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Abstract. This paper deals with the Boussinesq equation with viscoelastic memory and integral conditions. We
demonstrate the existence and uniqueness of solutions with the aid of the Faedo-Galerkin’s method.
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1. INTRODUCTION

In this paper, we study the existence and uniqueness of solutions of the Boussinesq equation
with term viscoelastic memory

t
Vi — 02 Av — B2 Ay, —I—/ h(t—s)Av(s)ds = |v|"%v, (x,t) € Dr, (1.1)
0
with the initial data
V(X,O) =0 (X) ) Vt(X,O) =W (X) , XEQ, (1.2)
and the integral condition
0 t
SL—gn+ [ [ v(EmdEdu, (nr)edQx .1, (13)
n 0 /o

where D7 := Q x (0,T), Q is a bounded domain in RY with a smooth boundary 0Q, 2 < p <

25\1,\7:21), N >3, n is the unit outward normal on dQ, T < e, h(.) : R — R} is a given
function, which will be specified later, and g (x,7), h(t), vo(x), and v; (x) are given functions
satisfying some conditions.

The convolution term [ 4 (¢ —s) Av (s) ds reflects the memory effects of the materials due to
the viscoelasticity. Here the convolution kernel £ satisfies proper conditions exhibiting “mem-
ory character”, which will be explained later. Under some assumptions on /4, the existence and

uniqueness of the generalized solution is established by using the Galerkin Method.
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The aim of this paper is to investigate a non-local problem generated by a Boussinesq equa-
tion and an integral condition. The Boussinesq equation is a nonlinear partial differential equa-
tion that arises in hydrodynamics and some physical applications. It was subsequently applied
to the problems in the percolation of water in porous subsurface strata. Recent developments
in numerical schemes for solving Boussinesq-type equations have placed immense interest in
nonlinear dispersive wave models. Various Boussinesq type equations can describe varying de-
grees of accuracy in representing nonlinearity and dispersion. Boussinesq type equations are
conventionally associated with relatively shallow water. In many engineering models, such as
thermoplasticity, nuclear reactor dynamics, plasma physics, thermal conductivity, radioactive
nuclear decay in fluid flows, medical science, chemical diffusion, vibration problems, semi-
conductor modeling, groundwater flow, population dynamics, control theory, and flows Non-
Newtonian, mathematical models of mixed problems with non-local boundaries are created in
many models. Sometimes the physical phenomena are modeled by non classical boundary
value problems, which involve a boundary condition as an integral condition over the spatial
domain of a function of the desired solution. Nonlocal problems are generally encountered
thermoelsticity, heat transmission, chemical engineering, heat transmission, plasma physics,
and underground water flow; see, e.g., [1, 2, 3] and the references therein. As a special appli-
cation, Bouziani [4] considered a nonlocal problem, which was proposed in the mathematical
modeling of the technologic process of the external elimination of gas, practices in the refining
of impurities of Silicon lamina. The nonlocal condition appearing in this mathematical model
represents the total mass of impurities in the lamina. For some hyperbolic nonlocal mixed prob-
lems, we referto [5, 6, 7, 8,9, 10, 11, 12, 13, 14, 15] and the references therein. The existence
and uniqueness of the generalized solution is constructed by using the Galerkin method for the
Boussinesq equation with viscoelastic memory and the integral condition with the following
formula 3—7’," =g (x,1) + J§ Jou (&, pu)dEdu with (1.1)-(1.3) is considered a new problem. In
[17], Mesloub and Meslou applied the Galerkin method to a higher dimension mixed nonlocal
problem for a Boussinesq equation and established the solvability, and the uniqueness of a weak
solution. In [18], Boulaaras, Zarai and Draifia studied the Galerkin method for nonlocal mixed
boundary value problem for the Moore-Gibson-Thompson equation with an integral condition
and established the solvability of solutions. In [19], Guezane-Lakoud and Boumaza studied the
Galerkin method for the Boussinesq equation with an integral condition, and established the
solvability and the uniqueness of solutions. In [20], Boumaza and Gheraibia studied the exis-
tence of a local solution for an integro-differential equation with an integral boundary condition
and established the solvability and the uniqueness of a weak solution. In [21], Mesloub and
Mesloub studied the solvability of a mixed nonlocal problem for a nonlinear singular viscoelas-
tic equation, and established the solvability and the uniqueness of a weak solution. However,
there are no results on the existence and uniqueness of problem (1.1)-(1.3) for the integral con-
dition with the following formula 3—1’; =g (x, 1)+ J5 Jou (&, 1) dédu in the literature. Motivated
by the above research, we consider the existence and uniqueness for the integral condition with
the following formula g—; =g(x,0)+ J§ Jou (&, ) dEdu of the model (1.1)-(1.3) in this paper.

The outline of the paper is as follows. In Section 2, we define the function spaces, state
some inequalities, and supply an appropriate definition of weak solutions of the posed prob-
lem. Section 3 is devoted to proving the existence of solutions by using the Faedo—Galerkin’s
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method. Finally, in Section 4, we establish the uniqueness of the generalized solution of the
posed problem.

2. PRELIMINARIES

Let
W, (Dr) == {ve L> (D7) :Vv(1), v (t) € L* (Dr)}

be the usual Sobolev space, whose elements v are in L? (D7) along with Vv (¢) and v;, and the
finite norm

1
19 (1)l oy = (// )+ |V( )|z+v,()}dxdt)2
The scalar product in W,' (Dr) is defined by
V(0 Dy or) / / (6) + Vv (£) . Vv (£) 4 ve (£) ve (£)) doxdit.

Now, let V (D7) and W (D7) be the set spaces, respectively, defined by
V(Dr):={ve W, (D7) :v; € H! (Dr)},
and
W (Dr):={ueV (Dr):u(x,T)=0}.

Consider the equation

(Vi (1) ,u () 2Dy — o’ (Av(t) ,u )2y — B (Avy (1) ,u )e2py)

+ (/Oth(t_S)Av(s)ds,u(l‘)>L2(DT) (2.1)
= (W7 v () ()

2(pr)’

where (.,.);2(p, stands for the inner product in L?>(Dr), v is supposed to be a solution of (1.1)-
(1.3) and u € W (D7) . The evaluation of the inner product in (2.1) and the use of boundary
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condition in (1.1)-(1.3) lead to
= (Ve (1) ,u (1)) 20Dy + o’ (Vv, Vu 2y — B* (Vve, Vi) 120,

—(/Oth(t—s)Vv(s)ds,Vu(t))
L*(Dr)
T
= (4(0).(0)) (0 + B (V0. Va0 ooy +2 [ [ glxtpv(r)ddr

+a//aQK// 5ud§du> ]deHﬁ//gﬂxt 1)dS.di
o[ /m[(/ d&) ]det—ﬁ I /m[(/vzém 5)u(f)}d5xdt

L ne-9gtaas ) ut] s

L (Lee=a{ [ [ v@mazanbas)ue]as.

+ <|v|p_2v<t> ’u(t>>L2(DT) '
(2.2)

Definition 2.1. A function v € V (Dr) is called a generalized solution of problem (1.1)-(1.3) if
it satisfies equation (2.2) for each u € W (Dr).

Recall the binary notation

t
2
(how) (1) := /O (e =) [w (x,5) = w (6, 0) |22y ds-
We give some useful inequalities next.

Lemma 2.2. [22] (Trace inequality) Let Q C RN be an open and bounded set with a smooth
boundary dQ. Then

(T) L 0 < 1allv @) ey Sorallve WE(€).
where Yo is a positive constant and depends on the domain € only.

Lemma 2.3. [23] Let Q C RY be an open and bounded set of class C'. Then the embedding
2N
H' < L? is continuous if1<p< N7’ N > 3.

Lemma 2.4. [22] Let Q@ C RY be an open and bounded set with a smooth boundary 9. Let
2(N—-1
2<p< %, N > 3. Then, there exists a constant C,, depending on p, N and € such that

p—2_ p—2
HM' vl )

L
N

[)—2 2 2
< Gy 1+ (Il + I2liay) " + (Ml e+ 2llingy) | v =valling

forall vy, v, € H' (Q).
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3. THE EXISTENCE OF THE GENERALIZED SOLUTION

We make the following assumptions:

2 _
2V s g
N

Hl) 2<p< 3

(
(Hp) h(t) >0and /' (t) <Oforalls > 0.
(H3) ¢ —h> 0 where h:= [; h(s)ds.
(Hy) g€ L?(0,T;L7(0Q)), &', " € L*(0,T;L* (0Q)).
We now give the main result on the existence of solutions of problem (1.1)-(1.3), and prove
it by using the Galerkin method.

Theorem 3.1. Assume that the hypotheses (Hy) — (Hy) hold, and the initial data vy (x), v (x) €
H' (Q), then there is at least one generalized solution in V (D) to problem (1.1)-(1.3).

Proof. Let {y;(x)},~ be a fundamental system in W, (Q), and assume it has been orthonor-
malized in L? (Q), that is, (y; (x), W (x))o = 84 We seek an approximate solution v (x) in

l=m
the form v" (x,) = ¥ f1(¢) w; (x), where f; (¢) are defined by
=1

fl (t) = (V/l (X) 7vm (-x7t))L2(Q)7 l= 17"'7m7

and can be determined from the relations, for all k = 1,...,m,

(Vi Wk () 20 + 0 (V" VY (0)) 1200y + B (VVF VU (%)) 12

_ (/Oth(t —5) V" (s)ds, Vi (X))

L(Q)

—o [ etnmmasra [ ([ [Ewazin) was,
v [ eetneas g [ ([ ] Ewezan) was, e

_/ag (/Oth(t—s)g(x,s)d8> Wi (x) dSy

(e { ([ [ v magan) fas) wwas,
(e 0w )

The above system is a system of ordinary differential equations in f;(¢), [ = 1,...,m, and the
initial conditions

@)

f1(0) = (Wi,v0 (x)) 1209y £7 (0) = (Wi,v1 () 2(q) -

From Caratheodory theorem [24], there exists solutions f; (¢), [ = 1,...,m, t € [0,t,,) . We need
a priori estimates that permit us to extend the solution to the whole domain [0,7]. Thus, for
every m, there exists a function v (x) satisfying (3.1). We next obtain bounds for v, which do
not depend on m. In the first key estimate, we put

§" (1) = V" ()30 + 7" (D1 - (3.2)
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To do this, we multiply each equation of (3.1) by the appropriate f] (r) and add them up from 1

to m, and then integrate with respect o 7 to 7, with 7 < T. It follows that
(Vi (6) V() 2 gy + 07 (VY (0), YV (1)) 12y + B2 (VVIE (8), VY () 12
- (/th(t—s)Vv (s)ds, Vol" ())L2 N
_a//m (e, 1)V det+a//aQ(// §ud§du>vt()d5dt
8 ] st oasacp 7] ([ [ @ aazan ) oas
/ /m (/ (1—s) (x,s)ds) VI (1) dSedi
L e { [ [ @ mazaubas) o as.ar

mip—2_m m
A ORAG) B

Using direct calculation, we obtain

(vir (8) vt (l>)L2(DT) = EHV‘E (T)Hé(g) ) v (O)H%}(Q)

2 m m aZ 2 aZ 2
o (W(0), W (1)) 2,y = — IV (D)l 120) = 5 IVV" (O)ll 220y

2 2
B (V1) 97 () 2oy = B 19V gy — B 19970 gy

( (t—s)WW" (s)ds, VW (t))

L(Dr)

= o @)= 3 ([T ) IV @)y 3 [ (o9 0

3 [ H@O 19 Ol g dr,

and

8 [ (v Edan) v ) asa

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

[ [ (o) soisa [ (foreos) s

(3.8)
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Substituting (3.4)-(3.8) into (3.3), we obtain

! (az_ I Th(s)ds) 197 ()i + 4 12 (Ol + o (920 + 2 (ho¥9) (9
= I Oy + 2 I Oy + 197 0
2/ (H oVV™) dt——/ Y IVV™( HLz dt
_/3//89( W (E,0)d ) £)dS.dt
+a//m<// w)déd ) " (1) dS,dt
+B /.AQ</) dé) (1) dS.di
L (e { [ [ @amazanbas) v as.ar

—I—OC//aQ (x, )V ( det—/ /89(/ (t—s) (x,s)ds)v;"(t)dedt

p—2 N n
B [ s s+ (02 0.000) L
o’ 2 § 2
=5 V"0 )HLz(gﬁgHvt O)z20) + 5 199" (0) 2

+§/O (1 o Vv (t)dt—i/o B () IV ()22 i+ + oo+ T,

(3.9)
Using Young’s Inequality, Cauchy-Schwarz Inequality, (T.I), and (3.2), we obtain
21Q|10Q|T
< BRI g 2, 0 4 B8 [ 50y (3.10)
a?{|1Q]|0Q|T?+2 T
) < {iell 4’ * yQ}/S’"(t)dt (3.11)
2{|Q|19Q T
< P4 Hz |+m}/ " (1) d (3.12)
{supg )’ 7*|Q11001+210} /=
L< /S’”(t)dt, (3.13)
4 0
2 T 2 T
s [le 1o [Csm 1) ar, (3.14)
2 Jo 0
(suph®(1)) T ° 2 Yo [ om
1o < SR g () xamydr + 2 [ " 0y, (3.15)

and

I < _/ [ gee ( HL2 Q) dl+m/ S™ (t (3.16)
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2N
Since 1 <2<2(p—1)< N3 H'(Q) < L?’~2 and (3.2), we have

< CrlV ) +Cr [ (7 0) dr+ [ sm e

Substituting (3.10)-(3.17) into (3.9), and making use of the following inequality

T
" () < 17 Oy + | 5™ (0)a
we obtain

m 2 h m 2 1 m 2 Bz
V" (D)2 (@) + 5 VY (D)lz20) + 5 Ve (D)2

o? {1+ B219Q||0Q|T}

< <>||Lz S IV () )+ . 177 (0) (0

2 2 2
+7HVV?1(O)HL2(Q)+CTHV 0I5

20° + (suph® (1)) T° [

2

e /Orsm (t)di +Cr /OT (" (1)) dt,

where

2 o2 {|Q|10Q|T? +2 2010100
¢« =2y B PURIPRIT ) 21011091 )

{(Supg(f))2 T*(Q|[9Q "'27@} n | Yo n B 1o

* 4 2 2 2

Set
(%) < @ {1 (O0)l7n ) + VO ) + VO g
K 2 t 2
e Ol e+ [ Lo 01y
T T
+w/ Sm(t)dH—a)/ (5™ (1)~ d,
0 0

where

o? {1+p2]0)9QIT} B2

27 2 T2
2 2 2 T2 2

o Lo R )T} Cl}

w: = > 0.

{55}

max

m 2
TS Vv (D72

(3.17)

(3.18)

(3.19)
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By solving (3.19) (based on the methods in [25]) and integrating from O to 7, we obtain
snyar < 2 ; 0)l7
, Stdr < 0T [[v0)12g) + v (O a @) + v (Ol e

T T
+/() ||8(t)||1242(ag)dt+/0 1811 (t)||i2(ag)dt}- (3.20)
We deduce from (3.20) that
V" 13 o) + I O o) < A-

Therefore, {v"}, -, is bounded in V (D7), and we can extract from it a subsequence for which

we use the same notation which converges weakly in V(Dr) to a limit function v(x,z). We
show that v (x,7) is a generalized solution of (1.1). Note that v (x,¢) — v (x,t) in L? (DT) and

V" (x,0) — v (x,0) in L? (Q) . Now, we prove that (2.2) holds. If we let ¢ (x,t) := Y'¥="" p; () wi (x)
then

— 079" 2(0y) + 0 (V" VO™) 12y = B> (VW) VO 12,
([ ne-99vrsyasven <r>)L2(DT)
= (71(0),0" (O)) 0y + B2 (V4 (0), V9" 0oy + 0 [ [ g0 (1)
+oc2/T/aQ(/t/vm(é,u)d§du) (1)dS.di + B / / g (x,1) 0™ (1) St
ﬁ//m(/ dg) dSa’t—ﬁ// (/ goczg) " (1) dS,dt
L ([ ra-9etsas) omwasa
L (fra=o{ ([ [ @ mazan) fas) o wyasar

+ (2 o), 0m)

2(Dy)’

k=m
for all @™ (x,1) of the form Y, py (¢) wi (x). Since
k=1

(/Ot h(t—s){VV"(s) —Vv(s)}ds, Vo™ (z))

(suph (1)) T
< SR

/ / V(€. ) dEdp < VTIQNV" (6) = v (D)l 2oy

L*(Dr)

V) =V )l 2oy VO™ Dl 2,y »

1/2

/0(/Q <v;"<é,r>—v,<é,z>>d5) (1) di < /R V" (1) v (1 ||L2DT>(/OT<¢m<t>>2dt> |
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1/2

/OT (/Q (1'(£,0) —vt(é,o»dé) t)dt <+/1QIT |V} (0) = v, (0)]| 2 (/OT (o™ (t))zdt) ,

- [ fre-o{ [ [ oreaw- 5ﬁthﬁdu}m)¢ ]

(suph (1)) T*./|Q| T 1/2
< CPODEI ) sl ([ (07 0P 1)

V" (1) =vO)llwjpyy — 0, asm—eo,

and
(1) =i (1) 1 gy — 0. a5 1 — e
Then
(fre-ovrwaven)
— —( (t—s)Vv(s)ds, Vo (1 )L . asm— o,
//ag(// 5ud€du)¢ t)dS,dt
— a//ag(// éudédu)¢ t)dS.dt, asm—s oo,
B [ [ (Lr@nag)omoasar
— ﬁ//g(/gv ) t)dS.dt, asm—s oo,
[ [ (foreoa)enoasa
— ﬁ//ﬂ( vt§0d§) 1)dSydt, asm — oo,
and
//ag( {(// 5ud§du)}ds> " (1) dS.dt

7 _/O /m(/o {(/O/Q (&) décﬁt)}ds) (t)dS,dt, asm —s oo,

By means of the continuity of the function # —s |¢|' >, we have [v"|P 2" (1) — |v|P 2 v (1),
a.e. in Dr. On the other hand, one has

H‘vm‘P—2vm(t)H2 <C//
~Crp.
L2(Dy)
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Using [26, Lemm 1.3], we conclude that
mp—2_ m m p—2
(W12 @,07@) )y — (PP 2000 0))

Thus, v satisfies (3.1) for every ¢ (x,t) := A= p; () wi (x) . We denote by Q,, the totality of
all functions of the form ¢™ (x,t) := YX=1 p; (1) Z; (x) , where py (t) € W) (0,T), and py (T) =
0. But UF="Q is dense in W (Dr). Hence, relation (3.1) holds for all v € W (D). Thus we
have shown that the limit function v (x,7) is a generalized solution of problem (1.1)-(1.3) in
V (Dr). O

, asm — oo,
L*(Dr)

4. THE UNICITY OF THE GENERALIZED SOLUTION

Theorem 4.1. The problem (1.1)-(1.3) cannot have more than one generalized solution in
V(Qr).

Proof. Letv) € V (D7), and v, € V (D7) be two solutions of problem (1.1)-(1.3) such that v; is
different from v,. Then v := v| — v, solves

(v — @Ay — B2 Avy + [ h(t — ) Av(s)ds
= 1P v = 2l v,

v(x,0) = v (x,0) =0, (4.1)

an_fofng@ t)dédr, (x,1) € Q% (0,T),

\

and (2.2) gives
— (), (f))L2(DT)+O‘2(VV V”(l))Lz(DT)_ﬁz(vvtvvuf)Lz(QT)

- (/ht—va()dsVu()) o
=[] [y @mazan)uw|asar
o f L[ (freone)on s
_/0 /m{(/o (t—s) {// d&du}ds)u()}d&cdt

p—2_ P—
+ <|v1| vi— v vz,u(t)>L2(DT). 4.2)

Define the function u (x,7) by
u(x,t) = (4.3)
0, T<t<T.
It is obvious that v € W (Dr) and u; (x,t) = —v (x,t) for all # € [0, 7] . Integration by parts in the
LHS of (4.2) gives

— (V1,1 12y = Hv( z2(0) (4.4)
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2
o
o (Vv, Vi) 2(p,) = — IV ()220 (4.5)
and
2 _B 2
=B (V. Vi) 2 pyy = 5 [IVV (9) 120 - (4.6)
Substituting (4.4)-(4.6), we arrive at
1
S IV@lE +—|!Vv( 9l +—||Vu< )iz()
t
:—(/ h(t—s)Vv(s)ds,Vu(t))
0 L*(Dr)
T t
+a2/ /a [(//v(é,u)didu)u(t)} dS,dt
Q
4.7)
8 [ (g0 )t as.a
aQ
—/ / K/ g(t—s){//v(é,u)dé‘du}ds)u(t)}dedt
0 Joa | \Jo 0 Jo
p—2_ p—2
(=l )
=j1+...+Js.
Put
S(1) = V)l + v O ) + 170 (1) 22 (458)
where
t
0 (x,1) ::/ v(x,s)ds. 4.9)
0
Using (4.4), and (4.9), we have
u(x,t)=0(x,7)—0(x,t), Vu(x,0) =V0 (x,1),
and
T T
/0 Vit (1)|[72() At < 27| V6 ()| 2 ) +2 /0 IV0 ()72 - (4.10)
Using (4.4), and (4.8), we have
T ) 2/‘5
t dt<T S(t)dt. 4.11
@) oy e <7 [0 @1
Using Young’s inequality, Cauchy-Schwarz inequality, (T.I), (4.8), (4.10), and (4.11), we have
{(suph(z))2T2+4} : ,
ji < - | s@di+e190 ()7, (4.12)
P {T 2y + |0 |00 +4 T
< CATROTIOONTA0] 50 et V0 (). 13
2{1Q|]0Q| +3 T
< USRI %5 1) ar-+ 5250 1V0 (4) g @.14)
2 0
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and

2 u 22 T
L {T Rsph@” T|9Ha9y+&@}+1m@}z;sgﬁh

16
+1%7 V6 (7)ll2q) - (4.15)

2N
Since 1 <2<2(p—1)< N5 H' (Q) < L?’~2 we conclude from (4.8) and (4.11) that

T 2 T
Is gc}/o (S(t))pldt+{2+2—T}/0 S(t)dt. (4.16)

Substituting (4.12)-(4.16) into (4.7), we have

1 2
5 V(@I +—||Vv< >||Lz 5V (e >||,%z<g)

4.17)
T
where
2 22 272
O o —ay D (uph()'T2 44 @’T210 +]Q]|0Q]) +410
2 4 1
B (101100 +310) | 7" [(uph (1) 7291190+ 810 + 1670
2 T .

Multiplying the differential equation in (4.1) by v, and integrating over D; := Q x (0,7), we
obtain

t
(Virs V) r2(py) — o2 (Av,v)12(p,) R (Avir,vi)2(p,) + (/0 h(t—s)Av(s) ds,v,)

_ P=2 |, P2 >
(|v1| vi— [valP" v, vy Loy’

This implies that

L2(D7) (4.18)

3 (o= [ 615 ) 19000+ 3 e Oy + B 192000 B + 3 0099 (0

=3 [T omy a3 [ @19y Ol dr

—oc//(m(// é,udéd,u)v, det+[32// (/ g) (1) dS.d1
L (e { [ [ vewazanbas)vwasa

+ (It P v =2l v,

= jo+ -+ Jo.

L2(Dy)

(4.19)
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Using Young’s inequality, Cauchy-Schwarz inequality, (T.I), and (4.8), we have

2IT? Q|09 +2 T
jo< CAT] "4 I+ m}/o S(t)r, (4.20)

2 T
Sﬁ {|Q||i9|+m}/ S(t)de @21
0
and
{(suph ()’ 741011091 +8%0} /=
Jjg < / S(t)dt. (4.22)
16 0
2
Since 1 <2<2(p —1)<N—N2 H'(Q) — L?’~2, we obtain from (4.8) that
T 1 3 T
Ih<C, / (80" dr+3 / S(t)dr. (4.23)
0 0
Substituting (4.20)- (4.23) into (4.19), we see that
h v 2 1 B? v 2
5 IV (D)2 (g) + 5 lIve (7 N2 )+ 5 Ve (D)l
T
< c’T/ (S(t))”_ldt+C3/ S(t)dt, (4.24)
0 0
where
c o {T?|Q[0Q| + 21} | B2{IQ0Q] + 10}
3 = +
4 2
{Gupn())’ 741011001+ 8%} 4
+ T +5-
From (4.17) and (4.24), we obtain
1 B +h 1
5||v(f)\|iz(g)+{2—}IIVv(f)Hiz(g)+§||vf( D2 +—Hva( )||i2(g)
062
+{7—r(1+[a2+ﬁ2+1} m)}HVG(f)IIiz(Q)
T T
§2C’T/ (S(z))f’—ldz+{c2+c3}/ S(1)di
0 0
2
Since 7 is arbitrary, we assume that (%—T(1+[ 24 B2+ ] )) > 0. Hence,
T 1 T
S(1) < / (S0~ dr + o / S(1)dr, (4.25)
0 0
where )
o 1 Bzma;{ZCT’C2+C3} -0
. o
min{ 5.5 G w1024 24 1)}

Solving (4.25) (based on the methods in [25]), we obtain

2
2 2 -
v ()13 ) + e @)1z @) + V0 () 1720y <0, VT € [0’ 2(1+[o2+B2+1] m)] '
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Proceeding in the same way for

e (m—1)a? mao?
2(1+ [0+ B> +1]1a) 2(1 + [ + B2+ 1] 1)
to cover the whole interval [0, T], we have v (x,7) =0, for all 7 in [0,7]. O
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