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Abstract. We provide an improvement to the maximum principle of Pontryagin for Optimal Control problems.
We establish differentiability properties of the value function for these problems with assumptions that are as low
as possible. Notably, we lighten the assumptions by using Gateaux and Hadamard differentials.
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1. INTRODUCTION

The paper provides envelope theorems for parameterized problems of Optimal Control (prob-
lem of Bolza) as

Maximize ] fO(¢,x(¢),u(t), 7)dt + g°(x(T), 7)
subjectto  x € PC(]0,T],Q),u € NPCY([0,T],U),
(#,7) Vi € (0,T], dx(t) = f(t,x(t),u(),7), x(0) = &o,
Vie{l,...m}, g(x(T),x) >0,
Vjie{l,....q}, hW(x(T),x)=0

For all parameters 7, V[r| is the value of the problem (%, m). We establish properties of
the value function [ — V[x]] in terms of Géiteaux variation, Géteaux differentiability, and
Fréchet continuous differentiability. We try to establish such results using assumptions as low
as possible. Envelope theorems for static optimization and Calculus of Variations can be found
in [4] where references on economic motivations are cited.
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In the literature about optimal control in a continuous time framework, concerning the Pon-
tryagin principle, there exist two different choices of formalism. In the first one, the state func-
tions are piecewise continuously differentiable and the control functions are piecewise continu-
ous. In the second choice, the state functions are absolutely continuous and the control functions
are measurable and essentially bounded. Our works belong to the first choice of formalism.

In this paper, in the continuous time framework, we start by establishing new Pontryagin
principles for the problems of Bolza and Mayer without parameter. In the continuous-time
framework, some results on the Pontryagin principle for Optimal Control problems can be
found in L.S. Pontryagin, V.G. Boltyanskii, R.V. Gamkrelidze, and E.F. Mishchenko in [12],
V. Alexeev, V.M. Tikhomirov, and S.V. Fomine in [1], A. Ioffe and V.M. Tikhomirov in [9], P.
Michel in [11], and J. Blot and H. Yilmaz in [3]. Notice that, in [3], the authors generalize the
proof of the Pontryagin principle in [11] with infinite dimensional state space. In this paper,
we improve the Pontryagin principle of [3] in the following way. Firstly, the control space is
a Hausdorff topological space instead of a metric space. Next, for the functions which define
the final constraints, we replace the assumptions of Fréchet differentiability at a point by the
assumptions of Hadamard differentiablity at a point. Moreover, for the vector field and the inte-
grand of the criterion, we lighten assumptions of Fréchet differentiability by using assumptions
of the Gateaux differentiability. Besides, we provide, on the one hand, qualification conditions
to obtain the multiplier associated to the criterion equal to 1 and, on the other hand, another
qualification conditions to obtain the uniqueness of the multiplier and the adjoint function when
the multiplier associated to the criterion equal to 1. Furthermore, these qualification conditions
are very useful to treat the question of the envelope theorems. Notice that we provide condi-
tions on the Gateaux differentials to obtain Lipschitz conditions, we provide a new result on the
differentiability of nonlinear functionals. Moreover, we do not do assumptions on the regularity
of the multipliers and the adjoint function with respect to the parameter (as it is often the case
in the literature).

We summarize the content of this paper as follows. In Section 2, we establish Pontryagin
principles for the Optimal Control. In a first subsection, we state a Pontryagin principle for the
problem of Bolza, and we provide new qualification conditions. In a second subsection, we
state a Pontryagin principle for the problem of Mayer, and we give qualification conditions. In
a third subsection, we prove the results on the problem of Mayer; in order to do that we use a
new multiplier rule which is an improvement of a multiplier rule in [2]. In the last subsection,
in order to prove the Pontryagin principle of the problem of Bolza, we transform the problem of
Bolza into a problem of Mayer. In Section 3, we establish envelope theorems for parameterized
problems of optimal control. In the first subsection, we state envelope theorems. In the second
subsection, we prove the first envelope theorem. In order to do that, we provide new results
on the differentiability of nonlinear integral functionals and we use the new Pontryagin prin-
ciples and qualification conditions for the problems of Bolza without parameter. In the third
subsection, by using the first envelope theorem, we prove that the value function is Gateaux
differentiable at a point. In the last subsection, we prove the last envelope theorem by using the
second envelope theorem.
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2. STATEMENTS OF THE PONTRYAGIN PRINCIPLES

2.1. Pontryagin principle for the problem of Bolza. E is a real Banach space, Q is a non-
empty subset of E, U is a Hausdorff topological space, f:[0,T] x Qx U — E, f9:1]0,T] x
AQxU—-R, g*: Q—-RO<a<m), andhﬁ:Q—HR(l < B < q) are functions when
(m,q) € Ny x N,, where N, = N\ {0}.

When X is a Hausdorff topological space, PCY([0,7],X) denotes the space of the piecewise
continuous functions from [0, T] into X. As in [3], we specify that x € PCY([0,T],X) when x is
continuous on [0, 7| or when there exists a subdivision of [0, 7], 0= < T} < ... < Tp < T =
T such that x is continuous at # when 7 ¢ {7;: 0 <i < k+ 1} and the right-hand limit x(7;+) exists
in X and when i € {0,...,k} and the left hand limit x(7,—) exists in X when i € {1,...,k+ 1}.
We define NPC%(]0,T],X) as the set of the x € PC°([0,T],X) which are right-continuous on
[0, 7] and left-continuous at T. An element of NPC3([0,T],X) is called a normalized piecewise
continuous function, cf. [3]. When X is a real normed vector space, £ is a non-empty open
subset of X and Y is a Hausdorff topological space. A mapping g : [0,7] x O — Y is piecewise
continuous with a parameter on [0,T] x O when there exists a subdivision of [0,7], 0 = 1) <
T < ...< T < Tyy1 = T such that, for all i € {0,...,k— 1}, g is continuous on [7;, T;41[ XD,
g is continuous on [Ty, Tt1] X O, and for all i € {1,...,k}, for all x € O, lim; ¢, ;1 9(7,2)
exists in Y. The space of all the piecewise continuous functions with a parameter is denoted
by PCP°([0,T] x ©,Y). When X is included into a real normed vector space, PC'([0,7],X)
denotes the space of the piecewise continuously differentiable functions from [0,7] into X.
We specify that x € PC'([0,T],X) when x is continuously differentiable on [0, T] or when x is
continuous on [0, 7] and there exists a subdivision, 0 =1y < 7] < ... < Ty < Ty; = T such that
x is continuously differentiable at 7 if # ¢ {7;: 0 <i < k+ 1} the right derivative xp(7;) = x'(7;+)
exists when i € {0,...,k}, the left derivative x (7;) = x/(7;—) exists when i € {1,..,k+ 1}, cf.
[3]. As in [3], we consider the extended derivative of x € PC'([0,T],X) as follows:

X () if te€[0,T]\{7:i€{0,...k+1}},
dx(t) :={ x(1) if t=1,i€{0,...,k}, 2.1)
xp () if t=T.

Note that if x € PC'([0,T],X), then dx € NPCI(%([O, T],X). Moreover, d is a continuous linear
operator from PC!([0,T],X) into NPC3([0,T],X). When X is included in a Banach space, the
following relation holds:

t
forall s <zin [0,T], x(t) —x(s) = / dx(r)dr,

where the integral is taken in the sense of Riemann as exposed in [5]. We refer to [3] for the de-
tails about these function spaces. When X is a real normed vector space, O is a non-empty open
subset of X, x € O, v € X, and Y is a real normed vector space, when § : O — Y is a mapping,
when it exists Dgf(x; v) denotes the right-directional derivative (also called the right Gateaux
variation) of f at x in the direction v cf. [4] (Subsection 2.1). When it exists, Dsf(x) (respec-
tively Dy f(x), respectively Drf(x)) denotes the Gateaux (respectively Hadamard, respectively
Fréchet) differential of § at x. Moreover, when X is a finite product of n real normed spaces,
X =TI, X, if i € {1,...,n}, Dg f(x) (respectively Dy ;f(x), respectively Dr ;f(x)) denotes the
partial Gateaux (respectively Hadamard, respectively Fréchet) differential of f at x with respect
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to the i —th vector variable. If 1 <iy <iy <iz <n, Dy (;, i, i) f(x) denotes the Hadamard diff-
ential of the mapping [(X;,,Xi,,Xi;) — F(X1, .., Xiy, o, Xiys oo, Xiz, ..., X )] at the point (x;, , X, , X5 ).
We formulate the problem of Bolza:

Maximize J(x,u):= [ fO(t,x(t),u(t))dt + g°(x(T))

subjectto  x € PC'(]0,T],Q),u € NPCY([0,T],U),

(%) Vi € [0,T], dx(t) = f(t,x(1),u(t)), x(0) = o,
Vo e {1,...,m}, g*(x(T)) >0,
VB e{l,...q}, hﬁ(x(T)) =0

Generally the controlled dynamical system which is present in () is formulated as follows:
x'(t) = f(t,x(t),u(t)) when x'(r) exists. In [3], we explain why the present formulation is
equivalent.

If fO =0, (%) is called a problem of Mayer and it is denoted by (.#). When (x,u) is an
admissible process for (%) or (.#'), we consider the following condition of qualification, for
i€{0,1}.

If (Coc)igagm € R}FHm, (dﬁ)lgﬁgq € R? satisfy

(Va e {1,...,m}, cqg®(x(T)) =0),and
o—icaDGg®(x(T)) + L§_, dgDGhP (x(T)) = 0, then

(Voo € {i,...,m}, cq =0) and (VB €{1,...,q}, dg =0).

(QC,i)

When i = 0, this condition is due to Michel [11].

Now we formulate the assumptions for our theorems. Let (xg,up) be an admissible process
of (A) or (M ).
Conditions on the integrand of the criterion.

(A11) f0 € C°([0,T] x @ x U,R), for all (¢,&,8) € [0,T] x Q x U, Dgaf°(t,€,{) exists,
for all (z,¢) € [0,T] x U, DszO(t,xo( t),§) exists and [(,§) — DF72f0( xo(1),8)] €
C%([0,T] x U,E*).

(A12) For all non-empty compact K C €, for all non-empty compact M C U,
sup( £ o)efo.r)xkxm 1Pc2f0 (6,6, 8| < +ee,

where CY means the continuity and E* denotes the topological dual space of E.
Conditions on the vector field.

(AV1) feC([0,T]x QxU,E), forall (t,£,§) €[0,T] x @ x U, Dgaf(t,&,§) exists, for all
(t,8) €10, T] x U, Dpaf(t,x0(t), &) exists and [(¢,§) > Draf(t,x0(t),§)] € CO([0,T] x
U,Z(E,E)).

(Av2) For all non-empty compact K C €, for all non-empty compact M C U,

SUp(; ¢ ¢)efo.1]xk xm PG 2f (.8, 8| < +eo,

where Z(E,E) denotes the space of bounded linear mappings from E into E.
Conditions on terminal constraints functions and on terminal part of the criterion.

(AT1) Forall o € {0,...,m}, g% is Hadamard differentiable at xo(T').
(AT2) For all B € {1,...,q}, hP is continuous on a neighborhood of xo(7’) and Hadamard
differentiable at xo(7T').
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(AI11) and (AI2) are an improvement of condition (A3) of [3], (AV1) and (AV2) are an improve-
ment of condition (A4) of [3], (AT1) is an improvement of condition (A1) of [3], and (AT2) is
an improvement of condition (A2) of [3].

The Hamiltonian of () is the function 75 : [0,T] x Q X U x E* x R — R defined by

Hp(t,E,C,p,A) = A0, E,0)+p- f(t,E,8) when (t,E,¢,p,A) €[0,T] x Qx U x E* x R.

Theorem 2.1. (Pontryagin Principle for the problem of Bolza)

When (xo,uq) is a solution of (%), under (A1l), (A12), (AV1), (AV2), (AT1) and (AT2), there ex-
ist multipliers (Ag)o<a<m € R™™, (1p)1<p<, € R? and an adjoint function p € PC'(0,T],E*)
which satisfy the following conditions.

(NN) ((Aa)o<a<m, (Hp)1<p<q) is non zero.
(Si) Forall a €{0,...,m}, Ao > 0.
(S¢) Forall a € {1,...,m}, Aqg%(x0(T)) = 0.

(TC) X&_oAaDrg®(xo(T)) + X, HsDuhP (xo(T)) = p(T).
(AEB) dp(t) = Do Hi(t.30(t),uolt), pl), o) for all t € (0,7
(MP.B) Forallt € [0,T], forall { € U,

Hp(t,x0(1),u0(t), p(t), Ao) = Hp(t,x0(t), C, p(t), o).
(CH.B) 52 := [t = H5(1,x0(1),u0(t), p(1), 20)] € C°([0,T],R),

(NN) means non nullity, (Si) means sign, (S¢) means slackness, (TC) means transversality con-
dition, (AE.B) means adjoint equation, (MP.B) means maximum principle and (CH.B) means
continuity of the Hamiltonian.

Corollary 2.2. In this setting and under the assumptions of Theorem 2.1, if, in addition, we
assume that, for all (t,&,8) € [0,T] x Q X U, the partial derivatives with respect to the first
variable 1 f°(t,E,§) and 91 f(t,E, ) exist and 1 f° and 9y f are continuous on [0,T] x Q x U,
then 7% € PC'([0,T],R) and, for all t € [0,T], d#3(t) = ) Hp(t,xo(t),uo(t), p(t), Ao).

We introduce other conditions.

(Av3) U is a subset of real normed vector space Y, there exists 7 € [0,7] s.t. U is a neighbor-
hood of u (%) in Y, Dg 3 f(,x0(f),uo(f)) exists and it is surjective

and

(LI) U is a subset of a real normed vector space Y s.t. U is a neighborhood of uy(7) in Y,
DG 3f(T,xo(T),uo(T)) exists and
((Drg® (%0(T)) D3 f (T, xo(T)0(T))1<cms
(DuhP (xo(T)) 0 Do 3 f (T, x0(T),u0(T)))1<p<g) is free.

Corollary 2.3. In this setting and under the assumptions of Theorem 2.1, the following asser-
tions hold.

(i) Under (QC, 1) for (x,u) = (xo,up), we have for allt € [0,T], (Ao, p(t)) #O0.

(ii) Under (QC, 1) for (x,u) = (xo,ug) and (AV3), we can choose Ay = 1.

(iii) Under (LI), we can choose Ay = 1.

(iv) Under (LI), if, in addition, we assume that D¢ 3 T, xo(T),uo(T)) exists, then
((Aa)o<a<ms (Up)1<p<q>P) € RIT™ x RY x PC'([0,T],E*) with Ag = 1, which satisfies
the conclusions of Theorem 2.1, are unique.
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2.2. Pontryagin principles for the problem of Mayer. The Hamiltonian of (.#) is the func-
tion 4, : [0,T] x Q@ x U x E* — R defined by % (t,£,8,p) :=p- f(¢t,E,) when (¢,E, 8, p) €
[0, T] x Qx U x E*.

Theorem 2.4. (Pontryagin Principle for the problem of Mayer)
When (xo,uo) is a solution of (), under (AV1), (AV2), (AT1) and (AT2), there exist multipliers
(Aa)o<a<m € R, (Ug)i1<p<q € R? and an adjoint function p € PC'(]0,T],E*) which satisfy
the following conditions.
(NN) ((Aa)o<a<m: (Ug)1<p<q) is non zero.
(Si) Forall a €{0,...,m}, Aq > 0.
(S¢) Forall a € {1,...,m}, Aqg*(x0(T)) = 0.
(TC) X2 2aDig®(xo(T)) + 5 uDal (x0(T)) = p(T).
(AEM) dp(t) = —DF72%M(Z',X()( ),uo(t),p(t)) forall t € [0,T].
(MPM) Forallt € [0,T], forall { € U,
KM(I,Xo(I),Mo(Z‘),p(l‘)) 2 %M(I,Xo(t), C7p<t))
(CHM) iy = [t — Hy(t,x0(t),u0(t), p(t))] € C°([0,T],R).

Corollary 2.5. In this setting and under the assumptions of Theorem 2.4, if in addition we
assume that, for all (t,&,8) € [0,T] x Q X U, the partial derivatives with respect to the first
variable 01 f(t,E,{) exist and d\ f are continuous on [0,T] x Q x U, then 56 € PC'([0,T],R)
and, for all t € [0,T), d#4(t) = 0154 (t,x0(t),uo(t), p(t)).

Corollary 2.6. In this setting and under the assumptions of Theorem 2.4, the following asser-
tions hold.
(i) Under (QC, 1) for (x,u) = (xo,up), we have for allt € [0,T], (Ao, p(t)) #O0.
(ii) Under (QC, 0) for (x,u) = (xo,uq), we have for all t € [0,T], p(t) # 0.
(iii) Under (QC, 1) for (x,u) = (xo,up) and (AV3), we can choose Ay = 1.
(iv) Under (LI), the ((Aa)o<a<m, (Mg)1<p<qp) € R7T™ xRTx PC'([0,T],E*) with Ag = 1,
which satisfies the conclusions of Theorem 2.4, are unique.

2.3. Proofs of results for the problem of Mayer. We consider
S := ((t;,vi))1<i<ny Where t; € [0,T] satisfying 0 <1, <1, < ... <ty < T, where v; € U and
where N € N,.. We denote by S the set of such S.

When S € S and a = (aj,...,ay) € RY, we define the following objects: J(i) = J(i,S) :=
{] € {1,...,i— 1} = li}, bi(a) = bi(a,S) =0if J(l) = ( and bi(a) = b,-(a,S) = Zjej(,-)aj
if J(i) # 0. We also define I;(a) = I;(a,S) := [t; + bi(a),t; + bi(a) + a;[. We define &(S) =
min{ ;41— i€ {l,..,N—1}, t; <tiy1} and |ja|y =YY, |ai |= XY a; < 5(S). When
a € B|.,(0,8(S)) NRY, we have ;(a) C [0,T] and Ij(a) N1j(a) = 0 when i # j and we can
define the needlelike variation of ug:

_ . vi if reli(a),l <i<N,
Ha(t) = Ualt,S) '—{ wolt) if 1€ [0.T]\ Urerenli(a). 22
It is easy to verify that
Ug = ug(-,8) € NPCY([0,T],U). (2.3)

We associate to the control function u, the non extendable solution x, of the Cauchy problem
on [0,7].
dx,(t) = f(t,x4(1),uq(t)), x4(0) = &p. (2.4)
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In the sequel of this subsection, we arbitrarily fix a list S = ((#;,v;))1<i<y in S.

Lemma 2.7. Let X be a metric space, Y be a non empty set, Z be a real normed vector space and
O : X XY — Z be a mapping. We assume that: for all non-empty compact subset K of X, we have
SUP(yy)ek xy |9 (X, ) || < +oo. Then, for all non-empty compact subset K of X, there exists p >0
S.t. SUP(y yyev (K p)xv |9 (X,0)[| < +oo, where V(K,p) :={z € X :d(z,K) :=infyex d(z,k) < p}.

Proof. We proceed by contradiction, we assume that there exists a non-empty compact sub-
set K C X s.t. Ve >0,Vye Ry 3(x57,y87) e V(K,€) x Y, ||¢(x®7,y*7)|| > 7. Therefore tak-
ing € = 1y =n with n € N,, we obtain Vn € Ny,3(x4,y4) € V(K, 1) x Y, || ¢ (xn,30) || > 1.
Hence, for all n € Ny, Ju, € K s.t. d(xp,u,) =d(x,,K) < rl; Since K is a compact, there ex-
ists ¥ : N, — N, strictly increasing and z € K s.t. limy—, o ty(,) = z. Hence, we have also
1imy,— oo Xy (n) = 2. Since Ko := {xy ) : n € Ny} U{z} is compact, there exists } € Ry s.t,
Vi € Nu, |9 (y(n)s Yy | < SUP(yy ey 19 (6, 3)]| < W < +oo. Besides, we have also for all
n € Ny, w(n) < [0 (xym),Yym)ll < 1. Since nlilfoo y(n) = +oo, we obtain the contradiction

oo < Y < oo, 0

Lemma 2.8. Let X and Z be two real normed vector spaces, Y be a non-empty set, G be a non-
empty open subset of X, and ¢ : G XY — Z be a mapping. We assume that the two following
conditions are fulfilled.

(@) Y(x,y) € G XY, DG 19(x,y) exists.

(b) VK C G, K non-empty compact set, sup(,. ek xy [|DG,19(x,y)|| < +oo.
For each non-empty compact subset K C G, there exist 1 > 0, k > 0 s.t. for all x € K, for all
x1,% € B(x,n), forally € Y, [ (x1,y) — ¢ (x2,)|| < K[lx1 —x2.

Proof. Let K C G, K non-empty, and compact. From Lemma 2.7, there exists p > 0 s.t.
K 1= SUp(y v (k,p)xy [|1DG19(x,)[| < +oo. We set ) := £. Letx € K and x1,x; € B(x,n).
Since the balls are convex, we have [x,x;] C B(x,n) C V(K,p). Using the mean value in-
equality ([1], Subsection 2.2.3, p. 143), we obtain, for all y € Y, [|¢(x1,y) — ¢ (x2,y)] <
SUPE [, xy] 1PG19 (S, ¥)[[[Ix1 —x2 | < flx1 — x2]. O

Remark 2.9. Noting that we do not use a condition of continuity on ¢ in Lemma 2.7, we
replace it by a condition of boundedness on the compact subsets. It is similar in Lemma 2.8 for
Dg 1 ¢ instead of ¢. These lemmas permit us to replace the condition of partial differentiable
continuity in (A3) and (A4) of [3] by the conditions (A12) and (AV2).

Lemma 2.10. Let X and Y be metric spaces and ¢ € C°([0,T] x X,Y). The Nemytskii operator
Ny : PC°([0,T],X) — PCY([0,T),Y), defined by Ny (z) := [t — ¢ (t,z(t))] when z € PCY([0,T],X),
is well defined and continuous. Moreover, Ny(NPCa([0,T],X)) C NPCY([0,T),Y).

Proof. Let z € PC°([0,T],X); we set w(t) := ¢(t,z(¢)) when ¢ € [0,T]. Since ¢ is continu-
ous, we have, for all 7 € [0, T[, w(t+) = ¢(t,z(t+)) and, for all 7 €]0,T], w(t—) = ¢(t,z(t—)).
Since the set of discontinuity points of z, discont(z), is finite, discont(w) is necessarily finite,
and so w € PC%([0,T],Y). We denote by %(z) the graph of z. Since z € PC°([0,T],X),
cl(¥4(z)) is compact and then, we can use the Heine-Schwartz lemma ([13] p. 355, note
(**)) and assert that: Ve > 0,30, > 0,V(¢,s) € [0,T],VE € X, |t —s| +d(z(¢),5) <0 =
d(¢(t,z(1)),9(s,8)) < &. Hence, Ve > 0, 0, > 0, Vr € [0,T], V& € X, d(z(1),§) <0 =
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d(o(t,2(1)),0(t,E)) <e.Lete >0. If z; € PCY([0,T],X) satisfies supy,7d(z(t),z1(t)) < e,
then supy, <7 d(9(t,2(t)), 9 (t,z1(t))) < €. The continuity of Ny at z is proven. Therefore, Ny is
well defined and continuous. Moreover, when z € NPC%([0,T],X), since z is right-continuous
on [0,7[ and ¢ is continuous, we have also Ny(z) € NPCY([0,T],Y). O

Lemma2.11. Let 0 =50 < 51 < ... < Sy < Sps1 =T, and, foralli € {0,...,n}, h; € PC°([0,T],E).
We consider h : [0,T] — E defined by h(t) = Yo<icn—1 L[5, 5, ,[(0)0i(2) + L5, 7)(£)hn(2) when
t € [0,T). We have h € PC°([0,T],E).

Proof. Note that discont(h)C {s; : 0 <i <n+ 1} Uy<;<,discont(h;). Hence, discont(h) is
finite. When 7 € [0, T[, we have h(t+) = Yo<jcn_1 L5, 5, () 0i(t+) + 1, 77 (t+)ha(+) and,
when ¢ €]0,T], h(t—) = Yo<i<n—1 L 5., [(¢—)0i(t—) + 1[5, 7(t—)ha(z—). This proves h €
PC([0,T),E). O

Now, we consider the linearization of the evolution equation

dy(t) = Drpf (t,x0(t),uo(t)) - y(t). (2.5)
We denote by R(-,-) the resolvent of (2.5). We know that, for all (z,s) € [0,T]?, R(¢,-) €
PC'([0,T],4(E,E)) and R(-,s) € PC'([0,T],.Z(E,E)). For all a € B|.|,(0,5(S)) NRY, we
also consider the following Cauchy problem on an inhomogeneous ODE:

dza(t) = Drof (t,%0(2),u0(1)) - 2a(2) + f (8, %0(2), ua(t)) = f (2, %0(2), u0(2))
Z(ZO) S F2 o(t),uo(t)) -z 0 0(t),uo } (2.6)

We denote by z, the non extendable solution of (2.6). Since (2.6) is an inhomogeneous linear
ODE, z, is defined on all over [0, T].

Lemma 2.12. We consider the linear mapping £: RN — E, defined by £-a =YY | a;R(T,t;) -
[f(ti,x0(t;),vi) — f(ti,x0(t;),uo(t;))] when a = (all..,aN) € RN. There exists p :B),(0,8(8))N
RY — E s.t. iii%pl(a) =0 and, for all a € B),(0,6(S)) NRY, 724(T) =2o(T) + £-a+

lallipi(a)-

Proof. For all a € By, (0,8(S)) NRY, the second member of (2.6) is A, defined by Ay(r) :=0
when ¢ & Uy <<y li(a) and Ay(t) := f(t,x0(t),vi) — f(t,x0(t),uo(t)) whent € I;(a) (1 <i<N).
Using Lemma 2.10 and 2.11, we see that A, € PC°([0,T],E). Since R(t,-) is continuous, R(t, ) -
A, € PC°([0,T],E), hence it is Riemann integrable. Using the Variation of Constants formula,
we can write z,4(¢) = z,(0) + [ R(t,s) - Ay(s)ds. Note that zo = 0 since the second member of
(2.6) is zero and the initial value is zero. Hence, we have, for all a € EH'HI (0,8(S))NRY,

N N
2a(T) = 20(T) = £-a = ; /1 o RTS) Buls)ds — ;a,-mr, ) - Au(ti)

N
=) /, o (RT:5)8(5) = RT.) - Ag(1)) s

We set, foralli € {1,...,N}, ¢;j(a) :=0if q; = 0 and

1 ti+bi+a;
oi(a) := . - [R(T,s)-A(s,a) — R(T,t;) - A(t;)]ds. 2.7)
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if a; # 0. Hence, we obtain the following relation

2a(T)=z20(T)+L-a+ Z a;fi(a). (2.83)
1<i<N
We introduce the mappings, y; : [0, 1] x (B, (0,5(S)) NRY) — E, (1 <i < N), defined by
V;(0,a) :=R(T,t;+b;+ 0a;) - Ay(t; + bi + 0a;,a) — R(T,t;) - Ay(t;). (2.9)

Note that y;(-,a) € PC°([0,1],E) and so it is Riemann integrable and using a change of vari-

able, we obtain ¢;(a) := fol y;(0,a)d0 (1 <i < N). Since xp and R(7,-) are continuous, since

ug is right-continuous, we have lir%xo(ti + b;i + 0a;) = xo(t;), lirr(l)uo(t,- +bi + 6a;) = up(t;),
a— a—

lirr(l)R(T, ti+b;+ 0a;) = R(T,t;), and then we obtain lirr(l) y;(0,a) =0 forall 6 € [0,1] and also
a—r a—

lim ||w:(8,a)|| = 0 for all 8 € [0, 1]. (2.10)
a—0
Since A, € PC°([0,T],E) and since a is not present in the formula of A,, we see that
Jey € Ry, Va € By, (0,8(8)) NRY, Ve € [0, T], |A.(1)]| < c1. (2.11)
Consequently, we obtain, for all 6 € [0,1] and for all a € By, (0,8(S)) NRY,
1wi(6,a)[| <2 sup [|R(T,s)|[[|Aa(s)]| < 2[IR(T,-)|eoc1- (2.12)
0<s<T

Since ||y;i(+,a)| € PCY([0,T],R), it is Riemann integrable and also Borel integrable on [0, 1],
and since the constants are Riemann integrable on [0, 1], with (2.10) and (2.12) we can use the
theorem of the Dominated Convergence of Lebesgue to obtain

1 1
lim/ |wi(6,a)||d0 :/ lim || w;(6,)||d6 = 0.
a—0.0 0 a—0

Since, for all a € By, (0,5(S)) NRY, |gi(a)| < fol |wi(0,a)||d6, we obtain lir%||¢,~(a)|| =0,
a—

ie. lirr(l) ¢i(a) = 0. Setting, for all a € RY N By, (0,8(S)), p1(a) := 0 when a = 0 and p; (a) :=
a—
I

llall

Lemma 2.13. There exists k € Ry, for all a € By, (0,5(S)) NRY, we have

YN | a;i¢i(a) when a # 0, we see that lim,_, p1 (@) = 0, and we have proven the lemma. [J

[ 103000, 1a0)) = 100000t < Kl

Proof. We set k := ¢| provided by (2.11). Let a € RY N By, (0,8(S)). Using the Chasles
relation, we have

T T
1 30(0) a0 0)) = £t 00,00 = [ gl

N ctitbita; N
=Y [ IA0ldr < 1 Y ai =Kl
i=1/1i+b i=1
U

The discontinuity points of u( are denoted by 7; (0 < j < k+ 1). We consider the set M :=
(Uo<i<k cl(uo([7i, Tix1])) U{vi : 1 <i < N}, which is compact as a finite union of compacts.



10 J. BLOT, H. YILMAZ

Lemma 2.14. There exist L € R, and r € R, such that, Vt € [0,T], V&,& € B(xo(t),r),
veeM, |f(t,8,8) = f(t,8, 0 <L —&il.
Proof. We set K := x¢([0,T]), which is compact and non-empty. Using (AV1) and (AV2), we
can apply Lemma 2.8 to the mapping ¢ (&, (¢,8)) := f(¢,&,8) with Y := [0,T] X M to obtain
the result. O
Setting r; := re LT, we consider the set 2" := B(xo,r;) C C°([0,T],Q) c C°([0,T],E).
This last vector space is endowed with the norm of Bielecki [|@||, := sup,¢(o 7 (e Hlo®)|)
for which it is a Banach space (see [7], p.56). When a € By, (0,56(S)) N RY, we consider the
operator ®, : 2~ — C°([0,T],E) defined by

By (x) = [t = &9 + /0 ' F(5,x(5), tals))ds]. 2.13)

This operator was used in [3].

Lemma 2.15. The following assertions hold.
(i) There exists r € R, s.t. foralla € RY, |la|; <rp = ®,(2) C Z.
(ii) Foralla € By.|,(0,r2) NRY, forall x,z € 2, || Pa(x) —Pu(2)|lp < (1 —e L) [|x —2]|p-
(i) Forall x € X, the mapping [a — ®4(x)] is continuous from By.|, (0,r2) N RY into 2.

Proof. Using Lemma 2.13 instead of Lemma 4.1 in [3] and Lemma 2.14 instead of Lemma 4.2,
the proof of (i) is similar to the proof of Lemma 4.3 of [3], the proof of (ii) is similar to the
proof of Lemma 4.4 of [3], and the proof of (iii) is similar to the proof of Lemma 4.5 of [3] [J

Lemma 2.16. The following assertions hold.
(i) Foralla e EIHM (0,72) ﬂR]i, there exists a solution x, of the Cauchy problem (2.4) which
is defined on [0, T] all over.
(ii) The mapping [a — xa), from By, (0,r2) N RY into 2, is continuous.
(iii) There exists k; € Ry, such that, Ya € By.|,(0,r2) NRY, vt € 0,7,
k|l

[x(r,a) = xo(1)]| <

Proof. For (i) and (ii), the proof is similar to the proof of the Proposition 4.1 in [3], and the only
difference is to use the Lemma 2.15 of the present paper instead of Lemmas 4.3, 4.4, 4.5 of [3].

For (iii), we set ky = ke"’". Let a € B, (0,r2) NRY. Since x, is a fixed point of ®, and xo is
a fixed point of @y, for all t € [0, 7], we have x,(t) — xo(t) = & + [ £(5,%a(5), ua(s))ds — Eg —
Jo £ (s,x0(s),uo(s))ds, which implies

) =300l < [ 1705:30(5)0(5)) — S s30(5) o) s
< [ U6 l5) 5D = 5.50). (5
[ 50 t(5)) = S 5:70(6). 0 (5) s

Using Lemma 2.13 and 2.14, we have ||x, () —xo(t)|| < J§ (L||xa(s) — x0(s)||)ds -+ k[|a||1. Con-
sequently, using the lemma of Gronwall ([8], p.24), we obtain, Vs € [0,T],

T
lka(t) = xo(1)| < Kllall el X = ki a1,
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and so (iii) is proven. ]
Lemma 2.17. There exists p : B, (0,r2) "RY — E s.t. Lllii%p(a) =0 and s.t. forall a e
By.|,(0,r2) NRY, x4(T) = xo(T) + £-a+ ||al|1p(a), where £ is provided by Lemma 2.12.

Proof. We arbitrarily fix a € E\Hh (0,r2) NRY, and we introduce, vt € [0, 7],
Ya(t) = (xa(t) = za(t)) — (x0(t) —20(t)) = xa(t) — 24(t) — x0(2). (2.14)

and
Ya(t) := dya(t) — Dpaf(t,x0(t),u0(1)) - ya(t). (2.15)
Doing a straightforward calculation, we obtain
dya(t) = f(t,%a(t),ua(t)) = Dpaf(t,x0(2), uo(t)) - 2a(t) — f(t,x0(1), ua(t)).
Consequently, V¢ € [0,77],

Ya(t) := f(t,%a(t),ua(t)) — f(t,x0(), ua(t)) = Dpaf(t,%0(t),u0(t)) - (xa(t) = x0(t)).  (2.16)
Forall € [0,T], we define € (1) :== 0if x,(t) =x0(t), and &} (¢) := m(f(r,xa(t),ua(t)) -
F(t,x0(t),uq(t)) — DEaf(t,x0(t),ua(t)) - (xa(t) —x0(t))) if x4 () # x0(t). We also define 2(¢) =
Do f(t,x0(t),uq(t)) — Dr2f(t,x0(t),uo(t)). Doing a straightforward calculation, we obtain

Ya(t) = [[xa(r) —x0() 1&g (1) + €3 (1) - (xalr) = x0(1))- (2.17)

Now, we study the properties of ). Let a € By.;,(0,r2) NRY. Lettg € [0,T] s.t. x4(tp) =
x0(tp). Since x, and xg are continuous, there exists v > 0 s.t. x,(¢) # xo(¢) when t €]to — v, 19+
v[. Using the continuity of x, and xo, the piecewise continuity of u, and uy, the continuity of f,
Lemma 2.10 and (AV1), we obtain that £! (fo+) and €] (to—) exist in E. When x,(to) # xo(to),
from the existence of D f(t,x0(),uq(t)), we have

Ve >0, >0,VE €E,|[E —xo(t)]| <0ea =
17 (2, G, ua(t)) = f (£, x0(),ua(t)) (2.18)
—Draf(t,%0(1),ua(t)) - (§ —x0(1))[| < €]|G —x0(2)]-

Since zlgIzl (x4(t) —x0(2)) = x4(t0) — x0(to) = 0, when we fix € > 0, there exists bg , > 0 s.t.
0

o <t <to+beq=|Jx.(t) —x0(t)|| < Ve
=

£ (t,xa(t),ua(t)) — f(t,%0(2),ua(t)) — Dpof(t,%0(t), ua(t)) - (xa(t) —x0(2)) || < €|lxa(t) —x0(2)]]
thanks to (2.18). Therefore ||&) (t)|| < & if x,(t) ;é xo0(1)
proven that ||} (tp+)|| = 0. Similarly, we obtain ||&!(zp—)|

€]l € Reg([0,T],R), (2.19)

where Reg([0,T],R) denotes the space of the regulated functions from [0,7] into R cf. [5]
(Chapter 7, Section 6). Hence, ||&} || is Riemann integrable on [0, 7] and also Borel integrable
on [0,7]. From (Av2), we know that Ly := sup¢ ¢y | Dr2f(t,%0(2), §)|| < +eo. Using Lemma

2.14, we obtain ||&} (t)|| < max{0,L} + L; =: Ly, and so
AL, € Ry, Va € By, (0,r2) NRY, Ve € [0,T7], ||&, (¢)]| < Lo. (2.20)

or if x,(¢) = xo(t). Hence, we have
| = 0. Consequently, we have proven
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We introduce the mapping ® : Q x [0,T] x U — E defined by

0(§,1,8) = e i()H( f(,6,8) = f(t,x0(t), &) — Draf(t,x0(1),8) - (& —x0(1)))

when & # x¢(t) and ©(&,7,§) = 0 when & = xo(t). We fix (¢,{) € [0,T] x U. From (AV1), for
all € > 0, there exists 0 > 0 s.t.

16 =x0(1) | <0e = [/ (2,8,8) = f(t,x0(1),§) = Draf (t,x0(1), &) - (§ —x0(2)) || < €[|€ —x0(1)]]
which implies
V(,8)€[0,T] xU, lim G)(é,t,C) (2.21)

E—xo(t)

Fix 7 € [0,T]. For all a € Bj.|,(0,r2) NRY, we have

€1(z,a)[| = [|©(xa(t), 1, ua(t))[| = [[1j0,,[(£)O(xa(2),7,u0(t))+

Zévzl 11[(61) (t)®(xa(t>7t’vl) +vail [ti+Dbi (a)+a[,t,~+1+b,~+1(a)[<t>®(xa(t)7taMO(I))

1y by (a)+ay, 1) (1) O (Xa (1 ),t,uo( M-

< (N+1D)[[0(xa(r) 1, u0(0) |+ L [©(xa(r),2,v)]-
Using (2.21), we obtain

Vv € 0,T], lim ||g} (r)] = 0. (2.22)
a—0

From (2.19), (2.20), (2.22), and the Dominated Convergence Theorem of Lebesgue, since the
constants are Lebesgue integrable, we obtain

T T
lim/ el ()| dr =/ lim ||} (¢)[| d7 = 0. (2.23)
a—0.0 0 a—0
Using (Av1) and Lemma 2.10, we see that 85 is a difference of two piecewise continuous
functions on [0, T]. Consequently, we have
foralla € B, (0,r2) NRY, [le7|| € PC°([0,T],R). (2.24)

Thus |€2|| is Riemann integrable and Lebesgue integrable on [0,7]. Besides, we have also

Jo ll2(®)lldt < Ey<ien i (2L1 )dt = 2Ly |lally and so we obtain

T
fim / 1€2(1) |dt = 0. (2.25)
a—0.J0

From (2.17), (2.23), and (2.25), we have ||7,(1) || < ||xa () —x0(2)||||€1(2,a) || + || €2(2, a) || || xa(t) —

xo(0)|| < kallalli (el )]+ 1e2O)) = Jo 1ra)llde < Killalli (o lled@)lde + fy €2 ()]dr).
Consequently, using (2.23) and (2.25), we have

e -
tim (o [ I lar) o, 2.26)

From (2.15) and the formula of the Variation of Constants we obtain y,(T) = [{ R(T,s) -

Ya(s)ds. We introduce @(a) := 0 when a = 0 and @ (a) := HaH JL R(T,s) - Yu(s)ds when a # 0;
hence we have y,(T) = ||a||;®@(a). Since R(T,-) is piecewise continuous, it is bounded. We
set ( := supg<,<7 ||R(T,s)||. We have |[@(a)| < q.m 3 17 (s)||ds when a # 0, and using
(2.26), we obtain Clzlg(l)Hw(a)H =0, ie. iig(l)w(a) = 0. Using (2.14) and Lemma 2.12, we



PONTRYAGIN PRINCIPLE AND ENVELOPE THEOREM 13

obtain that x,(T) = xo(T) + 24(T) + ya(T) = xo(T) + £-a+ ||a||1(p1(a) + @(a)). Setting
p(a) :=pi(a)+@(a), we have lir%p(a) = 0. The lemma is proven. O
a—

Lemma 2.18. Let S = ((t;,v;))1<i<n € S. There exist (A3 )o<a<m € R'*™ and (,Ltﬁ)1</3<q cRY
which satisfy the following conditions.

(@) (A3)o<a<m and (,ug) 1<B<q are not simulteanously equal to zero.

(b) Yo € {0,...,m}, Ag > 0.

© Yo e {1,om},  A3g%(xo(T)) =0,

d) Vie{l,.. N} p(t,)[f(thxo(tl),vl S(ti,x0(t),up(t;))] <0, where
p(t) == (X"_y AaDug®*(xo(T)) +Zﬁ 1/.LBDHhﬁ( o(T)))R(T,t), R(t,s) being defined
just before Lemma 2.12.

Proof. Using Lemma 2.17, the Proposition 4.2 of [3] ensures the existence of r3 €]0,r;]| and a
function % € C° (EH'HI (0,r3),Q) which is Fréchet differentiable at a = 0 and which satisfies, for
alla € By.|,(0,r3) NRY, %(a) = x4(T), and Dpx(0) = £-a. Since (xo,uo) is a solution of (.#),
a = 0 is a solution of the following finite-dimensional optimization problem

Maximize g°(%(a))
subject to a € B(0,r3)
(71) = Vo e (1.}, g%(¥(a)) >
9B < {1 mghs H(R(@)
Vi€ {1,...N}, bfa>0

0
0

where (b} )1<i<n is the dual basis of the canonical basis of RV Since i is Fréchet differentiable
at 0, we have from (AT1) and (AT2) that g% o ¥ when a € {0,...,m} and hB o % when B €
{1,...,q} are Hadamard differentiable at 0. Moreover, since % € C° (B, (0,r3),Q), by using

(AT2), forall B € {1,...,q}, hP o % is continuous on a neighborhood of 0. Hence we can use the
Multiplier rule of [14] (Theorem 2.2) to obtain our result. O

With respect to Lemma 5.1 of [3], in Lemma 2.18, the Hadamard differentiability replaces
the Fréchet differentiability. To finish the proof of Theorem 2.4, we exactly proceed as in
Subsection 5.2 of [3]. We just recall the schedule of the reasoning. For all § € S, we consider
K(S), which is the set of the ((A¢)o<a<m, (Up)1<p<q4) € R' T4 which satisfy the conclusions
(a,b,c,d) of Lemma 2.18 and Y<g<pm |Aa| + Xi1<p<q || = 1. (0, 1) being the unit sphere of
R!*m+4 K (S) is a non-empty closed subset of £(0,1). Since £(0, 1), (K(S))ses possesses the
finite intersection property ([10], p.31) and consequently we have (\gcg K(S) # 0. An element
of this intersection is convenient for the conclusions (NN), (Si), (S4), (AE.M), and (MP.M) of
Theorem 2.4. The conclusions (CH.M) is proven by Lemma 5.2 of [3]. The proof of Corollary
2.5 is similar to the proof of Part (II) of Theorem 2.2 in [3] which is given in Subsection 5.3
in [3]. To prove assertion (i) of Corollary 2.6, we proceed by contradiction. We assume the
existence of s € [0,T] s.t. (Ao, p(s)) = (0,0). Since p(s) =0, we have p(T) = 0 since (AE.M)
is linear homogeneous. From (TC), we have Y| AqDpg®* (xo(T')) + Z%Zl ,uﬁDth3 (xo(T)) =
0. Hence using (TC), (Si), (S¥), (QC, 1) implies that (Vo € {1,...,m},A¢ = 0) and (Vp €
{1,...,q}, ug = 0). Moreover, since A9 = 0, we obtain a contradiction with (NN). The proof of
assertion (ii) of Corollary 2.6 is similar to the proof of Part (III) of Theorem 2.2 in [3].
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To prove assertion (iii) of Corollary 2.6, we proceed by contradiction. We assume that Ao = 0.
Since D¢ 3 f(f,x0(), uo(f)) exists, D 3Hp (f,x0(F), uo(7), p(f)) exists and D 3Hp (,x0(F), uo (), p(
p(t)oDg 3 f(f,x0(f),uo(f)). Therefore, by using (MP.M), we have p(7) o Dg 3 f (£, x0(),uo(f)) =
0. Since D3 f(f,x0(f),uo(f)) is surjective, we have p(f) = 0. Hence, (Ao, p(f)) = O that is a
contradiction with the assertion (i). We have proven that A # 0, and it suffices to divide all the
multipliers and p by A to obtain the assertion (iii).

To prove the assertion (iv) of Corollary 2.6, we begin to prove that Ay # 0. To do that,
we proceed by contradiction, we assume that A9 = 0. Since D¢ 3f(T,x0(T),uo(T)) exists,
DG’3HM(T,x0(T),uO(T),p(T)) exists and we have DG 3HM(T )C()(T) (T),p(T)) p(T)
DG 3f(T,xo(T),up(T)). From (MP.M), we obtain p(T) o Dg3f(T,xo(T),uo(T)) = 0. From
(TC), we obtain

i AaDrg®(x0(T)) o DG 3 f (T, xo(T),uo(T)) + i gD (xo(T)) 0 D 3f (T, x0(T),uo(T))
a=1 B

= p(T)oDg3f(T,xo(T),uo(T)) = 0.

By using (LI), we obtain ((Aq)1<a<m,(4p)1<p<q) = 0, which is a contradiction with (NN).
Hence, we have proven that Ag # 0. Dividing A, g, p by A9, we normalize all these terms,
and we have Ag = 1. To prove the uniqueness, let ((A})o<a<m, (,uﬁ)1<5<q,p ) € RI+m+a

PC'([0,T],E*) which satisfy the conclusions of the Theorem 2.4 are verified with ] =
From (MPM), we have, p'(T) o D3 f(T,xo(T),uo(T)) = 0. Thus

(p(T) = p"(T)) o D63 (T,x0(T),uo(T)) = 0.
From (TC), we obtain

Y (= AL)Dug®(x(T)) 0 D f(T, %0(T) ()

a=1

+ i ‘uB ‘u'ﬁ DHhﬁ(xo( ))ODGSf(Tva(T)vuO(T)) =0.

Hence, using (LI), (A¢)o<a<m = (AL)o<a<m and (Ug)i<p<qg = (,ué)lglggq. Consequently, us-
ing (TC), we obtain p(T) = p'(T). Using the uniqueness of the solution of a Cauchy problem
on (AE.M), we obtain p = p'. Corollary 2.6 is proven.

2.4. Proof of the results of the problem of Bolza. As in [3], we transform the problem of
Bolza into a problem of Mayer to deduce Theorem 2.1 from Theorem 2.4. That is why, we
introduce an additional state variable denoted by 0. We set X := (0,§) € R x Q as a new
state variable; we set F(t,(0,&),8) := (f°t,&,0), f(t,€,{)) as the new vectorfield; we set
G%(0,E):=0+g°(&). G%(0,&) :=g%(&) when a € {1,...,m}, and we set HP (G, &) := hP ()
when 8 € {1,...,q}. We formulate the new following problem of Mayer:
Maximize G°(X(T))
subject to X € PCL([0,T],R x Q),u € NPCR([0,T],U)
(A B) dX(t) = F(1,X(1),u(r)), X(0) = (0,&)
Va € {1,....m}, G*(X(T)) >0
VB € {1,....q}, HF(X(T))=0.
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Proceeding as in the section 6 of [3], the proofs of Theorem 2.1, of Corollary 2.2 and of asser-
tion (1) of Corollary 2.3 are similar to the proof of Theorem 2.1, Part (I), Part (I), and Part (I1I)
of [3].

Proof of assertion (ii) of Corollary 2.3.

First we want to prove that Ay # 0. To do that, we proceed by contradiction, we assume that
Ao = 0. Using (MP.B), we obtain p(f) o D¢ 3f(f,x0(f),uo(f)) = 0. Since D 3f(,x0(),uo(f))
is onto, we have necessarily p(7) = 0. Since we have assumed (QC,1), (A, p(7)) = (0,0) pro-
vides a contradiction after assertion (i) of Corollary 2.3. Hence we have proven that Ay # 0. To
conclude it suffices to divide Ag, ..., Ay, i, ..., 1y and p by Ag.

Proof of assertion (iii) of Corollary 2.3.

First we want to prove that Ay # 0. To do that, we proceed by contradiction, we assume
that 49 = 0. Using (MP.B), we obtain p(T) o Dg3f(T,xo(T),uo(T)) = 0. That is why, us-
ing (TC), we obtain ¥, 2aDrg*(xo(T)) 0 D3 f(T,xo(T),uo(T)) + L, tgDphP (xo(T)) 0
DG 3f(T,xo(T),uo(T)) = p(T) oD 3f(T,xo(T),up(T)) = 0. It follows from (LI) that (Vo €
{1,...,m}, 2¢ = 0) and (VB € {1,...,q}, ug = 0); hence we have ((Aa)o<a<m, (1p)1<p<q) =
(0,0); which contradicts (NN). We have proven that A9 # 0. We conclude as in the proof of (ii).
Proof of assertion (iv) of Corollary 2.3.

From assertion (iii), we know that there exists ((Aq)o<a<m(Hg)i<p<q) With o =1, and p
which satisfy the conclusions of Theorem 2.1. Let ((A})o<a<m, (Hllg)lgﬁgq) with A =1, and

p! which satisfy the conclusions of Theorem 2.1. Using (MP.B), we have

P! (T)oDg 3 f (T, x0(T),uo(T)) + D 3f°(T,x0(T),uo(T)) = 0
and

p(T) 0 DG 3 f(T,x0(T),uo(T)) + D s f*(T,x0(T),uo(T)) = 0.
Using twice (TC), we obtain Y _; (Aq — A4 )Dug®*(xo(T)) oD 3 f (T, x0(T),uo(T)) —1—2;13:1 (ug—
[,Lé)DHhB (x0(T)) o DG 3f(T,x0(T),up(T)) = 0. The linear independence provided by (LI)
implies (Yoo € {1,....m}, Ay — AL = 0) and (VB € {1,...,q}, Up —ué = 0). Consequently,
we have ((Ag)o<a<m, (Up)i<p<q) = (Ad)o<a<ms (Hé)lgﬁgq)- Using twice (TC), we obtain

p(T) = p'(T). Using (AE.B) and the uniqueness of the solution of a Cauchy problem, we
obtain p = p'. We have proven the uniqueness.

3. ENVELOPE THEOREMS

X is a Banach space, Y and Z are real normed spaces, €2 is a non-empty open subset of X, and
U is a non-empty open subset of ¥, fO: [0,T]| x QxU xZ =R, f:[0,T| xQxUxZ— X
g:QxZ-RO<i<m)and W/ :QxZ R (1< j<gq)are mappings. Let & € Q, for all
7 € Z, we consider the following problem of Bolza.

Maximize ] fO(¢,x(¢),u(t), w)dt + g°(x(T), )
subjectto  x € PC([0,T],Q),u € NPCY([0,T],U)
('@7 7:) Vi € [OvT]vdx(t) .:f(tvx(t)’u(t)vn)v X(O) = éO
Vie{l,...m}, g(x(T),x)>0
Vjie{l,....q}, h(x(T),x)=0.
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The Hamiltonian of Pontryagin of this problem of Bolzais #7 : [0,T] x Q@ x U x X* xR — R,
defined by #5(t,,8,p.A) i= p- f(t, 6,8, 1)+ Af2(,€,8,m) when 1 € [0,T),€ € @, { € U,
p € X* and A € R. For each 7 € Z, we denote by V[r] the value of (4, 7).

3.1. Main results. We fix 1 € Z and we consider the following list of conditions.
Conditions on the solutions.

(SO) There exists an open neighborhood P of 7y in Z s.t., V& € P, there exists (x[n],u[n]) €
PC'([0,T],Q) x NPCY(]0,T],U), a solution of (%, 7). There exists 67 € Z s.t.
Dx[my; 7] and Dju[my; 87) exist.

Conditions on the integrand of the criterion.

IC1) f2eC’([0,T]xQxU xPR),and, V(t,&,,m) €[0,T] x Qx U x P, DG 2f°(t,€,¢, 1)
exists. Moreover, for all & € P, for all non-empty compact K s.t. K C Q x U,
sup(, ¢ £yefo.r)xk 1PG2 0,8, 8, )| < +ee.

(IC2) For all ¢ € [0,T], Dy (23 4 FO(t, x[mo) (¢), umo) (¢), M) exists. Moreover, for all & € P,
Dy 3 f(T,x[x](T),u[x)(T ),71) exists, and the function
(@ Dy 3fO(T,x[x)(T),ul] (T),m)] € CO(P,Y*).

(IC3) There exists k € .Z1(([0,T],2([0,T])), m;R ), there exists p > 0 s.t.,

Vi € [07 T], v(ébclﬂrl)a (527 CZ,TL'Z) = B||||1((x[7r0] (t)7u[7t0] (t)a ﬂo),p),

|f0(t7§17 Claﬂ:l) _fo([,§27 Cz,ﬂ'z)‘ < K(l)”(gla Cl;ﬂ:l) - (62762777:2)H‘

(IC4) Forall (¢,{,7) € [0,T] x U x P, Dp2fO(t,x[x](t),{, &) exists and, V7 € P,

[(#,8) = DpafO(t,x[m] (1), §, m)] € C°((0,T] x U, X™),
where %([0,T]) is the Borel tribe on [0, 7] and m; is the canonical Borel measure on [0, T].
Notice that (IC1) concerns the continuity and the partial Gateaux differentiability; (IC2) con-
cerns the Hadamard differentiability, (IC3) concerns a partial Lipschitz condition, and (IC4)
concerns the partial Fréchet differentiability. if, x € CO(P,C%([0,T],Q)) and, for all ¢ € [0, T],
fO(t,-,-,-) is Fréchet differentiable on Q x U x P, and if DE (234) f9 is continuous on [0, T] x
Q x U x P then (IC1)-(IC4) are fulfilled. In our approach we want to weaken the conditions on
19
Conditions on the vector field.

(V1) Forallx € P, [(t,E,{) — f(t,E,¢,m)] € CO([0,T] x @ x U,X), and, for all (¢,€,{,7) €
[0,T] xQxU %P, Dgaf(t,§,8, m) exists. Moreover, for all & € P, for all non-empty
compact K s.t. K C Q x U, sup(, ¢ ryeo.r)xk [1P6.2f(£,8, 8, 7) | < +oo.

(V2) Forallz € [0,T], Dy (2,3 4)f (¢, x[70] (t), umo] (t), 7o) exist and, for all & € P,

Dy 3f(T,x[n](T),u[x](T), ) exists.
(V3) Forall (+,§,m) € [0,T] xU x P, Dpaf (t,x[7](t),§, ) exists and, V7 € P,
[(t7 C) = DF,Zf(tux[Tc] (t)v C?TC)] S CO([Oa T] X U?"?(X?X))
We can do a comment on (V1)-(V3) which is similar to the comment on (IC1)-(IC4) which is
given just after (IC4).
Conditions on the terminal constraints functions and the terminal function of the crite-
rion.
(CT1) Forall ¢ € {g': 0 <i<m}U{h/:1<j<q}, Duo(x[m](T),m) exists and, V7 €
P, Dy 1 ¢ (x[r](T), ) exists.
(CT2) Forall ¢ € P, forall j € {1,...,q}, h/(-, &) is continuous on a neighborhood of x[7](T).
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Conditions on the terminal constraints functions, the terminal function of the criterion
and the vector field.
(CVT1) (D18 (x[70)(T), 7o) o Dy 3.f (T, x[m0)(T), u[mo) (T), o),
Dy i (x[m)(T), o) o Dy 3 f (T, x[m0](T'),u[m0] (T'), 70) ) 1<im, 1< j<q 18 free.
(CVT2) Forall g € {g': 0<i<mlU{h/:1<j<gq},
(%= Dy 19 (x[7|(T), ) o Dy 3 f (T, x[x)(T),u[7](T ), )] belongs to
CO(PY™").
Conditions on the control space
(ESP) There exists (-|-) an inner product on Y* s.t. (-|-) € CO((Y*, | - |ly+)?, R).

Theorem 3.1. Under (SO), (IC1), (IC2), (IC3), (IC4), (VI), (V2), (V3), (CTI), (CT2), (CVTI),
(CVT2) and (ESP), DLV [my; 8 7] exists and

DV [0 67) = Dy g (o] (T), o) - 57+ £, Ao} D o (7o) (T), ) - 57

V0 0] D 2 (x[70)(T) 7o) - 57

+ f[O,T] DH74f0(t,x[7r0] (l‘), M[TL'()] (t), 71'()) -Omdmy (t)

+ Jio.7) P[70) (1) - Dr a f (8, x[70] (1), u[m0] (¢), 70) - 7w dmy (1), where (Ai[70])o<i<m, with Ao[mo] =
L, (1j[m0])1<j<q (respectively p[my]) are the unique multipliers (respectively the unique adjoint
function) of the Pontryagin Theorem applied to the solution (x[my],u[my)) of (B, m).

In order to provide a result on the Gateaux differentiability of V at 7y, we introduce the follow-
ing strengthened conditions.
(SO-bis) For all 67 € Z, Dx[my; 7] and Du[my; 67] exists.
(V4) There exists ¢ € Z1(([0,T],%4([0,T])),m;R,) s.t.
Vi e [OaT]a ||DH,4f(t7x[7t0](t)vu[ﬂOKt)a77"0)’ = _(t)'
Corollary 3.2. Under the assumptions of Theorem 3.1, assuming in addition (SO-bis) and (V4),

V is Gateaux differentiable at 7y and the formula of DGV [my| is given by the formula of Theorem
3.1

In order to provide a result on the continuous Fréchet differentiability of V, we introduce the
following strengthened conditions
(SO-ter) The functions [r — x[x]] and [7 — u[x]] are continuous at 7y and, for all & € P, for all
87 € Z, Dix|m; 67 and DSu[m; 57 exist.
(IC5) Forallw € P, forall 7 € [0,T], Dy (234)f°(¢,x[7)(¢),u[n] (), ) and, for all € [0,T],
7+ Dy (2.0 f° (t,x[m) (1), u[m) (1), m)] € CO(P, (X x Z)").
(IC6) For all T € P, [t — Dy 4f°(t,x[x](¢),u[x](t), )] belongs to
20(([0,7),2((0,1))),(z*, B(Z*))).
(VS) Forall w € P, forallt € [0,T], Dy (234 f(t,x[7](2),u[n](¢), ) existand for all ¢ € [0, T},
17> Dy 0. (1,3[7] (0), ulx) (1), W)] € COP, Z(X % Z,X).
(V6) Forall w € P, [t — Dy 4f(t,x[x](t),u[x](t), )] belongs to
29([0,T],%([0,T))), (L (Z,X),28(L(Z,X))) and there exists
cec Z1(([0,T],%([0,T))),m;; R, ) s.t. V¢ € [0,T], V& € P,
1D, 0.1, ) (0, ulm) 1), )| < ).
(CT3) Forall¢g € {g":0<i<m}U{h :1<j<gq}, forall r € P, ¢ is Hadamard differentiable
at (x[x](T), ) and, [x — Dy ¢ (x[x)(T), )] € C°(P, (X x Z)*).
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£Y denotes the space of all measurable functions.

Corollary 3.3. Under the assumptions of Corollary 3.2, if, in addition (SO-ter), (ICS), (IC6),
(V5), (V6) and (CT3) are fulfilled, then V is continuously Fréchet differentiable on 23 which is
an open neighborhood of my and for all © € 20, for all 61 € Z,

DpVin]-0m = ngz.go(x[n] (T),7)- 8+ Y™ Ai[7]Dy 28 (x[7)(T), ) - 67

+ X1 4[] Dy o (x[7](T), ) - O

+ f[O,T] DH,4f0(t7x[7r](t)’ u[n’](t), 71:) ) 57Tdm1(t)

+f[07T]p[7t] (t)-Dpaf(t,x[x|(t),u[n](t),x) - Smdm(t), where (A;[T])o<i<m, with

Mo[m] =1, (uj[r])1<j<q (respectively p[m|) are the unique multipliers (respectively the unique
adjoint function) of the Pontryagin Theorem applied to the solution (x[rt|,u[r]) of (%A, 7).

3.2. Proof of Theorem 3.1. We begin to establish a generalization of Lemma 5.2 in [4].

Lemma 3.4. Let E be a real normed vector space, G be a non-empty open subset of E, § :
[0,7] x G — R be a function and ro € NPCY([0,T],G). We consider the following conditions:
(i) € PCP([0,T] x G,R).
(ii) There exists p; > 0 and there exists { € Z1(([0,T],%([0,T])),m;R) s.t., V¢ € [0,T],
Vuy,up € B(xo(2), p1), [§(2,u1) — (2, u2)| < §(2)[Jwr —uz].
(iii) Forallt € [0,T], Dy 2f(t,x0(t)) exists.
We consider the functional F : NPC%(]0,T],G) — R defined by,
forall x € NPCY([0,T),G), F(x) := J{ §(t,x(t))dt. The following assertions hold.
(a) NPCY([0,T],G) is open in NPC%([0,T],E).
(b) Under (i)-(ii), F is well defined and Lipschitzian on B)._(x0, 1)
(¢) Under (i)-(iii), F is Hadamard differentiable at yy and for all b € NPCI%([O, T|,E),
[t = Dy 2f(,30(1)) - b(1)] € 21 (((0, 7], ([0, T])),m1;R) and
for all'y € NPCR([0,T],E), DiF (x0) -b = fio 1P 2f(t,x0(1)) - b(r) dmy (r).

Proof. (a) Let ¢t € NPC%(]0,T],G); we have the closure c/(x([0,7])) C G. If (T:)o<i<ni1 i
the list of discontinuity points of r, when i € {0,...,n}, we define r; : [7;,7;+1] — G by setting
ti(t) :=x(t)ift € [, 7 1[ and 1;(7;1 1) := ¥(Tiy1—). Hence, we have ¢; € C%([1;,7,11],G), and
then r;([7;, 7i+1]) is compact and moreover we have cl(x([0,7])) := Ug<j<n &i([Ti, Tir1]) Which
is compact as a finite union of compacts. o

Using the continuity of the function [u +— d(u,E \ G) := inf{||ju —v|| : v € E'\ G}], the closed-
ness of £\ G and the Optimization theorem of Weierstrass setting o := inf{d(u,E\ G) : u €
cl(x([0,T]))}, we have a > 0, and then we easily verify that B.|_(x,5) C NPCR([0,T],G); and
so (a) is proven.

(b) When ¢ € NPC%([0,T]), we see that [t — f(t,x(¢))] is regulated and consequently, it is Rie-
mann integrable on [0, T] cf. ([5], p. 168) hence F(x) is well defined. (ii) implies that F is
Lipschitzian on B._(x,p1); and so (b) is proven.

(¢) Let h € NPCR([0,T],E), h # 0. We set 6% := thnw min{p,$} > 0. Let (6,),en €]0, 0[N
s.t. lim 6, =0.

n—4-o0
Since the Hadamard differentiability implies the Gateaux differentiability, from (iii), for all

t €[0,7), we have D af(t,xo(r)) - b(t) = Daf(t.xo(r)) - (1) = lim Wa(o).
where W, (1) := g (§(t,20(t) + 6,5(r)) — (2, x0(2)))-
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Since [t — f(t,x0(t) + 6,h(¢))] and [t — §(¢,x0(¢))] are regulated, they are uniform (therefore
pointwise) limits of sequences of step functions, hence they are Borel functions, and then
¥, is a Borel function as a pointwise limit of a sequence of Borel functions. Hence [t —
Dy 2f(t,x0(2)) - ()] is a Borel functions. Using (ii), we see that that [|W¥,()|| < {(7)||b||- for
all t € [0,T] and for all n € N. Since {||hl € £'(([0,T],%([0,T])),m;R;) we can use
the Dominated Convergence Theorem of Lebesgue to assert that [t — Dy of(t,x0(2)) - h(2)] €
Z'(([0,T],2([0,T])), m;;R) and also that

fio1 D 2f(0,80(6)) - Dlt)dmi(e) = T fi 1 ¥a(t)dmi(e) = i - (F(xo -+ 60D) — F (x0));

n—y+oo
hence DF (ro; b) exists and we have

DEF(10:h) = /[O.T] Dr1 27t 10(1)) - H(t)dmy (1). 3.1)

Using the linearity of the integral and of the Hadamard differential, we obtain that DgF (zro5-)
is linear, and since |[DGF (20, h)| < [|S]].1][6]e for all

h € NPCY([0,T],E), we obtain that D/F (xo;-) is continuous and consequently F is Géteaux
differentiable at rg. Under (a), since F is Lipschitzian on a ball centered at ro, using ([6],
p.259), we obtain that Dy F (x) exists and the formula of Dy F(xro) - b is given by DEF (xo3h)
and (3.1). O

We are able now to prove Theorem 3.1.
1% step: existence of D5V (my). We consider E := X x Y X Z, G := Q x U x P which is
openin E, f: [0,T] x G — R the function defined by §(z,(E,{, x)) := fO(t,&,¢, ®), x[x](t) =
(x[x](t),u[](t), ) and when r € NPC3([0,T],G), we consider the function
F(r):= fOT f(¢,x(¢))dt as in Lemma 3.4. We want to use Lemma 3.4 with
ro = t[m] € NPCY([0,T],G). From (IC1), (IC2) and (IC3), the assumptions (i)-(iii) of Lemma
3.4 are fulfilled, therefore we obtain that, for all v € NPCY([0,T],X x Y x Z),

[t = DH7(27374)f0(t,x[7r0](t),u[no](t),71'0) 'v<t>] € gl(qov T]a‘%([()?T]))?ml;R)? (3.2)

and F is Hadamard differentiable at r[my]. Next, after (SO), Dx[my; 87 exists and for all
t €10,T], DExlmo; 87 (1) := (Dgx[mo; 67 (1), Dsulmo; 67 (¢ ),87r)

From (SO), we have also, for all & € P, V[x] = F(x[n]) + g°(x[n](T),x). Therefore, using
([6], (4.2.5) p.263), we have DV [my; 6] = D F (x[mo)]) - Dx[mo; 7] + Dug® (x[mo)(T), mp) -
(D&x|mo; 67)(T), 7).

2% step: a first formulation of DgV(n'o). Using the formula of Lemma 3.4 for F with rg = ¢[m]
and the partial differentials in the previous formula, we obtain

DLV my; 87] )

= Jjo.r1 P 2 (1, x[m0) (¢), u[mo0] (¢), 70) - Dsx[70; 8] (1) dm (¢)

+ Jjo.11 Dr 30 (8, x[m0) (1), ul 0] (¢), 7o) - Dulmo; S7)(r) dmy (1) (3.3)
+f0TDH4f (t,x[70] (¢), u[m0] (¢), 7o) - S 7w dmy (¢)

+Dyy,18° (X[m0 (T'), o) - DGx[ 703 87 (T) + Dz 28° (x[mo)(T ), 7o) - 6. |

At this time, we see that the second and last terms of (3.3) are present in the formula of Theorem
3.1. We ought to transform the other terms.
3% step: the existence of multipliers and the adjoint function of the Pontryagin Theorem.
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Thanks to (CVT1) and (CVT?2), by using Lemma 4.1 in [4], there exists Q, an open neighbor-
hood of my, Q C P, s.t.

Vi € O, (Du 18 (x[7)(T), ) o Dy 3 f (T, x[7)(T), ul7)(T), 7)) 1<i<m,
(DHJhJ(X[TL'](T),TC) ODH_‘3f(T,X[7T](T),M[?T](T), n))ISJSQ) (3.4)
is free.

Setting, ¥(,1,§, ) € 0x [0, T] x @ x U, f7(1,€,8) = f°(1,€,8,7), fz(1,, ) = f(1.£,C, ),
gh(&):=g'(&,m) (0<i<m), hi(&):=hn (&, m)(1 < j<q), we see that (%, 1) is a special
case of the problem of () of Section 2 of this paper. For all & € Q, note that (SO) implies
that (x[x],u[n]) is a solution of (%, x), (IC1) and (IC4) imply that (A1l) is fulfilled, (IC1)
implies that (A12) is fulfilled, (V1) and (V3) imply that (Av1) is fulfilled, (V1) implies that
(AVv2) is fulfilled, (CT1) implies that (ATI) is fulfilled, (CT2) implies that (AT2) is fulfilled,
(CT2) implies that (AT2) is fulfilled. Hence, the assumptions of Theorem 2.1 are fulfilled.
Moreover, note that (3.4) and (V2) implies that (LI) is fulfilled, and using (IC2), the assumptions
of Corollary 2.3, (iv), hold.

Hence, we obtain the existence and the uniqueness of ((A;[7])o<i<m, (1;[7])1<<q;

plr]) € R REx PCY([0,T],X*) with Ag[n] = 1 s.t. the following conditions are fulfilled.

(Si) Forall m € Q, for all i € {0,...,m}, 4;[n] >0
(S¢) Forall w € Q, for alli € {1,...,m}, A;[m]g' (x[x](T),x) = 0.
(TC) Forall & € Q,
Dy,18° (x[x](T),m) + L Ailm) Dy 18" (x[7)(T), )
FY () Dy () (T), ) = pla(T)
(AE) For all w € Q, for all 7 € [0,T], dp[n](t)
= —p|a](r) o Dra f(t,x[x)(t), ulm)(t), 7) — Do fO(t, x[x] (1), u[x] (), 7).
(MP) Forall w € Q, forallt € [0,T], forall { € U,
A (t,x[7] (), ulm] (2), pl)(2), 1) = Az (t,x[7] (1), G, p[7](1), 1)
4" step: the transformation of the partial differentials of f° with respect to the state
variable and the control variable. For all 7 € [0, 7], for all real normed space %), we con-
sider the evaluation operator ev? : NPCY([0,T],9) — 2 defined by ev? (@) == @(t) when
@ € NPCY(]0,T],9). Note that P e & (NPC%([0,7],9)),%). We can rewrite the evolution
equation of (4, r) in the following form,
Vr € PV €[0,T), (evy odox)[x] = f(t,+,,-) o (ev¥ (x)[],evy (u)[ 1], idz)[x]. Using ([6], p.253),
we obtain D (evi od ox)[my; 6] = Dy (evy od)(x([m)]) - DEx[mo; 7]
= (evf od)-Dlx[my; 7] = ev) (d(Dfx[my, 8 7))
= d(D{x[m; 87])(r) i.e. we have the following inversion of the two notions of differentiation
d and Dg.
D (dx(t))[mo; 7] = d(DGx[mo: 67]) (¢)- (3.5)
From (V2), we also have D& (f(t,-,-,-) o (ev¥ (x)[-],ev} (u)[-],idz))[m0; 57r]
=Dy (234 (t,x[m0] (1), u[m0] (1), Mo ) - (DEx[ 703 8] (1), D u[mo; 6] (¢), 5 ). Therefore, we have,
for all r € [0, T], d[Dx[mo; 67 (¢)
— Dy (o300 (1, X[} (1), 0] (1), 7o) - (D {03 8] (1), Dsulmo: 5] (1), 57).
From (MP), (V2) and (IC2), we have, for all 7 € [0, T],
Pl (1) 0 D3 0] (1)l o) 1), o) + D 300, (o] 1) ) 1), ) = 0.
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Consequently, for all r € [0, T], we have

23S (.x[m) (1), u[mo) (1), 7o) - (Dx{mo: 6] (1), Dgyulmo: S (1))

d[ (7ol (t) - D&x([mo: 6] (1) —
[ﬂo]() D o f (t,x[mo] (), u[ 0] (£), o) - Déx[ 0 67 (1) —
plmo](t) - Dr 3£ (t,x[70] (1), u[mo](¢), 7o) - Deyu[mo: ] (1)
= —d[p[m]| () - Dgx[m0; 67| () — p[mo) (¢) - Dy (2,3.4) f (8, x[m0] (8), u[ 0] (1), 7o)
( Cx[m; 67)(t), Diulmy; 87)(t), 87)

[ﬂ J(1) - D af (1, x[m0) (2), u[mo) (2), 7o) - 670

—d|p[mo]](t) - Doz 67] (1) — plo] (t) - d[DGx[mo: S]] (1) +

p[ 0l(t) - Dar af (t,x[m0) (1), ulmo] (1), m0) - O 72

Therefore, we have

o
o

DSV [my; 6] = )
Joo.ry —d[pm)(t) - Déx[mo; 87)(r) — plmo] (r) - d[DGx[mo; 7] (1) dm (1)
+ Jjo,7) P[] (1) - D af (8, x[70](2), u[m0] (2), 70) - ST dmy (1) (3.6)

+ Jjo,7] Dy af(t,x[mo) (), ulmo] (t), M) - Smdmy ()
—I—DHJg()(x[JT()](T), J'L'()) ~Dgx[77:0; 577:](T) +DH72g()(x[7'C0](T), 77:()) -OT.

/

We consider the function y : [0,7] — R defined by, for all 7 € [0, T],

v(t) = pm)(t) - Déx[mo; 87 (¢). Since y € PC'([0,T],X*) and Dix[my; 87] € PC'([0,T],X),
we have y € PC'([0,T],R) and, for all € [0, T], we have dp[m)(t) - Dx[mo; 87 (1) + plmo) (t) -
d[Dgx[mo; 8m](¢). ie. dy(t) = dp(mo|(t) - Dgx[mo; 7| () + plmo](7) - d[Dx[mo; 7] (). Since
v € PCY([0,T],R), we have, for all € [0,T], w(T) — w(0) = [ dw(t)dt.

Moreover, we have D 5x[m; 67](0) = 0.

Therefore — f; dy(t)dt = —y(T) + y(0) = —p[m)(T) - Dsx[mo; S7] (T).

Therefore, we obtain

DV [mo; 7] = —p[mo(

+ Jjo,r) P70] (1) - D a f (1, x[m0] (2), u[ 7o) (1),
+Jo. T]DH4fO(l x[mo) (), ulmo) (t), o) - Smdmy (t) (3.7)
+DH18 (x[m)(T'), m0) - Dgx[ﬂoé&f](T)

+Dp 28" (x[m) (T), 7o) - 872

5'" step: the transformation of the first and the second to last terms of (3.7). From (TC),
we obtain

DV [70; 87] = — Xy Ailmo) Dy 18 (x[m0](T), 7o) - Dox( s S7)(T) )

— X9 1ilmo]Du W (x[mo)(T), 7o) - DGx[mo; 6] (T)
+for plmo)(t) - DH4f(f x[mo](2), u[mo](2), 7o) - 67w dmy (1) (3.8)
+f0T DH4fO t, x ( ) [ﬂo](l),ﬂo)-aﬂdml(l)
+Dp 28° (x[m) (T), M) - 5.

/

Besides, by using (MP) and (V2), we have, for all 7 € Q,
plr)(T) o Dy 3 f (T, x[7)(T),u[z)(T), %) + Dy 3 f°(T,x[x](T),ux](T),x) = 0. Consequently,
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by using (TC), we have
Vr € Q, YL Ailn]Dp 18 (x[m|(T), 7)o Dy 3 f (T, x([x](T ), u[m] (T), )
+ Y01 w7 Db (x[7)(T), ) 0 Dy 3 f (T X[ )(T),ul7](T), 7)

= —Dy18°(x[7)(T), 7)o Dy 3 f (T, x[7)(T),u[7)(T), )
~Dy 32T, x[7)(T), u[7)(T), 7).

(3.9)

In the following lemma, we etablish the continuity of the multipliers with respect to 7.
Lemma 3.5. Foralli€ {1,...,m}, 4 € C°(Q,Ry), and, for all j € {1,..., q}, u; € C°(Q,R).

Proof. First, for all & € Q, we set Fy := span{e;[n] : 1 <i <m+q} and F := Upco(Fr < {7})
where for all i € {1,...,m}, e;[n] = Dy 18'(x[7)(T), %) o Dy 3 f (T, x[x)(T),u[n](T), ) and for
all j € {1,...,q},

em+ ;%) = Dy h! (x[7)(T), ) o Dy 5 f (T, x[7)(T),ux](T),x). For all (x,7) € F, we denote by
Xq (¥, ) the a-th coordinate of X in the basis (¢;[7])1< j<m+q-

From (IC2), (V2), (CVT2), (ESP) and (3.4), by using Lemma 4.3 in [4], with E =Y* W =
Z,W = Q, we obtain that, Vo € {1,...,m+q}, X¢ is continuous on U (Fr X {7}).
Consequently, since (3.9), we have, for all & € Q,

X[n] := ~Dyy,18°(x[m)(T), ) o Dpy 3 f (T, x[x|(T ), ulm|(T), ) —

Dy 3 fT,x[7)(T),u[n)(T), 7) € Fy.

Hence, we have for all i € {1,...,m}, & =x;0(x,idg) € C°(Q,R), and

forall j € {1,....,q}, Lj = X+ 0 (X,idp) € C°(Q,R). O

Let i € {1,...,m}; if Aj[m] > 0, using Lemma 3.5, there exists a neighborhood N of m
in Q s.t., for all # € N, Aj[m] > 0. Consequently, by using (S¢), we obtain that, for all & €
N, g'(x[m](T), w) = 0. From (SO) and (CT1), we have Dy 1 &' (x[m0)(T'), 70) - Dx[m0; 8] (T) +
Dy 28" (x[m0)(T), m) - 87 = 0. Hence we have
Ailmo]Dp 28 (x[m0] (T), 7o) - 87 = — ;[0 Dt 18" (x[mo] ('), o) - Dsx[0: S7)(T).

Moreover, if A;[7y] = 0, then we also have A;[mo| Dy 28" (x[70)(T'), mp) - 07
= —Ai[m0]|Dp,18' (x[70](T), M) - Dgx[mo; 7| (T). Hence, we obtain

Vie {1, ceny m}, A‘i[ﬂo]DHggi(X[ﬂo](T), 71'0) OT }
= —Ai[mo] D18 (x[mo) (T), o) - D& x[m0; 8] (T').

Let j € {1,..., ¢}; remark that for all & € Q, h/ (x[x](T), ) = 0.

From (SO) and (CT1), we have

Dy 1h/ (x[mo)(T), ) - DEx[mo; 87) (T ) + Dy oh? (x[m0)(T'), ) - 87 = 0. Consequently, we ob-
tain

;70D oh? (x[700)(T), ) - 67 = — (70| Dy 1 b (x[700) (T ), ) - DEX[700; 6 7)(T). (3.11)
From (3.8), (3.10) and (3.11), we have

DGV o3 87 = Dy 28° (x[mo)(T), 7o) - 870 + Xy Al 0] D 28 (x[70)(T), 7o) - 670
+ X5, 1j[mo] D oh (x[mo)(T), mo) - 670

+ Jjo.1) Praf (2, x[mo) (1) u[mo) (1), 70) - S (1)

+ Jjo.7) PLmo) (t) - Dra f (¢, x[m0] (¢), u[m0] (1), 7o) - S dmy (1)

(3.10)
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3.3. Proof of Corollary 3.2. For all 67 € Z, from (SO-bis), D-x[m; 87] and Dju[my; 67]
exist.

Consequently, the assumptions of Theorem 3.1 are fulfilled for every direction 67 € Z.
Therefore, using Theorem 3.1, we have

VoreZ,

DLV (my;67) = DHzg([ﬂ'o](T) )
X Ailmo] D g (x[70) (), 7o) -
+ X0 il Dy oh ([0 (T), o) - 8 (3.12)
+ Jior Drr.afO e, x{mo) (), ulmo] (¢) >6ndm1<>

+ Jio.r) P(m0) () - Dit a f (¢, x[m0) ), o) (1), o) - S dmy (1). |

Moreover, we have

Vi € (0,71, [|Dp 2.3.0)f° (t,x[70]) (1), u[m0] (1), 7o) | < K (). (3.13)
Since (3.13), using the linearity property of the Borel integral, we have
(67— Jio.1) Dy 4f(t,x[mo] (), u[mo) (¢), M) - Swdmy (t)] € Z*.
Besides, from (V4), we have for all r € [0, T,
Ip[m0](2) © Da a f (2, x[m0] (1), u[mo] (¢), 7o)
< |lp[mo] (0) [[[|Dr 4. (2, x[m0] (2), ul[70] (2), 70) | < || p[70] oo ().

Consequently, using the linearity property of the Borel integral, we have
(67 = Jjo.7) P[70)(2) - Dpa af (8, x[70] (1), u[70] (), 70) - S dwy (¢)] € Z*. Therefore, we have
(67— DLV [my; 87]] € Z*. Therefore V is Gateaux-differentiable at 7.

3.4. Proof of Corollary 3.3. Note that, by using (SO-ter), the function t : P — NPCY([0,T],Q x
U x P), defined by, for all & € P, for all 7 € [0,T], x[x](t) = (x[x](t),u[r](z), ) is continuous
at 7.

Therefore, we have

35> 0 5.t V7 € B(mo,7), [|e[] — £[m0] [l < g. (3.14)
We set a := min{F, 5 }. Note that, we also have
Vr € B(m,a), vt € [0,T], B, (x[](2),a) C By, (x[m0](2),P)- (3.15)
From (IC3), by using (3.15), we have
W(t) € B(m,a),Vr € ([)O,T], V(&1,81,m), (&2, 8, m) € By, (2(7)(1), a), } (3.16)
260 G ) — 78,82, G, m) | < k(@) [1(81, G, 711) — (&2, G2, )1

We set 20 := B(mp,a) NQ C P. Let © € 2. Note that 20 is an open neighborhood of 7 in Q
and, for all T € 20, (x[x],u[x]) is a solution of (£, T), consequently (SO) is fulfilled my = 7.
Ty is not present in the conditions (IC1), (IC4), (V1), (V3), (CT2) and (CVT2), that is why
using our assumptions these conditions are already verified.

Using our additional assumptions, the conditions (SO-bis), (IC2), (IC3), (V2), (V4) and (CT1)
are fulfilled with 7y = 7.

Besides, the assertions (3.16) implies that (IC3) is fulfilled with 7y = 7, and the assertion (3.4)
imples that (CVT1) with my = 7. Hence, for all & € 20, the assumptions of Corollary 3.2 are
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fulfilled with my = m. Therefore, we can use the Theorem 3.1 and we obtain that V is Gateaux
differentiable for every w € 2 and

Ve, VéreZ )
DV [x]- 87 = Dy g’ (x[m)(T), m) - S+ L | Ai[7] Dy o8 (x[7)(T), ) - S
+ X% wj(m)Du ph! (x[7)(T), m) - 67 (3.17)
+ fio.r1 D 00, x[x) ), ul) (1), ) - Sy (1)

+ Jio.r PL7|(1) - D af (t,x([7)(1), u[7] (t), ) - S dmy (2).

Besides, by using (3.16) and (ICS5), we have
Vr € B(my,a), Vi € [0,T], ||DH7(27374)f0(t,x[7r] (1), ulr](r),m)] < k(7). (3.18)

Foralli € {2,4}, forallt € [0,T], & € 2T, we set
fi(t,7) = Dy if (t,x[7)(t),u[x](t), ) and §9(t, ) = Dy ;f° (¢, x[7] (), u[x](¢), 7). In the follow-
ing lemma, we prove that the adjoint function is continuous with respect to the parameter 7.

Lemma 3.6. [ — p[x]] € CO(0, (PC'([0,T],X*),|| - |l-)).

Proof. From (TC), (CT3) and Lemma 3.5, we have
[ = plm)(T)] € C°(Q,X7). (3.19)

Let # € 20. We consider the functions ¢; : [0,7] x 20 — R, defined by (¢,7) € [0,T] x 207,

@1(t, ) ;= ||f2(t, ) — f2(t, &) ||, and @ : [0, T] x 20 — R, defined by, for all (¢,7) € [0,T] x 20,

@(t,7) == ||f3(¢, ) —§5(,#)||. Note that using (IC4) and Lemma 2.10, we have for all 7 € 20,

@) (-,m) € NPCY([0,T],R). Besides, using (3.18), we have for all & € 20, for all t € [0,T],

@)(t, ) < 2x(t). Next, using (IC5), we have, for all € [0, T], lim @) (t,7) = ¢)(t,7%) = 0.
n—T

Therefore, using the Dominated Convergence Theorem of Lebesgue, the functional 1//? W —
R, defined by, for all w € 20, y(x) := Ii @)(t,7)dt, is continuous at # i.e.

lim y7(7) = y; (%) = 0. (3.20)
T—T

Using (V3) and Lemma 2.10, we have, for all 7 € 20, ¢, (-, 7) € NPC%([0,T],R).
From (V6) we have .,V € 20, Vr € [0,T], @1 (¢, ) < 2c¢(t).
Besides, using (V5), we have, for all7 € [0,T], lim ¢,(¢,7) = ¢;(¢,%) = 0.

n—T

Consequently, using the Dominated Convergence Theorem of Lebesgue, the functional y; :
20 — R, defined by, for all & € 20, y () := fOT ¢, (t,m)dt, is continuous at 7 i.e.

lim i () = w1 (7) = 0. (3.21)
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For all @ € 20, for all t € [0, T], we have the following inequalities:

lp[z)(t) — p[&]()|| = || p[=](T) + J7[—plE](s) 0 Fa(s, ) — 3 (s, )] ds—
(PRI(T) + [7[=plR(s) o fa(s, %) — 5 (s, 2)]ds) |

<||P[7f( )= RN+ ;" |pl](s) 0 Fals, ) — p[R](5) 0 fols, &) | ds

+ [T 11905, ) — 1305, )| ds

< |lplxl(T) = p[RI(T)| + ;" | pl7](s) o Fa(s, &) — p[R](s) 0 fa(s, )+
plR](s) 0 als, @) — plR](s) o fals, &)l ds+ [T |[§9(s, ) —§5 (s, &) | ds

<HP[ |(T) — p[#] )||+ﬁTHP[”](S)—P[ﬁ](S)||||f2(S,7F)||dS

+ [ IRV ) 1525, ) = Fa s, &) || ds + wi ()

< |lpl=l(T) = p[ZI(T) + Jis 1y IP[7](s) — P[] (5)[| c(s) dmi () + || [ ][]0 W1 ()
+y)(m)

Since [s = || plx](s) — p[#£](s)|l] € C°([0,T],R) and c € £ (([0,T], ([0, 7])), m1:R+), by us-
ing the lemma of Gronwall ([1], p.183), we have, for all 7 € [0, T],
Ip[7] (@) = plEI )| < [lp[7](T) = p[Z](T)|[ + || P[]l 1 (7) +

W) exp( 7 c(s) dm (5)).
Therefore, we have
P[] = plA]llw < [ p[2)(T) — p[AU(T) || + || p[#] oo 1 (7) + W?(ﬂ)]exp(/[o T]C(S)dml (s))-
’ (3.22)
Hence, using (3.19), (3.20) and (3.21), we have ;I_IBT |lp[7] — p[#]|| = O.

Consequently, we have [ — p[x]] € C°(20, (PC'([0,T],X*), | - ||=))- O
Next, we consider the function ¥, : 20 — Z*, defined by, for all & € 20, for all 67 € Z,

W, (1) 67 1= /[0 D £, 17 (1), ulm) (1), 7) - Sy (1).

Lemma 3.7. ¥, € C°(20,Z%).

Proof. Let # € 20. We consider the fonction @9 : [0,7] x 20 — R defined by ¢9(t,7) :=
I75(e,m) =55t ).
Using (IC6), we have, for all &7 € 23, ¢9(-, ) € £°(([0,T],2(]0,T))), (R, Z(R))). Next, us-
ing (3.18), we have, Vit € 20,V € [0,T), ¢9(t, ) < 2x(t). Besides, from (IC5), we have, for all
t €[0,T), lim @9(¢,7) = ¢J(¢,#) = 0. Hence, using the Dominated Convergence Theorem of
n—7T
Lebesgue, the functional Y3 : 20 — R, defined by, y9(7) := Jio.m) @)(t,w)dm(t) is continuous
at T i.e.
lim y3 (1) = y3 (%) = 0. (3.23)
n—7T
For all 7 € 20, we have ||¥2(7) — P2(#R)|| < v ().
Conseqently, using (3.23), we have ;I_IBT |W2(7) — W2 (R)|| = 0. Hence, we have proven the

lemma. O
Now, we consider, the function W5 : 20 — Z*, defined by, for all & € 27, for all 7 € Z,

Y3(m)-om = f[o,T] plm)(t) -Du af(t,x[xm)(t),ulx|(t), ) - Omdm(z).

Lemma 3.8. W3 € C°(20,Z").
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Proof. Let & € 2. We consider the function @, : [0,7] x 20 — R, defined by ¢ (¢,7) :=

[fa(z, ) —Fa (2, 7).

From (V6), we have, for all 7 € 23, ¢,(-,7) € Z°(([0,T],2([0,T))), (R, %B(R))). Moreover,

using (V6), we also have, Vrr € 20, Vr € [0,T], ¢2(t,7) < 2¢(t). Besides, from (V5), we have,

forallz € [0,T], lim @1(z,7) = ¢2(t, &) = 0. Hence, using the Dominated Convergence Theo-
n—7

rem of Lebesgue the functional y, : 20 — R, defined by 7 € 20, Y1 (%) := [ 71 @2(7, ) dmy (1),
is continuous at 7 i.e.
lim yo(m) = y2(#) =0. (3.24)

For all w € 20, we have ||p[x]() o f4(t ) — p[&)(t) ofa(z, 7)||
= ||pl®](r) o fa(r, w) — p[#](2) o fa(t, 7) + p[&](r) o Fa(r, ®) — p[#] (1) o fa(t, 7) |

< |lp[x] = pla]llesc(t) + || p[7]]| 0 @2 (2, 7).
Consequently, we obtain

195 (x) ()] < lpl) —plAle [ eo)dm 1) + Il

)

Consequently, using Lemma 3.6 and (3.24), we obtain hm W3 () —¥3(%)|| = 0. Therefore,

we have proven this lemma. U

From (3.17), remark that

Vr €, .
DgV[r] = Duago(x[n|(T), m)+ XLy Ai[#]|Du 28" (x[7)(T), 7)
+ X7 Wi[m] D ol (x[7)(T), ) +Wa (m) + W3 (7).

Consequently, using (CT3) and Lemmas 3.5, 3.7 and 3.8, we obtain that, DGV € C°(20,Z*).
Therefore, using Corollary 2, p. 144 in [1], we obtain that V is Fréchet differentiable on 2J and
DrV[r] = DGV for all & € 20, and therefore DV € C°(20,Z%).
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