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NEW EXACT SOLUTIONS OF FRACTIONAL BOUSSINESQ-LIKE EQUATIONS
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Abstract. Based on the improved sub-equation method, new exact solutions to a class of fractional
Boussinesq-like equations in the sense of modified Riemann-Liouville derivative are obtained. The exact
solutions include traveling wave solutions, soliton solutions and complex solutions.
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1. INTRODUCTION

Fractional derivatives and integrals for functions are considered to be a generalization of the
derivative and integral of traditional integer order. They are important in the real world. For
example, fractional derivatives and integrals for functions are extensively used in the fields of
mathematics, pharmacology, biotechnology, materials science and electrodynamics, in particu-
lar, in the fields of fluid mechanics; see, e.g., [1, 2]. There many nonlinear phenomena, which
can be described by fractional mathematics and equations. Therefore, it is important to develop
new methods to solve fractional equations. For many years, researchers have focused on finding
new methods to solve fractional differential equations, and they have found a number of new
methods, which are very effective to solve fractional equation questions; see, e.g., [3, 4, 5, 6].
For example, the exponential rational function method [7] was used to obtain the new exact
solutions of mathematical, physical and engineering problems. The first integral method was
used in Boussinesq-like equations [8]. For other methods, we refer to Ansatz method, mod-
ified Kudryashov method, generalized Kudryashov method, generalized Mittag-Leffler func-
tion method, Jacobi elliptic equation method, fractional series expansion method, Chebyshev
wavelet method, Taylor expansion method, discontinuous Galerkin method, boundary parti-
cle method, collocation method, monotone iterative method, homotopy perturbation method,
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modified simple equation method, and local discontinuous Galerkin method. Among all these
methods, the improved sub-equation method has more advantages than the numerical, approxi-
mate analytical and semi numerical methods. By using the improved sub-equation method, we
can obtain exact solutions for a wide range of nonlinear problems of fractional and integer order
equations. The Boussinesq type equation (Boussinesq type equation) is often used to simulate
the movement of water waves on shallow water coasts or ports. The Boussinesq-Like equations
usually model a physical problem as a long wave equation. They are applied in nonlinear water
model of wave and ocean engineering.

There are four different types of Boussinesq-Like equations [9, 10, 11]. They are the frac-
tional variable-coefficient Boussinesq-Like equation (1.1), the fractional Boussinesq-Like equa-
tion with spatio-temporal dispersion (1.2), (1.3) and the fractional Boussinesq-Like equation
with linear instability (1.4)

D2α
tt u−D2β

xx u+θD2β
xx (u

2)+ωD4β
xxxxu = 0, (1.1)

D2α
tt u−D2β

xx u− Dβ
x (6u2Dβ

x u)− D2α+2β

xxtt u = 0, (1.2)

D2α
tt u−Dα+β

xt u− Dβ
x (6u2Dβ

x u)− Dα+3β

xxxt u = 0, (1.3)
and

D2α
tt u−Dβ

x (6u2Dβ
x u)− D4β

xxxxu = 0, (1.4)
where 0 < α, β ≤ 1, Dα(u) represents α order modified Riemann-Liouville fractional deriva-
tion of the function, which depends on the depth of the fluid and the velocity of the long wave,
D2α

tt u = Dα
t (D

α
t u), D2β

xx u = Dβ
x (D

β
x u), D2β

xx (u2) = Dβ
x (D

β
x (u2)), D4β

xxxxu = Dβ
x (D

β
x (D

β
x (D

β
x u))),

D2α+2β

xxtt u = Dα
t (D

α
t (D

β
x (D

β
x u))). In this paper, by using the improved sub-equation method, we

obtain some new exact solutions for these four different types of Boussinesq-Like equations.

2. THE IMPROVED SUB-EQUATION METHOD

2.1. The modified Riemann-Liouville derivative. Recently, Jumarie [12] proposed a mod-
ification of the Riemann-Liouville definition to deal with non-differentiable functions. The
modified Riemann-Liouville derivative satisfies the chain rule, and the derivative of order α for
a function f (x) is defined as

Dα
x f (x)



1
Γ(1−α)

x∫
0
(x−ξ )−α−1 [ f (ξ )− f (0)]dξ , α < 0

1
Γ(1−α)

d
dx

x∫
0
(x−ξ )−α [ f (ξ )− f (0)]dξ , 0 < α < 1[

f (α−n)(x)
](n)

, n≤ α < n+1,n≥ 1

where the function f (x) is continuous and derivable, n ∈ Z.
Some useful properties of the modified Riemann-Liouville derivative are presented as follows

Dα
x xγ =

Γ(γ +1)
Γ(γ +1−α)

xγ−α ,

Dα
x [ f (x)g(x)] = g(x)Dα

x f (x)+ f (x)Dα
x g(x),

Dα
x f [g(x)] = f ′g [g(x)]D

α
x g(x) = Dα

g f [g(x)] (g′x)
α ,

where 0 < α ≤ 1 , γ > 0.
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2.2. Improved sub-equation method for fractional differential equations. Consider the fol-
lowing fractional partial differential equation

P
(

u,Dα
t u,Dβ

x u,Dγ
yu, · · ·

)
= 0 (2.1)

where x,y, t are independent variables, 0 < α,β ,γ < 1, u = u (x,y, t) represents an unknown
function and polynomial P includes u,u2, · · · and their partial fractional derivatives, and Dα(u)
represents the modified Riemann-Liouville fractional order derivation.

First, we use the appropriate fractional complex transformation

u(x,y, t) = u(ξ ), (2.2)

ξ = ξ (x,y, t), (2.3)

and

ξ = k
xβ

Γ(β +1)
− l

tα

Γ(α +1)
(2.4)

Equation (2.1) is transformed by (2.2)-(2.4) into the linear ordinary differential equation (ODE)
as follows F (u,u′,u′′,u′′′, ...) = 0.

Next, we suppose that the solution of the equation is in the following form

u(ξ ) =
m

∑
k=0

akΦ
k +

m

∑
k=1

bkΦ
−k. (2.5)

In this process, constants ak,bk(k ∈ N) will be determined. m is a positive integer and it is
obtained by using the homogeneous balance of the highest order derivative and the nonlinear
term. Function Φ = Φ(ξ ) is the solution of Riccati equation

Φ
′(ξ ) = r+ pΦ(ξ )+qΦ

2(ξ ). (2.6)

Next, we use equations (2.5) and (2.6) to obtain a new equation in terms of Φ. The new
equation is arranged as a power of Φk(k ∈ Z), and next set all the coefficients of Φk to zero.

Now, we are in a position to solve the algebraic equation. Substitute the ak,bk(k ∈ N) to
equation (2.5). We use the improved sub-equation method and the chain rule of the modified
Riemann-Liouville derivative to obtain the following particular solution.

The solutions of the Riccati equation (2.6) are the follows.
1. If p, r and q 6= 0, then 2.6) has the following solutions

Φ(ξ ) =− p
2q +

i∆̄
2q tan( i∆̄ξ

2 +C),

Φ(ξ ) =− p
2q −

i∆̄
2q cot( i∆̄ξ

2 +C),

Φ(ξ ) =− p
2q −

∆̄

2q tanh( ∆̄ξ

2 +C),

Φ(ξ ) =− p
2q −

∆̄

2q coth( ∆̄ξ

2 +C),

where ∆̄ =

{ √
p2−4qr, p2−4qr ≥ 0

i
√
−p2 +4qr, p2−4qr < 0

and C is constant.

2. If p 6= 0, r 6= 0 and q = 0, then 2.6) has the following solution

Φ(ξ ) =Cepξ − r
p
.
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3. If p = 0, r 6= 0 and q 6= 0, then 2.6) has the following solution

Φ(ξ ) =

√
r
q

tan(
√

rqξ +C).

4. If p 6= 0, r = 0 and q 6= 0, then 2.6) has the following solution

Φ(ξ ) =
p

−q+Ce−pξ
.

3. APPLICATIONS

In this section, we describe the applications of the improved sub-equation method to frac-
tional Boussinesq-Like equations.

3.1. Fractional variable-coefficient Boussinesq-like equation. Fractional variable-coefficient
Boussinesq-Like equation of the form (1.1) is converted into the following ODE by the formula
(2.2) to (2.4)

l2u′′− k2u′′+θk2(u2)′′+ωk4u(4) = 0.

We integrate the equation twice (nelecting constant of integration) and obtain

(l2− k2)u+θk2u2 +ωk4u′′ = 0. (3.1)

The solution of equation (3.1) is as (2.5)

u(ξ )=a0+a1Φ+a2Φ
2+

b1

Φ
+

b2

Φ2 . (3.2)

We substitute equation (3.2) together with its derivatives into equation (3.1). The algebraic
equation is arranged according to the powers of the function Φk. Thus, we obtain the following
coefficients of Φk

Φ0 : a1 prωk4 +2a2r2ωk4 +b1 pqωk4 +2b2q2ωk4 +θk2a0
2 +2θk2a1b1 +2θk2a2b2

− k2 a0 + l2a0,
Φ1 : ωk4a1 p2 +2ωk4a1qr+6a2 prωk4 +2θk2a0a1 +2θk2a2b1− k2a1 + l2a1,
Φ2 : 3a1 pqωk4 +4ωk4a2 p2 +8ωk4 a2qr+2θk2a0a2 +θk2a1

2− k2 a2 + l2a2,
Φ3 : 2ωk4 a1q2 +10a2 pqωk4 +2θk2a1a2,
Φ4 : 6ωk4 a2q2 +θk2a2

2,
Φ−1 : ωk4b1 p2 +2ωk4b1rp+6b2 pqωk4 +2θk2a0b1 +2θk2a1b2− k2b1 + l2b1,

Φ−2 : 3b1 prωk4 +4ωk4b2 p2 +8ωk4 b2rq+2θk2a0b2 +θk2b1
2− k2 b2 + l2b2,

Φ−3 : 2b1r2ωk4 +10b2 prωk4 +2θk2b2b1,

Φ−4 : 6b2r2ωk4 +θk2b2
2.

Letting the coefficients of Φk be zero, we have that a0, a1, b1, p, q, r, k, l can be solved and
the solutions of equation (1.1) can be obtained.

1. a0 = a0, a1 = 0, a2 = 0,b1 =±2rω
√

3σ

θ
,b2 =−6ωr2k2

θ
,k= k, l = l, p=∓

√
3σ

3ωk2 ,q=− η

6rωk4 ,r =

r, where σ = l2−2a0θk2− k2, η = l2 +a0θk2− k2, σ̄ =

{ √
σ ,σ ≥ 0

i
√
−σ ,σ < 0

,

ω̄ =

{ √
2ωη +σ , 2ωη +σ ≥ 0

i
√
−2ωη−σ ,2ωη +σ < 0

.
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It follows that

u1,1(x, t) =∓
2ησ̄

θk2 (± σ̄

ω
+

iω̄
|ω|

tan(

√
3iω̄ξ

6 |ω|k2 +C))−1− 2ωη2

θk2 (∓σ̄ − iωω̄

|ω|
tan(

√
3iω̄ξ

6 |ω|k2 +C))−2,

u1,2(x, t) =∓
2ησ̄

θk2 (± σ̄

ω
− iω̄
|ω|

cot(

√
3iω̄ξ

6 |ω|k2 +C))−1− 2ωη2

θk2 (∓σ̄ +
iωω̄

|ω|
cot(

√
3iω̄ξ

6 |ω|k2 +C))−2,

u1,3(x, t)=∓
2ησ̄

θk2 (± σ̄

ω
− ω̄

|ω|
tanh(

√
3ω̄ξ

6 |ω|k2 +C))−1− 2ωη2

θk2 (∓σ̄ +
ωω̄

|ω|
tanh(

√
3ω̄ξ

6 |ω|k2 +C))−2,

and

u1,4(x, t)=∓
2ησ̄

θk2 (± σ̄

ω
− ω̄

|ω|
coth(

√
3ω̄ξ

6 |ω|k2 +C))−1− 2ωη2

θk2 (∓σ̄ +
ωω̄

|ω|
coth(

√
3ω̄ξ

6 |ω|k2 +C))−2.

2. a0 = a0, a1 = 0, a2 = 0,b1 =±2rω
√

3σ

θ
,b2 =−6ωr2k2

θ
,k= k, l = l, p=∓

√
3σ

3ωk2 ,q=− a0θ

6rωk2 ,r =

r , where σ= 3k2−3l2−2a0θk2, η = 2a0θωk2−σ

ω2 , σ̄ =

{ √
σ ,σ ≥ 0

i
√
−σ ,σ < 0

, and

ω̄ =

{ √
η , 2ωη +σ ≥ 0

i
√
−η ,2ωη +σ < 0

.

Hence,

u2,1(x, t) =∓2a0σ̄(± σ̄

ω
+ iω̄ tan(

√
3iω̄ξ

6k2 +C))−1−
a2

0k2ωθ

2
(∓σ̄ − iωω̄ tan(

√
3iω̄ξ

6k2 +C))−2,

u2,2(x, t) =∓2a0σ̄(± σ̄

ω
− iω̄ cot(

√
3iω̄ξ

6k2 +C))−1−
a2

0k2ωθ

2
(∓σ̄ + iωω̄ cot(

√
3iω̄ξ

6k2 +C))−2,

u2,3(x, t) =∓2a0σ̄(± σ̄

ω
− ω̄ tanh(

√
3ω̄ξ

6k2 +C))−1−
a2

0k2ωθ

2
(∓σ̄ +ωω̄ tanh(

√
3ω̄ξ

6k2 +C))−2,

and

u2,4(x, t) =∓2a0σ̄(± σ̄

ω
− ω̄ coth(

√
3ω̄ξ

6k2 +C))−1−
a2

0k2ωθ

2
(∓σ̄ +ωω̄ coth(

√
3ω̄ξ

6k2 +C))−2.

3. a0 = k2−l2

4θk2 , a1 = 0,a2 = −6ωk4q2

θk2 ,b1 = 0,b2 = −3(k4−2k2l2+l4)
128θωq2k6 ,k = k, l = l, p = 0,q =

q,r =− k2−l2

16ωk4q .

4. a0 = 3(k2−l2)
4θk2 ,a1 = 0,a2 = −6ωk4q2

θk2 ,b1 = 0,b2 = −3(k4−2k2l2+l4)
128θωq2k6 ,k = k, l = l, p = 0,q =

q,r =− k2−l2

16ωk4q . Let σ =−k2−l2

ω
, and σ̄ =

{ √
σ ,σ ≥ 0

i
√
−σ ,σ < 0

. It follows that

u3,1(x, t) =
k2− l2

4θk2 +
3(k2− l2)

8θk2 (tan(
σ̄ξ

4k2 +C))2+
3(k2− l2)

8θk2 (tan(
σ̄ξ

4k2 +C))−2,

and

u4,1(x, t) =
3(k2− l2)

4θk2 +
3(k2− l2)

8θk2 (tan(
σ̄ξ

4k2 +C))2+
3(k2− l2)

8θk2 (tan(
σ̄ξ

4k2 +C))−2.

5. a0 = −3ωk4 p2+k2−l2

2θk2 , a1 = −6ω pqk2

θ
,a2 = −6ωq2k2

θ
,b1 = 0,b2 = 0,k = k, l = l, p = p,q =

q,r = ωk4q2+k2−l2

4ωk4q .
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6. a0 =
3(−ωk4 p2+k2−l2)

2θk2 , a1 =−6ω pqk2

θ
,a2 =−6ωq2k2

θ
,b1 = 0,b2 = 0,k = k, l = l, p = p,q =

q,r = ωk4q2−k2+l2

4ωk4q . Let σ=ωk4q2+k2−l2

ωk4 − p2, and σ̄ =

{ √
σ ,σ ≥ 0

i
√
−σ ,σ < 0

. It follows that

u5,1(x, t) =−3ωk4 p2+k2−l2

2θk2 − 3ω pk2

θ
(−p+ σ̄ tan( σ̄ξ

2 +C))− 3ωk2

2θ
(−p+ σ̄ tan( σ̄ξ

2 +C))2,

u5,2(x, t) =−3ωk4 p2+k2−l2

2θk2 − 3ω pk2

θ
(−p− σ̄ cot( σ̄ξ

2 +C))− 3ωk2

2θ
(−p− σ̄ cot( σ̄ξ

2 +C))2,

u5,3(x, t) =−3ωk4 p2+k2−l2

2θk2 − 3ω pk2

θ
(−p− iσ̄ tanh( iσ̄ξ

2 +C))− 3ωk2

2θ
(−p− iσ̄ tanh( iσ̄ξ

2 +C))2,

u5,4(x, t) =−3ωk4 p2+k2−l2

2θk2 − 3ω pk2

θ
(−p− iσ̄ coth( iσ̄ξ

2 +C))− 3ωk2

2θ
(−p− iσ̄ coth( iσ̄ξ

2 +C))2,

u6,1(x, t) =
3(−ωk4 p2+k2−l2)

2θk2 − 3ω pk2

θ
(−p+ σ̄ tan( σ̄ξ

2 +C))− 3ωk2

2θ
(−p+ σ̄ tan( σ̄ξ

2 +C))2,

u6,2(x, t) =
3(−ωk4 p2+k2−l2)

2θk2 − 3ω pk2

θ
(−p− σ̄ cot( σ̄ξ

2 +C))− 3ωk2

2θ
(−p− σ̄ cot( σ̄ξ

2 +C))2,

u6,3(x, t)=
3(−ωk4 p2+k2−l2)

2θk2 − 3ω pk2

θ
(−p− iσ̄tanh( iσ̄ξ

2 +C))− 3ωk2

2θ
(−p− iσ̄tanh( iσ̄ξ

2 +C))2,

u6,4(x, t)=
3(−ωk4 p2+k2−l2)

2θk2 − 3ω pk2

θ
(−p−iσ̄ coth( iσ̄ξ

2 +C))− 3ωk2

2θ
(−p− iσ̄ coth( iσ̄ξ

2 +C))2,

which ξ = kxβ

Γ(β+1)−
ltα

Γ(α+1) , θrωk 6= 0. We obtain eighteen forms of solutions in this section,
and all of them are exact traveling wave solutions and complex solutions. The multiple soliton
solutions include ui,3,ui,4, i = 1,2,5,6.

3.2. The first fractional Boussinesq-Like equation with spatio-temporal dispersion. The
first fractional Boussinesq-Like equation with spatio-temporal dispersion of form (1.2) is con-
verted into the following ODE by the formula (2.2) to (2.4)

l2u′′− k2(u′′+12uu′2 +6u2u′′)− k2l2u(4) = 0. (3.3)

The solution of equation (3.3) is the form (2.5). We obtain the solution of equation (3.3) as

u(ξ )=a0+a1Φ+
b1

Φ
. (3.4)

We substitute equation (3.4) together with its necessary derivatives into equation (3.3). The
equation is arranged according to the powers of the function Φk. Thus, we obtain the following
coefficients of Φk

Φ0 :−a1k2l2 p3r−8a1k2l2 pqr2− b1k2l2 p3q−8 b1k2l2 pq2r−6a0
2a1k2 pr−6a0

2b1k2 pq
−12a0 a1

2k2r2−12a0b1
2k2q2−6a1

2b1k2 pr−6a1b1
2k2 pq−a1k2 pr+a1l2 pr−b1k2 pq

+b1l2 pq,
Φ1 :−a1k2l2 p4−22 a1k2l2 p2qr− 16a1k2l2q2r2−6 a0

2a1k2 p2−12a0
2a1k2qr

−36a0a1
2k2 pr−12a1

3k2r2−6a1
2b1k2 p2−12a1

2b1k2qr−a1k2 p2−2a1k2qr+a1l2 p2

+2a1l2qr,
Φ2 :−15a1k2l2 p3q−60 a1k2l2q2r− 18a0

2a1k2 pq−24 a0a1
2k2 p2−48 a0a1

2k2qr
−30a1

3k2 pr−18a1
2b1k2 pq−3a1k2 pq+3l2a1 pq,

Φ3 : −50a1k2l2 p2q2−40 a1k2l2q3r− 12a0
2a1k2q2−60 a0a1

2k2 pq−18 a1
3k2 p2

−36a1
3k2qr−12a1

2b1k2q2−2a1k2q2 +2l2a1q2,
Φ4 :−60k2l2a1 pq3−36a0a1

2k2q2−42a1
3k2 pq,

Φ5 :−24k2l2a1q4−24k2a1
3q2,

Φ−1 :−b1k2l2 p4−22 b1k2l2 p2qr− 16b1k2l2q2r2−6 a0
2b1k2 p2−12 a0

2 b1k2qr
−36a0b1

2k2 pq−6a1b1
2k2 p2−12a1b1

2k2qr−12b1
3k2q2 −b1k2 p2 −2b1k2qr+b1l2 p2

+2b1l2qr,
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Φ−2 :−15b1k2l2 p3r−60 b1k2l2 pqr2− 18a0
2b1k2 pr−24 a0b1

2k2 p2−48a0b1
2k2qr

−18a1b1
2k2 pr−30b1

3k2 pq−3b1k2 pr+3l2b1rp,
Φ−3 :−50b1k2l2 p2r2−40 b1k2l2qr3− 12a0

2b1k2r2−60 a0b1
2k2 pr−12a1b1

2k2r2

−18b1
3k2 p2−36b1

3k2qr−2b1k2r2 +2l2b1r2,

Φ−4 :−60k2l2b1r3 p−36a0 b1
2k2r2− 42b1

3k2 pr,
Φ−5 :−24k2l2b1r4−24 k2b1

3l2.

Letting the coefficients of Φk be zero, we have that a0, a1, b1, p, q, r, k, is solvable, and the
solutions of equation (1.2) are obtainable.

1. a0 =∓ p
2i , a1 = 0,b1 =±irl,k = k, l = l, p = p,q = l2k2 p2−2k2+2l2

4l2rk2 ,r = r, where

σ=
il2k2 p2−2k2 +2l2

2lk2 ,

and

σ̄ =


√

l2−k2

l2k2 , l2−k2

l2k2 ≥ 0,

i
√
− l2−k2

l2k2 , l2−k2

l2k2 < 0.

It follows that

u1,1(x, t) =∓
p
2i
±σ(−p+

√
2σ̄tan(

√
2σ̄ξ

2
+C))−1 ,

u1,2(x, t) =∓
p
2i
±σ(−p−

√
2σ̄ cot(

√
2σ̄ξ

2
+C))−1 ,

u1,3(x, t) =∓
p
2i
±σ(−p−

√
2iσ̄ tanh(

√
2iσ̄ξ

2
+C))−1 ,

and

u1,4(x, t) =∓
p
2i
±σ(−p−

√
2iσ̄ coth(

√
2iσ̄ξ

2
+C))−1 .

2. a0 =∓ p
2i , a1 =±iql,b1 = 0,k = k, l = l, p = p,q = q,r = l2k2 p2−2k2+2l2

4l2qk2 , where

σ̄ =


√

l2−k2

l2k2 , l2−k2

l2k2 ≥ 0,

i
√
− l2−k2

l2k2 , l2−k2

l2k2 < 0.

It follows that

u2,1(x, t)=∓
p− pl

2i
±
√

2ilσ̄
2

tan(

√
2σ̄ξ

2
+C),

u2,2(x, t)=∓
p− pl

2i
∓
√

2ilσ̄
2

cot(

√
2σ̄ξ

2
+C),

u2,3(x, t)=∓
p− pl

2i
±
√

2lσ̄
2

tanh(

√
2iσ̄ξ

2
+C),

and

u2,4(x, t)=∓
p− pl

2i
±
√

2lσ̄
2

coth(

√
2iσ̄ξ

2
+C).

3. a0 =∓ p
2i , a1 = 0,b1 =±irl,k =±l

√
2

2−l2 p2 , l = l, p = p,q = 0,r = r , 2 > l2 p2. Hence,

u3,1(x, t) =∓ p
2i ± irl(Cep ξ − r

p)
−1 =± p

2i ± irl(Cepξ − r
p)
−1.
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4. a0 =∓ p
2i , a1 =±iql,b1 = 0,k =±l

√
2

2−l2 p2 , l = l, p = p,q = q,r = 0, 2 > l2 p2. On the

other hand, we have u4,1(x, t) =∓ p
2i ± iql p

−q+Ce−pξ
=∓ p

2i ±
ilqp

−q+Ce−pξ
.

5. a0 = 0, a1 = ±iql,b1 = ± l2−k2

8iqlk2 ,k = k, l = l, p = 0,q = q,r = l2−k2

8qk2l2 .
√

b2−4ac, where

σ=l2− k2, σ̄ =

{ √
σ ,σ ≥ 0,

i
√
−σ ,σ < 0.

We also have

u5,1(x, t) =±
√

2iσ̄
4k

tan(

√
2σ̄ξ

4 |kl|
+C)±

√
2σ̄

4ik
cot(

√
2σ̄ξ

4 |kl|
+C) .

6. a0 = ∓ p
2i , a1 = ±iql,b1 = ± l2k2 p2−2k2+2l2

8iqlk2 ,k = k, l = l, p = p,q = q,r = 2k2−2l2−l2k2 p2

8l2qk2 ,

where σ=2k2−2l2−3l2k2 p2

2l2k2 , σ̄ =

{ √
σ ,σ ≥ 0,

i
√
−σ ,σ < 0.

Note that

u6,1(x, t) =±
pl− p

2i
± ilσ̄

2
tan(

σ̄ξ

2
+C)± l2k2 p2−2k2 +2l2

4ilk2 (−p+ σ̄ tan(
σ̄ξ

2
+C))−1,

u6,2(x, t) =±
pl− p

2i
∓ ilσ̄

2
cot(

σ̄ξ

2
+C)± l2k2 p2−2k2 +2l2

4ilk2 (−p− σ̄ cot(
σ̄ξ

2
+C))−1,

u6,3(x, t) =±
pl− p

2i
± lσ̄

2
tanh(

iσ̄ξ

2
+C)± l2k2 p2−2k2 +2l2

4ilk2 (−p− iσ̄ tanh(
iσ̄ξ

2
+C))−1,

and

u6,4(x, t) =±
pl− p

2i
± lσ̄

2
coth(

iσ̄ξ

2
+C)± l2k2 p2−2k2 +2l2

4ilk2 (−p− iσ̄ coth(
iσ̄ξ

2
+C))−1,

where ξ = kxβ

Γ(β+1) −
ltα

Γ(α+1) , lrkq 6= 0. We obtain fifteen forms of solutions in this section,
and all of them are exact traveling wave solutions and complex solutions. The soliton solutions
include ui,3,ui,4, i = 1,2,6.

3.3. The second fractional Boussinesq-like equation with spatio-temporal dispersion. The
second fractional Boussinesq-Like equation with spatio-temporal dispersion of form (1.3) is
converted into the following ODE by the formula (2.2) to (2.4)

l2u′′+ lku′′− (12uu′2 +6u2u′′)k2 + k3lu(4) = 0. (3.5)

The solution of equation (3.5) is the form (2.5)

u(ξ )=a0+a1Φ+
b1

Φ
. (3.6)

We substitute equation (3.6) together with its necessary derivatives into equation (3.5), and the
equation is arranged according to the powers of the function Φk. Thus, we obtain the following
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coefficients of Φk

Φ0 : a1k3l p3r+8a1k3l pqr2 + b1k3l p3q+8 b1k3l pq2r−6a0
2a1k2 pr−6a0

2b1k2 pq−12a0
a1

2k2r2−12a0b1
2k2q2−6a1

2b1k2 pr−6a1b1
2k2 pq+a1kl pr+a1l2 pr+b1kl pq+b1l2 pq

Φ1 : a1k3l p4 +22 a1k3l p2qr+ 16a1k3lq2r2−6 a0
2a1k2 p2−12a0

2a1k2qr−36a0a1
2k2 pr

−12a1
3k2r2−6a1

2b1k2 p2−12a1
2b1k2qr+a1kl p2 +2a1klqr+a1l2 p2 +2a1l2qr

Φ2 : 15a1k3l p3q+60 a1k3l pq2r− 18a0
2a1k2 pq−24 a0a1

2k2 p2−48 a0a1
2k2qr−30a1

3

k2 pr−18a1
2b1k2 pq−3a1lkpq+3l2a1 pq

Φ3 : 50a1k3l p2q2 +40 a1k3lq3r− 12a0
2a1k2q2−60 a0a1

2k2 pq−18 a1
3k2 p2−36a1

3k2

qr−12a1
2b1k2q2 +2lka0q2 +2l2a1q2

Φ4 : 60k3la1 pq3−36a0a1
2k2q2−42a1

3k2 pq
Φ5 : 24k3la1q4−24k2a1

3q2

Φ−1 : b1k3l p4 +22 b1k3l p2qr+ 16b1k3lq2r2−6 a0
2b1k2 p2−12 a0

2 b1k2qr−36a0b1
2k2 pq

−6a1b1
2k2 p2−12a1b1

2k2qr−12b1
3k2q2 +b1kl p2 +2b1klqr+b1l2 p2 +2b1l2qr

Φ−2 : 15b1k3l p3r+60 b1k3l pqr2− 18a0
2b1k2 pr−24 a0b1

2k2 p2−48a0b1
2k2qr

−18a1b1
2k2 pr−30b1

3k2 pq+3b1lkpr+3l2b1rp
Φ−3 : 50b1k3l p2r2 +40 b1k3lqr3− 12a0

2b1k2r2−60 a0b1
2k2 pr−12a1b1

2k2r2−18b1
3k2

p2−36b1
3k2qr+2b1lkr2 +2l2b1r2

Φ−4 : 60k3lb1r3 p−36a0 b1
2k2r2− 42b1

3k2 pr
Φ−5 : 24b1k3lr4−24 k2b1

3l2.

Let the coefficients of Φk be zero. Then a0, a1, b1, p, q, r, k, l are solvable and the solutions
of equation (1.3) can be obtained.

1. a0 = ± p
√

lk
2 , a1 = 0,b1 = ±|r|

√
lk,k = k, l = l, p = p,q = −p2k3+2k+2l

4k3r ,r = r , where

σ=k+l−p2k3

k3 , η = 2k+2l−p2k3
√

lk
2k3 , σ̄ =

{ √
σ ,σ ≥ 0

i
√
−σ ,σ < 0

.

Hence, we have

u1,1(x, t) =±
p
√

lk
2
±η(−p+

√
2σ̄ tan(

√
2σ̄ξ

2
+C))−1,

u1,2(x, t) =±
p
√

lk
2
±η(−p−

√
2σ̄ cot(

√
2σ̄ξ

2
+C))−1,

u1,3(x, t) =±
p
√

lk
2
±η(−p−

√
2iσ̄ tanh(

√
2iσ̄ξ

2
+C))−1,

u1,4(x, t) =±
p
√

lk
2
±η(−p−

√
2iσ̄ coth(

√
2iσ̄ξ

2
+C))−1.

2. a0 =± p
√

lk
2 , a1 =±|q|

√
lk,b1 = 0,k = k, l = l, p= p,q= q,r = −p2k4q2+2k2q2+2a1

2

4k4q3 , where

σ=k+l−p2k3

k3 , σ̄ =

{ √
σ ,σ ≥ 0

i
√
−σ ,σ < 0

.

If q > 0, then

u2,1(x, t) =±
√

2lkσ̄

2
tan(

√
2σ̄ξ

2
+C),

u2,2(x, t) =∓
√

2lkσ̄

2
cot(

√
2σ̄ξ

2
+C),
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u2,3(x, t) =∓
√

2lkiσ̄
2

tanh(

√
2iσ̄ξ

2
+C),

and

u2,4(x, t) =∓
√

2lkiσ̄
2

coth(

√
2iσ̄ξ

2
+C).

If q < 0, then

u2,5(x, t) =±p
√

lk∓
√

2lkσ̄

2
tan(

√
2σ̄ξ

2
+C),

u2,6(x, t) =±p
√

lk±
√

2lkσ̄

2
cot(

√
2σ̄ξ

2
+C),

u2,7(x, t) =±p
√

lk±
√

2lkiσ̄
2

tanh(

√
2iσ̄ξ

2
+C),

and

u2,8(x, t) =±p
√

lk±
√

2lkiσ̄
2

coth(

√
2iσ̄ξ

2
+C).

3. a0 =± p
√

lk
2 , a1 =±|q|

√
lk,b1 =±

√
lk2k+2l−p2k3

8k3q ,k= k, l = l, p= p,q= q,r = −p2k4q2+2k2q2+2a1
2

8k4q3 ,

where σ=2k+2l−3p2k3

2k3 , σ̄ =

{ √
σ ,σ ≥ 0

i
√
−σ ,σ < 0

.

If q > 0, then

u3,1(x, t) =±
√

lkσ̄

2
tan(

σ̄ξ

2
+C)±

√
lk2k+2l− p2k3

4k3 (−p+ σ̄ tan(
σ̄ξ

2
+C))−1 ,

u3,2(x, t) =∓
√

lkσ̄

2
cot(

σ̄ξ

2
+C)±

√
lk2k+2l− p2k3

4k3 (−p− σ̄ cot(
σ̄ξ

2
+C))−1 ,

u3,3(x, t) =∓
√

lkiσ̄
2

tanh(
iσ̄ξ

2
+C)±

√
lk2k+2l− p2k3

4k3 (−p− iσ̄ tanh(
iσ̄ξ

2
+C))−1 ,

and

u3,4(x, t) =∓
√

lkiσ̄
2

coth(
iσ̄ξ

2
+C)±

√
lk2k+2l− p2k3

4k3 (−p− iσ̄ coth(
iσ̄ξ

2
+C))−1 .

If q < 0, then

u3,5(x, t) =±p
√

lk∓
√

lkσ̄

2
tan(

σ̄ξ

2
+C)±

√
lk2k+2l− p2k3

4k3 (−p+ σ̄ tan(
σ̄ξ

2
+C))−1 ,

u3,6(x, t) =±p
√

lk±
√

lkσ̄

2
cot(

σ̄ξ

2
+C)±

√
lk2k+2l− p2k3

4k3 (−p− σ̄ cot(
σ̄ξ

2
+C))−1 ,

u3,7(x, t)=±p
√

lk±
√

lkiσ̄
2

tanh(
iσ̄ξ

2
+C)±

√
lk2k+2l− p2k3

4k3 (−p− iσ̄ tanh(
iσ̄ξ

2
+C))−1 ,
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and

u3,8(x, t) =±p
√

lk±
√

lkiσ̄
2

coth(
iσ̄ξ

2
+C)±

√
lk2k+2l− p2k3

4k3 (−p− iσ̄ coth(
iσ̄ξ

2
+C))−1 .

4. a0 = 0, a1 = ±|q|
√

lk,b1 = ±
√

lkk+l
8k3q ,k = k, l = l, p = 0,q = q,r = − k+l

8k3q , where σ =
√

k+l
k , k+l

k ≥ 0

i
√
−k+l

k , k+l
k < 0

.

Hence,

u4,1(x, t) =±i

√
lσ
8k

tan(
√

σ

8k2 iξ +C)± iσ

√
l

8(k+ l)
cot(

√
σ

8k2 iξ +C) ,

where ξ = kxβ

Γ(β+1) −
ltα

Γ(α+1) , krq 6= 0, lk > 0. We obtain twenty-one forms of solutions in this
section, all of them are exact traveling wave solutions and complex solutions. The soliton
solutions include u1, j,u2, j,u3, j, j = 3,4,7,8.

3.4. Fractional Boussinesq-Like equations with linear instability. The fractional Boussinesq-
Like equation with linear instability of form (1.4) is converted into the following ODE

l2u′′+ lku′′− k2(12uu′2 +6u2u′′)− k4u(4) = 0 . (3.7)

We obtain the solution of equation (3.7) as

u(ξ )=a0+a1Φ+
b1

Φ

Thus we obtain the following coefficients of Φk

Φ0 : a1k3l p3r+8a1k3l pqr2 + b1k3l p3q+8 b1k3l pq2r−6a0
2a1k2 pr−6a0

2b1k2 pq−12a0a1
2

· k2r2−12a0b1
2k2q2−6a1

2b1k2 pr−6a1b1
2k2 pq+a1kl pr+a1l2 pr+b1kl pq+b1l2 pq

Φ1 : a1k3l p4 +22 a1k3l p2qr+ 16a1k3lq2r2−6 a0
2a1k2 p2−12a0

2a1k2qr−36a0a1
2k2 pr

−12a1
3k2r2−6a1

2b1k2 p2−12a1
2b1k2qr+a1kl p2 +2a1klqr+a1l2 p2 +2a1l2qr

Φ2 : 15a1k3l p3q+60 a1k3l pq2r− 18a0
2a1k2 pq−24 a0a1

2k2 p2−48 a0a1
2k2qr−30a1

3k2 pr
−18a1

2b1k2 pq−3a1lkpq+3l2a1 pq
Φ3 : 50a1k3l p2q2 +40 a1k3lq3r− 12a0

2a1k2q2−60 a0a1
2k2 pq−18 a1

3k2 p2−36a1
3k2qr

−12a1
2b1k2q2 +2lka0q2 +2l2a1q2

Φ4 : 60k3la1 pq3−36a0a1
2k2q2−42a1

3k2 pq
Φ5 : 24k3la1q4−24k2a1

3q2

Φ−1 : b1k3l p4 +22 b1k3l p2qr+ 16b1k3lq2r2−6 a0
2b1k2 p2−12 a0

2 b1k2qr−36a0b1
2k2 pq

−6a1b1
2k2 p2−12a1b1

2k2qr−12b1
3k2q2 +b1kl p2 +2b1klqr+b1l2 p2 +2b1l2qr

Φ−2 : 15b1k3l p3r+60 b1k3l pqr2− 18a0
2b1k2 pr−24 a0b1

2k2 p2−48a0b1
2k2qr−18a1b1

2k
Φ−3 : 50b1k3l p2r2 +40 b1k3lqr3− 12a0

2b1k2r2−60 a0b1
2k2 pr−12a1b1

2k2r2−18b1
3k2 p2

−36b1
3k2qr+2b1lkr2 +2l2b1r22 pr−30b1

3k2 pq+3b1lkpr+3l2b1rp
Φ−4 : 60k3lb1r3 p−36a0 b1

2k2r2− 42b1
3k2 pr

Φ−5 : 24b1k3lr4−24 k2b1
3l2.

Let the coefficients of Φk be zero. Then a0, a1, b1, p, q, r, k, l are solvable and the solutions
of equation (1.4) can be obtainable.
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1. a0 =∓kp
2i , a1 = 0,b1 =±irk,k = k, l = l, p = p,q = k4 p2+2kl+2l2

4k4r ,r = r , where

σ=
ik4 p2 +2kl +2l2

2k3 .

2. a0 =∓kp
2i , a1 =±iqk,b1 = 0,k = k, l = l, p = p,q = q,r = k4 p2+2kl+2l2

4k4q .

3. a0 = ∓kp
2i , a1 = ±iqk,b1 = ±k4 p2+2kl+2l2

8iqk3 ,k = k, l = l, p = p,q = q,r = −k4 p2+2kl+2l2

8qk4 ,

where η=− 3k4 p2+2kl+2l2

2 . Let σ̄ =

{ √
η ,η ≥ 0

i
√
−η ,η < 0

and ω̄ =

{ √
kl + l2, kl + l2 ≥ 0

i
√
−(kl + l2),kl + l2 < 0

.

If η > 0, kl + l2 ≥ 0, then

u1,1(x, t) =∓
kp
2i
±σ(−p+

√
2ω̄

k2 tan(

√
2ω̄ξ

2k2 +C))−1 ,

u1,2(x, t) =∓
kp
2i
±σ(−p−

√
2ω̄

k2 cot(

√
2ω̄ξ

2k2 +C))−1 ,

u1,3(x, t) =∓
kp
2i
±σ(−p−

√
2iω̄
k2 tanh(

√
2iω̄ξ

2k2 +C))−1 ,

u1,4(x, t) =∓
kp
2i
±σ(−p−

√
2iω̄
k2 coth(

√
2iω̄ξ

2k2 +C))−1 ,

u2,1(x, t) =±
√

2iω̄
2k

tan(

√
2ω̄ξ

2k2 +C),

u2,2(x, t) =∓
√

2iω̄
2k

cot(

√
2ω̄ξ

2k2 +C),

u2,3(x, t) =±
√

2ω̄

2k
tanh(

√
2iω̄ξ

2k2 +C),

u2,4(x, t) =±
√

2ω̄

2k
coth(

√
2iω̄ξ

2k2 +C),

u3.1(x, t) =±
iσ̄
2k

tan(
σ̄ξ

2k2 +C))± k4 p2 +2kl +2l2

4ik3 − p+
σ̄

k2 tan(
σ̄

2k2 +C))−1,

u3.2(x, t) =∓
iσ̄
2k

cot(
σ̄ξ

2k2 +C))± k4 p2 +2kl +2l2

4ik3 − p− σ̄

k2 cot(
σ̄

2k2 +C))−1,

u3.3(x, t) =±
σ̄

2k
tanh(

σ̄ iξ
2k2 +C))± k4 p2 +2kl +2l2

4ik3 − p− iσ̄
k2 tanh(

iσ̄
2k2 +C))−1,

and

u3.4(x, t) =±
σ̄

2k
coth(

σ̄ iξ
2k2 +C))± k4 p2 +2kl +2l2

4ik3 − p− iσ̄
k2 coth(

iσ̄
2k2 +C))−1.

4. a0 =∓ 1
ki

√
−l2−kl

2 , a1 = 0,b1 =±irk,k = k, l = l, p=±
√
−2l2−2kl

k2 ,q= 0,r = r , l2+kl < 0.
Note that

u4,1(x, t) =±
1
ki

√
−l2− kl

2
± irk(Ce±

√
−2l2−2kl

k2 ξ − r
p
)−1.

5. a0 =∓
√
−2l2−2kl

2ki , a1 =±iqk,b1 = 0,k = k, l = l, p=±
√
−2l2−2kl

k2 ,q= q,r = 0 , l2+kl < 0.
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On the other hand, we have

u5,1(x, t) =∓
√
−2l2−2kl

2ki
± iq

√
−2l2−2kl

k(−q+Ce∓
√
−2l2−2kl

k2 ξ
)

.

6. a0 = 0, a1 = ±iqk,b1 = ± l(k+l)
8iqk3 ,k = k, l = l, p = 0,q = q,r = l(k+l)

8qk4 , where σ= l(k+l)
8 ,

σ̄ =

{ √
σ ,σ ≥ 0

i
√
−σ ,σ < 0

.

Note that

u6,1(x, t) =±
i
k

σ̄ tan(
σ̄ξ

k2 +C)± σ̄

ik
cot(

σ̄ξ

k2 +C) ,

where ξ = kxβ

Γ(β+1) −
ltα

Γ(α+1) , krq 6= 0, lk > 0. We obtain fifteen forms of solutions in this
section, all of them are exact traveling wave solutions and complex solutions. The soliton
solutions include u1, j,u2, j,u3, j, j = 3,4. .

4. FIGURES OF THE SOLUTIONS

In this section, we show some typical visualize solutions as follows.

FIGURE 1. u5,1 of
equation (1.1)

FIGURE 2. u5,2 of
equation (1.1)

Figure 1 and Figure 2 present the exact traveling wave solutions u5,1,u5,2 of fractional variable-
coefficient Boussinesq-like equation. The uniform assignment of the variable of solutions
u5,1,u5,2 is k = 2, l = ω = π = α = β = 1,c = p = 0. The interval of solutions u5,1,u5,2
designated as x ∈ [0,10], t ∈ [0,10]. From the function of u5,1,u5,2 , we get that the solu-
tions u5,1,u5,2 are periodic functions. Substituting the given value into u5,1,u5,2 , we get

u5,1 = −3
8 −

9
8

{
tan
[√

3
8 (2x−t

Γ(2) )
]}2

, u5,2 = −3
8 +

9
8

{
cot
[√

3
8 (2x−t

Γ(2) )
]}2

. The period of the func-

tions u5,1,u5,2 with respect to the variable x is 4
√

3π

3 . If x→ 2
√

3
3 π, then u5,1→∞, and t→ 4

√
3

3 π,

u5,1→ ∞. If x ∈ [0, 2
√

3
3 π], then u5,1,u5,2 decrease as the increases of x . If t ∈ [0, 4

√
3

3 π], then
u5,1 and u5,2 increase as the increases of t. Here, we let the other variable to zero avoid difficult
computation.



14 B. ZHONG, J. JIANG, Y. FENG

FIGURE 3. u1,1 of
equation (1.3)

FIGURE 4. u1,2 of
equation (1.3)

FIGURE 5. u2,1 of
equation (1.3)

FIGURE 6. u2,2 of
equation (1.3)
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FIGURE 7. u3,1 of
equation (1.3)

FIGURE 8. u3,2 of
equation (1.3)

Figures 3-8 present the exact traveling wave solutions from ui,1,ui,2(i = 1,2,3) of the sec-
ond fractional Boussinesq-like equation with spatio-temporal dispersion. The uniform assign-
ment of the variable of solutions ui,1,ui,2(i = 1,2,3) is k = l = p = α = β = 1,c = 0. The
interval of solutions ui,1,ui,2(i = 1,2,3) designated as x ∈ [0,10], t ∈ [0,10]. From the func-
tion of ui,1,ui,2(i = 1,2,3), we get that the solutions are periodic functions. Substituting the
given value into ui,1,ui,2(i = 1,2,3), we get u1,1 = 1

2 + 3

2
{
−1+

√
2tan

[√
1
2 (

x−t
Γ(2) )

]} , u1,2 = 1
2 +

3

2
{
−1−

√
2cot

[√
1
2 (

x−t
Γ(2) )

]} . The period of the functions u1,1,u1,2 with respect to the variable x

is
√

2π. When x →
√

2
2 π, t →

√
2

2 π u1,1,u1,2→ 1
2 . When x ∈ [0,

√
2

2 π], u1,1,u1,2 decrease as the

increases of x. When t ∈ [0,
√

2
2 π] , u1,1,u1,2 increase as the increases of t . Here, we let the

other variable to zero avoid difficult computation.

FIGURE 9. u5,3 of
equation (1.1)

FIGURE 10. u5,4 of
equation (1.1)
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Figure 9 and Figure 10 present the multiple soliton solutions from u5,3,u5,4 of the fractional
variable-coefficient Boussinesq-like equation. The uniform assignment of the variable of so-
lutions u5,3,u5,4 is l = 2,k = ω = π = α = β = 1,c = p = 0. the interval designated as x ∈

[0,10], t ∈ [0,10]. Substitute the given value into u5,3,u5,4 , we get u5,3 =−3
2 +

9
2

{
tanh

[√
3

2 (x−2t
Γ(2) )

]}2
,

u5,4 = −3
2 +

9
2

{
coth

[√
3

2 (x−2t
Γ(2) )

]}2
. When x → ∞, t → ∞ u5,3,u5,4 → 3 ,When x → 0, t → 0

u5,4 → ∞. When x ∈ [0,+∞) , u5,3 increases as the increases of x . and u5,4 decreases as the
increases of x. Here, we let the other variable to zero avoid difficult computation. The solutions
of u5,3,u5,4 are original symmetry.

FIGURE 11. u2,7 of
equation (1.3)

FIGURE 12. u2,8 of
equation (1.3)

Figure 11 and Figure 12 present the multiple soliton solutions from u2,3,u2,4 of the second
fractional Boussinesq-Like equation with spatio-temporal dispersion, The uniform assignment
of the variable of solutions u2,3,u2,4 is k = l = α = β = 1, p = 2,c = 0. Substitute the given
value into u2,3,u2,4, we get u2,3 = − tanh( x−t

Γ(2)) , u2,4 = −coth( x−t
Γ(2)) . When x → ∞, t → ∞

u2,3,u2,4 → |1 | . ,When x → 0, t → 0 u2,4 → ∞. ,When x ∈ [0,+∞) , u2,3 decreases as the
increases of x and u2,8 increases as the increases of x . Here, we let the other variable to zero
avoid difficult computation. The solutions of u2,3,u2,4 are original symmetry.

5. CONCLUDING REMARK

By using the improved sub-equation method, which is based on a complex transform u(x,y, t)=
u(ξ ),ξ = ξ (x,y, t), and the chain rule, we converted the nonlinear fractional differential equa-
tions with the modified Riemann-Liouville derivative into Riccati equations. Solving the cor-
respondence Riccati equations, we can find the exact analytical solutions, including wave solu-
tions, soliton solutions and complex solutions, of some Boussinesq-Like equations.

The improved sub-equation method overcomes the weakness of numerical, approximate an-
alytical and semi numerical methods. It can be applicable to long wave equations such as the
generalized regularized long wave equation, time fractional dispersive long-wave equation and
the dispersive long wave equation.
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