m], T=1,...,9j, j€{0,...,p—1} suchthatS; | —
S; > lp. The number of these intervals does not exceed (p +2)m < Q (see (7.2) and (7.17)).
The completion of their union in [0, 7] is also a union of a finite collection of subintervals of
[0,T] and in view of (7.3), (7.17) their number does not exceed

2(p+2)m < 2m(4+8"'My) < Q.
By (7.2), (7.4) and (7.8) the measure of this complement does not exceed
Olo+30L1+3L; < Qly+3(Q+ 1)Ly < L.
Theorem 7.1 is proved. 0
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