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Abstract. A system, which is nonlinear with respect to phase coordinates and linear with respect to disturbance,
is considered. The problem of the dynamical reconstruction of unknown disturbances acting on the system is
investigated. It is assumed that inaccurate measurements of the phase states are available at discrete times. An
algorithm that is stable under informational noises and computational errors is designed. This algorithm is based
on constructions of feedback control theory. The general construction is illustrated by two examples.
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1. INTRODUCTION AND PROBLEM STATEMENT

Let a dynamical system described by the nonlinear system of differential equations

(1) = f(e,y(t),x(2),u(t)) (1.1

with the initial condition
X (0) = X0

operate on a time interval T = [0, 9], 0 < ¥ < +o0, where,y € R?, x € RY, u € R”, f(t,y,x,u) =
f1(t,y,x) + Bu, fi is a given function satisfying the Lipschitz condition with constant L, u is a
disturbance, B is a constant matrix of corresponding dimension, and y(-) is a parametric func-
tion. The problem under consideration consists in the following. Some unknown disturbance
u(-) € Ly(T;R") acts on system (1.1). At discrete, frequent enough, times

meA={n}ry (0=0,Tn=7, Tiy1 =T +9)
the phase states x(7;) = x(Ti;x0,y(:),u(+)),i € [0 : m — 1] of system (1.1) are measured with an
error. The results of these measurements, vectors éih e RN, satisfy the inequalities
(%) — &|w < h. (1.2)
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2 V.I. MAKSIMOV

It is assumed that the parametric function is known not exactly. Namely, instead of the function
¥(+), we know a function ¢"(-) € L..(T;R") with the property

y(t)—¢V(t)|, <v foraa teT. (1.3)

Here, h € (0,1) and v = v(h) are the levels of the measurement accuracy, the symbol |- |, stands
for the Euclidean norm in the space R”. It is necessary to design an algorithm for the approx-
imate reconstruction of the unknown disturbance on the basis of inaccurate measurements of
x(7;). In other words, the task is as follows: given the current measurements of x(7;), to design
a feedback algorithm that generates in real time a function u = u”(-) that approximates the
unknown disturbance (in the L,(7;R”)-metric) generating the solution x(-) of system (1.1).

The problem described above belongs to the class of dynamical inverse problems. There are
a lot of monographs and papers devoted to reconstruction problems, including problems for
dynamical systems (see, for example [1, 4, 16]). One of the approaches to solving dynamical
reconstruction problems was developed in [2, 5, 8,9, 10, 11, 12, 13, 14]. This approach is based
on a combination of the methods of feedback control theory [3] (for example, the method of ex-
tremal shift) and the methods of ill-posed problems [15]. In the case when the disturbance u(+) is
subject to a priori constraints, the problem in question can be solved by means of constructions
from [5, 12]. In the present paper, we consider the case when instantaneous constraints on the
disturbance are absent. Accordingly, u(-) is assumed to be a square integrable function. Other
dynamical reconstruction problems with solution algorithms based on suitable modifications of
the extremal shift method were discussed, for example, in [2, 5, 8, 9, 10, 11, 12, 13, 14]. More
specifically, systems of ordinary differential equations were considered in [2, 5, 8, 10]; systems
with memory in [11]; stochastic differential equations in [14], and systems with distributed
parameters in [9, 13].

2. METHOD FOR SOLVING THE PROBLEM

Let us proceed to describe the method for solving the problem under consideration. As men-
tioned above, it is based on the constructions of feedback control theory. Namely, a dynamical
reconstruction problem is replaced by a problem of feedback control for an appropriate dynam-
ical system.

First, we consider the case of discrete measurements of the states. For any i € (0,1), let us
fix a family A, of partitions of the interval T' by times 7y, ;:

Ap={mi} 0, ho=0, Thm, =0, Thir1=7Thi+0(h), &(h)ec(0,1). (2.1)
Along with system (1.1), we consider the auxiliary system
Wh(l) = fl(Ti, (])v(l), éih) +Buf-‘ fora.a. tre [Tl‘, ‘L'i+1) (Ti = Th,i, i€ [0 tmy — 1]) (2.2)

with the initial state w”(0) = E!. Thelaw U (-,-,-) : T x RN x RN R” of forming the control u/"
is constructed in such a way that, for concordant parameters % and 8, the piece-wise functions

W' (1) = ul = U (1, P wh(T)) foraa. te[t,t4) (e0:my,—1]) (2.3)

approximate the unknown disturbance generating x(-).
In the case of continuous measurements of the states, the auxiliary system has the form

Wi(t) = fi(t,0"(0),6"(1)) +Bu"(r), 1€T, wi(0)=¢&"(0), 2.4)
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and the control ”*(-) is defined by the rule
(1) =U(E" (1), wWh(r), teT. (2.5)

It should be noted that the same solution of system (1.1) can be produced by multiple distur-
bances. Let U(x(-),y(-)) be the set of all functions from L,(7; R") generating the solution x(-)
of system (1.1), i.e.

Ux(-),y()) ={a() € Lo(T;R") 2 k(2) = fi(1,y(2),x(1)) = Bia(¢t)  foraa. re€T}.
Let u.(-) be an element of the set U(x(-),y(-)) of minimal L,(7';R")-norm, i.e.
u.(-) = arg min u(- TR
() =2, ) B0 sy O ot
Note that the set U(x(-),y(-)) is convex and closed in L (7;R"). Therefore, the element u.(-)
is unique. According to the approach conventional in the theory of ill-posed problems which is
we reconstruct u,(-).
In what follows, the constants c;,C;,k; and kU) used in the paper depend on the structure of
system (1.1) and do not depend on the parameters 4, ¢, 6 and v.

3. SOLVING ALGORITHM IN THE CASE OF CONTINUOUS MEASUREMENTS OF THE
STATES

Consider the case of continuous measurements of x(-). We fix some function a = o(h) :
(0,1) = (0,1).

Before starting the work of the algorithm, we fix values i € (0,1) and oo = @ (h). Define the
control u”(-) in system (2.4) according to rule (2.5), in which we set

U(E" (1), wi(1) = —a™'B'(wi(r) = &"(1)). (3.1)
Here, the prime denotes transposition. As the input of system (2.4), we take the control u”(-) of

form (2.5), (3.1) forallr € T.
Let

e(r) = 0,5|wi(t) —y(1)l§-

Lemma 3.1. Let a(h) — 0, hao 2(h) — 0 and v(h)a ' (h) — 0 as h — 0. Then there exists a
number hy € (0, 1) such that the inequalities

e(t) < O (a(h) +v(h)+ha ' (), (3:2)
v v
[ 16 2ds < (e )1+ Oha (1) [ () s+ ) (hor2(h) + vima ()
0 0
(3.3)

hold for all h € (0,hp),t € T.
Proof. Note that (see (2.5) and (3.1))
ul'(t) = argmin{2(w" (¢) — E"(t), Bu) + at|ul> : u € R"}.
Differentiating the function £(z), we get
26 (1) + a{u (1) — |us (1) 7} = (34)
2(WH (1) = x(0), fi(1, 9" (1), 8" (1)) — fu (1, (1), x(2)) + 2B(u" (1) — us (1)) + ec{[u" (1) [F = uea (1)}
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In turn, in virtue of (4.25), (2.5) and (3.1), we obtain the inequality
1 (t)|, < boho ™' + boo ! (2e(2)) /2. (3.5)

Here, o = a(h) and b, is the Euclidean norm of the matrix B'. Let

t

Y0) =2¢() + o [ |u(5)2ds.
0
From (4.25) and (1.3), we derive

2(wi(6) = x(0), fi(t,9" (1), 6" (1) = fi(t,3(1),x(1))) < 2L{[¢" (1) =y(O)|ut  (3.6)
() = E" (1) In} < 2LER+ VWA (1) = x(0) Iy = 2L(h + v) (2¢(1)) /2.
Then, using (4.25) and (3.5), we have
20w () —x(t), B (1) = us(2))) + o [u" (1) — (1) 7} < 3.7
20w () = " (1), B(u" (1) — (1)) + ot { e (1) F = Jus (1)} + 2o {|u (1)) + s (1)1} <
20 { | (1)), + |1 (£)],} < 2hby|us ()], + 262020 + 2hb2 0 (2 (1)) /2.
In this case, from (3.6) and (3.7), we obtain the estimate
(1) — atfus (1))? < 2h(26(t)) V% +2b,h|u, (1), + 2622 o~ + (3.8)
2b2hor (26(1))'/2 4+ 2L(h+ V) i (1)) (26(0))
Using the inequality ab < 0,5(a® + b?), we derive the inequalities
2(h+V)LQ2e(t)'/? < 2(h+ V)2 + (h+V)e(t), (3.9)
202ho ! (2e(1))'/? < 2b*ho ! + ho e (1),
Inequalities (3.8) and (3.9) imply

Y1) < otfus(t) 2+ 2buh|us (0)|, + 20202 4 (h 4 v+ ha ™V e(r) + 2h(L* + bia~ ) +2vL2.

(3.10)
Using the inclusion a(h) € (0,1), and the inequality 2e(¢) < y(r), we derive from (3.10) the
inequality

Y(t) < otfu (8) | + 26,k |us (1) | + 1 (V+ho ™Y 4 e (v + ha ™) y(t) +2vL2. (3.11)
Applying the Gronwall lemma and inequality (3.11), we obtain

0y
1) < {erd(v+ha ) +a / s (5)[2ds + 2vO L2+ (3.12)
0

v
2b*h/ | (5)|ds} exp{cat (v + ha™ )} < c3(o+ v +ha™ Y exp{cat(v+ha™1)}.
0

Inequality (3.2) follows from inequality (3.12). Let us prove inequality (3.3). In virtue of the
convergence ha~2(h) — 0 as h — 0, there exists a number 4o € (0, 1) such that the inequalities

exp{cahda ' (h)} < 14csha™'(h), ha '(h) < a(h) <1 (3.13)
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hold for all & € (0,hg). Note that

[
/|u* (s)|rds < cs. (3.14)
0
Hence, taking into account (3.13), (3.14), and (3.12), we have
t t
a/\uh(s)ﬁdsg {c6(h+v)a1+(a+h)/|u*(s)|$ds}(1+c4ha1) < (3.15)
0 0

t
(h+oa(h))(1 +C4hOC_1(/’l)) / \u*(s)lfds—kw(ha_l(h) +v).
0
Inequality (3.3) follows from inequality (3.15). The lemma is proved. [l

From Lemma 3.1 and Theorem 1.2.1. [5, p. 23], we obtain

Theorem 3.2. Let the conditions of Lemma 3.1 be fulfilled. Then the convergence u(-) — u.(-)
in Ly(T;R") as h — 0 takes place.

4. SOLVING ALGORITHM IN THE CASE OF DISCRETE MEASUREMENTS OF THE STATES

Here we describe an algorithm for solving the problem in the case of discrete measurements
of x(+). Consider family Ay, (2.1) and the function ¢ (k) : (0,1) — (0,1).

Before starting the process, we fix a value 4 € (0, 1), numbers v = v(h) and a = a(h) and
partition Ay, = {7} (2.1). The work of the algorithm is decomposed into m — 1 (m = my,)
identical steps. At the i-th step carried out during the time interval &; = [7;, T;11), T, = Th,i» the
following actions are fulfilled. First, at the time 7;, the vector uf-‘ is calculated by formula (2.3),
in which

U, Elwh(1)) = —o 1B/ (W' (1) — EM). (4.1)
Then, for all 7 € §;, the control u”(¢) of form (2.3), (4.1) is taken as the input of system (2.2). As
a result, under the action of such control, system (2.2) passes from the state w”(t;) to the state
w"(Ti41). The work of the algorithm stops at time ¥.

It turns out that, under appropriate relations between h, 8(h), v(k), a(h), the function (-
approximates u, (- ). Before proceeding to the proof of this fact, we present two auxiliary lemmas
used below.

Remark 4.1. In the case when the right-hand part of system (1.1) does not depend on the
parametric function y(-), i.e. f = fi(¢,x)+ Bu, an algorithm for solving of the problem under
discussion is given in [10]. In this paper, we consider the auxiliary system

Wh(e) = fi(t, E +Bull +3], 1€,
The controls uf’ and vf-‘ are calculated by the formulas
uf = a(h) " B (& —wh(m)),
vi = cd(h)a (h) (& —w' (),

where c is a positive constant. It was proved in [10] that, under appropriate relations between
parameters &, o(h) and 8(h), the convergence of u(-) to u.(-) in Ly(T;R") takes place. In
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the proof of this convergence, the function v/*(-) was important. In this paper, in contradiction
with [10], first, we consider a system with a right-hand part f depending on some parametric
function. Second, we prove that it is possible to set V(1) = =0 for a.a. t € [1;,T;41), i € [0 :
my, — 1] in the auxiliary system.

Lemma 4.2. [5, p. 47] Let x| () € Lu(T,;R") and y(-) € W(T;R"), T, = [a,b], —0 < a <
b < oo, be such that

t
‘/xl(r)dT’ <e, W)h<K VieT.
a

Then, for all t € T, the inequality

| / (01(),31(7) de| < e(K +var(Tiyi ()

is valid.

Lemma 4.3. [6] Let a nonnegative function ¢(t), t € T, satisfy the inequalities
Ti+1
6(5e1) < 9(e)(14p8) + [ [G(2)\de
Ti
foralli€|0:m—1], where t; € A, 6 = 741 — T;, p =const > 0, G(-) € Lo(T;R). Then, the
inequalities

0(5) < (0(0)+ [ 16(2)|dz) exp(pm), i< [0:m)
0

take place.

Here, the symbol var(7;;y;(-)) means the variation of the function y;(-) over the interval T,
the symbol (-,-) means the scalar product in the corresponding finite-dimensional Euclidean
space,the symbol | - | means the modulo of a number, and the symbol W (T,;R") means the set
of functions z(+) : T, — R" of bounded variation.

Lemma 4.4. Let a(h) — 0 and §(h)oc=2(h) — 0 as h — 0. Then there exists a number hy €
(0, 1) such that the inequalities

8*(t) < Clpl<av6vhvv)a (42)
[0 O
/|uh(c)\3d»cg (1+C2a52)/]u(’c)\%d’c+C3p(oc,5,h,v)a1 4.3)
0 0

hold for all h € (0,hy),t € T. Here, @ = a(h),0 = 6(h),v =v(h),
£.(1) = 0,5wW"(1) —x(1)|§,  p1(et,8,h,v) = p(et,8,h,v)+a+5+8V?,

p(o,8,h,v)=a?8+h8 ' +h+a?vis .
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Proof. Estimate the change of the function &,(¢), ¢ € T. It is easily seen that the equality
£.(1) = 0.5 W (z) — (1, +/{f’ )+ B ()Tl

is true for t € 6; = [7;, Ti1),i € [0 : m— 1]. Here, m = my,, T; = Ty,

£10) = fi1,9"(1),&") = fie,y(0),x(1),  B'(t) = B(w —u(r)) foraa. tes;

In this case, the equality

V(0 = () = x(@), [ F@)az), v =0.5| [ fiz)ar ;
v (1) = (W (1) — x(z), / Bi(1)dv),
</f dT/Bl dr) 05/3’ dr J t€ s

Throughout the proof of this lemma o= v(h), 8 = 8(h). Note that, for all i (see
(4.1)), the inequalities

<0, (4.4)

are true, where Q; = h+ (28*(17))1/ 2 b, is the Euclidean norm of the matrix B’. For all 1 €
[7i, T+ 1], we derive the estimate

F (Ol SL{LE+h+v+y(t) —y(w)v} < LOY, (4.5)

0V =5 +hntv +/ y(7)|nvdr.
T
In turn, in virtue of (4.5), we obtain the inequality
. 2 .
viV (1) < L2e (1)) 260 < 45?8*(17) +ha(0)?, tes. (4.6)

t
Denote U;, (1) = [|u(t)|Fdt, p=1,2. We have

T
v (1) <8207, tes. 4.7)

In addition, one can show that the inequality (see (4.4))

|/Bi(T)d‘L'|N < b*{Uﬂ(l‘) + 5|uf’|N} < b*{b*éa_lQi+Ui1(I)}, teé; (4.8)

T
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holds. In virtue of (4.4) and (4.8), we deduce that
t
(3) hi~\ _ gh pi -1 1/2 ,
v, (1) < /(w () —¢&',B'(7))dt+hb{b.oa  (h+ (2e.(w)) /7)+Un(t)} < 4.9)
T

! 2

[0 () B(@) e ks (1 D U ()} + e (5).

It is easily seen that the inequalities

8 i
V0 < k{0 e (2) + 80U (1) < (4.10)
52 (i) 52
12 & (W) T hs{85(Q,")* + 51+ 8Un (1)},
(5) 2 01\’ 46 2 8
v (1) < 0,562 (Ul-1 (1) + 619*5) < bl () +ks {5 +8Un(1)) (4.11)

hold for ¢ € [7;,7;,1]. Note that §(h)a~2(h) — 0 as h — 0. Therefore, by using relations (4.6),
(4.7), (4.9)~(4.11), the inequality

2 .
e.(t) <e(m)+(1 +4bi%)e*(r,-) Fh{8Un(1) + (02 + 81 (02 + W2+ hUy (1)} (4.12)

takes place for ¢ € [7;,7;11). Then, we have

m—1 . m—1
(@ +8%) Y 0V 2 <kga? Y {1+ 8>+ V2 +80i5.,)} < (4.13)
= =0

ko{a?8 + o (R +v*)87 1},

where
t
0= [lK(@fdr, 1€ [55]
Ti
Let

p(0) =260+ o [{d (0 - [u(0)}} de.
0

Due to (4.12), the rule for finding the control «”(-) implies the inequality

2 )
w(t) <p(m)+1(1 —|—4bi%)8*(fi) +k7{8Up (1) + (a2+52)(Qt(‘))2+h2+hU,-1(t)}. (4.14)

Introduce
t
7(0) zzs*<t)+a/|uh(r)yfdr.
0
Using (4.14) and the inequality (1+8a~')da~! < const for ¢ € [1;, 7;, 1], we derive the estimate

2 .
(1) < {14057 (5) 4 (@4 ko) Un(0)+ k1 {(02+8) () + 24U (1)), (415
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Hence, taking into account (4.13)), (4.15), and Lemma 4.3, we get

~ o
¥e(Ti1) < [%(0) + (@ +kyo8) U +k12p]exp{4bi¥q+1}, i€f0:m—1].  (4.16)

Here,
Tit1
p=pla,8,hv), UMD = / u(t)2dr.
0
In virtue of the inequality 7, (0) < h? (see (1.2) as i = 0), we derive
4
%(7) < [ki3p + (a+k105U<f>]exp{4Z—;5r,-}. (4.17)

Note that §(h)o=2(h) — 0 as h — 0. Then there exists a number #* € (0,1) such that the
inequality
exp{4b?98a ™} <1 +ki4Sa> (4.18)
takes place for 4 € (0,4*). In this case, from (4.18) and (4.17), we obtain the estimate
26.(%) < %(%) < kisp + (+ki08) (1 +kuda U, (4.19)

This estimate is valid for all 2 € (0,h*),i € [0 : m]. In turn, using (4.19), we deduce that

T
/ W' (T)7dT < (1+kioSa ") (1+kiado U +kyspo! < (4.20)
0

o .
(1 +k16$)U(’) +hkispa!, ie[0:m], he(0,h").

Inequality (4.3) follows from (4.20) for i = m. Let us prove inequality (4.2). Note that for all
t € [Ti, Tiy1] the estimate

(26.(1))"/? < (2e.(w)" 2+ L i+ | / B{u} —u(v)}dz|y 4.21)

is valid. Here (see (4.5)),

hi= [ 1650 x(0) = (5 0 (D)]ade < LU+ 6+ v+ [ i(D)lvdz). @22)

T

Therefore, from (4.21), (4.22), and the inequality

Ti+1
max /]Bu(t)\thganl/z,
i€|0:m—1]
Ti
we derive
(2e.(0))'? < (28, (1) + kig {8V + 8|ul'|, + 8'/%}.
Consequently,

26, (1) < kio{e(T) + 8+ 82 |ul)2+ 8*v?), teln, 1] (4.23)
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Next, using (4.4), we get

8%|uf |7 <2b28% a2 (h* +26.(1)) < kao(h + £.(1)). (4.24)
Then, in virtue of (4.23) and (4.24), we obtain
2e.(1) < kp1{& (1) + 6+ 8*v?} et Tl (4.25)

Hence, taking into account (4.25) and (4.19), we get
t
26,(t) <kn[p+8+8*v + (o +k08) (1 +kiada™?) / u(7)|>dt) < kazpy(a,8,h,v), teT.

Inequality (4.2) follows from the latter inequality. The lemma is proved. U
From Lemma 4.4 and Theorem 1.2.1 [5, p. 23], we obtain
Theorem 4.5. Let the conditions of Lemma 4.2 be fulfilled. Let also v(h) — 0,
pi(at(h),8(h),h,v(h)) =0, p(a(h),8(h),hvh)a ' (h)—=0 as h—0. (4.26)
Then the convergence u'(-) — u.(-) in Ly(T;R") as h — O takes place.
Remark 4.6. Conditions (4.26) take place if
S(hya 2(h) =0, K*(8(ha(h)™' =0, hat(h) =0, a(h)v*(h)d 1 (h) =0 as h — 0.
5. THE CONVERGENCE RATE OF THE ALGORITHM

Under some additional conditions, one can obtain the convergence rate of the algorithm (see
Lemma 4.3).

Lemma 5.1. Let u(-) be a function of bounded variation. Let also N > r, rank B = r, and
conditions of Lemma 4.2 hold. Then it is possible to find a positive constant C4 such that the
inequality

/yu (7)dt < Capo(at,8,h,v) +Csp(at, 8,h,v)a ™!

takes place for all he (0,h).
Here, the constant C3 is from (4.3),
po(at,8,h,v)=a'?+ 824+ h6 '+ avé™/* +vé.
Proof Using the Lipschitz property of the function f, we conclude that the inequality

/B{u —u(n)}ar| =| / — (2. EM(2), 0" (0)) + fi(r.3(0) x(0)] de| <

N

[ (12) = pan () |+ & {/{\5 xX(7)Iv+97(7) =y(7) |} dT+ 8} <

2) = (1) o + £ / (D) +h+ 8+ v} de

I
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is fulfilled for any 1,1, € T, t; < t,. Here,
[,Lh(l‘) = Wh(l) —y(l), gh(,C) = éh fora.a. 7€ [Ti, Ti+1)-

In addition, in virtue of Lemma 4.4 (see (4.2)), we have

I (0)ly = (28-(0)"2 < ¢ % * (e, 8,h,v).

This inequality implies
1% 15}
| /{uh(t) —u(t)}y ], < KO /B{uh(t) —u(n)}ar| < 5.1)
151 151

K {p!(00,8,h,v) +h+ 6+ v} < kS po(a,8,h,v).
From Lemma 4.4 (see (4.3)), we derive

/|u —u( |2dr—/|u )|2dt — 2/ d’c+/|u )|2dt <

L2 +Cas )/ 7)[2dr — 2/ ))dt+Cp(at,8,h, V) =

O
2/(u(1’)—uh() u(7))dt + Cros~ /| (7)2dt+Csp(a, 8, v)a™!, (€T
0

In virtue of Lemma 4.2 and (5.1), we obtain
t

sup| [ (u(t) —u"(7),u(t))dt| <k®po(a,8,n,v).

teT
0

Consequently, the inequality
/|u ) |2dt < 2k po(at,8,h,v) +Cap (0, 8,1, v)o ™! (5.2)

takes place for all & € (0,1), r € T. The statement of the lemma follows from this inequality.
The lemma is proved. 0J

It is easily seen that the following lemma takes place.

Lemma 5.2. Let the conditions of Lemma 4.4 be fulfilled. Let also y € (0,1/2), 6(h) = h,
o(h) = h'/2=X(h), v(h) = h'/2. Then there exists a number hy € (0,hy) such that the inequali-
ties
p(a(h),8(h),h,v(h)a " (h) < Csh'> 7%,
p1(a(h),8(h),h,v(h)) < Cs h1/2 X, po(au(h),8(h),h,v(h)) < Coh!/4=2/2
hold for all h € (0,h;).

Lemmas 5.1 and 5.2 imply
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Corollary 5.3. Let the conditions of Lemma 5.2 be fulfilled. Then the inequality
/\u 1)[2dt < CghV/*-1/?

takes place.

6. EXAMPLES

Example 6.1. Let y(r) = z(¢) in system (1.1), where a function z(-) is unknown. But some
properties of this function are known: z(0) =0, Z(-) € Ly(T;R"). At times 7;, the values of this
function are measured with an error £, i.e. vectors I//l-h e R",

Wl —2(t) [ < h

are calculated. The problem consists in reconstructing a disturbance, which generates the solu-
tion x(-) of system (1.1), on the base of measurements of z(7;) and x(7;).

To solve this problem, it is possible to apply the algorithm described in Section 5. In this
case, we reconstruct a function u,(+), an element of the set

Ux(-),z(+)) ={u(-) € Lo(T;R") : x(t) = f1(2,2(¢),x(t)) + Bu(t) fora.a. te€T}.
with minimal L, (7;R")-norm.
We fix two functions o = a(h) : (0,1) — (0,1) and a; = o (h) : (0,1) — (0,1). Together
with model (2.2), we introduce an additional auxiliary system of the form

Wi(t) =ul(r), teT.

The initial state of this system is w/(0) = 0. The control u(-) is calculated by the rule

h h W1(Tz) A
H)=u, =——m——7—, 1€|7,T41).
From [7] (see Theorem 5) we derive the inequality
sup [u (1) — ()] < V(h), 6.1)
teT
where

v(h) = Cofou(h) + (h+8(h))oy " (h)}.

In this case, it is possible to assume

Let
a(h) =0, aj(h)—0, R (SHhah) ' =0, ah)a?(h)é '(h)—o0, (6.2)
S(hya2(h) =0, ha '(h)—0, a(h)(h*+8*h))(oy(h)8(h) ' =0 as h—0.

Then, in virtue of Theorem 4.5, the convergence u"(-) — u.(+) in Ly(T;R") as h — 0 takes
place. Relations (6.2) are fulfilled if, for example,

8(h) =Cioh, a(h)=Cyh*, (u=conste (1/2,1)) a(h)=Cph'*

In this case,
V2(h) < Ci3h'2, a(h)V3(h)8 (k) < Craht 12,
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Note that the function z(-) is measured at discrete times. But, the role of function ¢V () is played

by the function u}l’() defined for all # € T by means of the vectors y?.

1

Example 6.2. Consider the system with time delay
x(t) = fi(t,x(t —7),x(¢)) +Bu(t), teT =10,9] (6.3)

with the initial state
x(s) =xop(s) se€[-1,0].

The state of the system depends on a function u(-) € Lp(T;R"). Here, x € R"; ¥ € (0,+c);
T = const € (0,+c0) is a time delay; B is constant n X r-matrix; f] is a given n X n-matrix
satisfying the Lipschitz condition; xo(-) is a given continuous function.

Let u = u(-) be a disturbance generating the solution of system (6.3) denoted by x(-). The
problem is to identify in “real time” a priory unknown u(-) through results of inaccurate mea-
surements of x(-) at discrete times 7; € A = {7;}"_, 741 = 7+ &. These results are vectors

&M € R” such that

x() = &'l < .

To solve this problem, it is also possible to apply the algorithm described in Section 5. Indeed,

let

y(t) =x(t — 7).
It is easily seen that

() = &l < Cus(h+ 8" ()

for t € [7;,7ix1), i € [0 :m— 1], m = my, T, = 7,;. We assume that the function xo(-) is dif-
ferentiable and Xy (-) € Lo([—7,0];R"). In additional, for simplicity, we assume that numbers
kp = t/my, are natural. Then, for all s € [—i6(h),—(i—1)8(h)),i € [ : ky], the inequalities

Ix0(s) —x0(—i8) |, < C168'/2(h)
hold. If v(h) = max{Cs,Ci¢}(h+8'/%(h)) and
0V (t) =xo((i—kp)8(h), if te[iS(h),(i+1)8(h)),ic[0:ky—1]
., if 1 €[i8(h),(i+1)8(h),i € [ky,my—1],

then inequalities (1.3) are fulfilled, the auxiliary system has form (2.2), and the control uh() is
defined by rule (2.3), (4.1).
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