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EXISTENCE AND ANALYTICITY OF GLOBAL MILD SOLUTIONS TO GMHD
EQUATIONS WITH THE CORIOLIS FORCE NEAR AN EQUILIBRIUM
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Abstract. In this paper, we are concerned on the existence and analyticity of global mild solutions to the three-
dimensional generalized MHD equations with the Coriolis force in Lei-Lin type space. To be exact, we use the
energy method and continuous argument to prove that there exists a global solution near an equilibrium with the
initial value (ug,bo) € x'~2%(R%) N x!~?P(R?) for § < a,B < 1. Moreover, the global solution is analytic for
j<a=pg<1.
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1. INTRODUCTION

The three-dimensional generalized MHD equations with the Coriolis force of form is as fol-

lows:
o+ (—A)*u+ (u-V)u+Qezs xu+Vp—(B-V)B=0,

B+ Vv(—APB+ (u-V)B—(B-V)u=0, (1.1)
V-u=0,V-B=0,

with the initial condition
t=0:u=up(x), B=By(x), x € R, (1.2)

where u = u(x,t) € R? is the velocity field, B= B(x,t) € R? is magnetic field and p = p(x,¢) € R
is pressure, 1 > 0 and v > 0 are the viscosity coefficients of the flow, Q € R called the Coriolis
parameter represents the speed of rotation around the vertical unit vector e3 = (0,0,1), (—A)* is

defined by (—/A)\"f =\ |2’< f, where £ is the Fourier transform of f. Coriolis forces describe the

deviation of a particle moving in a straight line from a rotating system due to inertia. And the
MHD equations with Coriolis force play an non-negligible role in magnetohydrodynamics. In
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recent years, due to its importance, many scholars have studied it and obtained many excellent
results.

When % < a = <1, Wang and Wu [17] established the global well-posedness and Gevrey
class regularity for the generalized rotating MHD system with the initial data in y'~2%. And El
Baraka and Toumlilin [2] obtained the uniform global well-posedness of the Cauchy problem
and discussed the stability of global solutions for the 3D generalized magnetohydrodynamic
equations with the Coriolis force, where the initial value was required to be sufficiently small
in the critical Fourier-Besov-Morrey spaces. When a = § =1, (1.1) is the MHD system with
the Coriolis force, which has numerous applications in mathematical geophysics. For details,
we refer to [3] and the references therein. Moreover, the MHD system with the Coriolis force
was also used in hydromagnetics and [4] magnetohydrodynamic waves in the sun [9]. When
u = v =1, the Cauchy problem of incompressible rotational MHD system was shown by Ahn,
Kim, and Lee [1] to be globally well-posed in H*(R?) x (L> N L9)(R3) for § < s < 7 and
3<g< min{%, %}, which provided that the rotation speed is sufficiently large.

When Q = 0, the Coriolis force disappears and (1.1) is reduced to the generalized MHD
equations. For our purpose, we only recall on some related results in Lei-lin type space. For
% < oa = <1, Ye [22] and Wang et al [15] obtained the global well-posedness and decay
results of the solutions and mild solutions with small initial value, respectively. Liu et al. [12]
proved the existence of global solutions to three-dimensional generalized MHD equations with
large initial data. In addition to those results mentioned above, when % <oa<pB<I1,Yeand
Zhao [23] obtained global stability and asymptotic decay of zero solutions. Lu, Li and Wang
[13] proved analyticity and time-decay rate of global mild solutions near an equilibrium in the
critical space y! 2% ﬂxl_zﬁ. When Q =0and o = 8 =1, (1.1) becomes the classical MHD
equations, which has a lot of achievements. For instance, Wang and Wang [19] received global
mild solutions under the assumption that the norms of the initial value is precisely bounded by
the minimum of the viscosity coefficients. On the basis of [19], Wang [18] obtained asymptotic
decay of solutions. Lin et al. [11] proved global smooth solutions for a class of large initial
data. More interesting related results can be found in [14] and [20].

When B = 0 and o = 1, Zhao and Wang [24] concluded that the equations exist uniform
global large solutions for a class of special initial value. And in function spaces of Besov type,
global well-posedness and ill-posedness of the Navier-Stokes (N-S) equations with the Coriolis
force also have been obtained (see [5], [6], [7] and [8]). Besides, based on the Littlewood-
Paley theory and Ito integral, Wang and Wu [16] obtained the global existence of stochastic
N-S equations with Coriolis force in Fourier-Besov spaces.

Inspired by [10] and [17], the aim of this paper is to study the existence and analyticity
of global mild solutions near an equilibrium for the 3D generalized MHD equations with the
Coriolis force if % < a, B < 1. For this purpose, let b = B—¢;(l = 1,2,3). Then the perturbation
(u,b) around the equilibrium obeys

du+1(—A)%u+ (u-V)u+Qe3 xu+Vp—(b-V)b—3db=0,
b+ v(—=A)Pb+ (u-V)b—(b-Vu—ou=0, (1.3)
Vu=0V-b=0



EXISTENCE AND ANALYTICITY OF GLOBAL MILD SOLUTIONS 3
with the initial condition
t=0: u=up(x), b=bo(x), xeR>. (1.4)
In what follows, we state our main result as following.
Theorem 1.1. Let 5 < o < B < 1. Assume that ug,by € x'~2*(R?) Nx' 2B (R3) and put
6 = [|(u0, o) [l 1-2 4[| (w0, bo) [ 125

Then there exists &y > 0 such that if & < &, then problem (1.3)-(1.4) has a global solution
(u,b). Furthermore, for any t > 0, it holds that

120 ) (1) |12 + 112, 5) (1) 125 + w/o I(u,b) (7)1t < C8, (1.5)
where @ = min{u, v}.

Theorem 1.2. Assume that o@ = B and the conditions of Theorem 1.1 hold. Then the solution is
analytic in the sense that

o t o
[P ) (1) 2+ [P (b)) s < Cl(uo,bo)l o2, (16)
0

where e®P1*V1 is q Fourier multiplier whose symbol is given by e8!Vt and @ = min{u, v}.

Remark 1.3. In [17], Wang and Wu obtained the global stability of the zero solution when
% < a = B < 1. The biggest difference of Theorem 1.1 is that the terms d;u and d;b appear in
this paper due to the perturbations near the steady solution (0, ¢;) and % <a,B <1

Remark 1.4. On the one hand, owing to the existence of linear terms e3 X u, dju, and d;b, it is
very difficult to deduce the solutions operator and decay property of the solutions operator to
the problem (1.3)-(1.4). Based on the solutions operator and decay property of the solutions op-
erator, the existence and analyticity of global solutions to three-dimensional GMHD equations
have been proved in [13] and [21]. Fortunately, this difficulty can be overcome by the energy
methods and frequency division technology in the Fourier space.

Notations
Finally, we introduce some notations used in this paper. The Fourier transform f is defined by

78 = [ reetax.

The Lei-Lin type space x* is defined by

X = {f e 7R

[JErIA@E <=5 r)
and the association norm is given by

171 = [, IEFIFE) g <o
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2. GLOBAL MILD SOLUTIONS

In this section, we are ready to prove Theorem 1.1, for the global existence of mild solutions
to the 3D incompressible generalized MHD equations with Coriolis force in Lei-Lin type space.
To prove that there exists global mild solutions to the problem (1.3)-(1.4), we introduce the
following Lemma.

Lemma 2.1. (see [22]) Assume that % <y < 1. Then the following inequality
EP <22 (In|g —n|' 2+ (€ —nl[n|'?)
holds for any £,m € R".
Next, we give the proof of Theorem 1.1.

Proof. To prove the theorem 1.1, we first define the following two quantities
t
X(1) = Sup (Il (u, D) ()| 120 + | (, £) (T) | 1-28), Y (2) = w/o 1@, D) (D[ pdT. (2.1
<1<t

We apply Fourier transform to (1.3), (1.4) and obtain
Qi+ W|E %+ Qes xu+iEp—ibshb =~V - (uRu—beb),

b+ V|EPD—iEii= V- (u@b—b®u),
) 14 &3 ( ) 2.2)

E-0=0,Eb=0,
| t=0:a=1(§), b=Dbo(&).

From the first, second and third equations in (2.2), we obtain

a2 2%l +2Re{[<973?u) &) -;7} — 2Re {v- u@u—bob) 17} :

8t|3\2+2v]§|2ﬁ|512—2Re{i§3ﬁ-3} = —2Re{V-(@b—bou)-b}.

By direct computation, we arrive at

2Re { (Qes xu)- it} = 2Re {Q (~ibpih + i) } = Q (~ibpih + ity — o + 1 f3) = 0

2.4)
and
2Re{i§33- 57} +2Re{ie;-3ﬁ-3} - 2Re{i§3 (Z-Lﬂﬁ?)} - 4Re{i§3Re {Z-ﬁ}} —0. 2.5)
It follows from (2.3)-(2.5) that
P+ bR+ 2P+ VEPBT) = —2RelV-@Eumbob)T}

—2Re{V - (u@b—bou)-b}.

If € > 0, then

N ~2 N ~2 . ~2 ~2
1P+ 15) =3 ([l + 1B +¢) =2Vl + BF + € ay/ > + BF + €2
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Due to (2.6) and the above equality, we can obtain

2002 2872
N ~2 ul"+v b
\/]ﬁ]zﬂb\ +e2

) g

i (|[v-wdb—bow) :
VIalk + B +e2

|u
— ., 2
N

< ’V-(uﬁb@b)‘—% V-(u@b—bou)

IN

(‘V.(u&:b@b)’)

Note that

N 2 200 ~2 28712

a2+ 152 _ plePfar +vig P bl

R 3 - 2 '
VPP +e S+ ol +e2

omin { |&, | }

Combining (2.7) with the above inequality and letting € — 0 in resulting inequality, we have

O\ [P +[BP + wmin { |, |6 \/|al2 + b2

< )V-(u@?b@@b)‘Jr‘v.(u&a?b@u) . 2.7)
Noting that 1/ [i]? + [b|? > g(lﬂ + |b|), we obtain from (2.7) that
3.1 + B]) + @min {|& 2, & | (1l +[B])
< V(v w@u=beb)|+|v-@ab=bou)). 2.8)
Integrating (2.8) with respect to ¢, we obtain
T Lo 20 2B T
il + bl +o [ min{|EEP | (+[B)(E, 7)dz
(2.9)
~ 1 — —
gC(]ﬁo\Hbo\)JrC/O (‘V-(u@u—b@b)’+‘V-(u®b—b®u)‘>(§,r)dr.
Dueto%gagﬁgl,wehave
E12P, 1EI<t;
min { |€[2%,& % } = (2.10)

&P, 1El>1.
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Multiplying (2.9) by |&|'~2% and integrating the resulting equation, we obtain from (2.10) that

u 1-2¢ t 2p 1-2a u

1(,6) 0]l +w/0 /|€<1|5| E172% (Ju(t)| + b() ) dEdT
! 20 12«

vo [ ] 6P @)+ (e))agdn

IN

t —
C||(u0,bo)||x1_za+C/0 /RS £ |weu—beb)|agds

t
e[ ] gp
0 JR3

t
Cll(uo. b a+c/ 2-20
o ol 2o+ [ [ 1R

@b —be u)‘dﬁdr @2.11)

—_—
URu

IA

+’b/®\b)+

b@’—l—‘@

YdEdr.
By multiplying (2.9) by |£|' 2P in the same way, we arrive at

H(u,b)(t)Hxlngrco/o /|§Sl|§’2ﬁ|§|lm(’”(fﬂﬂb(f)l)dédr
t o B B .

+a)/0 /|¢>1|5|2 172 (ju(m)] +[b(z))dEdr

C||(u07b0)||x1—2ﬁ —l—C/O /R3|§|2—2l3

+C/Ot/R3 £ |web—bow)|dédr (2.12)

IN

(u@u—b@b) ‘ dEdt

IN

t o — — — —
C(u0,bo) 125 +c/0 /IR{3\§]2_23(lu®u’+‘b®b’+‘u®b‘+‘b®u‘)d§dt

Adding (2.11) and (2.12), we have

1B Ol e+ D) Ol 0 [ D)D)
< C(H(u(),bo)H%lfza-l-H(uo,bo)przﬁ) (2.13)
! 220 2-28
+C [ (EP2 152

—
UuRu

+)@‘+

@)+‘@

Yd&Edr.
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It follows from Lemma 2.1 and Young inequality that

IN

IN

IN

<

// (16272 + | 2728) [uw | (&, 7)deds

c[ [ Hml2eg=nl+mlg —nl"2latn) @b(E —n)ldnléas
s [ Il 2E i+ g - nl'#)laem) ©b(E - m)ldn]agas

¢ ['[[,m->laemian [ 1&-nlibe —mlag]az 214
i [ [ 1e—nl" 2 b —mag [ inllacmlan]az
+c [ [ 1e=nl" 2815 —mag [ inllacn)ian]az
i [ [ it lalan [ 1€ ~nllb(& - m)lae]az
¢ [ (1)l 16(2) L + 16 g el )] )

+C/O Hu(fﬂlxlfzﬁHb(f)Hxl+Hb(f)!lxlfzﬁHu(’v)Hxl)dT
CX(1)Y(1).

The same procedure entails that

! 220 2-28
| gr2e+ 1R
< € [ (Il sl + 1o zangralb@ls @15)

(D) 1-2any1-28 16T [ 1 +16(T) | y1-2001-28 Hu(f)llxl)df
< CX(1)Y(1).

W@ +|peb|+ [beu|)(E, agds

Inserting (2.14) and (2.15) into (2.13) yields

[, B) (@) 120 + [ (ut, ) (2) [ 1~ 2ﬁ+w/ (lu(Dl 1 +lIb()]1)dT
< C(ll(uo,b0) |l y1-20 + [[ (0, b0) [ y1-25) + CX (1)Y (2),

which implies that

X(1)+ ¥ (1) < Col 10, b0) 120+ | 10, bo) |y 29) + CL X0+ Y (D)2 2.16)

2

Next, we complete the final proof by using continuous argument. To this end, we suppose

that

X()+Y(t) <4C)6. (2.17)

If we take O sufficiently small such that 6 < Sclﬁ’ then we may derive from (2.15) and (2.17)

X(t)+Y(r) <2C6. (2.18)
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By the continuous argument, (1.3), (1.4) admits a global solution (u,b) € C([0,0); x' 2% N
%' 2B (R3))NLY([0,00); x ' (R?)). We complete the proof of Theorem 1.1. O

3. THE PROOF OF THEOREM 1.2

In this section, based on the existence of the global solution, we prove the analyticity of
global solutions for problem (1.3)-(1.4). we give the proof of Theorem 1.2 as follows.

Proof. Multiplying (2.8) by ¢®/5***_ we obtain

<[908R (| 4 5])]
- o - (3.1)
<261 (’V~(u®u—b®b)‘ + ‘V‘(u@)b—b@u) >

Integrating (3.1) with respect to #, we have

2o ~ I ! 200
ISP (a] + 1Bl) <Jo| + bol + V2 | €T
0

+va [ " gl
0

v-(u@?bm)’dr
(3.2)

V. (u@b@u)‘d‘c,
which implies that

A o A t o
4] + b| <e @I ’(]ﬁo|+|b0|)+\/§/ e~ @IE(1—7)
0

A / g 0lEP (1)
0

v.(u@?mb)‘dr
(3.3)

V-(u@jb@)u) dr.

Note that |€]% < | —17|* 4 |n|*. Multiplying (3.3) by e®/¢1“V" and letting % = ¢®/51“V'j3 and
B = 51"V} we have

A A o o S ! o —
(% |+ | B <e@EF @IV (0| + |Bo|) + V2 / Ok g| 1%@%\dr
0
(3.4)
t o — — —
+f2/ 0P D) | (‘53@%’) + ]02/ @@) + ’%’@%D dr.
0

Noting that e~ @IS 1Tolg Vi g uniformly bounded in time. Multiplying (3.4) by |&|' 2%, inte-
grating with respect to & and then using the Lemma 2.1, we obtain

t
(% ,8)l -2 < Cll o o)l gr-20-+.C [ (1 -1 1+ 1Bl -2 Bl 0+
1% |26l Bl + [ Bl 2612 | ).

(3.5)
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Next, letting (3.4) multiply by |£ | and integrating the results with respect to & and 7, respectively,
we see that

[0 e [ [ e o]+ e
v [ [ Lt eier (75w |+ | 755 + |7 e |+ | 7o w ) agava
s JO JR3

t 20 A
< [l ok i PPar [ (£ (o] + o))
0 R-

+C/tew|§|2a(sr)‘§|2ads/l/ |€’272(x(
s 0 JR3
+| 7w |+ |ZeB|)aear

759+ |77

§C||(uo,bo)||x12a+C/O (%, B) || p2e| (2%, B)| .
(3.6)

Summing (3.5) and (3.6), we arrive at
t
(%, B) g+ [ 1.2 pde

t
§C||(uo,bo)\|x1za+C/o (% ,B)||—2all(% , B)| .

By the continuous argument, (1.6) is established. We complete the proof of Theorem 1.2.  [J
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